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Abstract— This paper addresses the safety control problem unsafe set [9]-[11]. However, the obtained algorithms only
for a class of block triangular order preserving hybrid au-  provide semi-decision procedures as they are not guadntee
tomata. In particular, the partial order structure of the sy stem is to terminate.

exploited to obtain two main contributions. First, conditions are In thi lution to th fet
provided for the termination of the proposed algorithm. Seond, n this paper, we propose a solution to the salety con-

the control algorithm has linear complexity in the number of  trol problem, which exploits the triangular order presegvi
variables. structure of the system dynamics to address complexity and

| INTRODUCTION termination issues. In particular, our solution also li®

o ) the approximated computation of the set of states that lead
The problem addressed in this paper is the control of thg 4 pad state independently of the input, here called “the

parallel compqsition ofla class of hybrid automata (tridagu_ escape set’. In contrast to previous work, however, our
order preserving hybrid automata) under safety specificajgorithm is guaranteed to terminate while being provably
tions. Motivating applications both for the model and forcorrect. Furthermore its complexity is linear in the number
the problem considered include multi-agent hybrid systemst continuous and discrete variables as opposed to being
such as intelligent transportation systems and railwayrobn  exponential as it occurs with algorithms that consider gaine
systems. In these systems, each agent (a vehicle) can dgsses of hybrid systems [4]. An explicit expression of
modeled as a hybrid automaton, in which the continuous staie resulting feedback controller is provided. Two simple
dynamics has triangular structure and models the physicghpication examples involving conflict avoidance at afia
motion of the agent. The discrete state can model a contrighersection and at a railway merging are proposed. These
mode in which the agent can be (turning, acceleratingyamples serve two main purposes. On the one hand, they
run-out, etc.) or it can model input and state constraintystrate that practically relevant situations may beateel
The entire system is given as the parallel composition Qfjth this approach. On the other hand, they show that the
the component systems modeling the agents. In particul@pntrol law is not conservative, even if it has been computed
one problem for which automated solutions are sought {n the basis of an over-approximation of the escape set.
[1], [2]) is the coII|S|on_ predlct|0n_ and avoidance atftia This paper is organized as follows. In Section I, we
intersections and at railway mergings. o introduce basic notions. In section I, we introduce thechl

The control problem under safety specifications can bgiangular order preserving hybrid automaton model. Fisr th
addressed by computing the set of states that lead to gss of systems, we compute in Section IV the escape set

unsafe configuration independently of an input choice écall approximation and the resulting control algorithm. Fipall
the backward reachable set [3], [4] or the uncontrollabé prye show two application examples in Section V.

decessor [5] of an unsafe set). Then, a feedback is computed
that guarantees that the state never enters such a set][6], [1l. TRANSITION SYSTEMS, PARTIAL ORDERS, AND
As it appears from these previous works, there are two main ESCAPE SETS

difficulties in solving this problem: Complexity and lack of p partial order [12] is a seP with a partial order relation
termination guarantees. There is a large body of IiteraturQ_u' and we denote it by the paiP(<). For all x,w € P,
about safety control design and the list here provided ig,e supx, w}, denotedx v w, is the smallest element that
not exhaustive. The reachability and backward reachgbilitg larger than bothx andw. The infix,w}, denotedx A w,

problem is undecidable even for simple subclasses of hybrid e largest element that is smaller than betand w. If
automata [8]. For classes of hybrid automata for whiclky P, VS:=supSandAS:=inf S. If xawe X

the continuous dynamics reachable set can be computeghqx v we X for all x w e X. then X, <) is alattice. Any
computational constraints usually limit the system to four jyterval sublattice of @, <) is given by L, U] = (we P | L <
five continuous variables and to two or three discrete statq§ < y) for L,U e P. That is, this special sublattice can

Furthermore, the proposed algorithms are not guarantegd represented by only two elements. LBt<) and @, <)
to terminate [3], [6]. To reduce the computational loadpe partially ordered sets. A map: P — Q is (i) an order
approximate algorithms have been proposed to compute BReserving magforder reversing mapif x <w = f(X) <
over-approximation of the backward reachable set of thg(w) (x<w = f(x) > f(w)); (ii) an order isomorphism

This work was in part supported by the Crosby Award at Unitgrsf if x S W ‘:’ f(x) < f(W) and it mapsP onto Q (iii) order
Michigan and by the NSF CAREER award number CNS-0642719. continuousif f(\/S) = \ f(S) and f(A'S) = A f(S) for



S € P. An order isomorphism is always order continuous. An which F(a) := B v pre(r)(a) forac S.

particular partial order that we will consider in the sequelThis theorem can be proved similarly to Theorem 10-7 in
is the power set of a s&, that is, the set of all subsets of [13]. One can also verify that

S, denoted 9, ordered according to inclusion relation. This

partial order will be denoted by $2<). In this partial order, e . k-1 , o
the supremum operators (@and\/) are given by set union  E = U E", with E® = pre(%)(U E'), andE" =B. (4)
U and the infimum operatorsi(and A) are given by set k=0 i=0

intersectionn. For a mapf : P —» P with (P, <) a partial

, ) There are two major dliculties in the computation of the
order, we callfix-pointan elemenk € P such thatf(x) = x.

