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Abstract—We address the problem of designing a dynamic number of states can be exponential in the number of con-
output feedback control for a hybrid system in order to  stituent processes, and therefore these control methgigslo
satisfy system specifications, once the continuous variad are are prohibitive. Caines and Wang [8], consider the problem

measured. In absence of a structure on the discrete variable f steeri the stat f tiall b d ¢ ta t
space, the design of such a controller requires a number of or steering the state of a partially observed automata to a

computations at least proportional to the size of the discre  final desired state. A dynamic programming methodology is
variable set and to the size of the control set. In this paper, proposed, which leads to a complexity of the control com-
we propose to exploit a partial order structure on the set of puytation that is polynomial in the size of the state set, ef th

discrete variables and inputs in order to compute the contrd input set, and of the output set. Modular synthesis and apeci

as a function of two discrete variable values that are update .
at each step. This algorithm is applied to a multi-robot game structures on the process are suggested in order to reduce

involving two teams competing against each other in a “captte ~ COmputation. For example, [12] proposes algorithms for the
the flag™-like game. synthesis problems of safe control policies in decentdliz

control of discrete event systems.
[. INTRODUCTION In this work, we aim at exploiting some special structure of

Controller desi bl der | ificati the system in order to decrease the amounts of computation
ontrofler design problems under 'anguage specilicaliGlyeqeq for state estimation and control. In particular, we

have been extensively studied for discrete systems in t)%‘f‘opose a methodology based on partial order structures for

computer science literature (see [15] for an overview). omputing dynamic feedback control that satisfies system

control perspective in the context of discrete event Sys'[er@(g)ecifications. This methodology uses the state estimator o

was given by [11]. The approach has been extended ¥ lattice already developed in [6] for computing the inputs

specific classes of hybrid systems such as timed autom it satisfy the system specifications. This work addretbses
([Il] for exfarr]ngle_zc)j andt recta_ngu:ar aut:)rpata ([17|2)' qu ehtescase in which the number of discrete variables and inputs is
c ashses 09 yh” Sgstﬁnls.’ 'mp e:pentﬁ 'on reif]u S usiolg 3 so large that enumeration methods for state estimation and
such as [9] showed that in practice the Synthesis procedule,,, istive searches for control design are prohibitive. By
is limited to control problems with small numbers of control

d L ¢ of th K fot fication f using a partial order on the set of inputs and on the set
mo es.l Iarge pa; hob _de wc:r onh sasy veriica |ondor0f discrete variables, the state estimation algorithm tgxla
general classes of nybild Systems nas been concermns "%U\/'b variables at each step. These are then used to compute

the computation of reachable sets (see for example [16], a . L :
the references therein). As noted also by [16], the problengget Iovyer and upper bounds (in a specified lattice) of the

solved with these methods are of low dimension. Also, thes&e .

works are concerned with state feedback, that is, the state,| system dynamics. A multi-robot example is proposed,
available for measurement. An output map is considered

. — : Which shows how to apply the proposed methodology in an
the literature of viability theory for hybrid systems (sa f. attack-defense game. In particular, an attacker team hes t

exarr:lple, [%]’ [7]'d[13])' However, static output feedbask i proposed estimation and control algorithm to design the nex
uslua %/_per orme h . bl ilabl fmove based on the observation of the other team behavior.
n this paper, the continuous variables are available 1o, scope of the attackers is to win the game. This scope is

measurement, thus the control and state estimation prsbleghcoded in a system specification, which is then guaranteed
concern only the discrete variables. This scenario has prargy the dynamic control algorithm

tical interest in multi-robot systems in which the continso This paper is organized as follows. In section II, we

variables represent the position and the velocity of a r’Obq_htroduce deterministic transition systems. In sectidnviie

Wh'.le the dlscrete_ va_rlables regulate the internal COMMUNY, mylate the control problem of a system on a partial order.
cation and coordination protocol. In [11], the control erobIn section IV, we propose a solution to the problem. In
lem of discrete event systems under language specificatiOfg

, dered. Th q | algorith ith ful ction V, we show a multi-robot example. A small appendix
is considered. The proposed control algorithms with full icoq some partial order theory.

observation have polynomial complexity in the number o

states. In the case of partial observations, the contrdllpno [I. DETERMINISTIC TRANSITION SYSTEMS

becomes NP complete at worse. In a practical system, theIn this section, we define the model of the systems
that we are going to use. This model is referred to as

D. Del Vecchio is with Faculty of Electrical Engineering a@dmputer deterr.nmlstlc- trgnsnmn system and it is introduced in the
Science, University of Michigandv@umich.edu following definition.



Definition 2.1: A Deterministic transition system is a
tuple X = (S,7,Y,F,g) in which S is a set of statesy
is a set of outputs/ is a set of inputsfF : Sx7 — S'is
a transition function, and : S — Y is an output function.
An execution of X is any sequence = {S(k)}ken Such that
5(0) € S and s(k+ 1) = F(s(k), u(k)) for u(k) € I for anyk
N. The set of all executions af is denotedS(X). The output
sequenceay(o) is also denotedy(K)}kanw With y(k) = g(s(K)).
Given a system executiom, we will also use the notation
s(k) = o(k)(s) to denote the value of the state at skeglong
such an execution.

Y(K), u(k)), u(k) € Hi(X(k), y(K)), and H1(X(k),y(k)) = {u €

I | F(X(k) N Y(k),u) c S}. We need to show that the set
H1(X(K), y(K)) is not empty for allkk. Then, we need to show
properties (i) and (ii) of Definition 2.2.

