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Abstract

Codes on sparse graphs have been shown to achieve remarkable performance in point-to-point
channels with low decoding complexity. Most of the results in this area are based on experimental
evidence and/or approximate analysis. The question of whether codes on sparse graphs can achieve the
capacity of noisy channels with iterative decoding is still open, and has only been conclusively and
positively answered for the binary erasure channel. On the other hand, codes on sparse graphs have
been proven to achieve the capacity of memoryless, binary-input, output-symmetric channels with finite
graphical complexity per information bit when maximum likelihood (ML) decoding is performed.

In this paper, we consider transmission over finite-state channels (FSCs). We derive upper bounds on
the average error probability of code ensembles with ML decoding. Based on these bounds we show that
codes on sparse graphs can achieve the symmetric information rate (SIR) of FSCs, which is the maximum
achievable rate with independently and uniformly distributed input sequences. In order to achieve rates
beyond the SIR, we consider a simple quantization scheme that when applied to ensembles of codes
on sparse graphs induces a Markov distribution on the transmitted sequence. By deriving average error
probability bounds for these quantized code ensembles, we prove that they can achieve the information

rates corresponding to the induced Markov distribution, and thus approach the FSC capacity.

I. INTRODUCTION

The capacity and the capacity-achieving input distribution of memoryless, binary-input, output-
symmetric(MBIOS) channels, is well known [1, p. 94]. It is also well known that linear codes
can achieve the capacity of MBIOS channels [2]. However, capacity achieving codes with

low complexity were not known until the remarkable discovery of turbo codes in 1993 [3]



and the subsequent rediscovery of low-density, parity-check (LDPC) codes [4]-[7]. Since then,
codes defined on sparse graphs, collectively referred to as “turbo-like” or “LDPC-like” codes
have attracted a large amount of attention in the quest to achieve channel capacity with small
complexity.

For the special case of the binary erasure channel (BEC), it is known that capacity can be
achieved with bounded decoding complexity per information bit. In particular, based on the
density evolution (DE) technique, it was shown in [8]-[10] that LDPC-like codes achieve the
BEC capacity with iterative decoding, while [11] showed that this can be done with bounded
(and small) decoding complexity per information bit.

For general MBIOS channels, however, there is no conclusive answer regarding capacity
achievability of turbo-like codes with iterative decoding. This is so due to the fact that DE
is not amenable to theoretical analysis for MBIOS channels, since code performance can only
be evaluated through an uncountably-infinite-dimensional non-linear recursive equation (there is
a line of research studying iterative decoding performance [12]-[14] based on results from
statistical physics). Thus, only numerical results exist that show how turbo-like codes can
approach capacity using iterative decoding [15]. On the other hand, when maximum-likelihood
(ML) decoding is assumed, the performance of turbo-like codes can be analyzed. For instance,
it was shown that LDPC-like codes achieve the capacity of MBIOS channels with ML decoding
in [16]-[19]. Moreover, it was shown in [20] that a family of turbo-like codes consisting of a
serial concatenation of an outer LDPC code and an inner rate-one low-density, generator matrix
(LDGM) code, can achieve the capacity of MBIOS channels with bounded graphical complexity
(i.e., number of edges in the graph representing the code) per information bit when ML decoding
is performed.

The aforementioned results were developed for memoryless channels. For channels with
memory, few results exist on their capacity and the corresponding capacity-achieving input
distribution, and even fewer on capacity-achieving codes. Regarding the former, the capacity
of Gilbert-Elliott (GE) channels was studied in [21] and the capacity of more general finite-state
Markov channels (FSMCs) was studied in [22], [23]. An efficient method for computing the
information rate of a finite-state channel (FSC) whose input is a Markov process was proposed
independently in [24]-[26] and extended in [27]. In [28] an optimization algorithm was proposed

to numerically compute tight lower bounds on the capacity of FSCs, and the techniques were



generalized in [29]. Upper bounds on the capacity of FSCs were developed in [30], [31].
The above results, demonstrated that a Markov input sequence provides larger information rate
than the information rate achievable with independent and uniformly distributed (i.u.d.) input
sequences, also called the symmetric information rate (SIR) of the channel. Furthermore, it was
recently shown in [32] that a sequence of Markov sources asymptotically achieves the capacity
of FSCs as the Markov order approaches infinity.

Regarding capacity-achieving codes for channels with memory, methods of constructing codes
which induce Markov distribution on the transmitted sequence were proposed in [33]-[36],
and their performance on partial response channels was evaluated using simulation. Pfister and
Siegel [37] introduced a generalized erasure channel (GEC) as a simple model of a channel with
memory and proved that LDPC-like codes achieve its SIR. Several authors have investigated
the performance of LDPC-like codes with iterative decoding using numerical tools based on DE
for some specific channels with memory. In particular, LDPC-like codes were analyzed using
numerical tools based on DE for binary ISI channels in [38], for the GE channel in [39], and
for FSMCs in [40]. Finally, the results derived for MBIOS channels in [17], were extended to
establish an upper bound on the rate of LDPC codes for GE channels [41] and FSMCs [42].

