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Abstract. We consider the dynamic feedback problem in a class of hyysel
tems modeled as (infinite) state deterministic transity@tesns, in which the con-
tinuous variables are available for measurement. The ibatin of the present
paper is twofold. First, a novel framework for performingndynic feedback is
proposed which relies on partial orders on the sets of igmudof discrete states.
Within this framework, a state estimator updates a loweramdpper bound of
the set of current states. A controller then uses such upgklosver bounds to
compute the upper and lower bounds of the set of inputs thattaia the cur-
rent state in a desired set. Second, we show that under dyramirollability
assumptions, the conditions that allow to apply the dewesagdgorithms can al-
ways be verified. Therefore, the partial order approach taadyc feedback is
general. A multi-robot system is presented to show the céatipmal advantages
in a system in which the size of the state set can be so largeraader enumer-
ation and exhaustive techniques inapplicable.

1 Introduction

Controller design problems under language specificatiore baen extensively studied
for discrete systems in the computer science literature [E@] for an overview). A
control perspective in the context of discrete event systesms given by [7]. The ap-
proach has been extended to specific classes of hybrid systech as timed automata
[1] and rectangular automata [11]. These works are mainicemed with state feed-
back. An output map is considered in the literature of vigbiheory for hybrid systems
(see for example [2] and [5]), in which static output feedbscusually performed. In
this paper, we consider the dynamic control problem foresystwith continuous and
discrete variables in the case in which the continuous bkegsare measured. This sim-
plified scenario has practical interest in multi-robot eys$ in which the continuous
variables represent the position and the velocity of a rolbile the discrete variables
regulate the internal communication and coordinationgwolt This work thus relates
also to the computer science literature addressing comtrdér partial observation of
automata and of discrete event systems. In [7], the contaidlem of discrete event
systems under language specifications is considered. Bp@ged control algorithms
with full observation have polynomial complexity in the nber of states. In the case of
partial observations, the control problem becomes NP cetajit worse. In a practical
system, the number of states can be exponential in the nushbenstituent processes,



and therefore these control methodologies are prohibi@anes and Wang [6], con-
sider the problem of steering the state of a partially obsgautomata to a final desired
state. A dynamic programming methodology is proposed, wldads to a complexity
of the control computation that is polynomial in the size lod state set, of the input
set, and of the output set. Modular synthesis and speciaitates on the process are
suggested (by [8], for example) in order to reduce computati

In this work, we exploit a partial order structure on the deinputs and of states
to construct a feedback system that updates the lower aner lpgund of the set of
possible current system states and gives as output the knwveeupper bounds of the
set of inputs that satisfy the system specifications. Thisbeaachieved under suitable
order preserving assumptions of the system dynamics witheis to the state and to
the input. We then show that if the system is controllable yayaic output feedback
one can always find partial orders on which the assumptioedatefor the construction
of the proposed controller are verified. We finally show hoesthassumptions can be
relaxed. A multi-robot example is proposed, which shows tmwapply the proposed
methodology in an attack-defense scenario. This papegenized as follows. In sec-
tion 2, we introduce the system model. In section 3, we intoecthe control problem
on a partial order. In section 4, we give a solution to the fmwoband in Section 5 we
show that the proposed construction is possible if the syssecontrollable. In sec-
tion 6, a relaxed version of the main theorem is proposed andl&-robot example is
illustrated. An appendix contains notions on partial ottieory and the proofs.

2 Deterministic Transition Systems

Definition 1. A deterministic transition system a tupleX = (Q, 7, Y, F, g) in which
Q is a set of stategV is a set of outputs] is a set of inputsFF : @ x 7 — Qis a
transition function, and : Q — Y is an output function.

An executiorof X' is any sequence = {S(K)}ken such thats(0) e Q ands(k + 1) =
F(s(k), u(k)) for u(k) € 7 for all k € N. The set of all executions of is denoted
&E(2). The output sequengio) is also denotedy(k)}ken With y(k) = g(s(k)). Given a
system executiomr, s(k) = o(k)(s) denotes the value of the state at skegdong such
an execution. Le§ ¢ Q be a subset of the state set. We would like to design a control
algorithm that based on the output sequefyk) ke Of 2 determines control inputs
that guarantee that(k)(s) € S for all k. The initial set, denotey C Q is the set in
which the initial condition of the systedi is constrained to lie, that i50) € Xo. The
next definition proposes a concept of dynamic output feedbaalogous to the one
proposed by [9].

Definition 2. The system>' is said to becontrollable by dynamic output feedback
with respect to se§ and initial setXo € S if there exist a feedback system =
(P@Q),Y,P(T), Hy, Hy) such that for all executions € &(X) with output sequence
YK}k If X(k + 1) = Ha(X(K), y(K), u(k) € H1(X(K), y(K)), with X(0) = Xo, then (i)

o (K)(s) € X(k) and (ii) X(k) < S for all k.

In this definition X(K) is the set of all possible states compatible with the syshgmam-
ics and with the output sequence, whie is the update function of a state estimator.



The functionH; for all set of possible states, determines the set of inputs that map
such a set insid8. Lety € Y, we denote the set of all possible states compatible with
such an output b®y(2) = {s€ Q| g(s) = y}. We refer to this set as autput set

Proposition 1. Let Xy € S. Systemy' is controllable by dynamic output feedback with
respectto set S and initial sepX S if and only iffu € 7 | F(Oy(2) N S,u) € S} # 0.