X . . setE for infinite state systems: (a) the representatiorEbf
;I_'he Ie_zatsf[ f'g'pOI?tdOE IS ?enoted by 1fp{) and the greatest (if computable) may grow in complexity even exponentially
'X;f/()"? IS deno eh y gfH). for th | deli with k; (b) iteration (4) even if converging by virtue of
€ Introduce the escape set for the general modeling,qq e, 1, might not converge in a finite number of steps.
formalism of transition systems (see [5], for example) &s thIf the setsEX are not computable, the problem is said to be

notion Of. escape set Is indepe_ndent on whether th_e_ SYSt¢decidable. If instead the seE can be algorithmically
has continuous or discrete variables. We denadt&sition computed, but the above iteration is not guaranteed to

§y;tgrrby the tuplex - (S.1.7), .in which S is a (pOSSiply terminate, the problem is said to be semi-decidable.
infinite) set of states] is a set of inputs, and: Sx7 — Sis In this paper, we provide a solution to Problem 1 for a

a transition map. We denote a statesy S and an input by class of block triangular hybrid automata, which also uses a

u€ 7, An execution oft is an infinite sequencesjya such over-approximatiotk in place of the escape sét In contrast

that % = T(g(’ uk) for u < 7. An infinite input sequence s to previous work, our algorithm iguaranteed to terminate
denoted by{u}ya. Let B C S be a set of bad states and let P ' 9 9

us assume that once a state isgirit cannot recover fronB, while being provably correct. The computational complexit

thatis,se B= (s U) = s, Yue I. For alln> 0 we define of the_proposed dec!smn procedurellra_ear in the number
n p . 0 Oy 0 of variables The main structural conditions on the system
(s, {U}k<n) by the following relations”(s,u”) ;= sY u” €

are: (1) it is the parallel composition of hybrid automata
L Tn(.s’.{l.Jk}kS”) 1= 7(" (S (Ufien-a). U). with (ugper triangEIar structurep and with O}r/der preserving
Definition 1: We call escape sethe set of states for

; . . . O{ynamics; (2) the continuous input and the mode of each
which all possible input sequences will lead to a bad S€omposing system enters only the last one of the continuous
B € S in finite time. It is characterized b = (s € P g sy y

S|V (Uhear 3 N such that™N (s, {UKlen) € BY. state variable updates; (3) the discrete mode update map has

Problem 1. The safety control problem for systeb = no memory of the previous mode.
(S, 7, 7) with bad setB, is the one of designing a feedback

law u = g(s) such that for all executions )y Starting with 1. HYBRID AUTOMATON MODEL

S ¢ E, we have thas® ¢ E for all k. o . _ .

Let us denote the set valued map :~S — 25 by We start by defining the discrete time hybrid automaton
9 = 7(s 1) = Uysr(su) and by 7(s) = t"(s 7) = Inaway analogous to the continuous time counterpart [3].

(t" (s I),7) with 7°(s) := s for all s € S. Since once  Definition 2: A discrete time hybrid automatas a tuple

a state is inB it cannot recover fronB, it is the case that H = (Q. X 7.+, f, DomR), in which Q = {qy, ..., am} is a set
se E if and only if there is a finiteN such that™(s) c B (if ~ Of discrete states (or mode%);= RP is the set of continuous
suchN did not exist, we would have had one infinite inputstates;Z = Ip x I¢, is the set of discrete and continuous
sequencéuxay such thatr"(s, {UN)k<n) ¢ B for all n, which  inputs, respectively;: Q — 27 is a function that attached to
means by Definition 1 thas cannot be inE). We can thus €ach discrete state the set of enabled inputsQxXx7¢ —

re-define the seE as X is the continuous state update functi@gm: Q — 2Xisa
" map that for each mode establishes the domalkiimwhich
E={seS|3N < such that(s) c B}, (1) such mode holdsR: Qx X x Ip — Q is the discrete state