We proceed by induction argument on the stepBy
assumption,X(0) = S (i.e., X(0) € S) and s(0) € X(0).
We show (base step) that; (X(0), y(0)) # 0. Then we show
(induction step) that ifX(k — 1) € S, we also have that
Hi(X(k — 1),y(k — 1)) # 0, X(kl € S with uk - 1) €
Hi(X(k - 1),y(k— 1)) , ands(k) € X(k).

(Base step) By assumptionX(0)

S, thus

We now give some definitions about controllability prop-Hi(X(0),y(0)) = {u € 7 | F(X(0)n Y(O),u) € S} is
erties of systemX given an output measurements and aonempty becausks(S) is nonempty for any € Y and
specification. LetP : S — {T,F} be a predicate on the y(0) e Y.
set of states that can be either true (T) or false (F). Assume(Induction step) Assum&(k — 1) € S, then Hy(X(k —
that we would like to design a control input that guarantees),y(k— 1)) = {ue 7 | FX(k—1)nY(k—-1),u) C S} # 0
that such a predicate is true at any time step along theecauselu € 7 | F(X(k—-1)nY(k—-1),u) € S} 2 {u €
system execution. Since we have only output informatiod | F(S N Y(k — 1),u) € S} and lyy-1)ns iS nonempty by
to design such an input, we give next two definitions abowtssumption. Thus, ifi(k—1) € Hy(X(k—1), y(k—1)) we have
output controllability with respect to the given predicateby construction thak(k) € S. Also, sinces(k—1) € X(k—1)

Let S = {s e S| P(s) = T} denote thetrue set and let
Y={seS|g(s =yVYy e Y} denote theoutput set, with
Y(K) = {se S19(s) = ¥(K).y(k) € Y}, in which {y(k)}ke is
an output sequence &f For anyX C S, we use the notation

Ix(S) :={ue I|F(Xu)cS}to represent the set of inputs

that map a seK inside S throughF. The next definition

ands(k— 1) € Y(k— 1), we have thas(k) € X(K). |

In the next section, we specialize the structure of sysiem
to explicitly model the evolution of continuous and diseret
variables.

I1l. ProBLEM SETUP

proposes a concept of dynamic output feedback analogousGiven a deterministic transition systein= (S, 7, Y, F, g),

to the one proposed by [14]. L&(S) denote the set of all
subsets ofS, that is,P(S) = {A| AC S).

Definition 2.2: The systemX is said to becontrollable
by dynamic output feedback with respect to true se and
initial set X; if there exist functiondd; : P(S)x Y — P(J)
andH; : P(S) x Y — P(S) such that for any execution
o € &) and anyk if

X(k + 1)
uk) e

Ha(X(k), y(K))
Ha(X(k), y(K))
with X(0) = Xo andy(k) = g(a(k)(9)), then

(i) s(k) € X(k) with s(k) = (K)(s);

(i) X(k)csS.

This definition implies that there is a systel;
(P(S), Y, P(1),Hz Hy) (in which the subscripf stands for
feedback) that takes as input the outputXpfy € Y, has
internal stateX € £(S) a subset ofS, and it has a set of
inputs toX as its output. The sét; is the set of inputs that
map the set of states inside the desired true s&t Among
these inputsu(k) is chosen to be applied to the systé&m

The next proposition gives a ficient condition forX to
be controllable by dynamic output feedback.

Proposition 2.1: Let ly~s(S) be nonempty for any € Y
and lets(0) € S. Then, systenk is controllable by dynamic
output feedback with respect to true setand initial set
Xo =S.

Proof: We prove this by choosing specific functiods
and H,. Let Xo = S, and defineH; : P(S) x Y — P(7)
andHz : P(S) x Y — P(S) as Ha(X(K), y(K)) = F(X(K) N

we specialize it to the cas8 = U x Z, in which U is a
finite set of discrete variables denotede U and Z is a
set of continuous variables denoted= Z. The transition
function will also have two components, i.&,= (f,h), in
which f : UxZxT — U andh: U xZ — Z. The set
of outputs is defined a¥ = Z x Z and the output function
iSg: UxZZ — Y. For the remainder of this paper, we
denote by = (UxZ,1,Y,(f,h),g) the system represented
by the following diference equations

ak+1) = f(a(k), 2K), u(k)
Zk+1) = h(a(k), zk) 1)
V1(K). y2(K) = (ZK). h(a(k), zK))). )

Any execution of the systent is of the form o
{a(K), z2(K)}keay @and the output sequence is given{Bk) }ken =
{y1(K), y2(K)}ker- Given any executior of the system, we
will denote the values ok and a at stepk in such an
execution byo(K)(2) ando(k)(e), respectively. At each step

k, the outputy has two components basically corresponding
to the value ofz(k) and ofz(k + 1).

Since thez variables are measured, we consider the
problem of satisfying a predicate on the discrete variables
only. Thus,P : U — {(T,F}. Let the true setS c U be
defined asS = {« € U | P(o) = T}, then we consider the
problem of determining an input to the system that satisfies
the specification. In the present case, the output set isgive
by Y ={e € Uy, =h(a,y1), Y1.Y2 € Z}.

Assume that we would like to compute the set of inputs
that maintain an output séf in S. In principle, if U4 and



I are finite and discrete, for any € Y we can compute FUIANL.V I))
f(e, z u) for anyu € 7 and check whether it is contained in U --="""--
S. Assuming the size of of the order of the size o/, this

requires a number of computations of the ordelZdift/||S|.

