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Abstract

Classificationtreesareoneof themostpopulartypesof classifiers,with
easeof implementationand interpretationbeingamongtheir attractive
features.Despitethe widespreaduseof classificationtrees,theoretical
analysisof theirperformanceis scarce.In thispaper, weshow thatanew
family of classificationtrees,calleddyadicclassificationtrees(DCTs),
arenearoptimal (in a minimax sense)for a very broadrangeof clas-
sificationproblems.This demonstratesthat otherschemes(e.g.,neural
networks, supportvectormachines)cannotperformsignificantlybetter
thanDCTs in many cases.We alsoshow that this nearoptimal perfor-
manceis attainedwith linear(in thenumberof trainingdata)complexity
growing andpruningalgorithms. Moreover, the performanceof DCTs
on benchmarkdatasetscomparesfavorably to that of standardCART,
which is generallymorecomputationallyintensive andwhich doesnot
possesssimilar nearoptimality properties.Our analysisstemsfrom the-
oreticalresultsonstructuralrisk minimization,onwhichthepruningrule
for DCTsis based.

1 Intr oduction

Let �������
	������� ��� ����� be a jointly distributedpair of randomvariables. In pattern
recognition,� is calledan input vector, andcontainsthe measurementsfrom an experi-
ment. The valuesin � arereferredto asfeatures,attributes,or predictors. � is calleda
responsevariable,andis thoughtof asa classlabel associatedwith � . A classifieris a
function ���� ��� ��� ����� thatattemptsto matchaninputvectorwith theappropriateclass.
Theperformanceof � for a givendistributionof thedatais measuredby theprobabilityof
error: � � �!	#"%$ � �&���'	)("%�*�,+
Theclassifierwith thesmallestprobabilityof error, denoted�.- , is calledtheBayesclassi-
fier. TheBayesclassifieris givenby� - ��/0	1" 2 � if 3.��/!	54768�

otherwise
�



where3!�9/0	#":$ � �;";�=< �>"%/?�@"%A � ��< /?� is theregressionof � on � . Theprobability
of errorfor theBayesclassifieris denoted

� - .
Thetruedistribution on thedatais generallyunknown. In suchcases,we mayconstructa
classifier�0B basedon a training datasetCDB�" � ��� 6 �E� 6 	F��+�+�+������*B!���GBH	F� of independent,
identicallydistributedsamples.A procedurethatconstructsa classifierfor all I is calleda
discriminationrule. Theperformanceof � B ":� B ��/KJEC B 	 is measuredby� B " � �L� B 	M":$ � � B ���NJEC B 	)("%��< C B �,�
theconditionalprobabilityof error. Notethat

� B is random,sinceC B is random.

In this paper, we examinea family of classifierscalleddyadicclassificationtrees(DCTs),
built by recursive, dyadicpartitioningof the input space.The appropriatetreefrom this
family is obtainedby building aninitial tree(in adata-independentfashion),followedby a
data-dependentpruningoperationbasedon structuralrisk minimization(SRM).Theprun-
ing strategy resemblesthat usedby CART, except that the penaltyassignedto a subtree
is proportionalto the squareroot of its size. We presentan efficient algorithm for im-
plementingthepruningstrategy, which leadsto an OD�9IP	 algorithmfor DCT construction.
The pruningalgorithmrequires OD�LQSRUT,V1QW	 operationsto prunean initial treewith Q
terminalnodes,andis basedon thefamiliarpruningalgorithmusedby CART [1].

SRMpenalizedDCTsleadto astronglyconsistentdiscriminationrulefor inputdata� with
supportin theunit cube X � ���ZY � . We alsoderiveboundson therateof convergenceof DCTs
to the Bayeserror. Undera modestregularity assumption(in termsof the box-counting
dimension)on theunderlyingoptimalBayesdecisionboundary, weshow thatcomplexity-
regularizedDCTs converge to the Bayesdecisionat a rateof I\[ 6E]�^ �`_ 6ba . Moreover, the
minimaxerrorratefor thisclassis at leastI\[ 6E] � . Thisshowsthatdyadicclassificationtrees
arenearminimax-rateoptimal, i.e., that no discriminationrule canperformsignificantly
betterin this minimaxsense.Finally, we compareDCTswith a CART-like treeclassifier
on four commondatasets.

