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Abstract

The Predictive Linear Gaussianmodel (or PLG) im-
provesupontraditional linear dynamicalsystemmod-
elsby usinga predictiverepresentationof state,which
makesconsistentparameterestimationpossiblewithout
any lossof modelingpower andwhile usingfewer pa-
rameters. This work extendsthe PLG to model non-
linear dynamicalsystemsthroughthe useof a kernel-
ized,nonlinearmixturetechnique.Theresultinggener-
ative model hasbeennamedthe “MPLG,” for “Mix-
ture of PLGs.” We also develop a novel technique
to perform inferencein the model, which consistsof
a hybrid of sigma-pointapproximationsandanalytical
statistics.We show that the techniqueleadsto fastand
accurateapproximations,andthat it is generalenough
to beappliedin othercontexts. We empiricallyexplore
theMPLG anddemonstrateits viability onseveralreal-
world andsynthetictasks.

Intr oduction
Model building is an important part of AI. Many agent-
environmentinteractionscanbemodeledasdynamicalsys-
tems,includingsuchthingsasthedynamicsof abipedwalk-
ing or thetrajectoryof a ball bouncing.Traditionaldynam-
ical systemsaremodeledusingthe conceptof state,which
representsa suf�cient statisticfor history. Recently, how-
ever, apredictiveperspectivehasbeensuccessfullytaken.In
apredictivemodel,theusualnotionof stateis representedby
a setof (possiblyaction-conditional)predictionsaboutthe
future. This is permissiblebecausethemostgeneralde�ni-
tion of “state” is any suf�cient statisticfor history—in the
predictive case,a �nite setof predictionsaboutthe future
summarizeanin�nite past.

Thesepredictive representationshave enjoyed consider-
ablesuccess.In thecaseof discreteobservations,for exam-
ple,PSRs(Littman,Sutton,& Singh2001)havebeenshown
to be just as�e xible, expressive andcompactasPOMDPs.
In the caseof continuousobservationsand linear dynam-
ics, the Predictive Linear Gaussianmodel (or PLG) is just
as�e xible, expressiveandmorecompactthanthecelebrated
Kalman�lter , andstrictly morepowerful thanARMA (au-
toregressive)models(Rudary, Singh,& Wingate2005).
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However, thePLGis limited to linear dynamicalsystems.
Theprimarycontribution of this work is to extendthePLG
to nonlinear, stochasticdynamicalsystemswith a mixture
approach.Wecontributeafully generativemodel,whichwe
have namedthe “Mixture of PLGs” (or MPLG). We com-
parethis modelto anothernonlinearextensionof thePLG,
calledthe“KernelPLG,” anddiscusswhy theMPLG is ex-
pectedto generalizebetterandwhy it is expectedto have
superiorrepresentationalpower. We additionallycompare
to two nonlinearautoregressive models,and show that n
predictionsaboutthe future area very different thing than
n memoriesaboutthe past; thesen predictionseffectively
give our model the in�nite memoryassociatedwith state-
spacemodels.

Anothercontribution is anew inferencetechniquewecall
“hybrid particle-analyticalinference.” Becauseour model
is de�ned in termsof randomvariables,certainstatisticsof
thesevariablesmustbecomputedto updatestate.Because
the neededfunctionsare nonlinear, exact analytical infer-
enceis generallyimpossible. This motivatessomesort of
approximationtechnique,so we have chosensigma-point
approximations(SPAs; alsocalled “unscentedtransforma-
tions”), which have beenintroducedin the context of non-
linearKalman�ltering (Julier& Uhlmann1996).Thiswork
broadensthe utility andef�ciency of SPAs by contributing
(and leveraging)the insight that they are effectively built
aroundthesmoothingpropertyof conditionalexpectations.
StandardSPAs samplefrom all of the randomvariablesin
a modelsimultaneously, but samplingonly a subsetof vari-
ablescanleadto signi�cant computationaladvantage:part
of our modelis approximatedwith sigma-points,but given
thosesigma-points,exactanalyticalinferenceis possibleon
the rest of the model. This hybrid techniqueis a general
method,andcouldbeappliedin othercontexts.