In this paper, capacity-achieving codes are constructed for FSCs (with or without ISI) with MLL
decoding. The codes are derived from the corresponding capacity-achieving codes for MBIOS
channels through simple modifications. In particular, it is shown that several LDPC-like coset
codes which are capacity-achieving on MBIOS channels achieve the SIR of FSCs. Next, a family
of quantized coset codes is constructed by using block-wise Markov quantization of LDPC-like
codes. This technique generalizes the quantization technique presented in [43] for memoryless
channels and results in a simple encoding and iterative decoding algorithm. The constructed
quantized codes induce a k-th order Markov distribution on the channel input sequence and
are shown to achieve the corresponding information rate. The basic analytical tool used to
prove these results is an upper bound on the ensemble average of the corresponding modified
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LDPC-like ensembles. This bound is a non-trivial generalization of the “union plus Shulman
and Feder” bound [16], [43], [44] which relates the average code error probability with the
asymptotic growth rate of the average code weight enumerator, the capacity of channels with
memory (as opposed to the corresponding channel error exponent) and an appropriately defined

Battacharrya-like parameter.



The remainder of the paper is organized as follows. Definitions, the channel model, and some
preliminary facts are presented in section II. In section III an upper bound on the average block
error probability of LDPC-like coset codes transmitted over an FSC is derived. This bound is
used to show how specific LDPC-like coset ensembles achieve the SIR of FSCs. In section IV
construction of Markov-quantized coset codes is presented and an upper bound on their average
block error probability over FSCs is derived. This bound is then applied to specific Markov-

quantized LDPC-like coset ensembles. Section V concludes the paper.

II. CHANNEL MODEL AND PRELIMINARIES

Let {S,}>2, with s, € S = {1,2, ..., K} be a sequence representing the channel states at time
n. It is assumed that the state space S corresponds to K different MBIOS channels. Let { X, }>2 ;
be the random process representing the channel input sequence, where z,, € X = {0,1}. Let
{Y,}> | be the random process representing the channel output sequence, where y,, € ) and
Y is assumed to be a discrete subset of the real line (a continuous subset can also be assumed
throughout the paper by changing summations over ) to integrations) symmetric around zero.
Since for each state the channels are symmetric, it is true that Q(y, |y, $n) = Q(—Yn|Tn®1, spn),

where @ denotes modulo-2 addition. Let P(x¥, yV) be the joint probability mass function (pmf)

of XV and Y¥, where x" denotes the length-N vector (xy,...,zy). Then,
P(xN, s y") = QyV|x",s") P(s"|xN) P(x") (1a)
N N—
= P(XN)P(Sl) H (Yn|Tn, Sn H (Snt1|Sn, Tn)- (1b)
n=1 n=1

Implicit in (1), is the fact that the considered channel states are affected by both nature and

ISI. In this paper, we also consider non-inverting channels, that is, channels with the property

VseS, > QWILs) >> Q). )

y>0 y<0

For any sequence of real-valued random variables (7, Z,, Z3, ...), define the limit inferior in

probability p — liminfy_. . Zy as

p— li]\r/ninf Zn = sup{a/ A}im Pr|Zy < a] =0}, 3)



Then, the capacity of the aforementioned FSC when no channel state information is available

at the transmitter and the receiver is defined as [45, sec. 3.2]
C £supI(X;Y), 4)
X

where
Qly™[x™)

1
I(X;Y) =p—liminf —1
—( ) ) p 1111 111 082 P(yN>

N—oo N (5)

Since the focus of this paper is not in finding this maximizing input distribution, in the following
we will be interested in the maximum achievable rate for a certain sequence of input pmfs
P 2 {P(x"V)}y, defined as

Cp £ I(X;Y), (6)

where (X;Y) is computed under {P(x")}x using (1). The maximum achievable rate relative
to independent and uniformly distributed (i.u.d.) inputs is also known as SIR (for binary input)
and will be denoted as

SIR 2 Cryp. (7

The achievability of C'p can be shown by the following coding theorem which is a modification
of channel coding theorem using information spectrum methods [45, Th. 3.2.1] according to the

idea in [44].

Proposition 1. Consider an arbitrary discrete channel. Let Q(y"|x") be the conditional pmf
for sequences of length N > 1 on this channel. Let P(xY) be an arbitrary input pmf. Consider
an ensemble of codes of size M, length N, and rate R, whose codewords c,,, 1 < m < M

satisfy the following properties

Pric;=x"]=Px") Vie{l,...,M}, ®)

Pric; =x"|c; =xN] < aP(x")  Vi,j€{l,...,M} withi# j and d(c;,c;) € U, (9)

where U C {1,2,..., N}. Note that « = 1 for an ensemble of codes whose codewords are
selected independently with pmf P(xY). Suppose that an arbitrary message m, 1 < m < M
enters the encoder and that ML decoding is employed. Then for any input pmf P = P(x") and

for any € > 0, the average probability of decoding error over this ensemble of codes, is bounded



as

Py < Pl + PrXNYN ¢ Ty] 4 27 NOr-R-2550), (10a)
where
—U
P,,,=>_ Pric|P,, (10b)
C
PeU‘m denote the probability that there exists some codeword ¢, such that Q(y|c,/) > Q(y|cm)

and d(cp,, cpy) € U,

QyN|x")

1
N N N N
Ty = {(X Y ) EXT XY |N10g2 P(yN)

>Cp — e} ) (10c)

Proof: See Appendix A. [ ]
Note that the presence of the factor « in (9) allows one to deal with structured ensembles for
which strict independence of the codeword selection cannot be guaranteed, as long as one shows
that the rate loss due to « as manifested in (10a) approaches zero asymptotically for long codes.
In the following section we give specific expressions for « for several structured ensembles of
interest.