If we also assume that the size 8fis of the order of the

size of U, we then require a number of computations of the

order of |I||U|?. If U is given by the product of a number

of sets because, for exampkejs a multi-agent system, then ~

the number of computations required for solving our control N \f\/SL’ AL
problem is exponential in the number of agents as also nme(?’)‘l(c) 7 Tl
by Ramadge and Wonham [11]. L

We thus propose an alternative procedure that exploits a (ﬂ’J)‘l(a)
partial order structure on the set of discrete states as well
as on the set of inputs. The idea can be explained in the (fb_l(d)

following simple example. Assume e N, Y =[2,11], S = (F)"L(b) /

[1,10], u € Z, and thatf(a,zu) = f(a,u) = a + u. For U X7

computing the set of inputs i@ such thatf([2,11],u) c

[1 10] It s not necessary to compultefor all pairs @ u) and Fig. 1. This figure explains how; anduy of Lemma 4.1 are computed.

check Whetherf(a u) € S. Infact, it is enough to compute The dependence anhas been omitted. Each polygon represents an interval
the set ofu € Z such thatf(2,u) > 1 and the set oli € Z  sublattice in the partial orden, is the supremum() of (f7)7X(b) and

such thatf (11, u) < 10, and then intersect the two found sets{f)™(d). while uy is the infimum ) of (/)"(c) and ()" a).

which turn out to be intervals iZ: [-1, ) and (o, —1],

respectively. This simply gives the answes {—1}. For this

example, it is enough to compare the image throdigbf IV. ProBLEM SoLUTION

the lower and upper bounds &f with the lower and upper  Here, we give the main result for the computation of

bounds ofS respectively. From this comparison, one cam dynamic output feedback control. We first give some

compute the lower and upper bounds of the set of allowedkfinitions.

inputs. This is due to the fact that the spadésand 7 are Definition 4.1: A systemy is said to satisfy the dynamic

equipped with a (total in this case) order while the functioontrollability condition with respect t& c U if {u €

f preserves such orders. This argument will be made moge | f(SnY,zu) C S} is not empty for anyy € YV and

formal and more general in this paper by using some basic= Z.

partial order theory. We next state the problem of detemgini  Definition 4.2: Let £ = (U x Z,7,Y.(f.h),g), and let

a dynamic output feedback on a partial order. (v,<) and ([ <) be lattices witht/ C y and I ¢ 7. An
Problem 1: (Dynamic Output Feedback on a Lat-extension ofz on (y, <) and ([ <) is any systenf (x x

tice)Given systent = (U x Z,1,Y,(f,h),g) with a«(0) e Z, 7,Y.(f.h).8) such thatflyxzxs = f, hluxz = h, and

Xo € S, find a deterministic transition systeRy = (y x glwz 9 -

XY, T xT,(Hzp, Hoo), (H11, H12)) Wiﬂl Ho1 iy Xy xY =X Let f’ xyx I - X be a map Wlth X <) and ([ <)

Haz : xyxxxY — x, Hia i xyxyxY — I, Hip L yxyxY — I, lattices. Letf’ XIAZ VI > [ (x AD). f'(x Y T)] be a

(x.<) and (7, <) lattices, with?/ C y and 7 C 7, such that bijection for anyx € y. For anyw € [f7(x, /\I) f/(x, \V 1)]

if u(k) € [H11(L(K), U(K), (K)), H12(L(K), U(K), y(K))] T, and we denote by {;)"1(w) the inputu'e [A 7,/ 1] such that

L(k), U(k) € y are updated by f7(x,ti) = w. Then, we have the following lemma.
Lemma 4.1: Let (7, <) and f, <) be a lattices. Let, U €
L(k) — H21(L(k— 1) U(k— 1) y(k— 1) y(k)) X W|th L < U a.nd L/, U’ S5'e W|th L’ < U’. Assume that
_ a ’ _ ’ _ ’ (i) the functionf’ :XXZ' — y is order preserving orL] U]
, (i) £ (KIANLVI) - [FAD) f(x V)] is an
with {y(k)heo = g(o) we have order isomorphism for any e [L, U];
(I) O'(k)(a’) e [L(k), U(k)] NU: (III) the SetN{l’] g I f/([L, U], D) - [L', U/]} is not empty.
(i) [L(K),U®]NnUCS. Then,{Ge 7| f'([L,U],T) € [L", U]} = [uL, uy], with
The variabled_ (k) andU(K) represent the lower and upper, ({L/)—l flL, /\Z’) v L’ v (ﬂ:))—l f(U /\Z’) v L’

bound of the set of possible discrete states compatlble N

with the output sequence and with the system dynamicdu = (f)™*(f(L, \/I)/\ u’) /\(fu) (fu, \/f) AU)
The functionsHi1 and Hi, compute the lower and upper Proof: We have thatli € T [f (LULuyc[L,u ]
bounds of the set of possible inputs that map the intervéli € I f (L,0) e [L',U7] and f'(U,T) € [L,U]}
[L(K), U(K)] N inside the true seB. In the next section, we the order preserving property of in its first argument
propose a solution for the dynamic output feedback problertassumption (i)). As a consequence, we have fiate



1:' f(L 0) € [L',U"] and f(U ) € [L',U’]} = {0 € In this paper, we are not making any order preserving
I, e[l Uin(le 7f (U,0) e [L,U]}. By the assumption on the functioh Note that it is always possible
fact thatf’ is an order isomorphism in its second argumento break a function into order preserving pieces on an
by assumption (ii) and by the fact thdt (L, /\I) v L e interval. Letf :y — y with (y,<) a lattice. Let [,U] C
[f(L, A I) fr L,V I)] because of assumptlon (iii) , we havebe an interval. The functiofi is said to be a piecewise order
that {U € I|f (L) e [L,U]} [(f )" l(f (L, /\I) v isomorphism onlf, U] if there are a finite number of points
L"), (f)X(f"(L, \V T) AU")], and S|m|IarIy{ueI| f/(U,t) e LI,UJ e[L,U] such that [,U] = [LL, U U ..UM, UM
[L, U = [(£5) (7 (U, AD) v L), (F) X(f"(U, V 1) AUM)].  with [L, U] n[L,UI] = 0 fori # j and such thatf :
Intersecting these two sets, we obtain the interval whogé!, Ui] — [f(L}), f(U})] is an order isomorphism for any
lower and upper bounds are givenlnyanduy, respectively. j. The pointsL! are said lower knot points and the polunt
B are said upper knot points dfin [L, U]. On a finite discrete

