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Abstract— A bio-molecular system can be rendered insen- in [2], we analyze the power spectral density of the noise
sitive to impedance-like effects, called retroactivity, & its  process [13], [18]. In line with results shown in [18], we
downstream interconnections by implementing a large input employ the Langevin equation. Our studies point to the

amplification gain in a negative feedback loop. This type of following compromise. We usually seek a small amplitude of
design, however, relying on large amplifications, may have 9 p : y P

undesired effects on the internal noise of the system. We the noise-to-state transfer functionin the range of fregies
investigate this problem on a simple transcriptional compaent ~ where we seek high retroactivity attenuation. However, we

connected to downstream load by performing a stochastic show that in the range of frequencies of interest attengatin
analysis based on the-expansion. While high gains increase  etyoactivity may also increase noise. This limitation, ileh
the signal-to-noise ratio of the species in the upstream sigsn being similar to the fundamental limitations implied by
and attenuate retroactivity, they also contribute to a shif s X
toward high frequency of the internal noise of the system. Bode’s integral formula [15], cannot be derived by the latte
We mathematically study this compromise by employing the because the relative degree of the system under study is not
Langevin equation and by analyzing the noise-to-state trasfer  at |east two. This limitation arises from the stochasticnat
function of the linearized system. of the system and not from the structure of the corresponding
deterministic system.
This paper is organized as follows. In Section IlI, the
A common approach to either analyzing or synthesizingystem studied in the paper is described and its deteriginist
a complex network is to decompose it into input/outpuinodel is introduced. In Section IIl, we introduce the stszha
modules. Then, one predicts the overall network functiotic model using the Master Equation, derive the Fokker-
by the composition of the functions of its modules [1]. ThisPlanck equation obtained from the Linear Noise Approx-
approach implicitly assumes that the (dynamic) behavior dfation, and study the effect of retroactivity and system
a component (or module), characterized in isolation, dogsrameters on the signal-to-noise ratio. Section IV engploy
not change upon interconnection. We have shown in otihe Langevin equation to understand the frequency content
earlier work that, just as in many engineering systemsgf the noise in single realizations. Finally, in Section V we
this assumption is not satisfied in transcriptional networkdiscuss the methods and the various results.
[5]. This effect, which we callretroactivity, arises at the
interconnection between any two components. To counteract Il. DETERMINISTIC MODEL
retroactivity and enable modular design, we have proposedin this paper, we focus on a simple transcriptional com-
to placeinsulation devicesdetween any two modules. An ponent and study the internal noise of this system when
insulation device does not apply retroactivity to its upatn  adding a downstream component (load) and when increasing
system and is insensitive to retroactivity at its interceetion  the rates of protein transcription and turnover. Thesesrate
with downstream systems. As in electronic amplifiers, thessorrespond to the input amplification and negative feedback
devices attain this property by implementing a large inpuih the transcriptional component. Experimentally, theses
amplification coupled with a large negative feedback [5]. can be changed through mutations in the promoters of the
While large gains enable retroactivity attenuation, it igene and by adding a protease that targets the expressed pro-
known that they can impact the noise properties of &in for degradation. More sophisticated designs thatinse
biomolecular system [2], [3], [12]. Since biological preses the gains employing phosphorylation for input amplificatio
are intrinsically stochastic [14], [16], [17], [20], it issential and dephosphorylation for negative feedback can also be
to analyze and quantify the impact of these gains on noisemployed [5].
We thus employ stochastic analysis techniques, suc-as  Consider the transcriptional component shown in Figure
expansion [21] and the Langevin equation [10] to studyt. This component takes a transcription factor U as an
these effects. Our results show that the signal-to-noise rainput and produces a transcription factor Z as output. The
increases with the gains, while it decreases when retkagcti transcription rate of gene z, which expresses protein Z, is
increases. As a consequence, higher gains contribute diven by a time varying functiorGk(¢) that depends on
retroactivity attenuatiomnd better signal-to-noise ratio. the transcription factor U. This dependency is not modeled,
However, data obtained from simulating our systensince it is not central to our discussion. The paraméter
through the Gillespie algorithm [9] shows that when gainsnodels the input amplification gain. The degradation rate of
are increased, the frequency content of realizations diehig protein Z is also assumed to be tunable and thus identified
frequencies also increases. To study this effect, alsorebde by G¢6. The variable gain parametét will be adjusted to
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Fig. 1. The upstream transcriptional component takes thestription
factor U as input and produces the transcription factor Z atpud. The
downstream transcriptional component takes Z as inputigirdts reversible
binding to the promoter p.
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improve the insulation properties. The transcription dact

