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Abstract

The Predictve Linear Gaussianmodel (or PLG) im-
proves upontraditional linear dynamicalsystemmod-
els by usinga predictiverepresentationf state,which
makesconsistenparameteestimatiorpossiblewithout
ary lossof modelingpower andwhile usingfewer pa-
rameters. This work extendsthe PLG to model non-
linear dynamicalsystemshroughthe useof a kernel-
ized,nonlineamixturetechnique Theresultinggener
ative model hasbeennamedthe “MPLG,” for “Mix-
ture of PLGS” We also develop a novel technique
to performinferencein the model, which consistsof
a hybrid of sigma-pointapproximationsaandanalytical
statistics.We show thatthe techniqudeadsto fastand
accurateapproximationsandthatit is generalenough
to beappliedin othercontets. We empirically explore
the MPLG anddemonstratés viability on severalreal-
world andsynthetictasks.

Intr oduction

Model building is an important part of Al. Many agent-
ervironmentinteractionscanbe modeledasdynamicalsys-
tems,includingsuchthingsasthedynamicsof abipedwalk-
ing or thetrajectoryof a ball bouncing.Traditionaldynam-
ical systemsare modeledusingthe conceptof state,which
represents sufcient statisticfor history Recently how-

ever, apredictiveperspectie hasbeensuccessfullyaken. In

apredictve model theusualnotionof stateis representety
a setof (possiblyaction-conditional)predictionsaboutthe
future. This is permissiblebecause¢he mostgeneralde ni-

tion of “state” is any sufcient statisticfor history—in the
predictve case,a nite setof predictionsaboutthe future
summarizeanin nite past.

Thesepredictive representationbave enjoyed consider
ablesuccessln the caseof discreteobsenations,for exam-
ple, PSRqLittman, Sutton,& Singh2001)have beenshavn
to bejust as e xible, expressie andcompactasPOMDPSs.
In the caseof continuousobsenationsand linear dynam-
ics, the Predictive Linear Gaussiarmodel (or PLG) is just
as e xible, expressie andmorecompacthanthecelebrated
Kalman lter, andstrictly more powerful thanARMA (au-
toregressve) models(Rudary Singh,& Wingate2005).
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However, thePLGis limited to linear dynamicalsystems.
The primary contritution of this work is to extendthe PLG
to nonlinear, stochastiadynamicalsystemswith a mixture
approachWe contribtuteafully generatre model,whichwe
have namedthe “Mixture of PLGs” (or MPLG). We com-
parethis modelto anothemonlinearextensionof the PLG,
calledthe“KernelPLG; anddiscusswvhy the MPLG is ex-
pectedto generalizebetterandwhy it is expectedto have
superiorrepresentationgbower. We additionally compare
to two nonlinearautorgressie models,and shav that n
predictionsaboutthe future are a very differentthing than
n memoriesaboutthe past;thesen predictionseffectively
give our modelthe in nite memoryassociatedvith state-
spacamodels.

Anothercontributionis anew inferenceiechniquewe call
“hybrid particle-analyticainference. Becauseour model
is de ned in termsof randomvariables certainstatisticsof
thesevariablesmustbe computedio updatestate. Because
the neededfunctionsare nonlinear exact analyticalinfer-
enceis generallyimpossible. This motivatessomesort of
approximationtechnique,so we have chosensigma-point
appoximations(SRAs; also called “unscentedtransforma-
tions”), which have beenintroducedin the contet of non-
linearKalman ltering (Julier& Uhlmann1996). Thiswork
broadenghe utility andef ciency of SFAs by contrikuting
(and leveraging)the insight that they are effectively built
aroundthe smoothingpropertyof conditionalexpectations.
StandardSPAs samplefrom all of the randomvariablesin
amodelsimultaneouslybut samplingonly a subsef vari-
ablescanleadto signi cant computationabhdwantage:part
of our modelis approximatedvith sigma-pointsput given
thosesigma-pointsexactanalyticalinferenceis possibleon
the rest of the model. This hybrid techniqueis a general
method,andcouldbe appliedin othercontexts.