The theorems that will be proven rely on the condition thatsiesm is controllable
by dynamic output feedback with respect to aSeThis proposition allows to replace
such controllability condition byu € 7 | F(Oy(2)NS,u) € S} # 0 forally € VY. Inthis
paper, we do not focus on the problem of checking whetherdhdition of Proposition
1 is verified in a given system, but we focus on how to constautynamic feedback
controller when such a condition is verified. For completsna systenX is said to be
controllable by static output feedbaifkor all y € ¥ the sefu € 7 | F(Oy(2),u) € S}is
not empty. A system that is controllable by dynamic outpetieack is not necessarily
controllable by static output feedback. In fact, in theistatitput feedback no memory
is needed in the controller. This memory is instead useddmymamic output feedback
case, in which a state estimator on-line restricts at eas thte set of all possible
current system states. We next specialize the structungstérs.2 to explicitly model
the evolution of continuous and discrete variables.

3 Problem Setup

Given a deterministic transition systein= (Q, 7, Y, F, g), we specialize it to the case
Q = A x Z, in which A is a discrete set of variables denotect A, Z is a set of
continuous variables denoted= Z, andf is a discrete set of inputs denoted: 7.
The transition function is the palF = (f,h), in whichf : AxXxZx 71 — A and
h: AxZ — Z. The set of outputs is defined @6 = Z x Z and the output
function isg : A x Z — Y. For the remainder of this paper, we denoteby=
(Ax Z,1,Y,(f,h),g)the system represented by the followin€felience equations

a(k+1) = fa(k), z(k), u(K),  zk+ 1) = h(a(k), z(K)) (1)
(Y1(K). y2(K)) = (z(K). h(a (k). z(K))) .

Any execution of the systediis of the formo = {a(K), z(K) }kexy and the output sequence
is given by{y(K)}kenr = {Y1(K), Y2(K)}kenn. Given any execution of the system, we will
denote the values agfanda at stepk along such an execution y(k)(2) ando(k)(a),
respectively. Given the measured variatdese consider the problem of determining
the inputu such that the discrete statds kept inside a s € A. If A andr are finite
and discrete, in order to compute the set of inputs that magh 4 s A insideS, we
can computd (e, z u) for all u € 7 and alla € X and check whether it is contained in
S. Assuming the size ok and the size 0§ of the order of the size af, this requires
a number of computations of ordgi|.Af%. If A is given by the product of a number of
sets (as it is in the multi-agent systems that we considexgibproach is not practical
as the number of computations is exponential in the numbageits. We thus propose
an alternative procedure, whose idea can be explained foltbe/ing simple example.



Assumea € N, X = [2,11],S = [1,10],u € Z, and thatf(a,z u) = f(a,U) = o + u.
For computing the set of inputs i@ such thatf(X,u) c S, it is enough to compute
the set ofu € Z such thatf(2,u) > 1 and the set oti € Z such thatf(1Lu) <
10, and then intersect these two sets. These two sets areaisten Z: [-1, o) and
(-0, —1], respectively. The intersection of these two sets gitiesanswen = {-1}.
This simplification is due to the fact that the spacgsand 7 are equipped with an
order (total in this case), while the functidrpreserves such orders. This argument will
be formalized in a general framework in this paper by usingigdeorder theory. We
next state the problem of determining a feedback sysiethat updates the lower and
upper bounds of the set of possible current states and g&esitaut the lower and
upper bounds of the set of allowed inputs.

Problem 1. (Dynamic Output Feedback on a Lattice) Given system (AxZ,1,Y,
(f,h), g) with initial setX, € S, find a deterministic transition systeria = (yxy, Y, Ix
7, (H21, H22), (H11, Hi)) with Hoy ¥ X xy XY — x, Hoo 1 xy X ¥ XY — x, Hup
XXYXY = I,Hp  yxxyx¥Y — I, (x,<) and (, <) lattices, withA C y and
I ¢ 1, such that ifu(k) € [Hi1(L(k), U(k), y(K)), H12(L(K), U(K), y(K)] N I, L(k+ 1) =
Hz1(L(K), U(k), y(K)), U(k + 1) = Haz(L(K), U(K), y(K)), L(0), U(0) € x, and{y(k)}k=0 =
g(o), we have (i) (K)(a) € [L(K), U(K)] N A and (i) [L(K), U(K] N A C S.

The variabled (k) andU (k) are the lower and the upper bounds in a partial orgdet)
of the set of possible current states. The functibiag and Hi, determine the lower
and upper bounds of the set of inputs that map thelg&},[U (k)] N A insideS. In the
next section, we determine the form of the functiths, Hio, Ho1, Hoo that solve this
problem.

4 Problem Solution

To solve Problem 1, we need to re-define the original systeth@partial orders.

Definition 3. Consider the systeth = (A x Z, 7, Y,(f, h),g). An extension of on
partial orders x, <) and (I <) with A € y andZ C I is given by a new system
> =(xZ 1Y, (f h),g), in which

() (Z,<) = Ux(Z(X), <), where for allx € x, (Z(X), <) is a sublattice of{, <) with
I C 1(x) and with the sublatnces[(x) <) for all x € y compatible partial orders;
(i) flaxzxr = f, Alaxz = h, andglaxz = g.

Item (i) requires to have input set extensions allowed &edint states iy, which

all contain the inputs irY. Item (ii) requires that the extended system is equal to the
original system when restricted to the original sétsand 7. In the sequel, we will
denote byZ|; the systent in which the input set is restricted

Definition 4. The pair £, (y, <)) is said to beoutput interval compatiblef

() forallye Y, Oy(Z) is an interval lattice, that |Qy(2) [AOy(Z) yOy(Z)]

(@) f: (0yE), 0Oy zu) = [F(10y(E). 2 u), f(0,(2), z U)] is an order isomor-
phism forall ¢ u) e Z x 1.