After introducing the model and our hybrid technique,
we show how themodel's mixtureperspective leadsto nat-
ural parameterestimators,which are kernel-weightedver-
sionsof theoriginalPLGestimators.Weendby empirically
comparingtheproposedmodelto two nonlinearalternatives,
andconcludethatourproposedmodelexhibitsanadvantage
over all of them,andin particular, over n-th orderautore-
gressive models.This implies,aswe will arguethroughout
the paper, that predictionsabout the future can constitute
state,andgiveourmodelaneffectively in�nite memory.



Background: PredictiveGaussianSystems
Here,we brie�y review the importantconceptsandde�ni-
tions associatedwith lineardynamicalsystemsandPredic-
tive GaussianSystems.Sincethe PLG, MPLG andKernel
PLG (anotherPLG-basedmodel de�ned in [Wingate and
Singh,2006],which is reviewedlater)all representandup-
datestatein thesameway, wediscussthemcollectively �rst.

Linear Dynamical Systems
A discretetime, linear dynamicalsystem(LDS) is de�ned
by astateupdateequationx t +1 = Ax t + � , wherex t 2 Rn

is the stateat time t, A 2 Rn � n is a transition matrix
and � � N (0; Q) is mean-zeroGaussiannoise (where
Q 2 Rn � n is a covariancematrix). Often,we arenot able
to observe the statedirectly. Many LDSs de�ne a com-
panionobservation process,in which observationsare lin-
earfunctionsof thetruestate:yt = H x t + N (0; R), where
H 2 Rm � n andR 2 Rm � m . Therearegenerallynorestric-
tionson H ; in particular, it maycollapseann-dimensional
stateinto a lower-dimensional(or evenscalar)observation.

PredictiveGaussianSystems
We call either the PLG, the MPLG, or the Kernel PLG
(KPLG) a PredictiveGaussianSystem.In Predictive Gaus-
sian systems,we never refer to an unobservable or latent
statex t . Instead,we capturestateasstatisticsabouta ran-
dom variableZ t , which is de�ned as a vector of random
variablespredictingfuture observations.We associateeach
futureobservationat time t + i with a randomvariableYt + i
(all observationsarescalars),andcollectthenext n of them
into thevectorZ t = [Yt +1 � � � Yt + n ]T , asillustratedin Fig-
ure1. Thesen variablesarejointly Gaussian,with mean� t
andcovariance� t . It is thesetwo statisticsthatareusedas
thestateof thesystem.

Thesystemdynamicsarede�ned by aspecialequation:

Yt + n +1 = f (Z t ; � t + n +1 ) (1)

where� t + n +1 2 R is a specialnoiseterm. Theimportance
of modelingYt + n +1 asa function of Z t will be explained
in thenext section.In thePLG,Yt + n +1 is a linear function
of Z t , which allows it to model linear dynamicalsystems.
In theMPLG andtheKPLG, however, Yt + n +1 is a nonlin-
ear function of Z t , which allows themto modelnonlinear
dynamics.

The noise term is mean-zerowith a �x ed variance:
� t + n +1 � N (0; � 2

� ), but is allowed to covary with the
next n observationsin a way that is independentof history:
Cov[Z t ; � t + n +1 ] = C� . Therepresentationalpower of Pre-
dictive GaussianSystemscomesfrom this noiseterm: the
factthatit covarieswith futureobservationsgivesit thein�-
nitememoryof theLDS—anobservationcanhaveaneffect
far in thefuturethroughthechainof in�uencecreatedby the
correlationin thenoiseterms.Later, wewill seethatthedif-
ferencesin thisnoisetermareoneof theprimarydifferences
betweentheMPLG andtheKPLG.

Updating State: Extend and Condition
Wewill now discussthegeneralstrategy of PredictiveGaus-
sian Systemsfor updatingstateand modeling dynamical

Figure1: Timelineillustratingtherandomvariablesweuse.

systems,aswell aswhy Yt + n +1 is modeledasa function
of Z t . Here,werestrictourselvesto scalarobservations,but
emphasizethat this doesnot restrict the dimensionalityof
theunderlyingstatespace.

Modelingthesystemdynamicsrequiresdetermininghow
to updatethestateof thesystem.Theproblemcanbestated
thus:givena stateat time t, how canwe incorporateanob-
servationYt +1 = yt +1 to computeour stateat time t + 1?
Thestrategy is to extendandcondition, asfollows.