The meaning of this lemma is as follows. Sineis Set, a map can always be broken into order isomorphisms: in

an order preserving map on the intervhl lD], in order to the ||m|t, each interval will contain Only one element. On an

map such interval into another interval’[U’] by means infinite dense set, the notion of piece-wise order isomarphi
of a good choice of inputs, it is enough to do as followsWill have to be replaced by piece-wise monotone function.
It is enough to (1) compute the set of inputs that map  The next theorem provides a solution to Problem 1.
into [L’,U’], (2) compute the set of inputs that map Theorem 4.1: LetX be an extension of on (v, <). Let
into [L”,U’], (3) intersect the these sets. ff is an order @(0) be such thaty(0) ¢ S. Assume that: admits an
isomorphism in its second argument, the sets computed @fder compatible input extension off, ) with respect to
(1) and in (2) are intervals. These are intervals becaue Assume thak is output interval compatible with respect
the inverse images ofa[b] and of [d,c] through (") toS. Then,
and (f )~! are intervals. This is due to the fact that the

functions @) : [f/(L A D). F(L.V ] > [AF.Vand  “K+D) = N\ UL U = U0, 209, u(k) v Ly(k+ 1)

(fo)™ [f (U.AD).f(UVI)] - [AL.VI] are order e

|somorph|sms This is shown in Figure 1. Uk+1) = \/ UL, U= 1(UN(K), Zk), u(k)) A Uy(k + 1),
LetE = (yxZ., I, Y, (f,h),d) be an extension & on (y, < Li<ul

). We will assume that the output set of the extended systefith Li(k), Ui(k) knot points of f on [L(k),U(K)],
Is an interval, that isY = {x € x | y» = h(x,y2), (V.y2) € L(0) = L,(0), U(0) = Uy(O) andu(k) € [u (K), uy(K] N 7
= [A Y.V Y]. For an output sequendg(K)ho0, we Wil with u () = (f (P, AT v LK) v
denote the output set bBg(k) and its lower and upper bounds(f ) 1k (f (U*(K), /\I) v LK) and uy(K _
by A Y(K) = Ly(k) and/ Y(k) = Uy(k). We also assume that .
S c y is a set such thaS N U = S and thatS satisfies S()Ik_))k (fv(vl;trfk) X"I?_/Ek'; L(Jk)()k)/\ Ef(z)u LIJ< ((fk)gu (:2] \/(l)?der
the dynamic output controllability condition with respéot .
S. This implies by the definition off that T satisfies the compatlbl.e tuple forlL(k),U(k)],.soIve Problem Lo
dynamic output controllability condition with respect & Proof: (Sketch). For ank, if [L(K), U~(k)] csn YN(k)’
. ~ I we have{u € 7 | f([L(k,UK)],u € S} 2 I n{l €
Definition 4.3: Let X = (X~X Z,I,y,(f,.h),g)-be an j | f’([L*(k),U*(k)],CI) c [L/(k),U/(k)]}, in which the
extension off on (v, <). Let (7, <) be a lattice with7 ¢ righthand side is not empty forf(, L*(K), U* (K), L"(K), U’ (K))
1. Let [L,U] be any interval mS/m Y. If there are a o0 oo compatible tuple fot.{k), U(K)]. As a consequence,
function f* : y x I — x such thatf” : (x [\ T, AZ)) — we can apply Lemma 4.1 to obtain (k) and uy(k). We
[ (x, A D), f'(x, \/I)] is an order isomorphism for any need to show that L{K),U(K] < & n Y(K) for any k.
X € y and an order preserving map in the first argumen{Ne proceed by induction argu_ment da We omit the
constantsL”, U” & [L Ul, and L’ U” < S suc*h thatfu e dependence of on z for _simplicity. By assumption, we
I/' f/([L Ul.zu c S} 2 Iniie 7 f (LU0 < have that [(0),U(0)] = Y(0) c S. As a consequence,
[L’, U]}, with the righthand set not empty, then the extensmn(o) € [uL(0), uy(0)] N T such thatf([L(0), U(0)], u(0)) &
s of X is said to admit an order compatible input extensmrp_et us then assume thal(k),U(K)] c Y(k) A S and
on ([ <) with respect toS. The tuple {,L*,U*, L’,U’) is show that also lj(k + 1),U(k + 1)] < Yk + 1) n &
named an order compatible tuple fdr, J]. Since L(K,U(K)] < Y(k n S, f([L(k) UKW < § for
The reason for introducing this definition is that while they e [u,(k),uy(k)] N 7. Let Li(K), U'(k) be knot points of
computation of the sefu e 7 | f([L, U], ,ZU) C S} might be  { on [L(K),U(K)]. Then, we have tha1f([L(k) U], u) =
hard, the computation of the séi € 7 | f/([L*, U*]. 1) C [f(Ll(k) u), f(UL(K), ulu.. U[f(LM(k) u), f(UM(K), u)] and
[L",U’]} is simpler by virtue of Lemma 4.1. thus f([L(K), U(K)], u) 0 Y(k+ 1) = [F(L(K), u) v Ly(k+ 1),
Definition 4.4: The system extensiof is said to be f(UL(k),u) A Uk + 1)] u .. U [f(LM(K),u) v
output interval compatible with respect toS if for any Ly(k + 1), fUM(K), u A Uyk + 1)]. It follows that
[LLU] ¢ x, we have thatf([L Ul.zu) ¢ S implies  A(f([L(k), U(K)], u)mY(k+1))_ Niel f(L'(k) u)vLy(k+1) =
IACFIL UL zu) n ¥), V(f(L.Ul,zuynY] ¢ & for any L(k + 1) and VLK), UKW n Yk + 1) =
yeY andze Z. Vig f(UIK),u) A U yk + 1) = UKk + 1) with