update map, which for any current discrete state, contisuou
state, and input determines the new discrete state.
pre(7")(B) := {s€ S| 7"(s) C B} (2) We denote byg € Q the mode, byx € X the continuous
state, byu € 7¢ the continuous inputs, and by € 7p the
iscrete input. We assume tHRis static, that is, it does not
ontain memory of previous discrete states. Thus, we have
hat g = R(x,0). We make an explicit distinction between
two types of modes: the modegsuch thatDom(g) = RP
and the modes| such thatDom(qg) # RP. In particular, we
assume that a transition to a mode witlom(g) = RP can
happenonly by a suitable choice of discrete inpatte 7p,
E- \/ pre(@™)(B) = Iip(F), (3) While a transition to a mode witbom(q) # RP can happen
>0 only autonomously and thus cannot be controlled. This is

and we introduce the notation

to denote the set of statesthat reach the bad sé in at
mostn steps. The following theorem provides a mathematica(j
characterization of the escape set and a tool to compute i{
Theorem 1: The mappre(t) that attaches to the bad set
B C S the setpre(r)(B) C S as defined in equation (2) with
n = 1 is order preserving with respect to partial ordet, ().
Furthermore, the sef of equation (1) is characterized by



formalized by the following structure d®: all its arguments. Additionallyf; is one-one and onto ix,
] that is, fixedxi.1, .., Xn, 0, u, for any x there is one and only
Rlo) if o #0 (5) onex such thatfi(x;....x) = X if i <nor fi(x.q.u) = X
Rx) ifo=0, if i =n. We denote the first one bf (X, X1, ..., Xo) and

. . , o .. the second one by (X, q, u).
in which we defineR(x) := qif x e Dom(q). One can verify . ol o .
that this update isleterministicif Dom(q;) N Dom(qp) = (iv) The mapsf; are non-decreasingi(x;. ... xa) = x;, for

0 wheneverDom(q;) # RP and Dom(q) # RP. Also, we '<n a’?d fn(xn, 0 Uu (Q)) > Xn for all q.
assume that for any mode wiorm(q) = RP, there exists a A partial order preserving update map corresponds to a

discrete input- € 7p such thatg = R(o”). The non-blocking mon_otone cqntlnuous time dynamical system [14]. Th_e ex
. . tensive studies on monotone systems have been in part
condition can be guaranteed ify | pomg)<re DOM(Q) = RP. In

the sequel, we use the notatiqQu= {q ¢ Q | Dom(q) # RP}. motivated by the fact that they can model competitive and

Hybrid automatorH corresponds to the transition SyS,[emcooperatlve systems. The continuous input is allowed to

Sh = (S.7.7), in which S = X, T = Ip x Tc. An input gnter.only the update map fog, as it occurs in feedback
TeTis é\ |;air'u_= (U, o), in whiéhu ¢ Ic ando € Ip. The Imegnzed systems. The pgrallel cpmposmon of a number
transition map is g}ver'w by (x,0) = f(R(X ), % U) with of tnangular order preserving hybrid gutomata genera_tes a
q = Rxo) andu e «(q). Thu;, given a s;et c,)f ’bad S‘,[(,jltesblock-trlangular o_rder preserving hybrid automaton. '_I'|_b|s
B C X, the safety control problem (Problem 1) is the on made more precise by defining the parallel composition of

o . Fﬁybrid automata in a way similar to [15].
of establishing a pair of feedback maps= gc(x,q) and o i
o = gpo(X) such that the state along any executiofxX}cy Definition 4. Let Hy = (Qu, X, I3, 41, f1, Domy, Ri) and
. . . . . Hy = (Q2, X2, 12,12, f2, Domp, Ry) be two hybrid automata.
of X is outside the escape sEtin equation (4) ifx° ¢ E. D o
From expression (4), it appears that we need to compute t f par;ll;l cc;mDposng)n,_ der;]gtﬁﬂi =_H1”H2’ |s>?|\ie>r<1 by
set pre(7)(P) for a setP C X to obtain the escape set. We _I(?’I’ } ’ .t?]"}_ )’_';W '(} Q= (?}X_sz _le_
thus explicitly write the form ofore(7)(P) for the transition ~2~ = Zc*4pWith lc=ZFci1xfcz andlp = Sp1xLp2
system=y. For a setP C X the setpre(r)(P) defined in (2) Q — Ic Is given b?” = (W) f 2 QxXxTc — X
with n = 1 takes the formpre(@)(P) = {(xe RP | f(q, x, u) e > 9VeN byf = (f1, f2), Dom(g) = Domy(qy) x Dome(q);
P with g = RXo),Y o € Ip, ¥ u € (g}, which is <9 = (Ria, 1), Ro(xs, 072)). . .
equivalent to Deflnltlo_n 5: A block trlangular_ prder preserving hybrid
automatonis the parallel composition dfl triangular order
pre(7)(P) = U({xl f(g,x,u) e P, Y ue«q) preserving hybrid automatd,, ..., Hy.
Q ©) Let x; = (Xl,i,u-r,lxn,i) € R g € Q rl]Ji Z uq), oi € )
Ip; represent the continuous state, the discrete state, the
nbom(g) N ﬂ XIt@xuer Vueda) continuous input, and the discrete input of the triangular
hybrid automatorH;, respectively. Then, in each mode=
A guaranteed over-approximation of this set canfieiently (g, ..., qy) of the hybrid automatorH = Hs||...|Hy, the

computed if the functiorf is triangular and order preserving continuous state update map has the following form
as we show in the next section.