2 Dyadic ClassificationTrees

Throughoutthis work we assumethat the input datais restrictedto the unit hypercube,X � ����Y � . This is a realisticassumptionfor real-world data,providedappropriatetranslation
andscalingis applied. Let cd" ��e 6 ��+�+�+�� egf � be a tree-structuredpartition of the input
space,whereeach

e@h
is a hyperrectanglewith sidesparallelto thecoordinateaxes.Given

an integer i , let X iFY � denotethe elementof
� ����+�+�+Z�Ejk� that is congruentto i modulo j . Ife h ��c is acell atdepthl in thetree,let

e ^m6bah
and

e ^ 8 ah
betherectanglesformedby splittinge@h

at its midpointalongcoordinateX lon%��Y � . As a convention,assume
e ^m6bah

containsthose
pointsof

e)h
thatarelessthanor equalto themidpointalongthedimensionbeingsplit.

Definition 1 A sequentialdyadic partition (SDP) is any partition of X � ���ZY � that can be
obtainedbyapplyingthefollowing rulesrecursively:

1. Thetrivial partition c;" � X � ���ZY � � is an SDP,

2. If cp" �qe 6 ��+�+�+�� e f � is an SDP, thensois�qe 6 ��+�+�+�� e h [ 6 � e ^m6bah � e ^ 8 ah � e h _ 6 ��+�+�+�� eof �,�
where r maybeanyinteger, �gstr#svu .

Wedefinea dyadicclassificationtree(DCT) to bea sequentialdyadicpartition with a class
label (0 or 1) assignedto each nodein thetree.



Thepartitionsaresequentialbecausechildrenmustbesplit alongthenext coordinateafter
thecoordinatewheretheir parentwassplit. Suchsplitsarereferredto asforcedsplits,as
opposedto free splits, in which any coordinatemay be split. The partitionsare dyadic
becauseweonly allow midpointsplits.

By acompleteDCT of depth
�

, wemeanaDCT suchthateverypossiblesplit upto depth
�

hasbeenmade.In acompleteDCT, everyterminalnodehasvolume w [!x . If
�

is amultiple
of j , thentheterminalnodesof a completeDCT arehypercubesof sidelengthw [!x ] � .
3 SRM for DCTs

Structuralrisk minimization(SRM) is aninductiveprinciplefor selectinga classifierfrom
a sequenceof setsof classifiersbasedon complexity regularization.It wasintroducedby
Vapnik andChervonenkis(see[2]), and later analyzedby Lugosi andZeger [3], [4, Ch.
18]. We formulatestructuralrisk minimizationfor dyadicclassificationtreesby applying
resultsfrom [4, Ch. 18].

SRM is formulatedin termsof the VC dimension,which we briefly review. Let y be a
collectionof classifiers�p�5 �z� �q� ����� , and let { 6 ��+�+�+��E{ B �; � . If eachof the w B
possiblelabellingsof { 6 ��+�+�+��E{qB can be correctly classifiedby some �7�|y , we say y
shatters { 6 ��+�+�+���{ B . TheVapnik-Chervonenkisdimension(or VC dimension)of y , denoted
by } , is the largestinteger I for which thereexist { 6 ��+�+�+Z��{ B �~ � suchthat y shatters{ 6 ��+�+�+��E{ B . If y shatterssomeI pointsfor every I , then }�"�� by definition. The VC
dimensionis a measureof the capacityof y . As } increases,y is ableto separatemore
complex patterns.

If ��":w,� for someinteger �'� �
, wesay � is dyadic. For dyadic� , andfor �os~u�s�� � ,

let � ^ f a� denotethecollectionof all DCTswith u terminalnodesanddepthnot exceedingjk� , sothatno terminalnodehasa sideof lengthlessthan �q���>"Ww [ � . It is easilyshown

thattheVC dimensionof � ^ f a� is u [5].