After introducing the model and our hybrid technique,
we shav how the model's mixture perspectie leadsto nat-
ural parametetestimatorswhich are kernel-weightedver
sionsof theoriginal PLG estimatorsWe endby empirically
comparingheproposednodelto two nonlinearalternatves,
andconcludethatour proposednodelexhibits anadwantage
over all of them,andin particular over n-th orderautore-
gressve models. This implies,aswe will amguethroughout
the paper that predictionsaboutthe future can constitute
state,andgive our modelaneffectively in nite memory



Background: Predictive GaussianSystems

Here,we brie y review the importantconceptsandde ni-
tions associatedvith linear dynamicalsystemsand Predic-
tive GaussiarSystems.Sincethe PLG, MPLG andKernel
PLG (anotherPLG-basedmodel de ned in [Wingate and
Singh,2006],which s reviewed later) all represenandup-
datestatein thesameway, we discusgshemcollectively rst.

Linear Dynamical Systems

A discretetime, linear dynamicalsystem(LDS) is de ned
by astateupdateequationx;+; = Ax; + ,wherex; 2 R"

is the stateat time t, A 2 R" " is a transition matrix
and N (0; Q) is mean-zeroGaussiannoise (where
Q 2 R" " is acovariancematrix). Often,we arenot able
to obsere the statedirectly,. Many LDSs de ne a com-
panionobsenation processjn which obserationsarelin-

earfunctionsof thetruestate:y; = Hx; + N (0; R), where
H 2 R™ "andR 2 R™ ™, Therearegenerallynorestric-
tionson H ; in particular it may collapsean n-dimensional
stateinto alower-dimensionalor evenscalar)obsenation.

Predictive GaussianSystems

We call either the PLG, the MPLG, or the Kernel PLG
(KPLG) a PredictiveGaussianSystemlIn Predictve Gaus-
sian systemswe never refer to an unobserable or latent
statex;. Insteadwe capturestateas statisticsabouta ran-
dom variable Z;, which is de ned as a vector of random
variablespredictingfuture obsenrations. We associateeach
futureobsenationattimet + i with arandomvariableY;.

(all obsenationsarescalars)andcollectthe next n of them
into thevectorZ; = [Yi41 Yi+n]", asillustratedin Fig-
urel. Thesen variablesarejointly Gaussianwith mean

andcovariance ;. It is thesetwo statisticsthatareusedas

the stateof the system.
Thesystemdynamicsarede ned by a specialequation:
Yisn+r = F(Z¢; ten+1) (1)

where (+nh+1 2 Risaspecialnoiseterm. Theimportance
of modelingY;+ n+1 asafunctionof Z; will be explained
in the next section.In the PLG, Y+ n+1 IS alinear function
of Z¢, which allows it to modellinear dynamicalsystems.
In the MPLG andthe KPLG, however, Yi+ n+1 is anonlin-
ear function of Z;, which allows themto modelnonlinear

dynamics.
The noise term is mean-zerowith a x ed variance:
t+n+l N (0; ?), but is allowed to covary with the

next n obsenationsin away thatis independenof history:
Cov[Z:; t+n+1]= C . Therepresentationglower of Pre-
dictive GaussiarSystemscomesfrom this noiseterm: the
factthatit covarieswith future obserationsgivesit thein -
nite memoryof theLDS—anobsenrationcanhave aneffect
farin thefuturethroughthechainof in uence createdy the
correlationin thenoiseterms.Later, we will seethatthedif-
ferencesn thisnoisetermareoneof theprimarydifferences
betweerthe MPLG andthe KPLG.

Updating State: Extend and Condition

Wewill now discusghegeneraktratgyy of Predictve Gaus-
sian Systemsfor updating state and modeling dynamical
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Figurel: Timelineillustratingtherandomvariableswe use.

systemsaswell aswhy Yi: 41 IS modeledasa function
of Z,. Here,werestrictoursel\esto scalarobsenations,but
emphasizéhat this doesnot restrictthe dimensionalityof
theunderlyingstatespace.