We now summarize the bounding techniques developed in the literature for showing that
certain turbo-like ensembles are capacity achieving for MBIOS channels. As it will become
evident in the following sections, the bounds derived for the FSCs are similar in structure to
their MBIOS counterparts. An upper-bound on the error probability of linear codes transmitted
over MBIOS channels was derived in [16]. The bound involves two terms; the first term is based
on the Shulman and Feder bound [44] for MBIOS channels and the second term is based on
a union bound which involves the Battacharrya parameter for MBIOS channels. For a given
ensemble C of codes with length N, we denote the average weight enumerator of the ensemble

by by A;, 1 =0,1,..., N. The error probability bound is presented in the following fact.

Fact 1. Consider an ensemble C of linear codes with average weight enumerator A;, where each

code is comprised of M codewords of length N. Let Q(y|x) be an MBIOS channel, and let
Do 2> V/QW0)QyI) (11)
Yy

be the Battacharrya channel parameter. Denote the ensemble averaged ML decoding error



probability by P.. Let U C {1,2,..., N}. Then

P <y D42 VPR, (12)
leUu
where -
A 2N
Iy L =2
SR -

and whereE,.(-) is the random coding error exponent

E.(R) 2 max max {—sR+ Ey(s,P)}, (14a)

1+s
Eo(s, P) & —log, Z {ZP Q(y|x) 1+s} : (14b)

As discussed in [16], the second part of (12) approaches 2~ V?-(F) provided that the asymptotic
growth rate of A; approaches the asymptotic growth rate, H(I/N)+R—1, of the random ensemble
for [ € U°. Therefore, in order to prove that a specific sequence of ensembles approaches capacity,
we have to choose U such that the above statement is true and the first part of (12) approaches
zero. Consider the following three ensembles with increasing degree of sophistication.
Ensemble A is the regular Gallager (NV,d,,d.) LDPC ensemble [46] with column and row
degrees d, and d., respectively (we also assume an even d.).
Ensemble B is the punctured LDPC ensemble introduced in [19] resulting from puncturing a
sufficiently low-rate (N, d,,d.) Gallager ensemble to achieve the specified rate.
Ensemble C is the LDPC-GM ensemble introduced in [20] consisting of a a serial concatenation
of an outer (N, d,, d.) Gallager LDPC code and an inner rate-one regular LDGM code with row
and column degrees equal to d..

For all these three ensembles, we can find an appropriate set U and prove capacity achievability

of MBIOS channels [19], [20] as can be seen in the following fact.

Fact 2. For any ¢ > 0, the sequence of the aforementioned ensembles A, B, and C, have
vanishing average block error probability under ML decoding on MBIOS channels, and limiting
(with respect to N) rate (1—¢)C, where C' is the channel capacity, when the following conditions

are satisfied.

Ensemble A: d. > d.(e).



Ensemble B: d. > d, > 5, d. even, and Ry < Ry(¢€), where Ry is the rate of the original code
before puncturing.

Ensemble C: d. > d. ., d. even, and d, > 4, where d. ., is independent of € and bounded.

Proof: The dependence of the upper bound in Fact 1 on the code ensemble is only through

A; and in particular only through the corresponding asymptotic growth rate. In [19], [20] upper

bounds on these asymptotic growth rates have been developed for the ensembles A, B, and C.

Combining Fact 1 with these upper bounds, and with an appropriate choice of U as in [16],
[19], [20], proves the fact under the conditions mentioned above.

We present the choice of U, for ensemble A as an example. The choices for ensembles B and

C are similar to that of the ensemble A. It was shown in [19] that A4, of the ensemble A satisfies

wo(a) < (1= R)logy[1 + (1 — 2a)*]

+[H(@-(1-R)], 0<a<]l, (15)

where wy(a) 2 limy_ o % logQZ(Na], and R = 1 — d,/d.. Furthermore, there exists a Jy €
(0,1/2) such that
> A =0, (16)
1€(0,N )
Finally, when d, is even, A; = Ay_;, for all [ € {0,1,2,..., N}.
Let
Ué{z;%e(o,%)ua—%,u}. (17)

With this choice of U, the union bound term becomes

Y ADy= Y  AD|+AxD)
leu IEU\{N}

< Y A+ 1x DY =O(N ), as)

leU\{N}
and the rate loss in the error exponent is bounded above by log,[1 + (1 — 250)%]. As a result,
for d, > 3 and log,[1 + (1 — 28y)%] < €C, vanishing error probability is ensured for all rates
def

up to (1 — €)C. The last inequality is guaranteed by selecting a large enough d. > d.(¢) =
log,(2°¢ — 1)/ log,(1 — 25p). u



III. SIR-ACHIEVING CODES FOR FSCs

In order to analyze the performance of code ensembles on FSCs, we first derive an upper-
bound on the error probability of linear coset codes transmitted over FSCs, which is similar to
the bound in Fact 1. Since we are interested in turbo-like ensembles that achieve the SIR of
FSCs, and since linear codes do not necessarily induce an i.u.d. input, we need to enlarge linear

code ensembles in a way similar to [38]. This motivates the following definition.

Definition 1. Consider a code ensemble C. The coset ensemble C' generated by C is defined
as the ensemble generated from C by including, for each code C € C, codes of the form
C" = {c@v|c € C} for all possible vectors v. The measure on C' is the product of the uniform

measure over all vectors v and the measure of the original ensemble C.