(x3.y3) robots) in order to prevent the blue robots to become close
(x1,yD) (x5,y5) to intercept them.
“ ' Let N represent the number of robots in each team.
The robots start with an arbitrary (bijective) assignment
a{1,...,N} — {1,..,N}, whereq; is the red robot

‘,,(fxzyz) that blue robot is required to intercept. At each step, each
T Sy blue robot communicates with its neighbors and decides to
R either switch assignments with its left or right neighbor or

keep its assignment. In the case in which the red robots are
. just coming down straight, it is possible to show that the
T 3 5 assignment reaches the equilibrium valug.(IN) ([10]). In

this work, we consider the problem of estimating the current
Fig. 2. Example with five robots per team. assignmentr given the motions of the blue robots, which

is then used by the red robots to determine a strategy of

attack. We thus assume that the red robots can also move
I = {i | f(LI(K),u) v Lyk + 1) < f(Ui(K), u) A Uy(k + 1) horizontally by exchanging position with a close red robot.
and u € [u(K),uy(K] N I}. By the output interval The RoboFlag Drill system can be specified by the following
compatibility assumption, /g(fN([L(k)N,U(k)],u) n Y(k + rules

1), V(F([LK), UK, u)ynY(k+ 1)] c S, thus we also have , Cull) s i

that [L(k+ 1), U(K + 1)] € 8. Also, a(k) € [L(K), U] N U ke D=yl =5 i yil)=0 )

by construction, which shows (i) of Problem 1. Since ak+D)=2z0)+0 if 7k <X (4)

[L(k,UK] ¢ SandSnU = S, we also have that z(k+1)=zK -0 if z(k)> Xy (5)

[L(K), U] nU < S, which shows (ii) of Problem 1. m _ _ (o _ :

This theorem considers the case in whitttan be broken (@il L. aialkcr 1)) = (@ia(l). aiGo) 1 (6)

into order isomorphisms on an interval in the output lattice X = Zr1(K) A Xars9 < Zis1(K),

The counter part is that we need to compute more than two Oa(k + 1), x(k + 1)) = (x;(k), xi(K)) if

joins and meets in order to computék) and U(k), and 2i(K) = 4:(K) + 1 andswap; (k) = 1 (7)

thus the amounts of computation increase with respect to ! ' P ’

the case in whichf is an order isomorphism on the entire (Aik+ 1), 2j(k + 1)) = (2j(K), 4i(K)) if

output interval (as assumed in [6]). In the next section, we 2i(K) = 4(K) + 1 andswap; (k) = 1. (8)

propose a multi-robot game to show how to apply Theorem ! .

4.1. Equation (6) establishes that two blue robots trade their

assignments if the current assignments cause them to go

V. ExampLe: A MULTI-ROBOT SYSTEM toward each other. Condition (7) allows two adjacent red

We consider a task that represents a defensive maneut@pots to swap their location. Herg, is the location of red
for a robotic “capture the flag” game [3]. We considerroboti. Locations argl, ..., N} and denote the order along the
a simplified version of the game called “RoboFlag Drill” x direction in which the red robots are displaced. We start the
already considered in [6]. In particular, we show how t@ame witha = (1,..,N), z < z,3, andx <z < X1 . The
use the estimator on a lattice constructed therein in omler yariableswap;  is the control input to the system represented
design a control algorithm for the attackers, which causes tby equations (4-6). This input must be designed in order to
defenders to be always “Siciently” far from stabilization. satisfy system specifications.

This implies that the defenders loose the game. We describeFor this purpose, we define the systein = (U x

the system in the next section. Z.1,Y,(f,h),g) that models the dynamics of the blue robots
o with inputs swap; j (4-6) as follows. Let; = A,, represent
A. System description the assignment of blue robotto one of the locations. Let

Some number of robots with positions, Q) € R?, which X = x;(0) represent th& coordinate of location. We let the
we refer to as blue robots, must defend their zfxey) € variabley; = 1 if and only if the red robot at locatianswaps
R? | y < 0} from an equal number of incoming robots, whichwith the red robot at location+ 1. Then, setid = perm(N),
we refer to as red robots. The positions of the red robotsith a e U, Z=RN, 7 ={ue{-1,0,1}N |ui =1 U, =
are (,y;) € R%. An example with five robots is illustrated —1, anduy # 1 andu; # -1}, ¥ = RN x RN. The functions
in Figure 2. The red robots move toward the blue defensivare defined as followsf(a, z u) = G(F(a, 2), u), in which
zone. The blue robots are assigned each to a red robot da(d, 2) is represented by relations (6) wiki(k) = x(0) = X;
they coordinate to intercept the red robots. In previousworand a; replaced bya; and G(3,u) = B/, with u; = 1 =
such as in [10], it was assumed that the red robots had 6 g = j = g/ = j+1) and (if8 = j+1 = B = |).
“intelligence” and were just coming down straight. In thisNote that we also will use the following notatid®(3, u) =
work, we allow the red robots to move horizontally on thgGi(81, u), ..., Gn(Bn, U)), in which Gi(8;,u) = g/, with u; =
basis of their observations (i.e., the positions of the blug = (if gi = j =g/ = j+1) and (ifg = j+1 = B = )).