If the pair &, (v, <)) is output interval compatible, we can use the result ofif#jvhich
a state estimator on a partial order that updates a lowerdhloamd an upper bound
of the set of all possible current states is given by the wgldats

L(k+1) = f(L(K) v \Oyio(E). 2K, u(K) ()
Uk+1) = UK A\ Oy (). 2K, u(k)). 3)

These update laws are such thdk)(a) € [L(k), U(K)] N A. As a consequence, the
functionsHy; andH,; that solve item (i) of Problem 1 are given by equations (2) and
(3), respectively. One contribution of this work is to det@re also the functionbl;;
andHj, of Problem 1, which determine the dynamic feedback law. tfeoto proceed,
we give the following definition.

Definition 5. The pair £, (f’, <)) isinput interval compatiblé for all x e y andze Z

() f:(xzI(x) - [f(xz L), f(x.z I(x)]is order preserving and onto;
(i) f:(x z,I(x)) S [f(xz /\I(x)) f(x, zZ \/I(x)] is eitherv-preserving orf (x, z vI(x))
=15, and it is eithem-preserving orf (x, z, /\I(x)) = 1S.

This definition establishes thétpreserves the order in the second argument. e
preserving properties guarantee that the set of inputsshmapped to the same point
throughf~ is a lattice. The following theorem gives the expressiongheffunctions
Hi; andHio. A pictorial interpretation oHy; and Hjy is given in Figure 1. Denote
flaw) = ue I | f(xzu) =w

Theorem 1. Let systent = (A x Z, I, Y, (f,h),g) be controllable by dynamic output
feedback with respect to § A and initial set % € S. Let(y, <) and(Z, <) be such
thatA C y and7 C 7. LetS C x be aninterval lattice such th@ N A =S. Assume
that the extensiody = (y x Z, 7, Y, (f, h), §) is such that

(i) 2|7 is controllable by dynamic output feedback with respe@ to
(ii) the pa|r(2 (X <)) is output interval compatible;
(iii) the pair (2, (I <)) is input interval compatible.

Then, a solution to Problem L, is given by functions # and H, given by expres-
sions (2) and (3), respectively, withf@) = 1S, U(0) =S, and

H1a(L(K), U(K), Y(K)) = Ao a0 (L9, 200, AT(L'(0) v AS)

VARG a0 (FU7(K), ZK), AT(U' () v AS)

Hio(L(K), U (K), Y(K)) = \/Fig a0 (L7 (0, 20, \I(L' () A \/S)

AVEG .20 (FU70). 2K, \/T (U () 2 \/S),

(4)

in which (k) = L(K) v /Oy (2), U’(K) = U(K) A Oy().
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Eig. 1. @bstractiog of Hasse diagrams to rhompi. In the pictlarg, f~(U’, v]:(U’)) AVS, b =
fU,AL(U) v AS, ¢ = F(L, V(L)) AVS, d = (L, AZ(L) ¥ AS, Hu = ViGH(@), andHi, =
AfZH(d). The dependencies arand onk have been omitted.

5 Generality of the partial order approach

We next show that if the systet is controllable by dynamic output feedback, the
assumptions of Theorem 1 can be verified by suitable choiogs 8), (7, <), andX.

Theorem 2. If systemX' is controllable by dynamic output feedback with respect to
S € A and initial set % € S, then there are partial order§, <) and (7, <), an
interval latticeS c y with SnA = S, and an extensiahi, such that|; is controllable

by dynamic output feedback with respecBtd’, (v, <)) is output interval compatible,
and(Z, (7, <)) is input interval compatible.

The assumption thet is controllable by dynamic output feedback with respe is
needed to show thdl; is also controllable by dynamic output feedback with respec
the interval latticeS. Such assumption is not needed to show output and inpuvaiter
compatibility of &, (v, <)) and of €, (1, <)), respectively. In casE is not controllable
by dynamic output feedback with respect30 2|, will also not be controllable by
dynamic output feedback with respect to any interval lafisuch thaBn A = S and
for any choice of partial orders. This implies thal;f, H12] N 7 might be empty.
Example 1. The proof of Theorem 2 is constructive (see Appendix). WestHate
in this example how to construct the extended input partid¢oon a finite stafénite
input system. LetA = {a1, a2, a3}, I = {U1, Uy, U3}, and let the update functiof be
given in the table of Figure 2. According to the proof of Theror2, we havey, <) =
(P(A), <) and for allx € y, we havel(x) = P(I) U I, in which I, contains “silent
inputs” introduced to satisfy the onto property of item @i)Definition 5. We start with
X = a1 Y a2 YV az. By computingf(x, 0) (with f(x,0) = f(x, 0) wherex ¢ A and
@i C 7 in the righthand side) for ali € £(7), we note thatf (x, &) = a1 v a3 v a3 for



{ie{ug vy up v us, Uy Y Uy, Uy, Up V U3}, f(x 0) = a1 v ap for i € {uy, Uz v Ug}, f(x us) =
a1. As a consequence, the elementyithat are less tharﬁ(x Ui v Uz v ug) (where
Uy YUz v uz = I (X)) for which there is not an input iR(Z) that mapx to them are given
by {@1 v a2, a2, @2 Y as, as}. Thus, the set of silent inputsiig = {e1, &, €3, €4} such that
f(X ) =a1vay f(Xe) =az, f(Xe) =a2vas, (X&) = as. We then establish the
order among the elementslipu P (1) by following the procedure outlined in item 3 of
the proof of Theorem 2 to guarantee thereserving property of item (ii) of Definition
5. Smcef(x €)=< a1 VazVazand SURp(n) 0| f(x ) =a1vayVvas}=U; VUV Uz,
we sete;—< Uz v Uy v uz. Also, f(x ) >az and sugd,m 0| f(x ) = @1} = us. Then,
we sete; >Us. Finally, e, >e, because (x, e1) > f(X, &). Proceeding in a similar way
for all of the other silent inputs, we obtain the additionglations:e;—< €3, &4—< €3,
€< Uy Y U3, €3—< Uy ¥ Up v Uz. The resulting extended input partial ordg) is shown
in the left plot of Figure 2. FOK = a5 Y a3, the resulting/ (X) is shown in the right plot
of Figure 2.The reader can verify that wheg: a; for somei, I = 0.