In the following lemma, we establish an upper-bound for the pairwise error probability between
two sequences. This will be needed for the union-bound term of the aforementioned bounding
technique. We denote by P, v .~ the pairwise error probability of decoding the sequence x'N

with ML decoding on a FSC conditioned on x" being transmitted.
Lemma 1. The pairwise error probability Py~ s~ is upper-bounded as

P,

e

o < DIEE), (19)

where d(x™,x'N) denotes the Hamming distance between x~ and x'~, and

— +
D £ min max [Qj =+ QA (20)
S0 S %o
where
1
+_
QI =5Q01,5) + > QulL.5), (21a)
y>0
1
Qs =5Q001,5)+ > Ql1,5). (21b)
y<0
Furthermore, D < 1.
Proof: See Appendix B. [ ]

In order to utilize the techniques in [44] and [16] for bounding the error probability, a special
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kind of linear code ensemble is considered. Let Il denote the set of all permutations of N

numbers. We define a permutation-invariant code ensemble as follows.

Definition 2. Let C be an ensemble of length-N block codes. We say that C is a permutation-
invariant ensemble if for all permutations © € Ily and for all codes C € C, it is true that
m(C) € C and the codes 7(C') are selected with the same probability. Here w(C') denotes the
codebook constructed by permuting the order of the symbols in all the codewords of C according

to .

We are now ready to establish an upper bound on the average error probability of permutation-

invariant coset ensembles on FSCs.

Proposition 2. Consider a permutation-invariant ensemble C of binary linear codes with M
codewords of length N, rate R, and average weight enumerator A;. Consider the coset ensemble
C' generated by C. Let U C {1,2,...,N}. Then, for any ¢ > 0, the average (over C') error

probability with ML decoding given the mth message is transmitted is upper-bounded as

Fe‘m < ZZ[DI + PT[XNYN ¢ TN] + 27N(CIUD*R710gT2O‘*G)7 (22)
leUu

where D is as defined in Lemma 1 and Ty is as defined in Proposition 1,

Al 2N
A
leaUC M -1 (7)’ (23)

Proof: Due to space limitations, the proof of this proposition is omitted. This is a simplified
version of the proof of Proposition 3 that follows. [ |
Since the aforementioned ensembles A, B and C are permutation-invariant, Proposition 2 can
be applied for those ensembles to prove the SIR-achievability which is stated as the following

corollary.

Corollary 1. For any € > 0, there exists a sequence of the coset ensembles generated by the
ensembles A, B, and C, have limiting (with respect to N) rate (1—¢)Cryp and vanishing average
block error probability under ML decoding on FSCs when the conditions stated in Fact 2 are

satisfied.

Proof: From the definition of Ty, we have Pr[ XYY" ¢ Ty] — 0 as N — oo. Since the
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bound in Fact 1 and the first and the third term of the bound in Proposition 2 have a similar
form, the same technique used in Fact 2 can also be used to prove SIR-achievability for the
sequence of ensembles A, B, and C satisfying Proposition 2. [ ]

Some observations regarding the complexity of the aforementioned SIR-achieving ensembles
are in order. Regarding ensemble A, the quantity d.(e) is diverging to oo as log(1/e) when
e approaches zero. Therefore, the density of the parity check matrix, and thus the number of
edges in the graph per information bit approaches oo, which implies an infinite complexity per
information bit per iteration even when iterative decoding is applied. A similar conclusion can be
reached for ensemble B, as detailed in [19]. The advantage of B over A is the universality of the
former, i.e., a single mother code of low rate can be used to approach a wide range of channel
SIRs for different FSCs. Finally, ensemble C achieves the SIR with bounded number of edges
per information bit in the graph representing the code and thus it can be decoded with finite
complexity per information bit per iteration when iterative decoding is performed. It should be
noted however, that SIR-achievability is only guaranteed for ML decoding of these ensembles.

We also note that if we concentrate only on ensemble C, neither the symmetric channel as-
sumption nor the non-inverting channel assumption is required for the proof of SIR achievability.
This is so because these two assumptions only enter our arguments through Lemma 1. However,
the first term of (22) can always be substituted by A;, which makes the overall upper
bound independent of the Battacharrya parameter. Moreover, for ensemble C, for all [ € U the
asymptotic growth rate of the number of codewords with weight [ is negative [20], and thus the
above sum is converging to zero.

We finally point out that the three examples mentioned above are only examples of possible
SIR-achieving ensembles. Other ensembles may also possess this property and may also possess

additional properties that make them more desirable in practical applications.

IV. CAPACITY-ACHIEVING CODES ON FSCs

In section III, we proposed several LDPC-like coset code ensembles that achieve the SIR of
FSCs. For general FSCs, however, the capacity could be greater than the SIR. Motivated by the
need to achieve rates above the SIR, in this section we propose a simple quantization technique

that induces a Markov distribution on the transmitted sequence and analyze its performance.
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A. Construction of quantized coset code ensembles

Bennatan and Burshtein [43] presented a method of constructing codes for transmission
over arbitrary memoryless channels by using a linear code followed by a simple memoryless
quantization technique. Since memoryless quantization can only induce an i.i.d. (not necessarily
uniform) on the input sequence, and since the capacity achieving input might not be i.i.d. for
FSCs, we present a modified quantization technique that can induce a k-th order (stationary)
Markov distribution on the input sequence. The block diagram of the proposed scheme is
shown in Fig. 1. Other methods of constructing codes which induce Markov distribution on

the transmitted sequence can be found in [34], [35].

