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1 Introduction

In this report we propose robust methods for kernel K-means clustering and kernel Principal
component analysis (PCA). Often these methods tend to get sensitive towards outliers be-
cause of the use of ML estimators. Here we replace these estimators with robust M-estimators
(Huber’s), and thus make the methods more robust towards outliers. These robust versions
can also be applied to non-convex clustering and non-linear PCA by using inner product
kernels. The usual setup for K-means clustering and PCA are given below:

• K-means clustering : The goal of this method is to partition the data x1, x2 . . . , xn ∈
Rd into K different clusters, so that the points in the same cluster are more similar
compared to points in the other cluster [4]. Here the squared Euclidean distance
measure is adopted as the dissimilarity measure, i.e., di,j = ‖xi − xj‖2. The K-mean
clustering method seeks to find the optimal cluster map C∗ that minimizes the within
cluster scatter, i.e.,

W (C∗) = arg min
C

K∑

k=1

∑

i:C(i)=k

‖xi − x̄k‖2, (1)

where nk =
∑n

i=1 1{C(i)=k} and x̄k = 1
nk

∑
i:C(i)=k xi.

The K-means clustering algorithm is :

1. Initialize x̄k, k = 1, 2, . . . , K

2. Repeat

– C(i) = arg mink ‖xi − x̄k‖2

– x̄k = 1/nk

∑
i:C(i)=k xi

until clusters do not change.
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• Principle Component Analysis (PCA): PCA is an orthogonal transformation of the
coordinate system. Given data x1, x2 . . . , xn ∈ Rd, we wish to find the directions
(linear combinations of the d variables) Y1, . . . , Yd, where

Yj = A′
jX =

d∑
i=1

AijXi,

Y1 has maximum variance over all linear combinations, Y2 has the largest variance over
all linear combinations orthogonal to the direction of Y1, and so on. It can be shown
that the problem reduces to finding the eigenvalue decomposition of Σ, the covariance
matrix of data, i.e., Aj = Vj, where Σ = V ΛV ′ and Vj is the eigenvector corresponding
to the jth largest eigenvalue of Σ.

2 Background

The Kernel k-means algorithm [1] is a generalization of the standard k-means algorithm
described in the previous section. By mapping the data points to a higher dimensional
space, kernel k-mean can discover clusters that are non-linearly separable in the input space.
The weighted kernel k-means and its computational complexity is discussed in [2]. We adopt
a method similar to robust kernel density estimation as discussed in [3].
The kernel PCA method is well discussed in [7]. We used the robust version of the mean
and covariance matrix to implement the robust kernel PCA, as discussed in [5].

Robust M-estimators: Given iid data x1, x2, . . . , xn ∈ Rd an estimate of the data centroid
can be θ̂ = arg minθ

∑n
i=1 ρ(‖xi − θ‖) where ρ is any suitable robust function. We can solve

for θ̂ from

−
n∑

i=1

{
(xi − θ̂).

ρ′(‖xi − θ̂‖)
‖xi − θ̂‖

}
= 0 (2)

The choice of the Huber’s ρ function [5] would make the estimate robust and is consider in
the sequel. On a separate note recently it is shown that the principal components are the
continuous solutions to the discrete cluster membership indicators for K-means clustering
[6].

3 Robust Kernel K-Mean Clustering

The data is first transformed using an inner product kernel. For an infinite dimensional
Hilbert spaces H, let us define a map Φ : Rd → H, and the corresponding inner product
kernel K : Rd × Rd → R such that K(xi, xj) = 〈Φ(xi), Φ(xj)〉. The K-means clustering
algorithm now find the optimal cluster map C∗ that minimizes (1) with xi replaced by Φ(xi)
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Figure 1: (a) scatter plot of data with no noise, (b) K-Means clustering, (c) Robust Kernel
K-means clustering

and x̄k replaced by Φ̄k := 1
nk

∑
i:C(i)=k Φ(xi). Thus in the algorithm for K-means clustering

C(i) can be written as

C(i) = arg min
k
‖Φ(xi)− Φ̄k‖2 (3)

= arg min
k


K(xi, xi)− 2

nk

∑

j:C(j)=k

K(xi, xj) +
1

n2
k

∑

i:C(i)=k

∑

j:C(j)=k

K(xi, xj)




where nk =
∑n

i=1 1C(i)=k

To make the clustering procedure robust we replace the usual sample mean in (1) by a more
robust estimate m̂k of the cluster centroid in the high-dimensional feature space [3]. This
can be achieved by replacing the usual squared loss (ρ(t) = t2) by the Huber’s ρ function.
By the M-estimator criterion obtained in the preliminaries section, m̂k satisfies

∑

i:C(i)=k

(
(Φ(xi)− m̂k).