R(x, o) = {

q| Dom(g)=RP

“

Xj,i fj,i(xj,i, ey Xn,i), j <nie {1,...,N}

X|,'1’| = fn,i(Xn,i, ql’ U|), I € {1’ cosy N}’ (7)
Definition 3: A triangular order preserving hybrid au- .

tomatonis a hybrid automatokl = (Q, X, 7, 1, f, Dom R), in in which primed variables denote updated variables.
R ' For this system, we model the safety requirement by

A. Block triangular order preserving hybrid automata

which .
() The update mapf(q,x u) for every modeq and requesting that the statenever enter the bad set
)f((; )Exai..;xn()fle(x]ign hi\s) thef_f((:(lilowgr:% trla?%l:lar lsj;;ucitr:Jre % = (XL eoer XLy weer XN ooos Xn,l\.l) | (X1.1, ..., X1n) € B},
which £ 6D B for e (1 o), o BoxTe o B = [LnUdxex[ly U wihLUieR (@®)
R with 7¢ = R, andDom(g) € R". This choice of the bad set to involve only the variables

(i) We consider the component-wise partial ordering orfx, 1, ..., Xan) iS motivated by the applications that we are
R", and the usual order oR. We assume that the set oftargeting (see Section V).
discrete states witbom(g) = R" is a lattice with minimum

a and with maximumg, that is,{q € Q | Dom(g) = R"} = IV. CONTROL DESIGN

[a,B]. For all g € Q, we assume tha{q) is an interval in In this section, we construct the control map by
R, that is,«(d) = [uL(0), uu(a)]. Also, the functionsu_(-) and computing an approximatiorE of the escape set.
uy(-) are order preserving faq with Dom(q) = R". We show thatE < E by showing that if the state is

(iii) We assume thaff is order preserving in all its argu- in E then a control input exists that maps the state
ments, that is if §&,...,X3) < (30, ..., x8) then fi(>?,...,x3) < outside E. Let B be as given in equations (8). Denote
fi(le,..., Xg) fori < n, and fn(Xﬁ, g, U) < fn(XE, g, u). A|SO, Fi(Xzyi,..., xn,i,qi,ui) = (fzyi(Xgi,...,Xnyi),..., fn,i(xni,qi,ui))
fo : Qligeo| om@=rn) X R x Ic — R is order preserving in and FX(x,q,u) = F(F*(x, g, u), g, u), with



Xi = (X2 s Xni)- Then we have thatE = Assumption 4: Let

(X010 oo Xds coos XUNs s Xan) | XLz Xan) € EF(X)) o)k —
in which E*(x) is given by the following algorithm. Zii-1 = FP(RGGBis uu(B), @i, ui(ai)
Zai2 = FIE2(FECGBi o (8)), i U (@)
Algorithm 1. B B _
E'( = UKIvUN, [0 =L, U° =u LkK-= -
(W, L), 0¥ = (O, .. UK) with Zc1 = F6BLuw(B))
I:'1(Xi) = 1,il(Li’>?i)
Ulx) = f(UP %), z = Fi(%.6,uw())
while for k > 1, we have n = X,
_ ktlo-1,5 :
UR) = L) v L) © Mo = ()
L6 = A\ BHETFRE gu@)).x)  10) e
GeQi
L) = (U FR(R s u(e)), X) (11) W = X,
UK(G) = UI(%) A USPG 12
k'a(ﬁ) : (Xi)l/\_k_'l (X')_ _ (12) then we assume that for aly € R the sequence
Us(x) = vfl,i U (R0, o uu (@), %) (13)  ygkia(y, 2,1, 1, 0. Z0) — @2(Y, Wieet,—1, ... Wo) o1 IS Strictly
GeQ decreasing for alli,l; > 0. Let now re-define the; and
Uik’b(%) = fljil(Jik*l(Fi(%,ﬂi,uu(ﬁi))),%) (14) the w; by replacings by g* and by . Then, we as-

sume that the sequent@eeg Aged, ¢ (¥ i, 1, - 20) -

with (removing the dependence onfor shortness of nota-
( 9 P on Aeged 5 oKLy Wiy, -1, ..., Wo) Jio1 IS a@lso strictly decreasing

tion)
for all 11,1, > 0.
I:!‘ = |nf(L,, i -1 (15) The meaning of Assumption 3 and 4 is basically that the
— SUPU.k, L:‘ 1), if 3 j such thau¥ > L¥-1 difference between the maximum and minimum control
u' = Uk i Uk < 1y i (16)  actions applicable is enough to shrink (through backward
i 1= ) iteration) an initial set in the state space. Since Algonith

with k* the smallesk such that terminates WherUk Lk 1 for all i and there is g such