We assume for simplicity tha < z,1 andx < z < X4 for 3 Prop~ositi0n 5.2 :A setS CxywithS= SnUis given by
all k. In the sequel, with abuse of notation we will removes = U;S;, in which S; for eachi are intervals of four types:
the bar and denote and x by o and x, respectively. The (a) there ard < j such that §] = [ + 1, N] and [gi]j _

function h(e, 2) is represented by relations (4-5). [j+1,NJ;

Let the entropy of the blue robots be defined Bfy) = (b) there ard < j such that §] = [1,] - 1] and Si]j _
23N lei — il. In absence of any input to the system (i.e. [j+ 1 NJ;
u(k) = 0 for anyk), this entropy converges to zero. We define(c) there ard < j with j > | + 1 such that§], = [| + 1, N]
the control specificatio : U — {T,F} to be P(a) = T if and Bi]; = [1. ] - 1];
E(a) > 2 andP(«) = F otherwise. In words, we want to solve (d) there ard < j such that §] = [1,] - 1] and Si]j _
the following problem: Given measuremerztsietermine a 11, - 1.
dynamic control inputu(k) such thatE(a(k)) > 2 for all Proof. We show that if$ satisfies (a)—(d) the® =
keN. S

. o SNU. To show this, we show that for armye S alsoa € S
Having entropy greater or equal than two implies that WO for anya € § we have that alsa € S
or more swappings of assignments among the blue robots ar&s .« & then we have one of the four cases above. In
s s vertiod at il b, one can show that there wil b35S (31 #1 anday # . >+ 1 thena ¢ S, otherwise
o Ghere must exisk such thatay # k smaller thanl or greater
four red robots that will pass over the blue robots defensiv;

. fhanj. In case (b alsay # | anda; # j and sinceq; # |,
zone. Note that asking the entropy to be always even largf?{erejmust beyk(;t)k. Case (c) is tri\J/iaI Ja&' #j anday ¢J|
implies that in the end there will be more than four red rObOtVQ(/ith i >1+1. In case (d), there must Uje< | such that
that will be able to pass over the defensive zone. We ”eé'f( _|. As a consequence, we have shown that i 3, also
compute the seb = {a | E(e) > 2}.

a €S.
Proposition 5.1: The setS = (o | E(e) > 2} = o .
(@31, with > i + 1 such thaty # i anda; # j}. If « € S, we have thaty # | andej # j for j > | + 1.

Proof: First, we show that if there ailigj with j > i+1 :srgrlrﬁelr?(?rllfsvcir;ﬁtnee c[(l):sfnlr,a,;lr]ltotLgtl i; [16’ |[|_+1]1 ?\Hda;h;
such that; # i anda; # j thenE(a) > 2. Sinceq; # i and ! : ’

a;j # j, we have thaly; —i|+|aj— j| > 2. Then, there are two j €[1,j-1] thenj>1T+1.

cases. The first caseds = j andej = i. The second case is . . u

o # |. In the first case, we have thag—i|+|a;— j| = 2)j—il, Next, we show that the system admits a dynamic output
and sincej > i + 1, we have thatj — i| > 2. In the second feedback and we gpply Thec_)rem 4.1 to c_onstruct _|t. T_he
case, we consider (a) # j anda; = i and (b)ay # | proofs of the foIIov_vm_g proposmons are not included |r_1$th|
anda; # i. In case (a), there i& # i, ] such thatey = j. paper for space I|m|tat|qn§ and they can be fqund in [5].
Thus, loj — j| > 2 andax — j| + lai — i| > 2. Therefore Let us define the extensidn : y x Z — x asF with now

@ € NN, Clearly,Flyxz = F. Also, we definéh: yxZ — Z
ash with o € NN, Also, we have thatly.z = h. Let us
denoteY = {x € y | Z = h(x,2)}. One can easily check that

Now, we show that oE(e) > 2, there are, j with j > i+1 tbi_s set is an i_nterval fqr any pag z. Also, the function
F is an order isomorphism on the sét(more details can

such thate; # i anda; # j. By assumption, we have that . L - >
' @71 B : be found in [6]). The functiors : y x I — y is defined

Zi'il lai —i| > 4. This immediately implies that there airg : . X
such thaie; # i anda; # j. We show thaf > i + 1. Assume asG in which the first argument now belongs 1'. Then

instead thatj = i + 1. In this case, there must bez (i, jj | = ©°F. in which one can check theflyz.r = 1. We
such thatay # k because otherwise we would have= j thus have the extended systém= (v x Z,Y. 7, (f.h).g).
anda; = i and therefor& ™, o — | = 2. Thus, we have two ON€ can verify tha¥' n S is an interval iny for anyy and
possibilitiesk < i or k > j. If k < i, we haveax # k and that if P is an |nte.rval, aIsoF_(I?, 2) is an mterval. Then,
@j # jwith j > k+1. If k> ], we haveay # k anda; # i we have the following proposition that e§tabl|§hgs that the
with k > i + 1. This concludes the proof. extended systenk = (y x Z.7.Y.(1.h).g) satisfies the

In the next section, we show how to use the state esﬁl_ynamlc controllability condition with respect ®if N > 4.

mation and control computation on a partial order for the Proposition 5.3:LetP=YnS. If N> 4 there isu e I

solution of the described control problem. such thatf(R.z u) € S. _
The setS is given by the union of a large number of

B. Dynamic control on a partial order intervals and at each step there may be several choicessof set
In this section, we introduce the partia| Ord/erﬁ) and the contained irS in which it is possible to keep the Syst~em §tate.

setS extension ofS in y. Let (y, <) be the partial order with Thus, at each step we determine a particular sulsetS

x = NN with order established componentwise. For any séf Which we want (and for which it is possible) to keep the

X c NN, we denote X]; the projection along of such set. System state. On the basis of such a set, we then show how

Obviously, if X is an interval inNV, the set K]; will be an o find an order compatible tuple for an intervat y once a

interval inN. Then, we have the following characterizationlattice (Z, <) has been established. The following algorithm,
of the setS. computesX componentwise.

laj — jl + lak — jl + i —i| = 4. In case (b), there afek with
I #{i, j} andk # {i, j} such thatax = j anda; = i. Thus, we
have thate; —i| + |aj — j| + lax — Kl + oy = || > 4.