()

~ X=a1VY a3
1(X)

X=a1 Va2V a3

@1 (@2 (@3

Ui a1 @3 a1 €
Uy a2 @1 (@3 /<

us @1 @1 (@1

€4

Fig. 2. Example 1. The table represents the update fundti@n u). The pictures at the center
and at the right represent the extended input setg fory; v a, v az andXx = a; v a3 with the
associated partial orders, respectively. The blue elesratthe silent inputs.

_ Computational considerations.For a finite state-finite input system, the sizes of
I and ofy are related to the computational load of the proposed algos as these
partial order structures need to be computed and stored mamye The size of these
partial orders does notfect computation in those systems in which the partial orders
have algebraic properties as we will see in Example 2 of tikegextion. The amounts
of computatiom needed for computing such partial orders can be estimatedda<

Z'ﬂ‘ IX|IZ1IS|, in which X; are the sets on which the estimator evoleg&? is the
number of such sets, arkd > 0. This amount of computation is comparable to the one
obtained by using enumeration and exhaustive techniques.

In this section, we have shown that the partial order appré@dynamic feedback

is general and that the worst case computation is prope@itiorthe one of exhaustive
searches. The partial orders constructed in the proof obfEme 2 and in Example
1 are not unique and have mainly a theoretical relevanceeysate impractical for



implementation in systems with a large number of states malt$. Thus, we propose
in the next section a relaxed version of Theorem 1.

6 Relaxations and application to a multi-robot example

Consider the case in which partial ordegs<£) and (f <) have been chosen and the
assumptions of Theorem 1 do not all hold. Some possible atitas of the basic as-
sumptions of Theorem 1 are as follows:

(R1) the se§ ¢ y such thaiS n A = Sis given byS = !, §', in which §' are
intervals andS N Oy(Z) is an interval,

(R2) f : y x Zx I — yis a piece-wise order isomorphism, that is, for all interval
[L,U] < x, we have that there are disjoint intervald,[U ] with Uj [LI,U]] =[L,U]
such thatf([L!, Ui],z u) — [f(L],zu), f(U},z u)] is an order isomorphism for ajl
and anyu € 7;

(R3) for all interval L, U] ¢ Sn Oy(E) there are a functio” : y x I- x With

s (% [/\,[ /\[]) [f(x, D), f(x,\I)] an order isomorphism for ak € y and an
order preserving map in the first argument, constants U* € y, and constantsS <
US € ysuchthatue 7 | f([L,U],zu) c S} 2 Inflie 7| f/([L*,U*], ) C [LS,US]},
with the righthand set not empty.

Itis always possible to determine a &that is a union of intervals and any function
can always be broken into order isomorphisms. The expressibthe functionsds,
andHi; as given in formulas (4) stay the same, but one should sutssfit in place
of f, L* andU* in place ofL’ andU’, andLS andUS in place of S and\5. Due to
the piecewise isomorphic nature of the functlbnhe update laws (2-3) becomigk +
1) = ppegil), U = fIK), ZK), () ¥ Oyein(E) andU (k + 1) = v UJ, U =
f(UI(K), 2(K), u(k)) v VOy(ks1)(2), in which L), U establish the intervals wheffeis an
order isomorphism in the first argument, dn@) = AOy(o)(Z) Uu(0) = \/Oy(o)(Z)

Example 2 We consider a version of the “capture the flag” game for relatled
“RoboFlag Drill” already considered in [4], in which now tlagtackers can use their
estimates of the assignments of the opponents to decidextaction to take. Briefly,
some number of robots with positions,0) € R?, which we refer to as blue robots,
must defend their zongx, y) € R? | y < 0} from an equal number of incoming robots,
which we refer to as red robots. The positions of the red ®hot &,y;) € R%. The
red robots move toward the blue defensive zone. The bluetsadre assigned each
to a red robot and they coordinate to intercept the red rolothis work, we allow
the red robots to swap their horizontal location with a ngada robot as appropriate.
Let N represent the number of robots in each team. The RoboFldgistem can be
specified by the ruleg(k + 1) = yi(k) — § if yi(k) > &,

z(k+1) =27z +0if 2(K) <Xup, zKk+1)=2zK) -0dif z(K) > Xy (5)
(ai(k+ 1), aira(k+ 1)) = (air1(K), @i(K)) if Xy = Zs1(K) A Xaia9 < Z21(K)  (6)
(Xi(k+ 1), Xir1(k + 1)) = (xi+2(K), xi(K) if swap;.1(K). (7)