UK < 01y and3 j such thaU}(*l - D]_(Jrl' thatU"’f1 Ll<+1 we will show that Assumpl)(tlone,(ll 2,and 3
-~ guarantee that for allthere is & such thatU{ < L. Then,

For a fixedx, the setE*(x) is the union ofk* rectangles Assumption 4 will be used to show that Why;‘f < Lk 1 for

in RN. The expressions (9) and (12) of the extremes of sucdll i, there is a step at which U']+1 L'J’f1 for somej.

rectangles depend on the values of the variablgs (., Xn;). Proposition 1: Under Assumptions 1, 2, 3, and assuming

For computation, one canffine symbolically compute the Uk(x|) = UK(X) for all k, then there isk such thatUX(x) <

iterative expressions (9) and (12) and evaluate them Onb—)‘(x.) for all X, and alli.

when the value of Xy;, ..., X.j) becomes available on-line. Proof: If both controlled and autonomous switches are

The setE is obtained by computing at each iteration-(1)N present, we have thaL'[(x.) Uk(x.)] C [[ka(xo Uka(x,)] in

computations for computing;; for j > 1 and fori € [2,N].  which L** andU*® are computed by Algorithm 1 assuming

This procedure has thus linear complexity with the numbepat onIy autonomous switches are presggt|(Dom(q) =

of continuous variables. To prove termination, we makgn, - ¢), that is, Le kb .~ _co and UkID = oo for all k.

the following assumptions, which can be statically checkecﬂ1IS is true because the setlsk [Uk] are computed by
First, define the following notation foy € R andz; € R** intersecting [, U?] with [LK®, Ukb] for all k. If only

for jeN controlled switches are presen® (= 0), then we have
6.2) = K. 2) that [ (). U] U[kIEK;(Z)LtJ(“;(Z)] Hence, o show that
K 1, kel there is & such thatU¥(x)) < LX(x), it is enough to show that
9021, 20) = T(er 0 2, 7). 20)- (17) Ukl < yk— LK when either only autonomous switches
Assumption 1: Let Vi,V»,Va,Ya € R" with y; — are present (settmg = —co and UF® := oo for all k in
Y2 < y3 —Ya. Then, we have thatf;'(y, X5, ... X};) — AIgonthm 1) or when onIy controlled switches are present
(2,58, ..., xn ) < 7y % 2|’" )= f(ya, le,...,xﬁ-), (settingL® := —co and UK := oo for all k in Algorithm 1).
for all (35, ..., X&), (le,. L XB) e RM We consider here the case in whicff := —co andU!® := o
Assumption 2: Let y,y, € R" with y» > vyi, and for all kin Algorithm 1, as the other case can be treated in
let (xél,. X0 > 0G0 X5). Then 71 (y2, X5y, ... X5) —  a similar way.
FrA Y X5 s XB) < Y2 = Vi If Lk(x) = LK(X) (see equation (15)), we immediately

Assumption 3: For all i, Ageq fui(xni.Gi.uu(a)) >  have thatUk+1(x) Li+(x) < UK(X) - LK(%) because
Vgea fri(Xnis Gi, uL(a))- the sequence{Ui"}bO is strictly decreasing. This can be



shown by showing thal/ g, flfil(Ui"(Fi(Z, g, uu (), %) < (1) We show that there is k& < co such thatUik_s L:“l
UK(%). By the non-decreasing property df;, we obtain for some arbitraryi. Assume thatJ¥ > L¥-%, thenUf = UF.
that fn;(ni, 0, Uu(q)) > xn; for all g. As a consequence, By Proposition 1, we have that there must bk such that
one can infer thatUX(Fi(%,q,uy(q)) < UK(X) for all U < L because this must be the case at least forkhat
g (this derives from the fact that the functions() such thatU} < L¥. If U < LY, sincel < Li* by virtue
are order reversing function of their arguments). By thef equation (9), we also have thaf < Li"l. Thus, we have
fact that fii(Xsi, ..., Xai) > x1i and thatfy; is an order shown that for alli there is ak; such thatU" < I:F’l. Next,
isomorphism in the first argument, we have the followwe show that if it is the case thh’%'“ < L, then it is also
ing set of inequalities/qeq, f (UF(Fi(X, i, uu(@)). X) < the case thatk < L for all k > k.. This follows directly
Vgeq UMFi(X, g, uu(a)) < UK(X), which give the desired from the order isomorphism property df; and from the
result. fact that (by equations (16) we hau = L%, Since this

If Li*1(x) = L'(X) (see equation (15)), it is enoughis true for alli, we can say that there iska= max(k) such
to show thatUX1(x) — LK*1(X) < UK(X) — LE(x) because that for allk > k we have that¥ < L for all i.