Givena dyadicinteger � , andtrainingdata
� ��� h �E� h 	F� Bh�� 6 , for u*"��,��wH��+�+�+Z�b� � , define� ^ f aB�� � " arg min�,���#���E�� �� B.�L�!	F�

where �� B �L�!	#" �I B� h�� 6K� �L�&��� h 	)("%� h 	
is theempiricalrisk of � . Thus, � ^ f aB�� � is selectedby empiricalrisk minimizationover � ^ f a� .
Definethepenaltyterm � � u!�bIP	M"p� � w�u1R�T�VG�L��IP	I � (1)

andfor ����� ^ f a� , definethepenalizedrisk�� B.�L�!	#" �� B.� �!	Pn � � u!�bIP	Z+
The SRM principle selectsthe classifier �.-B�� � from among � ^ f aB�� � ��u "¡���`w¢��+�+�+��b� � , that

minimizes
�� B �L� ^ f aB�� � 	 . We refer to �!-B¢� � asa penalizedor complexity-regularizeddyadic

classificationtree. We havethefollowing risk bound.

Theorem1 For all I and u�sN� � , andfor all £��N¤ � � u!�bIP	 ,$¦¥ � � � -B�� � 	¨§ ©�ª¢«�,���#���E�� � � �0	¬4~£=vst� [ B,®9¯ ]`6 8�° n ±�I f � [ B�®L¯ ]�²F6 8 �



andin particular, for all I and � ,A
X � � � -B�� � 	³YG§ � - s ´D©Uª6`µ f µ �·¶g¸ ��¹ � u¬R�T�V#I*n ¤w�I n ¸ ©�ª¢«�,���M�º�b�� � �L�!	\§ � -Z»g» +
Sketch of proof: Apply Theorem18.3 in [4] with y ^ f a "¼� ^ f a� and } f "½u for u¾"���`w¢��+�+�+��b� � . ¿
Thefirst termontheright-handsideof thesecondboundis anupperboundontheexpected
estimationerror. Thesecondterm is theapproximationerror. Even thoughthe penalized
DCT doesnot know the valueof u that optimally balancesthe two terms,it performsas
thoughit does,becauseof the“min” in theexpression.Nobel [6] givessimilar resultsfor
classifiersbasedon initial treesthatdependon thedata.

Thenext resultdemonstratesstrongconsistency for thepenalizedDCT, wherestrongcon-
sistency means

� B � � - with probabiltyone.

Theorem2 SupposeI¨�b� � � , with �>"v�À��IP	 assumingonly dyadicinteger values.If� � "¾Á¢��IK�\RUT,VMIP	 , thenthe penalizeddyadicclassificationtreeis strongly consistentfor
all distributionssupportedon theunit hypercube.

Sketch of proof: The proof follows from the first part of Theorem1 andstronguniversal
consistency of theregularhistogramclassifier. See[5] for details. ¿
4 Ratesof Convergence

In thissection,we investigateboundsontherateof convergenceof complexity-regularized
DCTs. First we obtainupperboundson the rateof convergencefor a particularclassof
distributionson �9���E�Â	 . We thenstatea minimaxlower boundon therateof converngece
of any databasedclassifierfor thisclass.

Most rateof convergencestudiesin patternrecognitionplaceaconstrainton theregression
function 3!�9/0	#":$ � �p";�=< �d"v/P� by requiringit to belongto acertainsmoothnessclass
(e.g. Lipschitz, Besov, boundedvariation). In contrast,the classwe study is definedin
termsof the regularity of the Bayesdecisionboundary, denotedÃ . We allow 3!�9/0	 to be
arbitrarily irregularaway from Ã , solongasit is well behavednearÃ . TheBayesdecision
boundaryis informally definedas Ã�" � /W�¨3!�9/0	�"Ä�q��w�� . A more rigorousdefinition
shouldtake into accountthefactthat 3 might not takeon thevalue �q��w [5].

We now definea classof distributions.Let �����E�
	 denotea randompair, asbefore,where� takesonvaluesin X � ���ZY � .
Definition 2 Let Å 6 ��Å 8 4 �

. DefineÆÇ�LÅ 6 ��Å 8 	 to bethecollectionof all distributionson�����E�
	 such that for all dyadicintegers � , if wesubdividetheunit cubeinto cubesof side
length �q�q� ,

A1 (Boundedmarginal): For anysuch cube È intersectingtheBayesdecisionboundary,$ � �É��ÈÊ�Ês~Å 6�Ë �LÈ)	1":Å 6 ��� � , where Ë denotestheLebesguemeasure.

A2 (Regularity): The Bayesdecisionboundarypassesthrough at most Å 8 � � [ 6 of the
resulting� � cubes.