ρ′(‖Φ(xi)− m̂k‖)
‖Φ(xi)− m̂k‖

)
= 0

⇒ m̂k =

∑n
i=1 w̃iΦ(xi)∑n

i=1 w̃i

=
n∑

i=1

wiΦ(xi)

where w̃i = ρ′(‖Φ(xi)− m̂k‖)/‖Φ(xi)− m̂k‖ and wi = w̃i/
∑n

i=1 w̃i

The M-estimators m̂k can be computed using the iteratively re-weighted least squares (IRLS)
method. The cluster map can be computed as

C(i) = arg min
k
‖Φ(xi)− m̂k‖2 (4)

= arg min
k
‖Φ(xi)−

n∑
j=1

wjΦ(xj)‖2

= arg min
k


K(xi, xi)− 2

∑

j:C(j)=k

wjK(xi, xj) +
∑

i:C(i)=k

∑

j:C(j)=k

wiwjK(xi, xj)
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Figure 2: (a) scatter plot of data with noise
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Figure 3: (a) kernel k-means clustering, (b) Robust kernel k-means clustering

3.1 Experimental Results

We applied kernel k-means and robust kernel k-means on a simulated 2 dimensional data with
one convex and another non-convex cluster (red and blue). Figure 1 shows their performance
on data with no noise/outliers. The clustering solutions are the same for the two methods.

Figure 2 is the scatter plot of the data with high variance for the inner cluster. Figure 3
shows the performance of kernel k-means (partitioning the clusters by a hyperplane) and the
robust version of it (correctly identifying two clusters) with random initialization. Note that
a different random initialization may result in good clustering solution by kernel k-means
algorithm (Figure 4).

Kernel k-means can produce both good and bad clustering solution for non-convex clus-
ters depending on the initialization of the class labels, whereas the robust kernel k-means
algorithm performs better in most cases.

As a method of comparing the clustering solution we have calculated the Sum of Squares of
Error (SSE) by seldom assigning some class label to the clusters. The average SSE and the
standard error of it is also calculated based on 100 simulations. The result is given is Table 1.
We could not use the Silhoutte coefficient criterion (a usual clustering solution comparison
method) here because the clusters used in our setup are nonconvex in nature. But the
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Figure 4: (a) Kernel k-means clustering, (b) Robust kernel k-means clustering

Error Kernel K Means Robust Kernel K Means

Clear data 0.0075 0.0075
Initial Setup 1 0.2050 0.0675
Initial Setup 2 0.0650 0.0675

Average 0.2082 0.1200
Standard Error 0.0106 0.0056

Table 1: Comparison of kernel k-means and robust kernel k-means for different random
initialization

criterion used here is not really applicable in practice because the class labels are usually
unknown. We have used random initialization of class labels and a Gaussian Kernel function
with bandwidth 0.5 since it gives the smallest error in this setting. From our simulation
study we found that the robust kernel k-mean method performs significantly better than the
kernel k-means method irrespective of the initialization condition.

4 Robust Kernel PCA

We define a map Φ : Rd → H to enrich the feature space. For the sake of simplicity, here
we deal with centered data Φ(xi)− Φ̄ where Φ̄ is the usual sample mean 1

n

∑n
i=1 Φ(xi) or a

more robust estimate m̂, where m̂ is computed as in Section 3. Using the robust estimate
of the mean, the centered data is then Φ̃(xi) := Φ(xi) − m̂. Now the inner product Kernel
matrix can be defined as Kij = 〈Φ̃(xi), Φ̃(xj)〉.

The inner product matrix K can be computed easily from Kold, the kernel with the enlarged
data. If the robust mean m̂ =

∑n
i=1 wiΦ(xi), where wi is exactly the same wi as in K-means,

is used, then the new inner product kernel matrix K is

Kij = Kold
ij −

n∑

l=1

wlK
old
il −

n∑

l=1

wlK
old
jl +

n∑

l=1

n∑
m=1

wlK
old
lm wm.
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The covariance matrix Σ takes the form Σ = 1
n

∑n
j=1 Φ̃(xj)Φ̃(xj)

′. Now if H is infinite dimen-

sional, Φ̃(xj)Φ̃(xj)
′ can be thought of as a linear operator onHmapping y 7→ Φ̃(xj)〈Φ̃(xj),y〉.