UK(X) — LK(%) < UK(X) — LE(%) by the fact thatl(x) < (2) Let thenk be the smallesk for which UK < LK1

LX(x) (see equation (15)). We thus need to show that for all i. Setk = k+ j, then we havelk(X) =
KB (T U (@ N), )— G (LY, BT, e, U (), - F (G, @, UL (), X)),
\A (VR O6, g, o (@), ) in which 1, > 0. We have that; can be larger than zero by
4eQ Lo _ virtue of equations (15). Similarly, we have that
N\ FHCKFR g un(@)). %) < . ST
4<Q gy YO0 = ¢ FETARIGK i o (B)). an. v (an)).
\/ MO RIS, 6w (@), %) - s F (G Bis U (8)), X)),
4@ el = _ by virtue of the first of (16), in whicH < I;. If instead,
A fr (L (F(6, 0, un(a)), %) the first of (16) was never verified fde < k, we could use
GeQ; again Proposition 1 for showing that after soke k we
Since f! is an order isomorphism in its first argument,have thatU"éx,-) fk,+|-,k(xi)_- By .virtue of As;umption 4, the
then we also have thaf (S, %) = V f;S,X) and sequencéU; " — L}, is strictly decreasing. Thus, for all

f74A S, %) = A f7(S, %) for all S C R. As a consequence, i there is a finitek’ such thatU}’ < L. Letk’ = min(K).
we can use Assumption 1 to infer that relation (18) holds if _ u
_ _ We next show thakE 2 E by showing that for allx ¢ E,

K(E(T _ TK(E (% _ $
\/ Ur(Fi(%. g uu (@) - /\ Li(Fi(xi. 0 UL (@) < there is always an input such thaits mapped outsid&. We

4<Q B 4<Q 3 show this in two parts. First, we demonstrate that whenever
\/ USYFi(X, ai, uu (@) - /\ LEY(Fi(%, G, UL (a)))- x ¢ E (and thus X1 1, ..., Xin) € E*(X) € RN) there is a two-
GeQ GeQ dimensional projection oE*(x) € RN and of (i1, ..., X1n)

(19) along coordinate axis,(j) in RN, such that Xy, X1 ), is not
. . K o, — T, — -, — =, —
Then, we have that relation (19) is holding if (proceedingontained MU0l LX), UFORIX[L(X5), UK(X))]. Secondly,

iteratively) we consider the two-dimensional projection Bf(x) and
of (X11,...,X1n) t0 compute an input that maps the two-
fHUP, /\ FE(X, g, uu (@) - dimensional projection of X1, ..., x;n) outside the two-
GeQ; (20) dimensional projection oE*(X). B
fiil(LiC)’ \/ Fk(ii, ai, u(a)) < UiO— L?. Proposition 2: If (x11,...xan) ¢ E*(X), then there
Ged is a pair of coordinatesi,j) such that X, xyj) ¢

v A LK) UIK(x

By virtue of Assumption 3 and by virtue of the fact[Li (). U; §X|)] X[Lj()_(l)’UJ(XJ)] for all k. — —
that F¥ is continuous and a composition of order pre- Prog:. We omit here the degf,ﬂndenc_e Bf, of LY
serving functions, we obtain that.g, Fik(%, g, uu(a) > and of U on x. If (_xlyl,..., xin) € E*, then it means that
Vqea FROG, o, uL(g)). As a consequence, relation (20) holdélf}vl’“"x_lvN) IS not in any 0_fk th_?( compongknt LEctangIes of
by virtue of Assumption 2. E*, that is, Q(]_,l,...,leN? ¢ [L1, U7l X X [LN> U] _fOl' all

Theorem 2: (Termination) Under Assumptions 1, 2, 3 k. Thus, for allk there is at least ong such that either (a)
and 4, Algorithm 1 terminates, that ik’ is finite. xuj, < Lj or (b) xuj, > Uj. Letk be the smallest mt_elz(ger

Proof: We omit the dependencies omy(, ..., x,;) to  |€SS or equal t&’ such that there is & with x> Uj.

simplify notation. The proof is composed of two main stepsH it doe_sk* not exist, it means that there ig such that
(1) we show that there isla< oo such thatuk < L1, Uk < X < Li. . Therefore, independently of the componént
L2 for all k > k and for alli (thus the update rule becomesWe Will have that . x;,.) ¢ [Lf, Uf] x [L . Ui ] for all
the second one of (16)); (2) we show thauf < LK1 for K becauself < L¢ for all k < k* by construction. If it
all i and allk > k, then there is a finit&* > k such that exists, it means thak; > Uikk and that there is ay_;