Modelingthe systemdynamicsrequiresdetermininghow
to updatethe stateof the system.The problemcanbe stated
thus: givena stateat time t, how canwe incorporatean ob-
senation Yi+1 = Yi+1 t0 computeour stateattimet + 1?
Thestratayy is to extendand condition asfollows.

We begin with stateextension. We assumehatwe have
the stateat time t, representetby ; and ;. Thesestatis-
ticsdescribeZ; N ( ¢; ), whichisann dimensional
Gaussiardescribingthe next n obsenations. We will ex-
tend this variable to include the variable Y+ n+1 (ENSUF
ing that it is still jointly Gaussian)creatinga temporary
(n + 1)-dimensionalGaussianln orderto extendZ; to in-
clude the variable Y+ n+1 , Wwe mustcomputethreeterms,
which areE; = E[Yisn+1], Ct = Cov[Yisn+1;Z¢] and
Vi = Var[Yen+ It

Zy N t . t Gt
Yi+ n+1 Et ' CtT Vi

We will thenconditionon the obserationyz.; , which will
resultin anothern dimensionalGaussianRV describing
[Yis2 Yisn+1]" = Zi+1 (conditioningis donewith stan-
dardtechniqgueson multivariate Gaussiansfor which it is
well-known that the resulting RV is Gaussian). This re-
sultsin E[Yi+2 Yisn+1]= E[Zt+1] = t+1, alongwith
Cov[Zis1]= +t+1,Whicharepreciselythe statisticsrepre-
sentingour new state.Figurel illustratesZ; andZ;.; .
Rolling togetherthe constructiorof thetemporaryGaus-
sianandthe conditioningyieldsthe completestateupdate:

t+1 = a1 T Ke(Yes1 el 1) (2)
1 = (1 Keel) 1n 3)
where ;=1 I T+l C+ClI T+engl W, K¢ =
t+1 el(e-]l_— '[el) l, t+41 — I t + enEy,
| — _ _O_: |_n_1_ B
= 5 :

ande is thei-th columnof the identity matrix. Note that
Egs.(2) and(3) have the sameform astheKalman Iter .
ComputingE;; C; andV; in closedform for anarbitrary
function f () is impossible,which motivatesthe useof an
approximation.The sectionon sigma-pointapproximations
thereforepresents methodwhich canbe usedfor ary f ().



Linear Dynamics: The PLG
In thePLG, Y;+ n+1 is de nedto bealinearfunctionof Z;:

Yiensr = W Zei + b+ tepan: 4)

whereh i denotesinner productandg 2 R" is the lin-
eartrend,andwherewe have augmentedhe original PLG
with a scalarbiasterm b. Rudaryet al. (2005) shaved
how the stateof this systemcanbe recursvely updatedin
closedform, andthatit is equivalentin modelingpower to
theKalman lter.

The MPLG: A Mixtur eof PLGs

We now presentthe MPLG, or Mixture of PLGs model.
Considerthe following scenario.Supposdhatattimet, we
have J PLGs,eachwith differentparametersandeachspec-
ifying adifferentdistributionover Y;. n+1 . Wewishto com-
binethemtogethetto form a compositeestimateof Yi4 n+1 ;

thenaturalway to do this would be with aweightedsum:

Yt+ n+l = W(Zt)j rgj ;Zti + H + {+ n+1 ; (5)
j=1

wherethew(Z,); 'sarethemixing weights.It isimportantto
notethattheseweightsshouldbeanonlinearfunctionof Z.,
becausef they werelinearthey could simply be absorbed
into thed 's, resultingin a linear model. They shouldalso
sumto one, to maintaina well-de ned mixture semantic.
HereVar[ I, .., 1= 2 andCov[ {,,,;;Z¢]= Cl.