Z is in turn an input to the downstream load throth th?—ig 2. Effect of retroactivity from the load on system (2)erd,w =

reversible binding of Z to promoter sites p. Neglecting the 5,0'05rad/5,5 = 0.01s"!, k¢ = 50s~ ! andky = 20M. The input signal
messenger RNA dynamics, which are typically much fastds 4() = 5(1 + 0.8sin (wt))Ms™'. The top plot shows how adding the

ot [ impactg[Z]. The bottom plot shows how increasiidg can reduce the
than transcription and decay’ the system can be modeled igzjact of the retroactivity from the load. For this plot weoskG = 1+ R;

the chemical equations (see text).
Gh(t on
o 2. 7 zipleg 1
Go koss in which e < 1. Lety = [Z] 4 [C]. Substituting (4) into (3)

We assume thak(t) and § are of the same order and@and writing the system in terms of and [C], one obtains

denoteky = kot /kon. We also assume that the productionthe system in the standard singular perturbation form

and decay processes are slower than binding and unbinding — Gl(t) — ((GS(u — 1O

reactions, that iskoss > G0, kon > G4 [1]. Let the total J (8) = (Goly — €] B

concentration of promoter ber. The deterministic ordinary e[C]=6(pr — [Cl)y — 6(pr — [C] + ka + [Z])[C]

differential equation model of system (1) is given by Setting ¢ = 0, one obtains the expression of the slow
/ manifold as(C] = kapr([Z]/([Z) + ka)® = ¥([Z]). It can

[Z] = Gk(t) = GolZ] + Koy [C] = kon(pr = [CDIZ], be shown that this manifold is exponentially stable. Definin

[C] = ~kos¢[C] + kon(pr — [C])Z, (2)  the constant

. . _  kapr
in which [Z] and[C] denote the concentrations of Z and C, Ry = ma (6)
respectively. Figure 2 shows that adding load to the system ) ’ _
decreases the amplitude of the sigh@l. This effect is due the expression of thg slow manifold can be rewritten as
retroactivity to the output of the transcriptional compone 7V([Z]) = Ri[Z]. Letting [Z] = y — y([Z]), we obtain
The figure shows also how the retroactivity effect can bthat [Z] = y — Ri[Z], in which y = Gk(t) — Gé[Z]. The
compensated by increasing the gaiis In our examples, approximated dynamics diZ] on the slow manifold then
the amount of load chosen is much higher than the outpfgcomes
concentration to model the fact that the upstream system : G
signal is designed to carry information and is independént o 2] = 14+ R, (k(t) = 012)). ©)
:Ee Ioadk:/alu?.d'l_'frrns, |r; tLIJ_rn,tcan bgqomfharbltr?rlly Iargie aThus, for small perturbations about the equilibrium, we
€ number ot difierent clients requiring the Upstreamalgn o619 chooses ~ 1 + R; to compensate for retroactivity

increases.
To identify by what amountg> should be increased to from the load.
compensate the retroactivity effect, we perform a linestiz [1l. STOCHASTIC MODEL
analysis of system (2) aboutt) = k, and the corresponding A. Master Equation
equilibrium [Z] = k/§ and [C] = [Zlpr/([Z] + ka).

m LetP (Z,C, p;t|Zy, Co, po; to = 0) denote the conditional
probability that at timet, the number of molecules of the
. species Z, C and p arg, C' and p respectively, given that
[Z) = Gk(t) — (G5 + kon(pr — [C)))[Z] the number of molecules wet&,, C, andp, at the initial
H(kos s + kon|Z))[C], time ty = 0. Throughout this paper we omit the dependency
. ' ~ = on initial conditions and writd® (Z, C, p; t) for convenience.
(€= Fon(pr — [CDIZ] = (Koss + kon[ZDIC] () et 0 denote the volume of the system. Then, the relation
between concentrations and number of molecules is given
by Z = Q[Z] and C = Q[C]. Define the step operator as
kon = 0/c and ko = 0kq/e, 4) E%f(X) = f(X +a). We know thatp + C' = Qpr with

The dynamics of small perturbations about the equilibriu
(k,[Z],]C]) are, with abuse of notation, given by

Sincek,, > § andkyrs = konka, write



probability one. The resulting two-state Master Equat@t][ equation (7) and approximates it by the continuous Markov
for the system described in (1) is given by process that solves equation (12) [7]. This approximation
. _ is valid for (i) large volumes and (ii) when changes in the
P(2,C;t) = (Gk(t)Q(EZI -+ G(S(]E? -1z number of molecules caused by single events (jumps) of the
+hon(QTHELES — 1) Z(Qpr - C) original process are small compared to the total number of
+koff(IE§1EJcrl _ 1)C)p(2, C;t). (7) molecules in the system [7]. Assumption (i) is satisfied by
) the fact that the number of proteins and promoter sites are of
From the above Master Equation, one can see that when §@ o der of tens to hundrends. The fact all the reactione hav
input signalk(¢) is periodic, the resulting random process isygichiometry 1, along with assumption (i) makes assumptio
cyclostationary [8]. (ii) relevant in our model.
Given a general Fokker-Planck equation of the form