DefineÆ to betheclassof all �������
	 belongingto ÆÇ�LÅ 6 ��Å 8 	 for someÅ 6 ��Å 8 .
The first condition holds, for example, if the densityof � is essentiallyboundedwith
respectto the Lebesguemeasure,with essentialsupremumsÌÅ 6 . The secondcondition



canbeshown to hold whenonecoordinateof theBayesdecisionboundaryis a Lipschitz
functionof theothers.

Theregularity conditionA2 is closelyrelatedto thenotionof box-countingdimensionof
theBayesdecisionboundary[7]. Roughlyspeaking,A2 holdsfor someÅ 8 if andonly if the
Bayesdecisionboundaryhasbox-countingdimensionj@§ � . Thebox-countingdimension
is anupperboundon theHausdorff dimension,andthetwo dimensionsareequalfor most
“reasonable”sets.For example,if Í is asmoothu -dimensionalsubmanifoldof  � , then Í
hasbox-countingdimensionu .

4.1 Upper Boundson DCT Rate of Convergence

Theorem3 Assumethe distribution of �������
	 belongsto Æ�� Å 6 ��Å 8 	 . Let �.-B�� � be the
penalizeddyadicclassificationtree, asdescribedin Section3. If �ÏÎ��9IK�&R�T�V¨IP	 6E]�^ �`_ 6ba ,
thenthereexistsa constantÅ¬Ðg4 �

such that for all Iz4vw ,AÂX � �L� -B�� � 	ÑY0§ � - s~Å¬Ð��9RUT,V#IK��IP	 6E]Z^ �`_ 6Òa +
Whenwe write �ÓÎÉ��IK�\RUT,V¨IP	 6E]Z^ �`_ 6Òa , we mean RUT,V 8 �Ó"¼ÔÕR�T�V 8 �b�9IK�&R�T�VMIP	 6b]�^ �`_ 6ba 	MnÅ1Ö�× , where Å1Ög�Ç is arbitrary.

Sketch of proof: It canbeshown thatfor eachdyadic � , thereexistsaprunedDCT � withuÀ"7OD��� � [ 6 	 leaf nodes,suchthat
� �L�!	¬§ � -�s|Å 6 Å 8 �q� . Pluggingthis into the risk

boundin Theorem1 andminimizing over � producesthedesiredresult[5]. ¿
Theminimalvalueof Å Ð in theabovetheoremtendsto w,Å 6 Å 8 as j � � . Notethatsimilar
rateof convergenceresultsfor data-grown treeswould bemoredifficult to establish,since
theapproximationerroris randomin thosecases.

It is possibleto eliminatethe log factor in the upperboundby meansof Alexander’s in-
equality, as discussedin [4, Ch. 12]. This leadsto a much larger value of Å Ð , but an
improvedasymptoticrate.

To illustratethesignificanceof Theorem3, considera penalizedhistogramclassifer, with
bin width determinedadaptively by structuralrisk minimization,asdescribedin [4, Prob-
lem 18.6]. For that rule, the bestexponenton the rate of convergencefor our classis�q�H�9jgn~w�	 , comparedwith �q�H�9jgnØ��	 for our rule. Intuitively, this is becausetheadaptive
resolutionof dyadicclassificationtreesenablesthemto focuson the j�§¦� dimensional
decisionboundary, ratherthanthe j dimensionalregressionfunction.

In theevent that thedata � occupiesa j=Ù#Ú;j dimensionalsubsetof X � ����Y � , theproof of
Theorem3 followsthroughasbefore,but with anexponentof j=Ù`n�� insteadof j\n�� . Thus,
thepenalizedDCT is ableto automaticallyadaptto thedimensionalityof theinputdata.

4.2 Minimax Lower Bound

Thenext resultdemonstratesthatcomplexity-regularizedDCTsnearlyachievetheminim-
imax ratefor ourclassof distributions.