A Distrib ution Over PLGs

Eq. (5) isthegeneraform of theMPLG. We will nov make
speci ¢ choicesaboutthe functionw(). We startby creat-
ing a new randomvariable Y thatdescribesa distribution
over possibleYis n+1'S; €eachYis n+1 IS itself a Gaussian
randomvariabledescribingdistributions over actualobser
vationsy;+ n+1 . We thenspecifyajoint distribution over Y,
andZ;, anduseconditionalexpectationanda densityover
possiblemodelsto arrive atthe nal mixture of PLGs.
Supposeave usea Parzenkernelestimatoito representhe
joint densityof Y; andZ;; supposdurtherthatwe useGaus-
siankernels.Suchanestimatomwould take the form:

1% 1 1
p(Yt;Zt) = 3 CT-K(Yt; Yo j)CT-K(Zt; iv ) (6)

j=1

where 1=g is a standard Gaussian normalizer and
K (x;y; ) isaGaussiariunctionwith covariancematrix .
The j 2 R" arepointsthatcould comefrom a numberof
sources:they may comefrom training data,be derived an-
alytically, or berandomlygeneratedThe vy, variableswill
disappeam thefollowing derivation.

We canusethis estimatorto derive the MPLG asshavn
belov (derivation adaptedrom Bishop,1995;pg. 178). In
thefourth line, we will usethe Parzenestimatorof thejoint
probabilities(severaltermscancel);notethatthis resembles
thewell-known Nadaraya-\étsorestimator in the fth line,
wereplacesachY/, .., with aPLGthatgenerated, andin
the nal line, we summarizeahekernelrenormalizatiorinto

avectorof weightsw(Z). As required theseweightsarea
nonlinearfunctionof Z; andsumto one:

Yi+n+1 = E[Ytjzt]
Yep(YijZe)dYy
R
Y tP(Yt; Z)dYy
p(Yi;Zi)dYy
J-Jﬂ K(jiZe )Y na
o K(i5Ze 1)

= PJK(J,Zt, J) mj;zti+U+ {+n+l
j=1 k=1 K(k;Zt; «)

X

Lo ) i
I’QJ,ZtI + 0+ t+n+l

W(Zy);
j=1

Thisleadsusto the nal MPLG model:
d
X K(§5Z )

LN

. i . i
r‘gjyztl + H + t+n+1

(7)

We canthink of thisasJ PLGs,eachcenteredatsome

andwith the kernelsactingasa distancemetricbetweenZ,
and ;. How might sucha modelbehae? Figure2 builds
someintuition: nearthe Gaussiancenters,the individual
PLGsarenonlinearlymixed. Furtheraway from thecenters,
a single PLG becomegesponsiblgor the space resulting
in alinear function. This contrastssharplywith a mixture
of un-renormalizedsaussiansaswe go furtheraway from
their centersthefunctionde ning Y+ n+1 wouldgoto zero.

Yi+n+1 =

Comparisonto RelatedModels

We now comparethe MPLG to two othermodels.The rst
is theKernelPLG, whichis derivedby rewriting the PLGin
dualform. Theseconds akernelautorgressie model.
TheKernelPLG, or KPLG, de nesthe stateextensionas
P
jJ=1 iK(jiZ) + tensas ®)

whereK () is our kernel. This is the most obvious way
to kernelizethe original PLG algorithm, becausehe lin-
eartrendg hasbeenrewritten in the dual form (thatis, as
aweightedcombinationof datapoints ;).

Therearetwo reasonghe KPLG is insufcient to replace
the PLG. First,the MPLG is expectedto generalizehe dy-
namicsbetteroutsideof thetrainingregion, especiallywhen
using Gaussiarkernels. Figure 2 illustratesthis: far away
fromthe ;'s,theMPLG generalizesinearly, but theKPLG
modelin Eq. (8) will returnsomethingcloseto zero.