We begin with stateextension.We assumethat we have
the stateat time t, representedby � t and� t . Thesestatis-
tics describeZ t � N (� t ; � t ), which is ann� dimensional
Gaussiandescribingthe next n observations. We will ex-
tend this variable to include the variable Yt + n +1 (ensur-
ing that it is still jointly Gaussian),creatinga temporary
(n + 1)-dimensionalGaussian.In orderto extendZ t to in-
clude the variableYt + n +1 , we must computethreeterms,
which are E t = E[Yt + n +1 ], Ct = Cov[Yt + n +1 ; Z t ] and
Vt = Var[Yt + n +1 ]:

�
Z t

Yt + n +1

�
� N

��
� t
E t

�
;
�

� t Ct

CT
t Vt

��
:

We will thenconditionon theobservationyt +1 , which will
result in anothern� dimensionalGaussianRV describing
[Yt +2 � � � Yt + n +1 ]T = Z t +1 (conditioningis donewith stan-
dard techniqueson multivariateGaussians,for which it is
well-known that the resulting RV is Gaussian). This re-
sultsin E[Yt +2 � � � Yt + n +1 ] = E[Z t +1 ] = � t +1 , alongwith
Cov[Z t +1 ] = � t +1 , which arepreciselythestatisticsrepre-
sentingournew state.Figure1 illustratesZ t andZ t +1 .

Rolling togethertheconstructionof thetemporaryGaus-
sianandtheconditioningyieldsthecompletestateupdate:

� t +1 = � �
t +1 + K t (yt +1 � eT

1 � t ) (2)

� t +1 = (I � K t eT
1 )� �

t +1 (3)

where� �
t +1 = I � � t I � T + I � Ct + CT

t I � T + en eT
n Vt , K t =

� �
t +1 e1(eT

1 � t e1) � 1, � �
t +1 = I � � t + en E t ,

I � =
�

0 I n � 1

0

�
;

andei is the i -th columnof the identity matrix. Note that
Eqs.(2) and(3) have thesameform astheKalman�lter .

ComputingE t ; Ct andVt in closedform for anarbitrary
function f () is impossible,which motivatesthe useof an
approximation.Thesectionon sigma-pointapproximations
thereforepresentsamethodwhichcanbeusedfor any f () .



Linear Dynamics: The PLG
In thePLG,Yt + n +1 is de�ned to bea linearfunctionof Z t :

Yt + n +1 = hg; Z t i + b+ � t + n +1 : (4)

where h�i denotesinner product and g 2 Rn is the lin-
eartrend,andwherewe have augmentedthe original PLG
with a scalarbias term b. Rudaryet al. (2005) showed
how the stateof this systemcanbe recursively updatedin
closedform, andthat it is equivalentin modelingpower to
theKalman�lter .

The MPLG: A Mixtur eof PLGs
We now presentthe MPLG, or Mixture of PLGs model.
Considerthefollowing scenario.Supposethatat time t, we
haveJ PLGs,eachwith differentparameters,andeachspec-
ifying adifferentdistributionoverYt + n +1 . Wewishto com-
binethemtogetherto form acompositeestimateof Yt + n +1 ;
thenaturalway to do thiswouldbewith aweightedsum:

Yt + n +1 =
JX

j =1

w(Z t ) j

�
hgj ; Z t i + bj + � j

t + n +1

�
; (5)

wherethew(Z t ) j 'sarethemixingweights.It is importantto
notethattheseweightsshouldbeanonlinearfunctionof Z t ,
becauseif they were linear they could simply be absorbed
into thegj 's, resultingin a linearmodel. They shouldalso
sum to one, to maintaina well-de�ned mixture semantic.
Here,Var[� j

t + n +1 ] = � 2j
� andCov[� j

t + n +1 ; Z t ] = C j
� .

A Distrib ution Over PLGs
Eq. (5) is thegeneralform of theMPLG. Wewill now make
speci�c choicesaboutthe function w() . We startby creat-
ing a new randomvariableY t that describesa distribution
over possibleYt + n +1 's; eachYt + n +1 is itself a Gaussian
randomvariabledescribingdistributionsover actualobser-
vationsyt + n +1 . We thenspecifya joint distributionoverY t
andZ t , anduseconditionalexpectationanda densityover
possiblemodelsto arriveat the�nal mixtureof PLGs.