Algorithm 5.1: Let P ¢ Y n S be an interval, and let 15 Jncontrolled system and estimator behavior

= 'E(R 2). B O EW
Initialize X;j = [1,N], flagi = 0 for all i tor
Fori=1:N WO
. . - . 5t
If min(P{) =i andflagi_;1 = 0= X =[1,i-1]U
[i+1,N]and flag = 1 0 PG s ‘ . ‘
0 5 10 15 20 25 30
Eg:j 2N Controlled system and estimator behavior
| =2 15 : . . ! !
If max(P,_,) =i-1andflag_1 = 0 = X1 = Ew
[1,i—2]Ui,N] and flag = 1 o e
End 5l W(K) B T |
Fori=1:N
If min(P}) > i+1 andflagi,; = 0= X. =[i+1,N] % 5 0 ek 2 2 30
If max(P)) <i-1andflag = 0= X =[1,i-1]
End Fig. 3. Convergence plots of the estimator and of the entfopyhe case

. o v v in which N = 10 anda/(0) = (2,5,6,1, 3,10, 7,8,4,9). The upper plots show
In the next proposition, we show that the 3t X; x... XXy the behaviors when the system is not controlled. The lowetsghow the

is contained in the s&® afjd Ehat theje eXiStNan inpute 7  pehavior of the system when the control input is applied. Tibgzontal
that maps the intervd® ¢ SNY into X. SinceX depends on dotted line corresponds to an entropy value equal to two.

the setP of Algorithm 5.1, we will use the notatioX(P).

Then, we show how to exploX(P) in order to compute an

order compatible tuple foP. LULM, UMT and [L), U/] N [LK, UK = 0. Assume that the
Proposition 5.4: Let X(P) be computed by Algonthm 51 sets [_ UJ] for any j satisfy the following conditions

for Pc YnS and letP’ = F(P,2). ThenX(P) ¢ S and PP

uer| &P, u)cX(P) } is not empty. (i) if uj=1thenje[L,U]= L =U; =] for some

pj+le[Lli,U]= L= Up—1+1forsomep

Thus,{ue I | f(P,z u) € X(P)} is nonempty for any interval i f’u _ 1 thén LU — Lp B Up _ i for sé)me

Pc YnSanditis contained inthe st € 7 | f(P,zu) c S}. (i) 1 uy 1_ L U_Je[ I’Lp]—Up—' 1 J

The next proposition shows that systél‘:mdmns an order P - ; € [J Uil = 1 _J i =) _J or_somep.

compatible input extension 0|T,(<) where7 = {-1,0,1}N.  Then, G([L", U], u) — [GSL . u), GJ(U ,u)]] 1S a? order
Proposition 5.5: Let P ¢ ¥ n S be an interval, le® = isomorphism for any.” < U~ with L = (L;', ..., L") and

F(P.2), and letX(P) as computed by Algorithm 5.1. Then, U? = (UL .., U for ji € {1,... Mi}.

(ue I | G(p/ u) C x(p) In{lierl| fr ([L*,U*],u)y ¢ The proof of this proposition is apparent once one notices

[L’,U’]} with 7 =1{-1,0,1}N, in which thatu; = 1 leads to a swapping of with j + 1 in each
() L =U; =iforallisuch thatX; = [Li-1]Ufi+1N] coordinate set lfj,U;]. The next proposition shows that
or X = [L,N], L = Ur =i—1if X = [1,i- 1], and systems is output interval compatible with respect &
L=U=i+1 |f X. = [| +1LNJ; Proposition 5.7: Let Y = [Ly,Uy] and [L,U] < y.

i) f(L,ulu) = (f7([L5, U351, Ug)s oo FL(TLE UR), Uiy AssumeG([L,U],u) ¢ X c § and let L, U] = [Lg, U] x
with uy = u; if % = [1, |—1]u[i+1, NJorif X = [L,N], - X [Ln,Un] with [Li, U] = [LL U U U LY, UM and

U = Uiz if X = [1,i-1], anduy, = uiyq if X = [i+1, NJ; the sets [),ul] as in Proposition 5.6. Then, we have that

(i) f"(x1, %) = x4 + %o for x; € [1,N] and x; € {~1,0, 1}; Gi([Li, Uil.u) N [Ly;, Uyl € X for all i.

(iv) [L U/l =I[1,i-1]if P/ =[i,N] and X =[1,i-1]u[i+ _ By virtue of Proposition 5.4 and of Proposition 5.5, system
1,N], orif X =[1,i— 1] [L, U] =[i+1,N]if P/ =[1,i] X admits an order compatible input extension with respect
and X, = [1,i-1]JUli+1, N], or if X; = [i +1,N]; toSon(Z,x). Finally, by virtue of Proposition 5.7 system
[L,U/] = [1,N]if X =[1,N]. X is also output interval compatible with respectSoThus,

Clearly, f' is an order isomorphism in the second argumergll the properties required for the application of Theorem
for any x € [L*,U’] and order preserving in the f|rst 4.1 are satisfied. The next section shows simulation results

argument. This along withu € 7 | f(P zu) € X(P)} obtained by constructing the lower-upper bound estimaitor o
uer| f(P.z u) c S} with P ¢ Y n S implies that system Theorem 4.1, which is used to compute an allowed input to
% admits an order compatible input extension. the system.