Definition 3. Consider a sequence xN* and some arbitrary function f : {0,1}1 x {0,1}* —
{0,1}. An order-k Markov quantizer (denoted by MQ-k) is a mapping 6 : {0, 1}NT — {0, 1}V

with §(xNT) = wh, with the following structure'
wn = f(XG i Wip), n=1,2,...,N. (24)

Consider now a pmf of a k-th order stationary Markov process P(w™) = [[\_, P(w,|w"_})
for a binary sequence of length N. An order-k Markov quantizer with respect to P (denoted by
MQ-k-P) is an MQ-k satisfying

‘{X?g—l)T+1|f(X?g—1)T+1v w;73) = 0}
oT

=P(0|w!)), VYw',andn=1,2,....,N (25

More descriptively, an MQ—Fk partitions a length-NT" binary sequence into /N blocks of
length 7" each, and then quantizes each block into a bit using a mapping that depends also
on the k previously produced bits, thus producing a length-/N binary sequence. This is shown in
Fig. 2. Furthermore, if the input sequence to an MQ-k-P is i.u.d., then the quantizer performs
quantization in a way that induces the pmf P on the transmitted sequence. Note that MQ-k-P
does not exist for some pmfs, since there is a granularity of 2-7 in the quantization process.

In the following lemma we establish that if a codeword drawn from a coset ensemble is the

input to an MQ-k-P, then the induced pmf on the transmitted sequence w is indeed P.

"For notational simplicity we do not specify precisely the quantizer for the first & symbols. These edge effects will be negligible
for large N. In the following we use x; to denote the subsequence (i, Zit+1 ..., x;).
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Lemma 2. Consider a length-NT coset ensemble C'. A code C' is picked from the ensemble
and a codeword ¢’ € C' is picked uniformly from this code. Let P be a pmf of an arbitrary
kth order Markov process for a binary sequence of length N for which an MQ-k-P exists. The
codeword ¢ is quantized into w™ = §(c') where §(-) is an MQ-k-P. Let P be the induced pmf

on the transmitted sequence w”. Then, P = P.

Proof: Since C’ is generated by adding a uniformly selected random vector to all codewords

of all codes of C (the original ensemble from which C’ is generated), we have

Pr[c’ = aNT] =277 for all a¥* (26a)
Prict g =a"lwi_i=b"]=2""  foralla”,b", and 1< j <i<N. (26b)
Therefore,
N
P(w™) =[] Plwilw ) (27a)
=1
N
=[I2>_ Priwi cifir = a"lw] (27b)
i=1 aT
N
=D Priwilct" yroy =a", W Prcf! = a" |w'] (27c)
i=1 T
N
=[]>_ Priwilci’ iy =a" w127" 27d)
=1 a7
N
= 11> Priwilei i = a" wimi2" (27¢)
i=1 T
N
=D r{r@"  wim) =w} 27" (27f)
i=1 aT
N
= [ Plwilwi=}) (27¢)
=1
= P(w"), (27h)

where (27d) is due to (26b), (27¢e) and (27f) is due to the definition of a quantizer (Definition 3),

and (27g) is due to (25). Here I {-} denotes the indicator function of its argument. [ |
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B. Analysis of Markov-quantized coset code ensembles
In this section, we derive an upper-bound on the error probability of quantized linear coset

codes over FSCs. First, we establish an upper-bound on the pairwise error probability between

two sequences which is similar to Lemma 1.

Definition 4. An MQ-k is called “robust” if the all-zeros block of length T, 0T, and the all-ones

block of length T, 17, are quantized to different values regardless of the quantizer memory, i.e.,
vwh € {0,1}F . f(0T,w") £ f(17,w"). (28)

This property will be used below to establish a pairwise error probability upper bound between

two codewords having Hamming distance NI before quantization.

Lemma 3. Consider a code C. Let C' be an ensemble which consists of codes of the form
C'" = {c® v|c € C} for all uniformly selected vectors v € {0,1}"T. A code C' € C' is
quantized using a “robust” MQ-k-P before transmission. Then, the ensemble-averaged pairwise
ML decoding error probability 1_36|m,m1 of decoding message m' when m is transmitted on FSC

when d(Cp,, Cy) = NT is upper-bounded as

Pejm < DY, (29)
with
D, £ ﬂ;#? (30)
and D as defined in Lemma 1.
Furthermore, D, < 1.
Proof: See Appendix C. [ |

It is noted that the above Lemma is more specialized than Lemma 1 in that it only establishes
a bound for a pair of maximally separated codewords. As shown below, this is sufficient for
our purpose of establishing capacity-achievability for the quantized ensembles A, B, C defined
earlier. However, it might not be sufficient to prove capacity achievability for other quantized
ensembles. As it turns out, this bound can be generalized to non-maximally separated codewords.

However, due to space limitations we do not present this more general result.
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We now state an error probability upper bound for Markov-quantized ensembles.

Proposition 3. Consider a permutation-invariant ensemble C of binary linear codes with M
codewords of length NT, rate R/T, and average weight enumerator A,. Let C' be the coset
ensemble generated by C. A code from C' is quantized using a “robust” MQ-k-P, and transmitted
over an FSC. Let U C {1,2,...,NT} and NT € U. Then, for any ¢ > 0, the average error

probability with ML decoding given the mthe message is transmitted, is upper-bounded as

Pun< S A+ AygDY + PriXNYY ¢ Ty 427N R85 0, 31)
leU\{NT}
where —
Al 2NT
C=WE10T) ¢y
!
Proof: See Appendix D. [ ]

The following corollary proves that the coset ensembles generated by the ensembles A, B and

C mentioned in Section III in conjunction with an MQ-k-P achieves C'p by using Proposition 3.