Secondtheterm . h+1 in theKPLG hasthesameprop-
ertiesasin thePLG, andin particularCov[ (+n+1;Zt] = C.
Recall that the representationgbower of the PLG comes
from this propertyof thenoiseterm. Thevalueof C doesnot
dependon Z¢; while this mightbe ne in alinearsystem,t
is easyto construchonlinearexamplesvhereC shouldvary
with Z;, but rewriting in the dualform hasfailedto capture

Yitn+1 =
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Figure 2: Mixing linear modelswith renormalizedGaussians.The GaussiangA) arerenormalized(B); eachGaussiars
associateavith alinearfunction (C), andthenmixedtogetherto generatex nal function(D). Noteits lineargeneralization.

this. In contrast,the MPLG usesJ noiseterms,eachwith
differentproperties;sincetheseare combinedwith weights
that are a function of Z;, thereis effectively a composite
noisetermwhich indirectly depend®n Z;.

The kernel autorgressie (KAR) model statesthat the
next obsenation is a nonlingarfunction of the pastn ob-
senationsz; n: E[Yi41] = le iK(j;zt n). It hasa
similar form to the KPLG: the samekernels,basisfunction
centersandcoefcients areusedandit canbetrainedsimi-
larly. However, KAR assumeshatn pastobsenationscon-
stitutestate while the KPLG (andMPLG) cansummarizea
potentiallyin nite amountof historyinto their predictions.

Hybrid Particle-Analytical Inference

We have beendiscussindnow to modelY;. .+ asafunction
of Z;, but this is only part of the total stateupdatemecha-
nism. Recallthatthe stateupdate(Eqgs. 2 and 3) requires
threeterms: E; = E[Yi+n+1], Ct = Cov[Yi+n+1;Z¢] and
Vi = Var[Yi+n+1]. As noted,computingE;; C; andV; in

closedform is usually impossible. This sectiontherefore
discussesigma-pointapproximationgor SFAs). After, we

discussanothercontribution of this paperwhichis our gen-
eralhybrid particle-analyticalnferencemethod.

SigmaPoint Approximations

Sigma-point approximations(or “unscentedtransforma-
tions”), are a generalmethodof propagting randomvari-
ableshroughanonlinearffunction(Julier& Uhlmann1996).
The methodis a conceptuallysimple deterministicsam-
pling approach. Supposewe are given a randomvariable
Y = f(P) thatis a nonlinearfunction of a multivariate
GaussiarrandomvariableP . Insteadof recordingP 's dis-
tribution in termsof a meanand covariance,we represent
the sameinformation with a small, carefully chosennum-
ber of sigmapoints Thesepointsare selectedso that they
have the samemeanandcovarianceasP (in fact,they are
the minimal suchset),but the advantageis thatthey canbe
propa@teddirectlythroughthefunctionf (). We thencom-
putethe posteriorstatisticsof the pointsto approximatey .
Therearemary advantageso SFAs: they aresimpleand
e xible, andarealsoprovably accuratgo at leasta second
orderapproximatiorof thedynamicsfor ary distributionon
P andary nonlinearity andare accurateto third orderfor
a Gaussiardistribution on P andary nonlinearity Fourth
ordertermscansometimede correctedaswell.
ThereareimportantdifferencesetweenSFAs andparti-
cle lters. Particle Iters typically allow a multi-modaldis-
tribution over stateswhile SFAs requirea Gaussianit is the
Gaussiarassumptionvhichgivesthe SFA its strongtheoret-
ical guaranteewith a smallnumberof points. Also, particle

Iters samplerandomly but SFAs sampledeterministically

A Hybrid Approachto Inference

Givenak-dimensionamultivariateGaussiana SFA instan-
tiates2k sigma-pointseachof whichis propagtedthrough
thefunctionf (). A naive useof sigma-poinapproximations
in the context of the MPLG would beto construc2(n + J)
points,basedn thejoint Gaussian:

0 Zt 1 29 t10 ¢ C]_ J 13
P:éa_mg Né(‘)é ctr & 0
f]+n+1 0 cIT 0 2]

Thisis particularlyinef cient if J is large (say hundredsor
thousands)hecausét resultsin 2(n + J) distinctvaluesfor
Z,, andthusin O(J?) kernelevaluations.