For mapping any intervall] U] c y through the function
G with an inputu € 7 by computingG on the minimal num-
ber of elements inl, U], we break the setl], U] in intervals We consider the system starting with a random (unknown)
on whichG is an order isomorphism for that particular input.assignmenix(0) € S such thatY(0) c S, that is, the initial
This can always been done. The next proposition providesntropy of the assignment is larger or equal than two. Given
the intervals on whicl is an order isomorphism. P C x, which at the first step is equal ¥(0) and in general it

Proposition 5.6: For anyu € 7 and any [,U] € x, let is equal to [(k), U(K)], we compute by means of Algorithm
[L,U] = [L1,Uq] X ... x [Ln, Un] with [Li,Ui] = [LL U] U 5.1 the setX(P) in which we want to map the state at the

C. Smulation results
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Fig. 4. Convergence plots of the estimator and of the entfopyhe case
in which N = 15 anda(0) = (4,8,9,2,13 15,6,5,12,10,1,14,3,7,11). The
upper plots show the behaviors when the system is not ctedralhe lower
plots show the behavior of the system when the control inpudpplied.
The horizontal dotted line corresponds to an entropy vatpealeto two.

between the robots.

VI. ConcLusioNs AND FuTurRe WORK

In this work, we have shown how to exploit a partial
order structure on the set of inputs and discrete states in
order to design a dynamic controller that keeps the system
state in a desired set. The proposed algorithm updates two
variables at each step: the lower and upper bound of the set of
all possible discrete variables compatible with the messur
output sequence. These bounds are then used to compute
a lower and an upper bound of a set of inputs that keep
the system in the desired set at the next step. We showed
how to apply the proposed algorithm to a multi-robot system
involving two teams competing against each other in order
to design a dynamic winning controller for one of the teams.

The computation requirement for implementing the algo-
rithm depends on the partial order chosen. Conditions under
which the assumptions needed for the proposed controller
construction are verified need to be investigated. We cenjec
ture that, as in the case of state estimation (see [6]), also f
the dynamic control problem if the system is controllable
by dynamic output feedback it is always possible to find

next step. OnceX(P) is computed, we use Proposition 5.5guitable partial orders and system extensions for which the
to compute an order compatible tuple. Then, we use Lemmgsumptions are verified. The proposed method does not
4.1 to computeu, (k) and uy(k), that is, the lower and the rely on enumeration and exhaustive search, and therefore
upper bounds of the set of possible inputs. Among thesgis in principle applicable to state estimation and cohtro
inputs, we choose the one that has the largest number &f continuous states. This will be investigated in future
zero components (smallest control action). We thus appiyork. Finally, we would like to apply this approach to more

this input to the system. Then, we updatgk), U(K)] by

complex multi-agent game scenarios in which the agents can

exploiting Propositions 5.6 and 5.7 for using the updateslawmove in a plane as opposed to a line with more complex

of Theorem 4.1.

dynamics.

In Figure 3 and in Figure 4, we report convergence plots of
the estimator and of the entropy forfldirent number&N of
robots. In particular, the convergence plot of the estimato[l]
is given byW(k) = 1/N Zi’\il|m(k)|, in which my(k) is the
coordinate set Lj(k), Ui(k)] minus all the singletons that
occur at other coordinates. The behavior of the entropy
E(k) = 1/22{11 lai(K) — i is also depicted. Note that the [2
controlled system has always(k) > 2. Also, note that the
estimator with no input applied to the system not alwaysl3]
converges before the stai€k) has reachedt(k) = 2. Thus,

a strategy that runs the estimator first, and only when ity
has converged the controller is applied to the system does

not guarantee the specification. Even when the control inpdtr’] a

is applied to the system, the estimate sets converge to the
current valuex(K). In this work however, no statement has [6]
been made about the convergence properties of the estimatm
when a control input is applied to the system as we were only
interested in satisfying the specifications.

The computation requirement for the implementation of[g]
the dynamic controller is proportional #d, that is, to the
number of variables that need to be controlled. If we had not9
used any structure, we would have incurred in a number o ]
computations at each step at least of the order\dj?( as
the size of the output set and of the &fare both of the
order of N!. Note also that this simplification is not due to;q,
the fact that the dynamics decouples as it is heavily coupled
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A. Appendix

A partial order is a sey with a partial order relation<”, and
we denote it by the painf <). For anyx, w € y, the supx, w} is the
smallest element that is larger than batndw. In a similar way,
the inf{x,w} is the largest element that is smaller than betand
w. We define thgoin “v” and themeet “A” of two elementsx and
win y as (1)xvw=supgx,w} andx A w = inf{x,w}; (2) if SC y,
VS=supSand AS =inf S. If xAwe y andxv w e y for
any x,w € y, then {, <) is alattice. Let (y, <) be a lattice and let
S C y be a non-empty subset pf Then, §, <) is asublattice of y if
a,b e Simplies thatavb € S andarb € S. Any interval sublattice
of (v,<)isgivenby L,U] ={we y |L<w< U} forL,U € y. That
is, this special sublattice can be represented by only tements.
Let (P, <) and @, <) be partially ordered sets. A mdp: P — Q'is
(i) anorder preserving map if x<w = f(x) < f(w); (i) an order
embedding if x <w < f(x) < f(w); (iii) an order isomorphism
if it is order embedding and it map@3 onto Q. For more details,
the reader is referred to [4].