Uk < I:k for somei. such thatxy; , < L:‘kjll. As a consequence, we have that



X1, > Uk Ul<+1 > .. > U" and thereforexy;, ¢ [L U ] (R(xj, ), u;) as in equation (21) and seR(x, o), U;)

for all j e (ko k). Also we have thaky, , < Ifﬁ arbitrarily (if R(x, o) = Ri(x), then set; € 4(q;)).
L"kf . < LO and thereforexy;, , ¢ [lei UJ ] for aII Theorem 3: (Correctness) There exists a continuous con-
j €10,.. k- 1} Thus, one can conclude that the pair ofrol law u = gc(x,g) and a switching lawo = gp(X)

coord|nates>(1.k,x1.k ) ¢ [LJ U‘]><[L UJ Jforall j. m with g = R(xo) such that if x ¢ E with E =
Proposmon 3: Let Lk(x.) andUk(x.) be &8 in Algorithm  {(X1.1, - Xn1, -+ XUNs - XnN) | (X115 -, Xin) _€ E¥(X)} and

1. 1f xqi < LE(X), (%1 > UK(X)) then there exists a contin- E*(x) as computed by Algorithm 1, thed: ¢ E. In particular,

uou$d|screte control law ((-.,u.) such thatx;; < Lk 1(X|) Algorithm 2 provides one such control law.

(xy; > Uk 1(X)). In particular, such control Iaws are asThe proof of this theorem is a direct consequence of Propo-

follows: sition 2 and of Proposition 3.

if x1; < LK(X), then V. EXAMPLES

R(oi) = ai, U = uL(e) if LX) < L:(’b(fi)( ) Example 1: Vehicles at a trdfic intersection Let us
R(%) =q, u =u(q) if L:"a(ii) > L:“b(fi) consider two vehicles converging to a fira intersection
(represented in Figure 1). The vehicle’s physical motiom ca

if x1; > UK(X), —
R(7) =i b= w(B) I UKG0 > U0 o, oy et
RO =0, U = up(a)  if UK(X) < UKP(X). — d

Proof: In the case in whichx;; < Lk(x.) and
Lka(x.) > Lkb(x.) we will have thatx;; < Lka(x.)
Applying f1; both sides and taking into account théf;
preserves the ordering, we obtain thlt(xj,..., Xnj) < 2
flyi(L:"a(%),%). By equation (10) and by the order isomor- T
phism property offy; in its first argument, we have that !
f1(LEA(X), 090, Aaeg L (K. g, 0 (@)). Also, we have ¥
that \gcq L (Fi(Xi, Gi, UL(q M) < LTH(Fi(x, 0, u(a)))- As 1. Two vehicles converging at a ffe intersection. The bad
a Consequence if we choose the control action such ﬂW‘:,ae?t is defined to be the set of all vehicl&ghicle 2 configurations

Ru(xu) andu; = u.(g;), we obtain thati(x, Gi, U.(G)) = in which the vehicles are both closer than some distahéem
(le,..., ) = X and therefore thaI(lI = f1i(XLi,...» Xnj) <  the intersectiorC of their paths.

LX), If Lka(x) Lkb(x.) We can proceed similarly

to obtain thatxy; < Li*°(%) implies by the ordkeg PréSeV- he modeled by considering its longitudinal dynamics along
ing property of fi; that FLitkai, oo Xai) < F1i(L(6), %) jts geometric path (determined by the geometry of the lanes)

kb
B&/lequatlon (11), we also have thdti(Li"(X).X) = following a similar modeling framework as performed in [3].
L (F (X, @i, UL (1)), Wh'lf’q by choosmg?.(clz-.z = @ and | et theny, andy, denote the position of the two vehicles
u. = u(a) is equal oL (G, ... X)) = LT (X). AS @  gjong their path with respect to some fixed reference point.

cckJnlsequence we hi‘Vle agaln that = flkl(Xlu- »X%ii) < Letv; andv, be the velocities of the two cars along their
LTG0 X)) = L) If xai > Uf(X), the proof paths. We assume that each vehicle dynamics along its path

proceeds in‘a similar way. B can be modeled by a second order system, which in discrete
When the measuremertbecomes available, the extremesjme takes the form:

Lk(x.) andUk(x.) can be evaluated. Then, one checks whether
maintaining the current input will cause that,(. ..., X ) Y =Y +Vi(AT), Vi = Vi + ui(AT),i € {1, 2}, (23)

k
will enter any of the intervals L[‘I(Xl) U (Xl)] X - X 0 which AT is the time interval. The controlley; can