SupposeweuseaParzenkernelestimatorto representthe
joint densityof Y t andZ t ; supposefurtherthatweuseGaus-
siankernels.Suchanestimatorwould take theform:

p(Yt ; Z t ) =
1
J

JX

j =1

1
cj

K (Yt ; � Yt ; � j )
1
cj

K (Z t ; � j ; � j ) (6)

where 1=cj is a standard Gaussian normalizer and
K (x; y; � ) is a Gaussianfunctionwith covariancematrix � .
The � j 2 Rn arepointsthatcouldcomefrom a numberof
sources:they may comefrom trainingdata,be derived an-
alytically, or berandomlygenerated.The� Yt variableswill
disappearin thefollowing derivation.

We canusethis estimatorto derive the MPLG asshown
below (derivationadaptedfrom Bishop,1995;pg. 178). In
thefourth line, we will usetheParzenestimatorof thejoint
probabilities(severaltermscancel);notethatthis resembles
thewell-knownNadaraya-Watsonestimator. In the�fth line,
wereplaceeachY j

t + n +1 with aPLGthatgeneratesit, andin
the�nal line, we summarizethekernelrenormalizationinto

a vectorof weightsw(Z t ). As required,theseweightsarea
nonlinearfunctionof Z t andsumto one:

Yt + n +1 = E[Yt jZ t ]

=
Z

Yt p(Yt jZ t )dYt

=

R
Yt p(Yt ; Z t )dYtR
p(Yt ; Z t )dYt

=

P J
j =1 K (� j ; Z t ; � j )Y j

t + n +1
P J

j =1 K (� j ; Z t ; � j )

=
JX

j =1

K (� j ; Z t ; � j )
P J

k=1 K (� k ; Z t ; � k )

�
hgj ; Z t i + bj + � j

t + n +1

�

=
JX

j =1

w(Z t ) j

�
hgj ; Z t i + bj + � j

t + n +1

�

This leadsusto the�nal MPLG model:

Yt + n +1 =
JX

j =1

K (� j ; Z t ; � j )
P J

k=1 K (� k ; Z t ; � k )

�
hgj ; Z t i + bj + � j

t + n +1

�
:

(7)
Wecanthink of thisasJ PLGs,eachcenteredatsome� j ,

andwith thekernelsactingasa distancemetricbetweenZ t
and� j . How might sucha modelbehave? Figure2 builds
someintuition: near the Gaussiancenters,the individual
PLGsarenonlinearlymixed.Furtherawayfrom thecenters,
a singlePLG becomesresponsiblefor the space,resulting
in a linear function. This contrastssharplywith a mixture
of un-renormalizedGaussians:aswe go furtheraway from
their centers,thefunctionde�ning Yt + n +1 wouldgoto zero.

Comparison to RelatedModels
We now comparetheMPLG to two othermodels.The�rst
is theKernelPLG,which is derivedby rewriting thePLGin
dualform. Thesecondis akernelautoregressive model.

TheKernelPLG,or KPLG, de�nesthestateextensionas

Yt + n +1 =
P J

j =1 � j K (� j ; Z t ) + � t + n +1 ; (8)

where K () is our kernel. This is the most obvious way
to kernelizethe original PLG algorithm, becausethe lin-
ear trendg hasbeenrewritten in the dual form (that is, as
aweightedcombinationof datapoints� j ).

Therearetwo reasonstheKPLG is insuf�cient to replace
thePLG. First, theMPLG is expectedto generalizethedy-
namicsbetteroutsideof thetrainingregion,especiallywhen
usingGaussiankernels. Figure2 illustratesthis: far away
from the� j 's, theMPLG generalizeslinearly, but theKPLG
modelin Eq. (8) will returnsomethingcloseto zero.