The variabley; is the red robot that blue robois required to intercept. Equation (6)

establishes that two blue robots trade their assignmemysadren the current assign-
ments cause them to go toward each other. Rule (7) allows djezent red robots to



swap their horizontal position. If the red robots never slWwapzontal position, the as-
signments of the blue robot reaches an equilibrium valuehitkvno more conflicts
among the assignments of the blue robots are present (deketts have all been in-
tercepted). In this work, we want to solve the following peoh: Given measurements
z(k) determine control inputs swaips1 (k) such that there are always at least two pairs
of blue robots with conflicting assignmeni® formalize this problem, we translate the
rules (5-6-7) to the fornt’ = (A x Z,7,Y,(f,h),qg). Thus, let{1, ..., N} be the loca-
tions at which the red robots can reside, that is, the looadenotes the order along
the x direction at which the red robots are displaced. With abdsetation, letx; de-
note thex coordinate of locatiomande; the location to which blue robats assigned.
We assume; < z < X, for all i and for all time. We setA = perm(N), Z = RN,

I ={ue{-10, 1}N lu=1e Uy =-Luy # Lu # -1} (uy = 1iff swapis1 is
true), = RN x RN, The functions are defined as followix, z, u) = G(F(a, 2), u), in
which F(«, 2) is represented by relations (6) a@¢5, u) = 8, with u; = 1 = [(if 8 =
j=p =j+1) and (ifg = j+1= g = j)]. The functionh(a, 2) |s represented
by relations (5). Let the entropy of the blue robots be defimgdE = 5 Z, 1 lai =il

In the absence of input to the system (k) = O for all k), E converges to zero.
We define the seb asS = {« | E > 2}, which can be computed and is given by
S={e|3i,j with j>i+1suchthat; #ianda;j # j}. If @ € S, there are at least
two pairs of blue robots with conflicting assignments.

To apply the dynamic control algorithm using the relaxagigR1-R2-R3), we need
to determine the partial orderg, (<) and (, <), the setS satisfying item (R1), the
extended functiodf, and finally the functiorf” with the intervals [*, U*] and [LS, US]
as given in item (R3). Sef(<) = (NN, <) with order established component-wise.
Given any seX ¢ NN, we denoteI(]Lthe projection along of such set. Then, a set
S c yisgivenbyS = |J; §', in whichS' for eachi are intervals of four types: (a) there
arel < jsuch that$']; = [ + 1, N] and [S']J = [j + 1,N]; (b) there ard < j such
that [S']; = [1,1 - 1] and B']; = [j + 1, N]; (c) there ard < j with j > | + 1 such that
[S1 =[1+1,N]and [S']; = [1, ] - 1]; (d) there aré < j such that '], = [1,1 - 1] and
[S']; = [1, ] — 1]. This can be checked by recalling that | J; S; if @ € S' for somei.
Define the extensioR : y x Z — y asF with nowe € NV. CIearIy,FlﬂXZ F. Also,
we defineh : yxZ — Zashwitha e NV, forwh|chh|ﬂxz h. One can check that the
output set is an interval and that the functi?)rils an order isomorphism on the output
set. The functior : 1 x X I — yis defined ass in which the first argument belongs to
NN. Thenf = G o F, in which one can check thdt, 2., = f. We thus have defined
the extended systedi = (y x Z, Y, I, (f, ), §). For the input set, we considgr =
{-1,0, 1}N with order established componentwise. It is easy to showtkieaextended
systenElI =(yxZ.1,Y, (f h) g) satisfies the dynamic controllability condition with
respecttd if N > 4. We are left to determine the functidhwith the intervals [+, U* ]
and [LS,U®] as given in item (R3). For akt = (x4, ..., x) € y andu = (T, ..., Un) € 7
we setf’(x, 8) = (f1(xq, T), ..., {{,(xn, Tn)), in which f"(x, @) := X + G The following
algorithm, computes the setls*[U ] and [LS, US] component-wise for all intervals
[L,U] €SN OyQ). LetP’ = F([L,U],2)

Algorithm

Initialize flagi = 0,L7 = U7 =i, L7 = 1, andU?® = N for all i



Fori=1:N
If min(P)) =iandflag_; =0= LiS =1, UiS =i-1andflag =1
End
Fori=2:N
If max(P;_;) =i - 1andflag; =0= L3, =i, U?, = Nandflag =1
End
Fori=1:N
Ifmin(P))>i+1landflag,1=0=L;=U;=i+1 LP=i+1 US=N
Ifmax(P) <i-landflag=0= L/ =U;=i-1 LP=1U°=i-1
End.
The idea behind this algorithm is as follows. Say th{{i[ = [i, N] and that we want to remove
i from it by swapping red robatwith red roboti — 1. This can be done by asking that T, €
[1,i — 1], which givesui < —1. Finally, note that the functiofi is a composition of a function
E, which is an order isomorphism, and a functi®pwhich is a piecewise order isomorphism.
To see this, leti”= -1 andP; = [i, N] for example, then we can re-writé, N] = [i,i] U [i +
1,N] so thatG; : ([i,i],-1) = [Gi(i,-1).Gi(i,1)] = [i - 1,i — 1] andG; : ([i + 1,N],-1) —
[Gi(i + 1,-1),Gi(N,-1)] = [i + 1,N] are order isomorphisms. Figure 3 shows the behavior
of the estimator error (given bw(k) = 1/N Zi'il Imi(K)|, in which my(k) is the coordinate set
[Li(K), Ui(k)] minus all the singletons that occur at other coordinases) of the entrop¥(k) =
1/2 3N, lai(K) = i|. In this example, the computation requirement for the inmaletation of the
dynamic controller is proportional td (number of variables to control and estimate). If we had
not used any structure, we would have had a number of conimugaat least of the order of
(N2 as the size of the output set and of theSetre both of the order dfi!. Note also that this
simplification is not due to the fact that the dynamics detesips it is heavily coupled between
the robots.