[Lk (). Uk(XN)] f_or all k. .If not_ the input is mam_tamed dlrectly dfect the acceleration by acting on the throttle pedal

constz_;mt. Othgrwse, the input is changed according to t%r on the brake. When a vehicle is inside the intersection,

following c?llgorlthm. it cannot stop as it has to free the intersection as soon as

_ Algorithm 2. _ _ _ possible, while it can stop before entering the intersectio

(i) If there is ak E_IEOl’ k] and a par of coordinates, ()  aqgition, a vehicle cannot move backwards in its lane. These
such thaxy; > Uf™" andxqj < Ljthen setRi (X, o). U)  constraints can be modeled by requiring that (for a suitable
as in equation (2_2) WIt|”k.+ 1 in place ofk, and set y4) for y; < y” thenv; > 0, while fory, > y* we must have

_ (Ri(xj,0),u) as in equat|onk*(2_1); o Vi > Vi With vy > 0. Letuyn < 0 < uy. Thus, each vehicle

(ii) If instead (o1, ... xn1) < (L (xa),..., L (XN)) select  can be described by a hybrid automaton with two modes:
(i, J) such thatx;; < Lk (%) and X1, j < L “(X)) with G = qui if (v < yA andv < 0) or (i > YA andvi < Vi);
UK*L(x) < L)) it xj > LK) then & > g = q if (i <y*andv > 0) or (s > y* andVi > Vi)
Ui(x)) set Ri(xj, o), uj) as in equation (22) and |n each one of these modes, the update riidp given by
set R(x, 07), u) as in equation (21). lkyj < LY, set  equations (23), in which(qy;) = [0, um], «(0l2;) = [Um. Un].
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Fig. 2. The rectangle represents the BefThe plot shows thg,,y,
trajectories of trains at a railway merging. Each trajectoorre-
sponds to a dierent choice of initial values fol{, y», V1, Vo, Uy, Up).

Fig. 3. The escape set for a combination of speeds for Example 1.

incorporate all the state variables. We will consider diter

. . . state update maps with memory and we will use interval
Sincep = 0, the hybrid automaton admits only autonomoug,pstraction techniques to embrace class of systems that are
mode transitions. not order preserving. Finally, the case of imperfect antiglar
Example 2: Trains at a railway merging. Consider two observation will be addressed and the extension to games

trains in the proximity of a railway merging. Assumingconsidered.
a second order dynamics along their rail, each train can
be modeled again as in equations (23). However, now the

. t set il be di tf th . le. | 1] O. of Safety Analysis, “Accidentmicidents counts,Federal Railroad
Input sets wi e dterent irom the previous exampie. in Administration, httpfsafetydata.fra.dot.ggyficeofsafety 2005.

digital control mode [16], the input; can take four values [2] K. Laberteaux, L. Caminiti, D. Caveney, and H. Hada, ‘Rsive
Corresponding to a “hard-brake” mode, a“run-out” mode, vehicular networks for safetyJEEE Pervasive Computing, Spotlight

a “constant-speed” mode, and an “acceleration” mode. Lety, 2 60-62, 2006.
p ' : 3] C. J. Tomlin, J. Lygeros, and S. Sastry, “A game theorafproach

these 4 values be denoted by respectively, 5,8 so that to controller design for hybrid systemsProceedings of the IEEE
@ <y < § < B. Each vehicle dynamics can thus be modeled _ vol- 88, no. 7, pp. 949-970, 2000.

. . ] ] C. Tomlin, I. Mitchell, and R. Ghosh, “Safety verificaticof conflict
by a hyb”d automaton with four modes such tk]at: Qi resolution maneuversfEEE Trans. Intelligent Transportatigrvol. 2,

iffu =a,q =0qiffuy =y, q =dsiffus =4, andg = qa; pp. 110-120, 2001.
iff u = 8. There are no autonomous switches in this system[5] T. A. Henzinger and P. W. Kopke, “Discrete-time controk frectan-

. . gular hybrid automata,Theoretical Computer Scienceol. 221, pp.
so that for each traiiR(yi, vi, o) = Ri(oi) wherego is the 369-392, 1999.

discrete input. [6] O. Shakernia, G. J. Pappas, and S. Sastry, “Semi-ddeidaithesis
One can verify that the above models for each vehicle for triangular hybrid systems,” ihecture Notes in Computer Science,
i | d ing hybrid automata. The gafet yolume 20342001 i i i
are t_”angu ar oraer preserving _y n u . $ [7] E. Asarin, O. Maler, and A.Pnueli, “Symbolic controllsynthesis for
requirement is that the two vehicles never are in a ball of discrete and timed systems,” lrecture Notes in Computer Science,
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