Second,theterm� t + n +1 in theKPLG hasthesameprop-
ertiesasin thePLG,andin particularCov[� t + n +1 ; Z t ] = C.
Recall that the representationalpower of the PLG comes
from thispropertyof thenoiseterm.Thevalueof C doesnot
dependon Z t ; while this might be�ne in a linearsystem,it
is easyto constructnonlinearexampleswhereC shouldvary
with Z t , but rewriting in thedual form hasfailedto capture
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Figure 2: Mixing linear modelswith renormalizedGaussians.The Gaussians(A) are renormalized(B); eachGaussianis
associatedwith a linearfunction(C), andthenmixedtogetherto generatea �nal function(D). Noteits lineargeneralization.

this. In contrast,the MPLG usesJ noiseterms,eachwith
differentproperties;sincethesearecombinedwith weights
that are a function of Z t , there is effectively a composite
noisetermwhich indirectlydependsonZ t .

The kernel autoregressive (KAR) model statesthat the
next observation is a nonlinearfunction of the past n ob-
servationszt � n : E[Yt +1 ] =

P J
j =1 � j K (� j ; zt � n ). It hasa

similar form to theKPLG: thesamekernels,basisfunction
centers,andcoef�cients areused,andit canbetrainedsimi-
larly. However, KAR assumesthatn pastobservationscon-
stitutestate,while theKPLG (andMPLG) cansummarizea
potentiallyin�nite amountof historyinto their predictions.

Hybrid Particle-Analytical Infer ence
Wehavebeendiscussinghow to modelYt + n +1 asafunction
of Z t , but this is only part of the total stateupdatemecha-
nism. Recall that the stateupdate(Eqs. 2 and3) requires
threeterms: E t = E[Yt + n +1 ], Ct = Cov[Yt + n +1 ; Z t ] and
Vt = Var[Yt + n +1 ]. As noted,computingE t ; Ct andVt in
closedform is usually impossible. This sectiontherefore
discussessigma-pointapproximations(or SPAs). After, we
discussanothercontributionof thispaper, which is ourgen-
eralhybrid particle-analyticalinferencemethod.

SigmaPoint Approximations
Sigma-point approximations(or “unscentedtransforma-
tions”), area generalmethodof propagating randomvari-
ablesthroughanonlinearfunction(Julier& Uhlmann1996).
The method is a conceptuallysimple deterministicsam-
pling approach. Supposewe are given a randomvariable
Y = f (P) that is a nonlinearfunction of a multivariate
GaussianrandomvariableP. Insteadof recordingP's dis-
tribution in termsof a meanandcovariance,we represent
the sameinformationwith a small, carefully chosennum-
ber of sigmapoints. Thesepointsareselectedso that they
have the samemeanandcovarianceasP (in fact, they are
theminimal suchset),but theadvantageis that they canbe
propagateddirectlythroughthefunctionf () . We thencom-
putetheposteriorstatisticsof thepointsto approximateY .

Therearemany advantagesto SPAs: they aresimpleand
�e xible, andarealsoprovably accurateto at leasta second
orderapproximationof thedynamicsfor any distributionon
P andany nonlinearity, andareaccurateto third orderfor
a Gaussiandistribution on P andany nonlinearity. Fourth
ordertermscansometimesbecorrectedaswell.

ThereareimportantdifferencesbetweenSPAs andparti-
cle �lters. Particle �lters typically allow a multi-modaldis-
tributionoverstates,while SPAs requireaGaussian;it is the
GaussianassumptionwhichgivestheSPA its strongtheoret-
ical guaranteeswith asmallnumberof points.Also, particle

�lters samplerandomly, but SPAs sampledeterministically.

A Hybrid Approachto Infer ence
Givenak-dimensionalmultivariateGaussian,aSPA instan-
tiates2k sigma-points,eachof which is propagatedthrough
thefunctionf () . A naiveuseof sigma-pointapproximations
in thecontext of theMPLG would beto construct2(n + J )
points,basedon thejoint Gaussian:
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This is particularlyinef�cient if J is large(say, hundredsor
thousands),becauseit resultsin 2(n + J ) distinctvaluesfor
Z t , andthusin O(J 2) kernelevaluations.