7 Conclusions

We have proposed a partial order approach to dynamic fekdbathe discrete variables of a
hybrid system, which relies on partial order theory to cotepanly suitable lower and upper
bounds to determine the dynamic controller. We have shoatstich an approach is general as
it can be applied to any system that is controllable by dyceasuniput feedback. The worst case
computation load of the proposed approach does not exceenhehof exhaustive searches under
partial observations. The main computational advantagetaned when one can choose suitable
partial orders in which the computation of joins and meeéffisiently performed. A multi-robot
example showed this point. The next step is to consider thardic feedback problem also for
the continuous variables and establish system structhegsatlow dficient choices of partial
orders. As we mentioned, this work was not concerned withyaisaproblems: these are left
to our future work, in which we would like to determinéieient computations of escape tubes
and controlled invariance kernels by the computation diasle lower and upper bounds, only.
Finally, we plan to consider in our future work uncertaintythie system dynamics by modeling
it as nondeterminism. On the application side, we will egtérese results to the design of safety
controllers under partial observation in the context oéliident transportation systems.
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Appendix I: Partial order theory

In this section, we introduce the main notation and defingiabout partial orders that will be
used in this work. For a complete overview, the reader igmedeto [3]. A partial order is a sgt
with a partial order relation£”, and we denote it by the paix(<). for all x, w € y, the supx, w}

is the smallest element that is larger than brtandw. In a similar way, the infx, w} is the
largest element that is smaller than bathndw. We define thgoin “v” and themeet* A" of two
elementsx andw in y asx v w = sugx,w} andx A w = inf{x,w}. If S C y, \S = sup S and
AS =inf S.If xAaw e y andxvw € y forall x,w € y, then §, <) is alattice. Let (v, <) be alattice
and letS ¢ y be a non-empty subset of Then, §, <) is asublatticeof y if a,b € S implies that
avbe Sandaab € S. Any interval sublattice off, <) isgiven by L,U] = {we y | L<w< U}
for L,U € y. That is, this special sublattice can be represented bytardyelements. for all set
S, we denote byP(S) the set of all subsets &. On P(S), it is possible to establish a partial
order relation determined by the inclusion relation. Thae (P(S), <) with “<” established by



the inclusion relation is a lattice. Let (<) be a partial order and le¢ w € y. We will use the
notationx—< wto say thatx < w and there is not an element that is larger tlhkaamd smaller than
w; we will use the notatiorx >w to say thatx > w and there is not an element that is larger than
x and smaller thaw. for all w, x € y, we denotew || xif they are not related by the order relation.
Let (P, <p) and @, <q) be two partial orders and let = P N Q. They are said to beompatible
partial ordersif for all pair x1, X, € X we have thak; <p X%, if and only if x; <q %,. Let (P, <p)
and @, <q) be two compatible partial orders. Then, the union of the padial orders, denoted
(P, <p) U (Q, <0) is the new partial orderR; <), in whichR = P U Q and for allxi, X, € Rwe
have thatx, < x, if and only if x; <g X Or X; <p X. In the sequel, when we will have two
compatible partial orders, we will omit the subscript &f"as there will be no ambiguity on the
partial order relation between any two elements. We nowidensnaps on partial orders. Let
(P, <) and @, <) be partially ordered sets. A mdp: P — Q is (i) anorder preserving majif
x<w = f(X) < f(w); (ii) an order embeddingf x < w & f(x) < f(w); (iii) an order
isomorphismf it is order embedding and it mag3 onto Q The mapf : P — Q is said to be
v-preserving if for allx, w € P, we have thaf (x v w) = f(x) v f(w). Itis said to bex-preserving
if for all x,w € P, we have thaf (xAw) = f(x) A f(w). One can show that if is order preserving,
then for allx,y € P, we have thaf (x) v f(w) < f(x v w)andf(x) A f(w) > f(X A w).

Appendix II: Proof of Theorems and propositions

Proof. (Proof of Proposition 1)4)Choose function$l; andH, asHo(X(K), y(K)) = F(X(k) N
Oy9(2). U(K)). u(k) € H1(X(K), y(K)) with H1(X(K), y(K)) = {u € 7 | F(X(K) N Oy9(2), U) € S}
and X(0) = Xo. We show that the set;(X(K), y(K)) is not empty for alk and that properties (i)
and (i) of Definition 2 are satisfied. We proceed by inductigument on the stdp (Base case)
By assumptionX(0) c S ands(0) € X(0). As a consequenc@y € 7 | F(X(0) N Oy)(2),u) € S}
is not empty. (Induction step) Assum&k) € S ands(k) € X(k), thenH;(X(k), y(k)) = {u €
I | F(X(K) N Oygy(2),u) € S} # 0 becausdu € 1 | F(X(k) N Oyp(2).u) €S} 2fuel |F(Sn
Oyy(2), u) € S} and the latter set is nonempty by assumption. Thugkif € Hi(X(K), y(k)) we
have by construction that(k + 1) € S. Also, sinces(k) € X(k) ands(k) € Oy (2), we have that
s(k+ 1) € X(k+ 1).

(=) Assume thatu € 7 | F(Oy(2) N S,u) € S} = 0 for somey. Let 5(0) € S be such that
y(0) = 9(s(0)) and{u € I | F(Oy0)(2)NS,u) € S} = 0. Thus{u € I | F(XoNOyg)(2),u) € S} = 0.
Assume that the system is controllable by dynamic outpullfeek with respect t&g C S.
Then, there are functiontd; : P(Q) x Y — P(7) andH; : P(Q) x Y x I — P(Q) such that
X(1) = Hy(Xo,¥(0)) C S, (1) € X(1) andu(0) € H1(Xo,y(0)). For guaranteeing(1) € X(1)
with (1) = F(s(0), u(0)) ands(0) € Xo N Oy)(2), we need thak (X N Oy)(2), u(0)) < X(1).
However,F(Xo N Oy)(2), u(0)) ¢ S andX(1) € S. This leads to a contradiction.