Thereis a muchbetterway, however, which is basedon
the following crucial obsenation: that althoughthere are
n + J randomvariablesthenonlinearitiesonthe modelare
only afunctionof n of thosevariables-in particulay then
variablesin the vectorZ;. Our contritution is to combine
thisinsightwith the smoothingpropertiesof conditionalex-
pectationgalsocalledthe conditionalexpectationidentity),
whichin the caseof the MPLG stateghat

Ec= Ez E[YsnajZe = 2]

Ct= Ez E[unnZ{iZt=2] E[YirnnlEZ{]
Vi = Ez E[Yin+1 Y{In+1jzt =27'1 E[M n+1]E[Yt-£n+1]:

Our strat@y is to combinethesefactsby partially instan-
tiating sigma-points- in particular we only instantiate2n
sigma-pointgdescribingZ,. Giventhosesigma-pointsthe
interior expectationsareanalyticallytractable andwe com-
putetheexterior expectationver thosesigma-points.

To computethe interior expectations,let w; 2 RJ?
be the weights of the i-th sigma-pointz() and G 2
R’ be a matrix whosej-th row is g 7. De ne vec-
tors Q and B with Q;= 1, .., andB;=b0, letL 2
RY" be a matrix whose j-th row is C!T, and let
M 2 R’J be a diagonal matrix where Mj;= 2.
Let Hi=E[w] (Gz() + B)jZ,=z"N]=w] (Gz(V + B) and
Fi=E[QjZ,=zW"]=L , " ). Then:

EN = EMYuwnjZe = 20]= Hi + Fy )
C = EMiwnn 2720 = 20) = (Hi + F)ZT  (10)

VO = E[YZ 00JZ0 = 201 = HiHT + HiFT +
FiHT + w' (D diag(diag(L , LT)) + FiF,")w; (11)



Constructa setof 2n sigmapointsdescribingZ:
2=+ (Cn = (Cnoy
Computeaweightvectorfor eachsigmapoint:
wiz') = Kz DA e Kazs o)
For eachzt(i), computeEt(i) (Eq.9), Ct(i) (Eq.10)
andv,) (Eq. 11).
Computeempiricalposteriorstatistics:

) ) .
Et:Ni iN:1 Et(l) Ct:Ni iN:1 Ct(l) Et

vi= 20 N v g2

Figure3: Hybrid particle-analyticaMPLG inference.

We computeEgs. (9)-(11) for eachsigma-point,andthen
useexpectationver themto computethe nal terms.

The generalmethodis summarizedas follows: First,
instantiatesigma-pointsfor the minimum numberof vari-
ablesneededo make the modeltractable. Secondanalyt-
ically computetermsbasedon the modelgiven the sigma-
points. Third, computeposteriorstatisticsusingexpectation
smoothingover the sigma-points.

The nal algorithmis shavn in Figure3.

Model Estimation

The MPLG requiresseveralparametersthedimensiom of
thesystemthebasisfunctioncenters ; andweights j, the
noisestatisticsC and 2, andthecovariancematrix ;.

We areinterestedn learningtheparameterfrom training
data. This datawill be given asa setof trajectoriesfrom
the systemwith eachtrajectoryconsistingof atleastn + 1
sequentiabbsenations.We will slicethesetrajectoriesnto
all possibletraining pairs (z;;VYi+n+1 ) Wherez; 2 R" is
a vectorof n successie obserations(representing noisy
sampleof someZ;), andy;+ n+1 2 Risthe(n+ 1)-th obser
vation (a sampleof the correspondingr;+ n+1 , Or the state
extension).We thencollectall the pairsinto the setS.

Model Order Selection. We must rst estimatethe order
of the model, which includesthe systemdimensionn and
the numberof basisfunctionsJ. For our experimentswe
usecross-alidationto selectparameterfrom asetof likely
candidates. Thereis nothing unusualaboutour model or
estimatiomeedssomary othertechniquesirealsosuitable.