Thereis a muchbetterway, however, which is basedon
the following crucial observation: that althoughthereare
n + J randomvariables,thenonlinearitieson themodelare
only a functionof n of thosevariables– in particular, then
variablesin the vectorZ t . Our contribution is to combine
this insightwith thesmoothingpropertiesof conditionalex-
pectations(alsocalledtheconditionalexpectationidentity),
which in thecaseof theMPLG statesthat

E t = EZ
�
E[Yt + n +1 jZ t = zi ]

�

Ct = EZ
�
E[Yt + n +1 Z T

t jZ t = zi ]
�

� E[Yt + n +1 ]E[Z T
t ]

Vt = EZ
�
E[Yt + n +1 Y T

t + n +1 jZ t = zi ]
�
� E[Yt + n +1 ]E[Y T

t + n +1 ]:
Ourstrategy is to combinethesefactsby partially instan-

tiating sigma-points– in particular, we only instantiate2n
sigma-pointsdescribingZ t . Giventhosesigma-points,the
interiorexpectationsareanalyticallytractable,andwecom-
putetheexteriorexpectationsover thosesigma-points.

To computethe interior expectations,let wi 2 RJ;1

be the weights of the i -th sigma-point z( i ) and G 2
RJ;n be a matrix whose j -th row is gj T . De�ne vec-
tors Q and B with Qj = � j

t + n +1 and B j = bj , let L 2
RJ;n be a matrix whose j -th row is C j T

� , and let
M 2 RJ;J be a diagonal matrix where M j ;j = � 2j

� .
Let H i =E[ wT

i (Gz( i ) + B )jZ t = z( i ) ]= wT
i (Gz( i ) + B ) and

Fi =E[ QjZ t = z( i ) ]= L � � 1
t (z( i ) � � t ). Then:

E ( i )
t = E[Yt + n +1 jZ t = z( i ) ] = H i + Fi (9)

C( i )
t = E[Yt + n +1 Z T

t jZ t = z( i ) ] = (H i + Fi )ziT (10)

V ( i )
t = E[Y 2

t + n +1 jZ t = z( i ) ] = H i H T
i + H i F T

i +

Fi H T
i + wT

i (D � diag(diag(L � � 1
t L T )) + Fi F T

i )wi (11)



� Constructasetof 2n sigmapointsdescribingZ t :

z(2 i � 1)
t = � t + (

p
n� t ) i z(2 i )

t = � t � (
p

n� t ) i

� Computeaweightvectorfor eachsigmapoint:

w(z( i )
t ) j = K (� j ; z( i )

t ; � j )=(
P J

k=1 K (� k ; z( i )
t ; � k ))

� For eachz( i )
t , computeE ( i )

t (Eq. 9), C( i )
t (Eq. 10)

andV ( i )
t (Eq. 11).

� Computeempiricalposteriorstatistics:

E t = 1
N

P N
i =1 E ( i )

t Ct = 1
N

P N
i =1 C( i )

t � E t � t

Vt = 1
N

P N
i =1 V ( i )

t � E 2
t

Figure3: Hybrid particle-analyticalMPLG inference.

We computeEqs. (9)-(11) for eachsigma-point,and then
useexpectationsover themto computethe�nal terms.

The generalmethod is summarizedas follows: First,
instantiatesigma-pointsfor the minimum numberof vari-
ablesneededto make the modeltractable.Second,analyt-
ically computetermsbasedon the modelgiven the sigma-
points.Third, computeposteriorstatisticsusingexpectation
smoothingover thesigma-points.

The�nal algorithmis shown in Figure3.

Model Estimation
TheMPLG requiresseveralparameters:thedimensionn of
thesystem,thebasisfunctioncenters� j andweights� j , the
noisestatisticsC and� 2

� , andthecovariancematrix � j .
Weareinterestedin learningtheparametersfrom training

data. This datawill be given as a set of trajectoriesfrom
thesystem,with eachtrajectoryconsistingof at leastn + 1
sequentialobservations.We will slicethesetrajectoriesinto
all possibletraining pairs (zi ; yi + n +1 ) wherezi 2 Rn is
a vectorof n successive observations(representinga noisy
sampleof someZ t ), andyi + n +1 2 R is the(n+ 1)-th obser-
vation (a sampleof the correspondingYt + n +1 , or the state
extension).We thencollectall thepairsinto thesetS.

Model Order Selection. We must�rst estimatetheorder
of the model,which includesthe systemdimensionn and
the numberof basisfunctionsJ . For our experiments,we
usecross-validationto selectparametersfrom asetof likely
candidates.Thereis nothing unusualaboutour model or
estimationneeds,somany othertechniquesarealsosuitable.