Proof. (Proof of Theorem 1) The dependencieszare neglected. Equations (2-3) imply that
a(k) € [L(K), U(K] n A. Thus, property (i) of Problem 1 is true. We next show that
@f{ue 7] f([L'(K), U K], u) < [AS,\S]} = 7 N [Hia(L(K), U(K), y(K)), Hiz(L(K), U(K), y(K))];
(b) [Ha1(L(K), U(K), y(K)), Hiz(L(K), U(K), y(k))] N 1 is not empty.

Proof of (a). Sincell’(k), U’(K)] < Oy (2), the functionf preserves the ordering in the
first argument. As a consequence we have that 7 | f([L'(),U'(K].u)  [»S.\8]} =

{fue 1| AS < f(L’(k) u < \VStnfue | /\S f(U (k) u) < \S). Also, we have that
{ue 1| /\Ss f(L(k) u) < \8 —Im ueI(L(k)) | AS< f(L(k) u) < \S} and that
ue 7|8 < fUK,u < Im{ueI(U(k))|/\S f(U(k)u)<\/S }. As a

consequence, we have that
fue 7| f(IL'K, U M1Lwc[AS\/B] =
TnfueI(L®) I AS < f(L'().u) < \/Sin (8)
ue Z(U'K) I AS < f(U'(K),u) < \/S).



One can readily verify thdu I(L ®) | 28 < f(L'(K),u) < \B) = fL,(k)((f(L’(k), f(L/(k))) N
(28, V8]), which derives from the definition of ® By the onto property in item (i) of Def-
inition 5, we also have that(L’(k) I(L’(k))) = [f(L (k), M(L’(k))) f(L’(k) vI(L (K] As a
consequence, we obtain tHate I(L’(k)) | S < f(L'(K),u) <\8} = fL,%k)([f(L k), /\I(L’(k)))v
28, flLK, \/I(L (K))A\B]). We are thus left to showthé{(k)( f(L (k) ML)V AS, LK),
VE(L'(K)) AVB]) = [T (FIL (K), AT(L () v A8). VAL (F(L' (). v (L' (K))) A \S)]. To show
this, we show that any element of the first set belongs to thenskandviceversa Any ele-
ment of the second set is also an element of the first set dueetorter preserving property
of f in the second ‘argument as established in item (i) of Defimifio Assume now that is
in the first set, therf(L"(k), /\I(L’(k))) v S < f(L (k),u) < f(L’(k) vI(L (K)) A V3. We next
show thatw < uin whichw = AfL,(k)(f(L’(k) /\I(L (k)))V/\S) If f(L k), M(L’(k))) £S, we
have tha’me,(k) (f(L’(k), /\I(L K)) v AS) /\Z(L (K)) and therefore we have th,atL (k)(f(L ),
(L’(k))) v A8) < u. If instead f(L'(K), /\I(L (K)) # 2S, by item (ii) of Definition 5, we
have thatf is A- preserving in the second argument. Simce f(L (K), u), it must be that ei-
ther Af~1(w) < u or Af~ 1(W) || u by the order preserving property dfin the second argu-
ment. Let us show thatf- X(w) || uis not possible. By the-preserving property, we have that
f(Afoh W) A u) = wa f(L'(K).u). Sincew < f(L'(k). u), we have thawv A f(L'(K).u) = w,
which in turn implies thath(L (k), /\f~‘1(w) A U) = w. By the definition of/\fL (k)(w), it fol-
lows that we must have\fL,(k)(W) < u. One can proceed in a similar way to show thak

Vit (FIL'(, VI (L' () A V). As a consequence, we have concluded that

ue (LK) I AS < flL'(K.u) < \/B) =
LA (FILG AW () v AS) /ot (FIL0L \VZWL () A \S)L-

Similar reasonings can be used to show that equation (9kHoldU’(k). Equations (8), (9)
and (9) withU’(K) in place ofL’(k) prove (a). Given (a), to show (b) one can show that
7| LK), U'K)].u) < [AS,\8]} is not empty. This is true ifl['(k), U’'(K)] Oy(Z) n§
as by assumptio|; is controllable by dynamic output feedback with respecStdVe can
show that ['(k), U’(K)] < Oyw(E) NS by induction on the stef. In fact, [L'(0), U’(0)] <
Oy(Z) NS asL(0) = AS andU(0) = \&. Assume thatI['(k), U’ (K)] < Oy(k)(z) NS, let us
show that alsoll’(k + 1),U’(k + 1)] < Oy(k+1)(2) n 8. Since L'(K), U'(K)] < Oy(k)(z) n 8§, we
have thatZ N [Hyi(L(K), U(K), y(K)), Hi2(L(k), U(K), y(K))] is not empty. We thus can takgk)
I N [Hy(L(K), U(K), y(K), Hi2(L(K), U(K), y(k))] and apply it to the system. By construction of
Ha1(L(k), U(K), y(k)) and Hio(L(K), U(k), y(K)), we have thatlf(k + 1), U(k + 1)] < c 8. Thus,
[L'(k+ 1), U’ (k + 1)] € S N Oy.y(2). Therefore, (b) is shown.

Proof. (Proof of Theorem 2) We determine a system extensiand we show that the properties
of Definition 5 are satisfied.