We now need to find eigenvalues λ ≥ 0 and nonzero eigenvectors v ∈ H\{0} satisfying

λv = Σv =
1

n

∑
Φ̃(xi)〈Φ̃(xi),v〉

Thus, all solutions v with λ 6= 0 lie in the span of Φ̃(x1), . . . , Φ̃(xn). So there exists coefficients
α1, . . . , αn, such that v =

∑n
i=1 αiΦ̃(xi). Using this result, for a fixed i, we have

〈Φ̃(xi), λv〉 = λ

n∑
j=1

αj〈Φ̃(xi), Φ̃(xj)〉 = λ

n∑
j=1

αjKij and also (5)

〈Φ̃(xi), λv〉 = 〈Φ̃(xi), Σv〉 =

〈
Φ̃(xi),

1

n

n∑
j=1

Φ̃(xj)〈Φ̃(xj),v〉
〉

=
1

n

n∑
j=1

n∑

k=1

αk〈Φ̃(xi), Φ̃(xj)〉〈Φ̃(xj), Φ̃(xk)〉

= 1/n
n∑

j=1

n∑

k=1

αkKijKjk. (6)

Thus varying i = 1, . . . , n and using the above two equations we need to solve nλKα = K2α,
or equivalently, solve the dual nλα = Kα. The principal components are eigenvectors of the
Gram (Kernel) matrix which is the projection of the data in the principal directions of the
covariance matrix. Here we also want to control the contribution of outliers in covariance
matrix, thus we use the weighted feature vectors to estimate Σ, i.e. Σ =

∑n
j=1 w2

i Φ̃(xj)Φ̃(xj)
′.

The corresponding centered kernel matrix becomes WKW , where W is a diagonal matrix
with ith entry wi.

Thus Robust Kernel PCA algorithm is :

1. Compute the robust estimate of m̂.

2. Find the kernel matrix K with centered data.

3. Diagonalize WKW to obtain the nonzero eigenvalues λ1, . . . , λp and the corresponding
eigenvectors α1, . . . , αp. To ensure that the eigenvectors v1, . . . ,vp for the enlarged
feature space are normalized αj must satisfy λj〈αj, αj〉 = 1.

4. Finally, to extract the principal components (corresponding to a kernel function k) of
a test point x, we compute the projections onto the eigenvectors by

〈vj, Φ(x)〉 =
n∑

i=1

αjk(xi , x ), j = 1 , . . . , p.

Here k(xi , x ) is the entry of WKW .
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Figure 5: Biplot of PC1 and PC2. Left top: simulated data without noise; Right top: simu-
lated data with noise; Left middle: biplot with kernel PCA on the data without noise; Right
middle: biplot with kernel PCA on the data with noise; Left bottom: biplot with robust kernel
PCA on the data without noise; Right bottom: biplot with robust kernel PCA on the data
with noise;

4.1 Experimental Results

Figure 5 compares the performance of kernel PCA with robust kernel PCA on simulated
data with noise and without noise respectively. As a method of goodness of fit and to
quantitatively evaluate the performance of robust kernel PCA, we match the first PC scores
of robust kernel PCA and those of kernel PCA on noised data with those of kernel PCA
on the data without noise (treated as a baseline) using procrustes rotation, respectively.
The Sum of Square Error from the Procrustes Rotation (SSEPR) was calculated for both
matches. This procedure was repeated on 100 simulated data and SSEPR were averaged
on these 100 experiment. SSEPR from the match of kernel PCA on noised data and kernel
PCA on the data without noise is 0.4751 and SSEPR from the match of robust kernel PCA
on noised data and kernel PCA on the data without noise is 0.0483. Therefore, robust kernel
PCA outperforms kernel PCA in terms of SSEPR.

7



5 Modified Robust PCA

In the robust (kernel) PCA, we use a robust way to estimate the mean m̂ and Σ separately.
As a matter of fact, we can use the robust m̂ and Σ to update the estimation of each other
iteratively. The key point is we estimate wi differently:

wi =
ψ(

√
(xi − m̂)T Σ−1(xi − m̂))

(xi − m̂)T Σ−1(xi − m̂))

where ψ is the derivative of ρ.

We formulate the algorithm as follows:

1. Initialize

wi = 1/n, 1 ≤ i ≤ n

m̂ =
n∑

i=1

wixi

Σ̂ = (X − m̂1n)T




w2
1

. . .

w2
n


 (X − m̂1n)

2. Update

wnew
i =

ψ(
√

((xi − m̂old)T (Σold)−1(xi − m̂old)))

(xi − m̂old)T (Σold)−1(xi − m̂old))

m̂new =
n∑

i=1

wnew
i xi

Σ̂new = (X − m̂new1n)T




(wnew
1 )2

. . .