Finding BasisFunction Parameters. Next, we mustde-
terminethebasisfunctioncenters� j andcovariancematri-
ces� j . We usedthe dictionary-basedselectionmethodof
Engelet al. (2004).Speci�cally, we set� j = � 2

� I andthen
constructeda setof zi 's whosefeaturesarealmostlinearly
independent(“almost” is de�ned by a thresholdparameter).

Estimating Indi vidual PLG Parameters. We cannow
determinethe mixing weightsfor eachPLG at any point,
so we estimatethe parametersof eachPLG individually,
using weighted versions of the regressionsand sample

statisticsneeded. To start, we collect eachyi + n +1 into
a vector Y 2 RjSj , and collect each zT

i into a matrix
Z 2 RjSj ;n . We then compute the weights for each
training point using our renormalizedkernels: w(zi ) j =
K (� j ; zi ; � j )=(

P J
j =1 K (� j ; zi ; � j )) . We alsode�ne a nor-

malizingconstantasthesumof all of theweightsfor each
PLG: N j =

P jSj
i =1 w(zi ) j . For each PLG, collect the

weightsw(zi ) j into adiagonalweightmatrixWj 2 RjSj ;jSj .
Now, we canestimatethelineartrendfor eachPLG j us-

ing weightedleast-squares:bgj = (Z T Wj Z ) � 1Z T Wj Y: To
estimatethenoisestatistics,we �rst computethenoiseterm
for eachtraining point from the perspective of eachPLG,
which is � ij = (yi + n +1 � hbgj ; zi i ). Then, the estimated

varianceof � j
t + n +1 is c� 2j

� = 1
N j � 1

P jSj
i =1 w(zi ) j (� ij )2: To

estimateC j
� , we run thealgorithmon thetrainingdatawith

C j
� = 0 andrecordour estimateof � t at eacht, called� i .

WethencomputeCov[Z t ; � t + n +1 ] = E[(Z t � � t )( � t + n +1 )],

which is simply cC j
� = 1

N j � 1

P jSj
i =1 w(zi ) j (zi � � i )� ij : Note

thatwhile estimatingboth� 2j
� andC j

� wehaveusedthefact
thatE[� j

t + n +1 ] = 0 for all t.

Estimating KPLG and KAR Parameters. Parametersfor
theKPLG andKAR algorithmswereestimatedsimilarly to
thoseof theMPLG.The� j 'swereselectedwith adictionary,
andthe � 's werecomputedusingregularizedleast-squares
kernelregression,with � theregularizationcoef�cient.

Experimentsand Results
We testedthe PLG, MPLG, KPLG and KAR algorithms
on one LDS (the “Rotation” problem) and four nonlin-
eardynamicalsystems(the “Biped,” “Peanut,” “NB3,” and
“Spring” problems),wheretheunderlyinggenerativemodel
wasknown. Sincethemodelsarelimited to scalarobserva-
tions,we alsotestedon threewell-known timeseriesbench-
marks(SantaFeLaser, Mackey-Glass,andK.U. Leuven).A
sigma-pointapproximationwasusedfor theKPLG.

Parameterswereselectedby 10-foldcross-validation.Al-
gorithmswerejudgedon themean-squarederror (MSE) of
theirpredictions,meaningwearenotattemptingto estimate
latentstate(but we areallowed to usestate). All datasets
were normalizedto be in [0; 1]. All algorithmsusedthe
Gaussiankernel. For the initial state,we set � 0=1e� 5I
and � 0 to be the �rst n valuesof the test sequence.Al-
gorithmswere testedon n=2; � � � ; 6, � 2

� =0:1; 0:4; 0:8; 1:2,
� =0:00001; 0:001; 0:01, and� =0:0001; 0:001; 0:01 (� is the
dictionary threshold). All problemsexcept Laser were
trained on 2000 sequentialobservations and testedon a
200 observation continuation;Laserhad1000training and
100 testingobservations. Descriptions: Rotation,Peanut,
Biped,NB3 are2D dynamicalsystems.Rotationis linear;
the othersarenonlinear. Observationsanddynamicswere
noisy. Springis a2D systemwith amassoscillatingbetween
nonlinearlydampedsprings.Only thepositionof themass
wasobserved. Deterministicwith noise-freeobservations.
Mackey-Glassis a deterministicbut chaotictimeseriesgen-
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Figure 4: Qualitative comparisonof the nonlinearalgo-
rithms.Shown is thedensityof all MSEsgenerated.

eratedfrom a delaydifferentialequation.Parameterswere
a=0.2,b=0.1, and � =30. Laseris datafrom the SantaFe
timeseriescompetition.Leuvenis competitiondatafrom the
InternationalWorkshoponAdvancedBlack-BoxTechniques
for NonlinearModeling, K.U. LeuvenBelgium,1998.