Finding BasisFunction Parameters. Next, we mustde-
terminethe basisfunction centers ; andcovariancematri-
ces j. We usedthe dictionary-basedelectionmethodof
Engeletal. (2004). Speci cally, weset ; = 2] andthen
constructedh setof z;'s whosefeaturesare almostlinearly

independeng‘almost” is de ned by athresholdparameter).

Estimating Individual PLG Parameters. We cannow
determinethe mixing weightsfor eachPLG at ary point,
so we estimatethe parameterof eachPLG individually,
using weighted versions of the regressionsand sample

statisticsneeded. To start, we collect eachyj:n+; into
avectorY 2 RIS, and collect eachz' into a matrix
Z 2 RISE". We then computethe weights for each
training point l&ing our renormalizedkernels: w(z;); =
K(j;zi; )= sz1 K(j;zi; j)). Wealsode ne anor-
malizing constsn_nsthe sumof all of the weightsfor each
PLG:N; = '8/ w(z);. For eachPLG, collect the
weightsw(z;); into adiagonalweightmatrixW; 2 RISISI,

Now, we canestimatehelineartrendfor eachPLG| us-
ing weightedieast-squaresy = (Z2™W;Z) 1zTw;Y: To
estimatethe noisestatisticswe rst computethe noiseterm
for eachtraining point from the perspectie of eachPLG,

whichis j = (Yi+n+1 }"@;zii). Then, the estimated
. o .

b= le o 2 w(z) ()% To
estimateC! , we run the algorithmon the training datawith
Cl = 0andrecordour estimateof  ateacht, called ;.
WethencomputeCov[Z¢; t+n+1]1= E[(Zt  ¢)( t+n+1)],
whichis simply €/ = ﬁ 18 W(zi)j (z i) j:Note
thatwhile estimatingooth 2 andC! we have usedthefact
thatE[ |, ,,,]= Oforallt.

Estimating KPLG and KAR Parameters. Parametergor
the KPLG andKAR algorithmswereestimatedsimilarly to
thoseof theMPLG. The ;'swereselectedvith adictionary
andthe 'swerecomputedusingregularizedleast-squares
kernelregressionwith theregularizationcoefcient.

varianceof |, .., is

Experiments and Results

We testedthe PLG, MPLG, KPLG and KAR algorithms
on one LDS (the “Rotation” problem) and four nonlin-
eardynamicalsystemgthe “Biped,” “Peanut, “NB3,” and
“Spring” problems)wherethe underlyinggeneratre model
wasknown. Sincethe modelsarelimited to scalarobsena-
tions, we alsotestedon threewell-known timeseriesench-
marks(SantaFelLaser Mackey-GlassandK.U. Leuven). A
sigma-pointapproximationvasusedfor the KPLG.
Parametersvereselectedy 10-fold cross-alidation. Al-
gorithmswerejudgedon the mean-squaredrror (MSE) of
their predictionsmeaningwe arenot attemptingto estimate
latent state(but we areallowed to usestate). All datasets
were normalizedto be in [0;1]. All algorithmsusedthe
Gaussiarkernel. For the initial state,we set o=1e °I
and  to bethe rst n valuesof the test sequence.Al-
gorithmsweretestedon n=2;  ;6, 2=0:1;0:4;0:8;1:2,
=0:00001% 0:00%; 0:01, and =0:000% 0:00%; 0:01( isthe
dictionary threshold). All problemsexcept Laser were
trained on 2000 sequentialobsenations and testedon a
200 obsenation continuation;Laserhad 1000training and
100 testingobsenations. Descriptions: Rotation, Peanut,
Biped, NB3 are 2D dynamicalsystems.Rotationis linear;
the othersare nonlinear Obsenationsand dynamicswere
noisy Springis a2D systemwith amassscillatingbetween
nonlinearlydampedsprings. Only the positionof the mass
was obsered. Deterministicwith noise-freeobsenations.
Mackey-Glassis a deterministicbut chaotictimeseriegen-
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Figure 4: Qualitatve comparisonof the nonlinearalgo-
rithms. Shawvn is the densityof all MSEsgenerated.

eratedfrom a delaydifferentialequation. Parametersvere
a=0.2,b=0.1,and =30. Laseris datafrom the SantaFe
timeseriecompetition.Leuvenis competitiondatafrom the
InternationaMorkshopon Advancedladk-BoxTedniques
for NonlinearModeling K.U. LeuvenBelgium,1998.