(wnew
n )2


 (X − m̂new1n)

3. Repeat step 2 until convergence, i.e., stop the iteration when
∣∣∣∣∣

n∑
i=1

ρ(
√

(xi − m̂new)T (Σnew)−1(xi − m̂new))−
n∑

i=1

ρ(
√

(xi − m̂old)T (Σold)−1(xi − m̂old))

∣∣∣∣∣ < ε

4. Do eigen-decomposition for Σ̂new

In above algorithm, ρ can be choosen as Hampel’s function or Huber’s function. For Hu-
ber’s function, the parameter k is chosen as the median absolute deviation (MAD) which is
calculated as follows:

k = median(xi − m̂)
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Figure 6: Comparison of Robust PCA with PCA on clear data. Black solid line: first PC
from the data without noise; green dashed line: first PC from robust PCA; red dashed dot
line: first PC from PCA;

where m̂ is the generalized geometric mean defined as

m̂ = arg min
m

n∑
i=1

‖Σ−1/2(xi −m)‖

5.1 Experimental Results

We simulate 100 samples from a 2-D normal distribution. Figure 6 compares the modified
robust PCA with PCA when no noise is added to the regular samples. It is not surprising
that the first PC line from the two methods overlap. Figure 7 compares the modified robust
PCA with PCA when the center of the noise is far from that of the regular samples as well
as close to the regular samples. In both figures, the first PC line of PCA moves toward
the noise samples significantly while that of the modified robust PCA only moves slightly
(compared with the ground true black solid line). The results demonstrate the advantage of
the modified robust PCA over PCA in terms of robustness to the noise.

6 Discussion and Conclusion

In this report, we proposed a method to improve the robustness of the regular kernel k-means
and PCA by introducing the M-estimator. The performance of the robust kernel K-means
and PCA are tested on simulated data sets. Now we discuss the advantages and limitations
of our method.
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Figure 7: Comparison of Robust PCA with PCA. (Left): when the center of the noise samples
is far from data. (Right): when the center of the noise samples is close to data. Black solid
line: first PC from the data without noise (ground true line); green dashed line: first PC
from robust PCA; blue circle: data; red star: noise sample.

6.1 Advantages and Limitations of Robust k-means

The simulation results show Robust kernel k-means performs better than kernel k-means in
terms of the robustness to the noise. There are still some limitations in this method.

1. The performance of robust kernel k-means is highly dependent on the initialization. If
we treat kernel k-means algorithm as a special case of the EM algorithm, it iteratively
optimizes an implicit likelihood function. Due to the greedy nature of EM algorithm
(the likelihood may not decrease after each iteration), kernel k-means only converges to
some local optimal point which depends on the initialization condition. Occasionally
if the likelihood is convex, the local optimal point is also the global optimal point.

2. In simulation, the performance of the robust kernel k-means is measured by comparing
the true labels (seldom assigned) and labels given by the clustering solution. Un-
fortunately, in real data, we do not know the true labels, so the evaluation method
for simulation data will not work for real data. A practical way is to use silhouette
coefficient to evaluate the performance of convex clusters.

3. In practice, the performance of robust kernel k-means depends much on the choice
of kernel function. A paradox is that robust kernel k-means may perform even worse
under inappropriate kernel function.

6.2 Advantages and Limitations of Robust PCA and Modified Ro-
bust PCA

In this report, we introduced both a (kernel) robust PCA and a modified robust PCA. Due
to the difficulty of formulation and the limitation of time, we did not study the kernelized
version of the modified robust PCA. Now we discuss the performance of robust PCA.
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1. Under gaussian kernel, robust kernel PCA generally outperforms kernel PCA in terms
of SSEPR. We have to say, however, the choice of the kernel function significantly
affect the performance of robust kernel PCA. In reality, how to choose an appropriate
kernel function still needs to be studied.

2. The modified robust PCA updates a robust mean and a robust covariance matrix as
the same time. The comparison between modified robust PCA has shown its advantage
over PCA.

7 Team Effort

This project has truly been a joint effort by all of us. We had frequent meetings discussing
the formulation/derivation of our method, running simulations and checking the results.
Jian worked on the data generation code. Debi worked towards the code for k-means and
Jing worked towards the code for 2 different PCA methods. Debi and Jian shared the work
on the the report write up. The poster write up and the presentation is shared by all three
of us.
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