Results
Figures4 and5 summarizeour results,which arevery en-
couraging.Figure4 showstheresultsqualitatively. Eachpa-
rametersettingfor eachalgorithmgeneratedaMSE; the�g-
ureplots their log distribution. This examinestheexpected
performancefor any given parametersetting; a sharply
peakeddistribution on theleft sideis desired(implying low
expectedMSE).Outliersarelumpedon theright-handside.

From Figure 4, three results are evident. First, the
MPLG'sdensitycurve is oftenstackedontheleft-handside,
asdesired.Thecurve is alsopeaked,indicatingthat its per-
formanceis insensitive to theexact choiceof parameter. It
alsoshowsfeweroutliersthantheKPLG,suggestingthatthe
MPLG is morestablethantheKPLG.

Figure5 shows our resultsquantitatively. Here,we have
used10-fold cross-validationto selectparameters;all algo-
rithms with an MSE within 5% of the lowestare reported
as“Best.” The MPLG is amongthe bestperformingalgo-
rithms on four out of eight problems,and in particular, it
performedwell on thenonlineardynamicalsystems,where
therereally is anopportunityto leveragein�nite memoryvia
state.In contrast,KAR hasperformedwell onthetimeseries
problems;in particular, it wins on theMackey-Glassseries,
which really is an autoregressive model. The exceptionis
Spring, but this is expected: it is deterministicand noise-
less,son pastobservationsandn predictionsareequivalent;
theuncertaintytheMPLG/KPLGmodelsis unhelpful.PLG
wonon thelinearproblem,which is alsounsurprising.

Together, the quantitative andqualitative resultssuggest
several conclusions. First, that not only are the very best
MSEs often obtainedwith the MPLG, but for any given
parametersetting,the MPLG is likely to outperformother
models.Second,that thenonlinearmodelsareoutperform-
ing their linear counterparts.Third, that the MPLG is su-
perior to the alternative nonlinearversionof the PLG, the

Problem Best Problem Best
Rotation PLG Spring KAR
Biped MPLG M.G. KAR
Peanut MPLG Leuven MPLG/PLG
NB3 MPLG/PLG/KAR Laser KAR

Figure5: Bestperformingalgorithmson thetestproblems.

KPLG.Fourth,thattheMPLG is indeedcapturingstate,and
is thereforesuperiorto autoregressive modelsin situations
wherestatecanbe leveraged.Not re�ected in theseresults
is the fact that the bestparameterswererarely selectedfor
KPLG becauseof outliers in the cross-validationruns,but
this is partof thepoint: MPLG is morestablethanKPLG.

Conclusionsand Futur eResearch
We have investigatedthe ideaof predictive representations
of stateto modelcontinuousobservation,nonlinear, stochas-
tic dynamicalsystems,andhaveproposedaspeci�c mixture
model derived from the PLG. Basedon our experiments,
the most generalconclusionis that both the idea and the
modelareviable. The MPLG hasexperimentallydemon-
stratedgood,stableperformanceon almostall of theprob-
lemstestedhere.We have alsocontributeda generalhybrid
particle-analyticalinferencemethod,which is fast,accurate
andeasyto use,andwhichmakesourmodeltractable.It im-
provestheutility of sigma-pointapproximationsin general,
andcould�nd applicationin othercontexts.

Thereis still work to bedone,but theMPLG learnsrea-
sonablemodelsdirectly from data,andis competitive with
othermethods.In particular, theMPLG appearsto bestboth
the KPLG and simple kernel autoregression. Superiority
over KAR suggeststhat theMPLG is indeedleveragingthe
advantagesof state,meaningtheMPLG is anotherexample
of asuccessfulpredictive representationof state.
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