Theorem4 Let Û B denoteanydiscriminationrule basedon training data. There existsa
constantÅp4 �

such that for I sufficientlylarge,©�ª¢«Ü³Ý*ÞEßHàáÉâ X � �LÛ�BH	³YG§ � - � Å�I [ 6b] � +
Sketch of proof: This resultfollows from Theorem2 in [8] (with ãä"¦å�"p� therein).The
proof of thatresultis in turn basedon Assouad’s lemma. ¿



Theorems3 and4, togetherwith the above remarkon Alexander’s inequality, show that
complexity-regularizedDCTsarecloseto minimax-rateoptimal (within a small factorofI 6E]Z^ � ^ �`_ 6ba�a for theclassÆ . We suspectthattheclassstudiedby Tsybakov [8], usedin our
minimaxproof, is morerestrictive thanour class.Therefore,it maybe that the exponent�q��j in the above theoremcanbe decreasedto ���¢�LjÂnp��	 , in which casewe achieve the
minimaxrate.

Althoughboundson theminimaxrateof convergencein patternrecognitionhavebeenin-
vestigatedin previouswork [9,10], thefocushasbeenonplacingregularityassumptionson
theregressionfunction 3.��/!	5"¦$ � �|"æ��< �É"Ø/P� . Yangdemonstratesthat in suchcases,
for many commonfunctionspaces(e.g.Lipschitz,Besov, boundedvariation),classification
is not easierthanregressionfunctionestimation[10]. This contrastswith theconventional
wisdomthat,in general,classificationis easierthanregressionfunctionestimation[4, Ch.
6]. Our approachis to studyminimax ratesfor distributionsdefinedin termsof the regu-
larity of theBayesdecisionboundary. With this framework, we seethatminimaxratesfor
classificationcanbeordersof magnitudefasterthanfor estimationof 3.�9/0	 , since3.�9/0	 may
bearbitrarily irregularaway from thedecisionboundaryfor distributionsin ourclass.This
view of minimaxclassificationhasalsobeenadoptedby MammenandTsybakov [8, 11].
Our contribution with respectto their work is an implementablediscriminationrule, with
guaranteedcomputationalcomplexity, thatnearlyachievestheminimaxlowerbounds.

5 An Efficient Pruning Algorithm

In this sectionwe describean algorithm to computethe penalizedDCT efficiently. We
switchnotation,using ç to denotean arbitraryclassificationtree. If ç�Ù is a subtreeof ç
thatinheritstheclasslabelsof ç , we write ç�Ù.stç . For èé�ä , defineç 6 �9è\	#" arg minê0ë µ ê �� B ��ç Ù 	PnNè5< ç Ù <º�
and ç 8 �9è\	#" arg minêGë µ ê �� B ��ç Ù 	PnNè1ì < ç Ù <º�
where < ç�Ù < denotesthenumberof leaf nodesof ç�Ù . We areinterestedin computingç 8 �Lè&	
when ç is acompletedyadictree,and è'" ì � w\RUT,Vk�9��IP	��qI .

Breiman,et.al.[1] showedtheexistenceof weights §)�½"æè Ö Ú�è 6 Ú¾í�í�í&Ú�è\îÏ"|�
and subtreesçï�ñð 6 �òí�í�íé�óð?î " ��ô Á�Áqõ`� such that ç 6 �Lè&	W"ïð h

wheneverè�� X è h [ 6 �Eè h 	 . Moreover, theweights è h
andsubtreesð h

maybefoundin OD�E< ç
<³R�T�V)< ç
< 	
operations[12,13]. A similar resultholdsfor the square-rootpenalty, andthe treespro-
ducedarea subsetof thetreesproducedby theadditivepenalty[5].

Theorem5 For each è , thereexists è&Ù such that ç 8 �9è\	#"vç 6 �9è&ÙÕ	 .
Therefore,pruning ç with thesquare-rootpenaltyalwaysproducesoneof thetreesð0ö . We
maythendeterminethesubtreeç�Ù&s:ç minimizing thepenalizedrisk �� B!�9ç�Ù�	&n�è ì < ç Ù <
by minimizing this quantity over ð h �ErÇ"Ó����+�+�+Z�`Q . Thus, square-rootpruning can be
performedin OD��< çÂ<³R�T�V)< ç
< 	 operations.

In the context of constructinga penalizedDCT, we start with an initial tree ç that is a
completeDCT. For the classifiersin Theorems2 and 3, this initial tree hassize < ç
<5"� � ":Á¢��IK�&R�T�VMIP	 , andsopruningrequiresOD��IP	 operations.Sincethegrowing procedure
alsorequiresOD��IP	 operations,theoverall constructionis OD��IP	 .