Results

Figures4 and5 summarizeour results,which arevery en-
couraging Figure4 shavstheresultsqualitatively. Eachpa-
rametersettingfor eachalgorithmgenerateéa MSE; the g-
ure plotstheir log distribution. This examinesthe expected
performancefor ary given parametersetting; a sharply
pealeddistribution on theleft sideis desired(implying low
expectedMSE). Outliersarelumpedon theright-handside.

From Figure 4, three results are evident. First, the
MPLG'sdensitycurveis oftenstacledontheleft-handside,
asdesired.Thecurweis alsopealed,indicatingthatits per
formanceis insensitve to the exact choiceof parameter It
alsoshavsfeweroutliersthantheKPLG, suggestinghatthe
MPLG is morestablethanthe KPLG.

Figure5 shaws our resultsquantitatvely. Here,we have
used10-fold cross-alidationto selectparametersall algo-
rithms with an MSE within 5% of the lowestare reported
as“Best’ The MPLG is amongthe bestperformingalgo-
rithms on four out of eight problems,andin particular it
performedwell on the nonlineardynamicalsystemswhere
therereallyis anopportunityto leveragen nite memoryvia
state.In contrastKAR hasperformedwell onthetimeseries
problems;in particular it wins on the Mackey-Glassseries,
which really is an autorgressve model. The exceptionis
Spring, but this is expected:it is deterministicand noise-
less,son pastobsenationsandn predictionsareequialent;
theuncertaintythe MPLG/KPLG modelsis unhelpful. PLG
wononthelinearproblem,whichis alsounsurprising.

Togethey the quantitatve and qualitative resultssuggest
several conclusions. First, that not only are the very best
MSEs often obtainedwith the MPLG, but for ary given
parametessetting,the MPLG is likely to outperformother
models. Secondthatthe nonlinearmodelsare outperform-
ing their linear counterparts.Third, thatthe MPLG is su-
perior to the alternatve nonlinearversionof the PLG, the

| Problem| Best | Problem| Best |

Rotation | PLG Spring | KAR
Biped MPLG M.G. KAR
Peanut | MPLG Leuven | MPLG/PLG
NB3 MPLG/PLG/KAR || Laser KAR

Figure5: Bestperformingalgorithmsonthetestproblems.

KPLG. Fourth,thatthe MPLG is indeedcapturingstate and
is thereforesuperiorto autorgressve modelsin situations
wherestatecanbe leveraged.Not re ected in theseresults
is the factthat the bestparametersvererarely selectedor

KPLG becausef outliersin the cross-alidationruns, but

thisis partof the point: MPLG is morestablethanKPLG.

Conclusionsand Futur e Reseach

We have investigatedthe ideaof predictve representations
of stateto modelcontinuousobsenation,nonlinearstochas-
tic dynamicalkystemsandhave proposedspeci ¢ mixture
model derived from the PLG. Basedon our experiments,
the most generalconclusionis that both the idea and the
model areviable. The MPLG hasexperimentallydemon-
stratedgood, stableperformanceon almostall of the prob-
lemstestedhere.We have alsocontrituteda generahybrid
particle-analyticalnferencemethodwhich is fast,accurate
andeasyto use,andwhichmakesourmodeltractable It im-
provesthe utility of sigma-pointapproximationsn general,
andcould nd applicationin othercontets.

Thereis still work to be done,but the MPLG learnsrea-
sonablemodelsdirectly from data,andis competitie with
othermethodsIn particular the MPLG appeargso bestboth
the KPLG and simple kernel autorgression. Superiority
over KAR suggestshatthe MPLG is indeedleveragingthe
adwantage®f state,meaningthe MPLG is anotherexample
of asuccessfupredictive representationf state.
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