Corollary 2. Consider a sequence of coset ensembles generated by the ensembles A, B, and C
mentioned in Section IIl with length NT. For a given pmf P of a stationary ergodic Markov
process, a “robust” MQ-k-P is used to quantize these ensembles before transmission. Then, for
any € > 0, there exists a sequence of quantized coset ensembles generated by A, B, and C, have
limiting (with respect to N) rate (1 —€)Cp and vanishing average block error probability under

ML decoding on FSCs when conditions stated in Fact 2 are satisfied.

Proof: The form of the bound in Proposition 3 is slightly different from that of the bound
in Proposition 2. The union bound part with Battacharrya-like parameter in Proposition 3 is
established only for [ = NT instead of being established for the whole set U as in Proposition 2.
However, this is not problematic, since ZleU\ (NT} A; approaches 0 as N — oo for all three
ensembles. Hence we can proceed again as in the proof of Fact 2. [ |

Since a sequence of stationary ergodic Markov sources asymptotically achieves the capacity
of FSCs as the order k£ goes to infinity as in [32], a sequence of quantized coset code ensembles
asymptotically achieves the capacity of FSCs for a large enough 7". We note however, that [32]

does not provide any useful bounds on how fast (with respect to k) a k-th order Markov process
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approaches the capacity of a FSC, and thus, we cannot make more accurate predictions about
the requited order of the MQ-£-P.

As mentioned in the previous Section, if we concentrate on ensemble C, neither the symmetric
assumption nor the non-inverting assumption about the channel is required to prove capacity
achievability, since these two assumptions only enter our arguments through Lemma 3 which
is not needed when proving capacity achievability for ensemble C. Thus, for a large enough £
and 7, the quantized coset ensemble generated by ensemble C can achieve the capacity of any

binary-input FSC.

V. CONCLUSION

We presented SIR-achieving and capacity-achieving code ensembles for FSCs. We first estab-
lished an upper bound on the average block error probability of coset code ensembles transmitted
through FSCs. We used this bound to show that coset ensembles generated by regular LDPC,
punctured LDPC, and LDPC-GM ensembles which achieve the capacity of MBIOS channels
also achieve the SIR of FSCs. Next, we presented a method of quantization that enables the
construction of code ensembles inducing a Markov distribution. We established an upper bound
on the average block error probability of quantized coset code ensembles transmitted through
FSCs. Using this bound, we showed that the sequences of quantized regular LDPC, punctured
LDPC, and LDPC-GM coset ensembles can achieve the capacity of FSCs as the order of the

induced Markov distribution approaches infinity.

APPENDIX A

PROOF OF PROPOSITION 1

For a specific code, let Pg; denote the probability that there exists some codeword c,, such

that Q(y|c.) > Q(y|cy,) and d(c,,, ) € UC. Let ?eUlm denote the corresponding ensemble

averaged probabilities. Then,

—=U

P = P v

+ P (33)

elm

Consider now a new ensemble of codes generated by removing all codewords which satisfy

d(Cm,Cpy) € U. Let ?/elm be the average error probability of the new ensemble when the mth

Uc

codeword of the original ensemble is transmitted. Then, P, < F’dm.
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From now on, we will upper-bound P . Consider a decoder which declares that the :th

message is transmitted if there exists a unique c; satisfying
(e, y™) € T (34)

Otherwise, it declares an error. Then, the probability of error of the ML decoder is upper-bounded

by the probability of error of this decoder. Let

Ei = {(ci,y") € Tw}. (35)

Then,
Y < P [ By U (Uny st )| (36a)
< Pr[ES] + > Pr(E,.]. (36b)

m'#m:d(cm,c,,,)EUC

where y?¥ is interpreted as an output corresponding to c,,. We have

=Y Pri(ca.y") ¢ Tvl, (37)
yN
and for m’ # m,

[Ew] = Prl(co,y") € Tw]. (38)

Note that
P, <Y PrC)Pr [ES] +)  Pr(C] > Pr[E,]. (39)

C c m/#m:d(cm,c,,, ) EUC

We have

Y priClPr[ES] =Y Pric Pr((xN,y™) ¢ Ty] (40a)
C yN xN

= Z > P(x NoyN) ¢ T (40b)

= Pr[XNYN ¢ Ty, (40c)
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> Pric] > Pr[Ey] (41a)
c m/#m:d(cm,c,,)€U®
= Z Z Prlc, = xN]Prlc, = xV|c, = x"] ZPT[(X'N,yN) € Ty)]
m/£m xN x/N:d(xN x'N)eUe yN
(41b)
<y Z > P(xMaPEMPr((xN,yV) € Ty)] (41c)
m'#m yN xN x/N.d(xN x'N)cUe
<a ), Z Z XM Pr((x™,y") € Ty)] (41d)
m'#Em yN xNx
<ad > PEVPEV)QVXY) (dle)
m’;ﬁm XN( /N,yN)ETN
=« Z Z PN, yM)P(x'™) (411)
m’;ém XN,(X/N,yN)ETN
—a ) Y PEMPEY) (41g)
m'#Fm (x'N yN)eTy
Note that we have, for (x'V,y") € Ty,
P(y"™) < Qy"|x™)2- M), (42)
Hence,
> pr(c] > PrExs)<a > > PEMQyNxY)2 NI 43a)
C m!'#m:d(cm,c,,)EUC m/#m (x'V yN)eTn
<a Y 2 N@ro, (43b)
m/#m
Consequently,
P, < PriXNYN ¢ Ty] + (M — 1)a27NEr=) (44a)
< PriXNYYN ¢ Tyy] + 2 NCrmR-2%2—9 (44b)
Finally,
P Pe|m 4 PrIXNYN ¢ Ty 4 2~ N(CrmR- 5o (45)
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APPENDIX B

PROOF OF LEMMA 1

Consider a decoder with the following properties. First, the decoder assumes that the FSC
stays at the state sy for the whole transmission of x. Second, it quantizes every received value

y to z in the following way

1, when y > 0
z=4 -1, when y < 0 (46)
+1 w.p. 1/2, when y = 0.