Table1: Comparisonof a greedytreegrowing procedure,with modelselectionbasedon
holdouterrorestimate,andtwo DCT basedmethods.Numbersshown aretesterrors.

CART-HOLD DCT-HOLD DCT-SRM
PimaIndianDiabetes 26.8% 27.2% 33.0%
WisconsinBreastCancer 4.7% 6.4% 6.3%
Ionosphere 12.88% 18.6% 18.8%
Waveform 19.8% 29.1% 31.0%

6 Experimental Comparison

To gaina roughideaof the usefulnessof dyadicclassificationtreesin practice,we com-
paredtwo DCT basedclassifierswith agreedytreegrowing procedure,similar to thatused
by CART [1] or C4.5[14], whereeachsuccessivesplit is chosento maximizeaninforma-
tion gaindefinedin termsof animpurity function. We consideredfour two-classdatasets,
available on the web at http://www.ics.uci.edu/Î mlearn/MLRepository.html. For each
dataset,we randomlysplit thedatainto two halvesto form trainingandtestingdatasets.

For thegreedygrowing scheme,weusedhalf of thetrainingdatato grow thetree,andcon-
structedeverypossiblepruningof theinitial treewith anadditivepenalty. Thebestpruned
treewaschosento minimizetheholdouterroron therestof thetrainingdata.We call this
classifierCART-HOLD. The secondclassifier, DCT-HOLD, wasconstructedin a similar
manner, exceptthat the initial treewasa completeDCT, andall of the training datawas
usedfor computingthe holdouterror estimate.Finally, we implementedthe complexity-
regularizedDCT, denotedDCT-SRM,with square-rootpenaltydeterminedby Equation1.
Table1 shows themisclassificationratefor eachalgorithmon eachdataset.

Fromtheseexpirements,we might concludetwo things: (i) Thegreedily-grown partition
outperformsthedyadicpartition;and(ii) Much of thedescrepancy betweenCART-HOLD
and DCT-SRM comesfrom the partitioning, and not from the model selectionmethod
(holdoutversusSRM). Indeed,DCT-SRM beatsor nearlyequalsDCT-HOLD on threeof
the four datasets.Conclusion(i) may be premature,for it is shown in [4, Ch. 20] that
greedypartitioningbasedon impurity functionscanperformarbitrarily poorly for some
distributions,while this is never thecasefor complexity-regularizedDCTs. In light of (ii),
it maybepossibleto applyNobel’s pruningrulesfor data-grown trees[6], which cannow
be implementedwith our algorithm,to equalor surpassthe performanceof CART, while
avoiding the heuristicand computationallyexpensive cross-validation techniqueusually
employedby CART to determinetheappropriatelyprunedtree.

7 Conclusion

Dyadic classificationtrees exhibit desirabletheoreticalproperties(finite sample risk
bounds,consistency, nearminimax-rateoptimality) andcanbe trainedextremelyrapidly.
Theminimaxresultdemonstratesthatotherdiscriminationrules,suchasneuralnetworks
or supportvectormachines,cannotsignificantlyoutperformDCTs(in thisminimaxsense).
This minimaxresultis asymptotic,andconsidersworst-casedistributions. Froma practi-
cal standpoint,with finite samplesandnon-worst-casedistributions,otherrulesmaybeat
DCTs,which our experimentson benchmarkdatasetsconfirm. Thesequentialdyadicpar-
titioning schemeis especiallysusceptiblewhenmany of the featuresareirrelevant,since
it mustcycle throughall featuresbeforesplitting a featureagain.Severalmodificationsto
thecurrentdyadicpartitioningschememaybeenvisioned,suchasfreedyadicor median
splits.



Suchmodifiedtreeinductionstrategieswouldstill possessmany of thedesirabletheoretical
propertiesof DCTs. Indeed,Nobel hasderived risk boundsandconsistency resultsfor
classificationtreesgrown accordingto data[6]. Our square-rootpruningalgorithmnow
providesa meansof implementinghis pruningschemesfor comparisonwith othermodel
selectiontechniques(e.g.,holdoutor cross-validation). It remainsto beseenwhetherthe
rateof convergenceanalysispresentedhereextendsto hiswork.

Furtherdetailson this work, includingfull proofs,maybefoundin [5].
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