Z 0;A;(x,t)P(x,t) +
3 Z Z 0;0; B (x, 1) P(x, 1),

it is possible to derive differential equations for the ex-
pectancy of any polynomial functiofi(x). Multiplying both
sides of equation (13) by (x) and integrating both sides
over the state space one obtains the differential equafipn [

(F&) = (Aidi f(x) ZZ (Bi30,0; f (x

: 1) — ) Ol/28 ) !
Pz, C,t)_?;11'/12(;7551)_[@(2t)qﬁz(?CH(C,f,t) ©) Repeating this process with the Fokker-Planck equation
OS5 ) (12), we obtain the differential equations for the first arde
in which 9, := 9/0x. By performing Taylor expansion of moments as
the step operator in the new variabteand¢, we obtain the @ 5(0)

identities >
<§> = kon(pT - ¢C) <<> - k0n¢Z <§> - koff <§> .

Setting the initial conditions of the macroscopic equation
(11) to correspond to the initial values of the number of
species, that is, setting(0) = Q7 'Z; and ¢c(0) =
Q~1Cy, then (((0)) 0 and (£(0)) = 0. From this,

B. Linear Noise Approximation

Since the coefficients & (Z, C; t) in equation (7) are not
linear functions of the states, we cannot obtain a closed set
of exact equations for the moments [11]. To proceed with
the analysis, we thus employ tlfeexpansion [21].

Define the change of variables

Z = Qs + QY2¢ andC = Qoo + QY2%¢,

3Ptxt

(13)

(8)

in which ¢ and £ are random variables andz, ¢c are
deterministic quantities. Let alsbl((,&;t) = P(Qdz +
Q2¢, Qpe +QY2¢;t). Then, the left hand side of equation

(7) becomes ) (14)

kon (pT - ¢C) <<> + kon(bZ <§> + koff <§> )
(15)

QI/Q
Z( . )"

k=0

(a2~ /2)k o

> e Lo
k=0

Substituting (7) and (10) in equation (9), solving for

II(¢, &; t) and collecting the terms in powers 6f up to

ES 35()

order§°, we obtain a differential equation. As shown in [21], (1)
it is possible to obtain from this equation the macroscopié

laws by setting the coefficient aR'/? to zero, and the

Fokker-Planck equation by taking the volume to be larg
enough. The resulting macroscopic laws for the deterniinist

variables¢, and ¢¢c are given by

¢:Z =Gk(t) =60z — kontdz(pr — dc) + kopsdc
bc =kondz (T — ) — kosrdc.

and the resulting Fokker-Planck equation is

(11)

IL(¢,&t) = |0c((GS + kon(pr — 00))C + (—kondz

— kogp)€) + 0c (= kon(pr — ¢0)C + (kondz + kosf)E)

+ %82( )+ Godz + kondz(pr — dc) + koprdc)
1

+ 28 (k

+ 0c0¢ ( —

on®z (T — ¢c) + ko)

kon®z(pr — ¢c) — kosréc) |IL(C, & 1). (12)

=0 and ({(t)) = 0 for all time. Therefore((¢) and
(t) are zero-mean random processes.
8 Similarly, the dynamics of the second order moments are
ven by

(€)= —2G8 (¢?) — 2kon(pr — D) (C?) + 2kondz (CE)
+2kof (CE) + kondz(pT — dc) + ko rdc
+GE(t) + Gogy

(CE) = —GB (CE) + kondz (€2) + Koss (€7)

Fkon(pr — ) (C*) = kon®z (CE) — ko (€
—kon®z(pr — dC) — kogsbC

(€2) = 2kon(pr — 60) (CE) — 2kondz (&%) — 2koys (€7)
+kondz(pr — dc) + kogrdc. (16)

To validate the Fokker-Planck approximation (12), we
compare the time-dependent mean and standard deviation
of the concentrations predicted by numerical integratioins
equations (11) and (16) with the mean and standard-dewiatio
from sample realizations given by a Stochastic Simulation

The above procedure, often referred to as Linear Noisglgorithm (SSA) implementation [9]. Let the means be

Approximation, takes the jump Markov process defined bgienoted by,

z) andpcjand the standard deviations denoted



by o1z1andoyc;. To obtain these quantities from the Fokkerthe bias, that isk(t) = k. Denoting A the amplitude of a
Planck approximation, recall that and ¢ are zero-mean signal ands? the steady-state variance, the figure of merit
random variables and that; and ¢c are deterministic. for the noise is given by
Then, from the substitution of variables (8) the mean and