Third, it decides that x” is transmitted instead of x'V if and only if P(z" |x",s}’) > P(z" |xV,s)),
where s2’ = (sg, S0, . - ., 50). Then, the pairwise error probability between x"¥ and x"V with ML

decoding is no greater than that with this decoder. Therefore,

Punv v <Y PN XMI{PEN XY, s)) < P2V |x"N,s))} (472)
N |~'N N
S ZP(ZleN)\/ ((ZZN||):(N N)) (47b)
_ N S P(zi|x}, s0)
- ZZP(S |X HP Zz|xz> P(z]x 30) (47C)
ZN N i1 EZD

(47d)

=> PN ]] {Z P(z|xi, si) W

(e 50)

=2 PV ]] {ZP@I%&) M} (47e)

—

SN oot | (2, 0)
e I {E e i) I (S e 5oe)
(471)
@ EN:P(SNIX ﬁ];[x {ZP (211, 5:) Ez:(l) 23} “7g)
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SZNP(SN|X 11 maX{ZP 2|1, ) s :g 23} (47h)

i A

d(xNV x'N)
P(z|0, 50) .
— lmax{ZP ) PlalL. SZ)H : (471)

where I {-} denotes the indicator function of its argument, and the equality in (a) is due to the
fact that the channel at each state is symmetric. Since the above is true for any choice of the

hypothesized state sy, we have

PE‘XN7XIN
P( |0 ) d(xN X/N)
. Z|Y, So
< Y P(elLs)y ) s 4
< [rr;énm?x{ Z (2|1, s) P(z|1,so)}] (48a)
= D) (48b)

In order to show that D < 1 we argue as follows. Since the channel at each state is non-

inverting, we have

+
0> 1> (49)
Hence, for any s, we have
_l’_
s* £ argmax |QF io + Q5 (50a)
s 80
= argmax (), , (50b)

which means that the maximizer of (50) is independent of sy. Thus choosing sy = s* we have

- +
< Q;\/gi: +Qu gf =2,/QrQ. < 1. (51a)

APPENDIX C

PROOF OF LEMMA 3

Consider a decoder with the following properties. First, the decoder assumes that the FSC
stays at the state sy for the whole codeword transmission. Second, it quantizes every received

value y to z according to (46). Third, it decides that message m is transmitted instead of m’
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if and only if P(z"|d(c),),s)) > P(z"|d(c.,),s)), where ¢, ¢!, € C', §(-) is the Markov

quantizer mapping, and s = (s, S, . . ., So). Then, the pairwise error probability between m
and m’ with ML decoding is no greater than that with this decoder. For a binary sequence xV7,
let
S(xNT) £ (6(XNT)1,5(XNT)2, ...,(5(XNT)N) . (52)
Then,
Pommr < ZP (zN|6(c, )T {P(zN]0(c),), s0) < P(zV[6(chy),s0)} (53a)
P(zNo(c ), sY)
<> P(z"|d(c, oy 53b
>~ ZN (Z ‘ (Cm))\/P(ZNM(C/m),SéV) ( )
= > P(sVIslc,) ﬂ P(aald(eh )i, 51)4 | il Cm )i 50) (53¢)
B B N P(ald (el )i so)
< ﬁma 3" P(l8(cl,)i, 5) P(z]o(cl)ir 50) (53d)
X s .

We can now average over the ensemble C’, which is equivalent to averaging over all possible

translation vectors, as follows

Pe|m,m’

< E,

¥ max zl6(c V)i, s Pla]d(erw & V)i, so0) a

H : {XZ:P( 6(cm & V);, )\/P(chm@v)i,so) }] (54a)

R UEEE » S sl Be Byl s P(13(v):, o)

_ZV:QNTE ; {ZZ:P( 16(Co B € B V)i, )\/P(Z|5(Cm,@cm@v)i780>} (54b)
LT NT P(2[5(v); 50)

< ;TV—TEmSaX{; P(z[o(1 @V)i’s>\/P(2]5(1NT@v)i,sg)} (54¢)

N

1 NT P(z]6(v)i, 50)
< zzﬁ HINT@V)'mSaX{gP(Z’(S(l @V)ias)\/P<Z‘5(1NT@v>i750)} (54d)

i=1,6(v)i5(

< XV:QNLT H max{ZP 2|0, s) E :(1) :i} (54e)

i:l,&(v)ﬁé6(1NT€BV)z
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where (54b) is due to a change of variables in the summation over v, (54c) is due to the fact that
the two codewords in consideration are distance N1 apart, (54¢) is due to the state conditioned
channel symmetry. Since the above is true for any choice of the hypothesized state sy,. we have

N

D) 1 . P(Z‘l, 80)
Pe|m,m’ S Z 2N_T H IT;(I)H m?X {Z P(ZIO, S) m (553.)
v i=1,0(v)i AS(AINT v, z 120
N

< Z 2NLT H D (55b)

’L:Lé(V)Z;ﬁ(S(lNT@V)Z

N N
1
<> T 1T D 1T D|. (55¢)
v i:l,é_(v)i;éé(lNTT@v)i i=1,6(v)i#6 (1N T @v);,

_ T T
Vii—1)r+1=0 Vii—1)T4170

Since D < 1 (due to Lemma 1), the last factor is upper bounded by one. Furthermore, since the
quantizer is “robust”, for every ¢ for which Vg_l)T 1= 07, it is also true that §(1VT @ v); #

d(v);. Thus we can write

N
_ 1 . B
Pe\m,m’ S QW H DI{V(?Ll)TJd—OT} (56a)
v =1
I{viT =0T} N
= <E{D (i—1)T+1 }> (56b)
2T o 1 1 N
B ( 2 2_TD) (560)
=Dy, (56d)

where E{-} denotes expectation. Again, since D < 1, we deduce that D; < 1.