1. Definey = P(A) and ., <) = (P(A), S). The bottom element is, = 0. Letx € y be
given byX = a1 v ... Y an With @; € A, for all u € 7 we define the functiorf : xxI - yas
f(x,u) = f(e,U) v ... v f(an,u) for u € 7. Output interval compatibility of the paig( (v, <))
follows immediately. B

2. for all x € y, the extended input séi(x) is defined a$>(Z7) | l«, in which the order among
the elements iP(7) is established according to inclusion relation, and ths Isefor all x are
called the sets dilent inputsand are defined as follows. for alls"P(7), we haveu= u; v...vu,
for someu; € 7. Then, we defind (x, 0) = f(x u) v ... v f(x, up). Let us initializel, = 0 and let
7 ={uy,...,uy}. for allw € y such thaiwv < f(x, U V... Y Up), if there is not au™e P(7) such that
f(x, &) = w, define a silent input such thatf(x, €) = w. Thus, we add such silent input kg that
is,Iy=1yUe.

€)



3. We next establish the order among the silent inputs anththas inP(7). for all € € Iy,
letw = f(x €). By constructlonf(x €) < f(x U Y ... Y Um). Let{wi, ..., Wi} be the set of elements
with w; < f(X, Uy ¥ ... Y Up) such that eithew,—< f(x, €) or w; >—f(x €). LetU; € I(x) be such
thatf(x ) =w. If T uI € I, then setuy >¢ if and only if w, >—f(x e.) andui—< e if and only if
Wi —< f(x g). If Uy € P(I), there may be several such inputs so tf'(aa; ;) = w;. Let(; be the
greatest of such inputs, that ig,= SURp(1.<) (@] f(x &) = w). (By the wayf has been defined
on elements of(7) it follows that f(x, t) = w;. ) Then, we sety™>-¢ if and only if wi >f(x, &)
andui< eifand only ifwj< f(x €). Letl; = /\Z(x) such that every element that does not have a
lower element is strictly greater than it. We also deffite, ;) = 1,. Note that by construction,
the top element of(x) is given byu; v... v Uy = vI(x) By construction, I(x) <) are compatible
partial orders.

From item 2., it follows thaff : (x, I(x)) > [f(x, /\Z(x)) f(x vI(x))] is onto. To show that
it is also order preserving, we show that for @l £ T, in I(x) also f(x i) < f(x ). Let
Up1—< Oy o< ...< Uy« be the chain betwean 1 = U andulk = {,. Consider any consecutive pair
U< uml Then |fu1., U1i1 € P(Z), by the definition off on elements iP(7) given initem 1.,
we havef(x ) < f(x U1.1). If either one ofig;, Uy 41 iSin Iy (that is, it |sa5|lent|nput) by the
definition of the order in item 3., we have that < 0y, if and only if f(x ul.)< f(x Upji1)-
Since, this holds for all consecutive paik (;Ty.1), we thus have thaft(x, 0p) < f(x, Up).

To show property (i) of Definition 5, note th& = [J_X,\/S] for \& = P(S) € x-As a
consequence, we have tHa(b( N (X)) = AS. Thus, we are left to show that for adle y, f(x ) is
v-preserving in the second argument when the second argusnemtging |nI(x) Let(y, 0, €
I(x) we need to show thdi(x, Ty v i) = f(x, Uy) v f(x, ti) for all x € . By the order preserving
property of f in the second argument, we already know th@( 0y) v f(x ) < f(x 0y v Op).

Let us denotef(x ) v f(x, @) = a and let us in fact show that = f(x, @, v 0,). Let i be
such thatf(x, &) = a. If U € P(I), then let it be the largest sueh Consider the two chains
Wi—< Wo—< ...—< W, andvi—< Vp—< ...—< Vi, in whichw; = f(x, 1), i, = W, = &, and
f:(x, i) = v;. for all two consecutive elements on such chains wi,;, there areug;, Uy, €
I(X) such thatf~(x, l:'ll,i) =w; and 'F(X, l:'ll,prl) = W,q. If al’i, ljl’iJrl are both ”ﬂ)(.[) thenw; < w,1.
Also, if Uy € P(Z), we assume it is the largest input such tlﬁ(sot, 0;;) = w;. If one or both

of the inputsuy;, Uy, is @ silent input, by item 3., we have that;~< Uy;,;. Since this is true
for all i € {1,...k — 1}, we finally obtain thatu; < 0. Repeating this process for the chain
V1< V< ...—< V,, One also obtains thab < {. Sinceu; andu;, cannot have two dierent joins,

it must be that eithen < G, v @, or 0y v T, < . By the order preserving property 6f we have
thatt; v @i, < & implies f(x, @, v @) < f(x @) = a. But, we assumed that< f(x, i, v i), as a
consequence it must be thak™0; v T,. However, by definitioru; v T, is the smallest element
that is larger than both; "andUp. This in turn impliesu™= T v {, and therefore = f~(x, 0; v Op).
Finally, we set £, <) as the union of the latticed (x), <) constructed above. This union is well
defined as all of the partial orderg (), <) are compatible by construction. Thus, one can add
a bottom and a top element fdrto make ¢, <) a lattice. To conclude the proof, we need to
show that{u € 7 | f([L,x], u) [J_ 8]} is not empty for [L.,x] € Sn Oy(E) Note that
{ue 7| f([J_, X,u) € [L\B]) = {ue 7| f(x u) < \8). The latter set is also equal to
{fue I'| f(x,x) € S}. Thisis not empty ag ¢ SNOy(X) andX'is controllable by dynamic output
f~eedback with respect 8. Thus,2|; is controllable by dynamic output feedback with respect to
S.