APPENDIX D

PROOF OF PROPOSITION 3
We will use the bound in Proposition 1 which is stated as follows.

U
elm

Fe‘m S F + PT’[XNYN ¢ TN] + 2—N(CP—R—lOgT2a—E)’ (57)
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U

First, we will bound ﬁdm

by using the union bound. Consider a code in C’ which results from
a code C in C having weight distribution A; by adding a constant vector to all codewords. Let

P, be the pairwise error probability between messages m and m'. Then,

Pe[|]m < Z Pe|m,m’ (583)
m/#m:d(c,,c’ ,)eU

mo,

- Z Pemm + Z Pejmm (58b)

m'#mud(c, el )EUN{NT} m/#m:d(cl, ¢/ )=NT
< > L+ >, Pamw (58¢)
m/#mzd(el, ¢/ )EUN{NT} m/#m:d(ch, ¢! )=NT
= Y At AvrPm (584)
leU\{NT}
Let PU . be the average of PU _ over the coset ensemble generated by C. Then, from Lemma 3,
elm,C g elm g y
Pime < Y At AveDY. (59)
IEU\{NT}

Then, the average error probability (over the ensemble C’) is

_U ~
Pe|m = Z PT(C)Pe[{m,C (603)
ceC
< Y A +AyDY. (60b)
leU\{NT}

To apply Proposition 1, the code ensemble must satisfy (8) and (9). In [44], a code ensemble
which satisfy (8) and (9) is generated from a certain linear code for MBIOS channel. In the
following we point out how the derivation is different from the one in [44]. In [44, Lemma 1 and
Th. 1], starting from an original code C, three ensembles are generated with increasing degree
and randomness. The first ensemble C! is generated by including o(C) in C?, for all o € Sy,
where o(C') denotes the code resulting by permuting the order of codewords of C' according
to 0. The second ensemble C? is generated by including 7(C') in C?, for all 7 € Sy, and for
all C'! € C!, where m(C') denotes the code resulting by permuting the order of the symbols of
all codewords in C! according to 7. The third ensemble C? is generated by including codes of
the form {c? & v|c? € C?} in C?, for all v € {0,1}", and for all C? € C2. Although in [44],

C? is generated starting from a specific code C, it is straightforward to see that the conclusions
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drawn in that paper still hold if C?® is generated starting from an ensemble of codes, with the
only difference being that the average weight distribution over the original ensemble is used in
place of the weight distribution of the original code. Furthermore, it is true that the order of the
three operations which generate C!, C?, C? is irrelevant. Therefore, if we apply o to the coset

permutation-invariant ensemble C’ to generate a new ensemble C”, then C” also satisfies

Pric! =xNT] =277 Vie{l,...,M} (61a)

Pric] =x"T|cf = x| < aPrc] =x""] Vi, j € {1,...,M} with i # j and d(c,c) € U°,
(61b)

with a = max;cpe %% (recall that C" already includes all symbol-permuted and vector-
1

translated codes. In other words, C” can be thought as generated from C, by applying symbol
permutation, vector translation, codeword permutation as depicted in Figure 3).
Now consider quantization of the ensemble C” that produces the Markov quantized ensemble

W"”. We have,

Pr[é(c]) =w] = Z Pr(c! =x] (62a)
x:0(x)=w
QN g (62b)
x:0(x)=w
= P(w), (62¢)
where the equality in (a) is due to (61a). Furthermore, for ¢, ¢/ such that d(c7,c}) € U*,
Pr(o(c]) = w,d(c]) = w’]
prise) = wiie) = wi DD @
Zx:&(x):w Zx/:ﬁ(x/):w’ PT[C;/ =X, C;‘, = X/]
= (63b)
Zx’:é(x’):w’ PT[C;{ = X/]
(a) x:0(x)=w x":6(x")=w’ Q{27NTPT Cl‘l = X/
< > 3(x)= > 5(x!)= [c] ] 630)
ZX’:&(X’)ZW/ PT[C;/ = XI]
= > a2 (63d)

x:0(x)=w

= aP(w), (63e)
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where the inequality in (a) is due to (61b). Note that the average error probability of the quantized

ensemble W' of C” is the same as the average error probability of the quantized ensemble W'

of the original coset permutation-invariant ensemble C’ (see Fig. 3).

Even though (62) has a slightly different form than that of (9), we can still apply Proposition 1

for this quantized ensemble. Then, for any € > 0,

(1]
(2]
(3]

(4]
(5]

(6]

(7]

8]

(9]

[10]

(1]

[12]

[13]

[14]

[15]

logg —6)

Pem = Z A+ Anp DY + PrXNYN ¢ Ty 4 27 NCr—R=7F
IEU\{NT}

(64)
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Fig. 3. Relation between different code ensembles used in the proof of Proposition 3.