2
the standard deviation of the concentration of Z and C are SNR := ‘jl_z 17)
given by iz = ¢z, pc) = b, oz = /71 ((?) and g

o) = /71 (€2) respectively. To obtain these quantities To calculate the values af?, setk(t) = k in equations

from N realizationsZ; and C; of the SSA we used the (11) and (16). The corresponding equilibrium values of

sample mean and the biased sample variance estimator. the deterministic variables; and ¢~ are obtained from
Figure 3 shows that the means and standard deviationsesfuations (11) as

Z and C predicted by the Fokker-Planck equation are very

close to the values obtained from the samples of the SSA. by = préz _ _ _pr/ka (18)

1+ 0kg/k  1+¢z/ka

Substituting (18) in equations (16) and setting the time
derivatives to zero, the equilibrium values for the second-

% AV AV AV AV AV AVAVAVAVAVAVAY order moments becomg?) = k/8, (C¢) = 0 and (£2) =

¢z Ry, in which R; is the same constant defined in expression

andoc =

|

0 (5). From the change of variables (8), and sircand &
R “M2 3 2 =z = & 2 = i 3 are zero-mean, we have that, = Q-1(¢2) and iy =
2 03 Q~1(€2) leading to expressions
(=) E = - = = = . =
02 i ssA Gty = 02/ and oy = ¢z Ri/Q. (19)
7 Fokker—Planck
<z 6 For small amplitudes of the signa?d(t), o2 approximates
o° the time-average value of the time-dependent variar(¢e
;’ when the system is subject to the inpuft) = k + k(t).
Due to the fact that{ and £ are zero-mean random
s %81 variables, (Z) = Q¢z and (C) = Q¢c. Therefore, the
L 3; amplitude of the mean concentration signgl§ and [C]
05 are equal to the amplitude afz and ¢¢, respectively. To

0 5000 10000 15000
Time (s)

calculate this amplitude, we proceed by linearizing equmti
(11) about the equilibrium corresponding to the fixed input

Fig. 3. The sample means and variances from SSA and from Fokke®(t) = k. With abuse of notation, the linear system becomes
Planck equation are shown to be very close to each other.heésetplots,

§=0.015"1, kg = 20M, k, ¢y = 505~ " with input signalk(t) = §(1 + bz =Gk(t) — (G§ — kon(pr — 0¢))dz
0.8sinwt)Ms~! and volume2 = 10M . To simulate the time varying [y i

input in the SSA, we imposed a deterministic time-varyingaatration of +(kondz + koyy)dc,

a Z protein messenger with concentratioft) = §(1+ 0.8 sin(wt))Ms™ 1. ¢C =kon(pr — ¢},‘)¢Z _ (kon(Z;Z + koff)¢c- (20)

Means from SSA were calculated using 500 realizations. Nuwie due to

the sinusoidal input, the random process is cyclostatjonar In order to obtain the amplitude of the signaig and ¢¢,

we compute the transfer functions frointo ¢, and ¢¢.
C. Signal to Noise Ratio Analysis Let z(s), c(s) and K(s) denote the Laplace transforms
A traditional metric used to assess noise in many electric8f ¢z (1), ¢c(t) andk(t), respectively. From (20), applying
engineering applications is the signal-to-noise ratioisTh Substitution (4) and setting = 0, we obtain the transfer
quantity is usually defined by taking the ratio between th&nctions
power of the signal and the power of the noise and gives a G  Dy(s) G
measure of how much the noise corrupts the signal. 1(s) =
For this study, we consider periodic input signals and
characterize the signal-to-noise ratio as a function of the Ga(s) =
input frequency. Since concentrations are always positive

we consider inputs of the forr(t) =k + k(t), in whichk  Therefore, for a input signak(t) with frequencyw and

is a constant bias anid(t) = Agsin(wt) is a periodic signal amplitude Ao, the amplitude of the concentrations are
with amplitudeA, < k and frequencyw. We assume that all

the information transmitted is contained in the sighéd). Ao = 1C ()| A — G?

Therefore, to obtain a signal-to-noise figure of merit, the 21 = |G1(jw)| Ao = G262 + w2(1+ R))?
power of a signal is taken to be the square of its amplitude. e
The power of the noise is quantified by the steady-state Ar = |G (i) A — G*R; A (21
variance calculated when the input is constant and equal to ) = 1G2(jw)l 4o G202 + W2 (1+ R)2 1)

K(s) s(U+R)+Gs
q)c(s - GR[
K(s) s(1+R)+Gd

AOa




Substituting expressions (19) and (21) in the definition
(17), the signal-to-noise ratios obtained for an inpt)
with amplitude A,y and frequencyw are 2t

2
LA, a2 @
ké G? 4 43 (1 + R)? L5}
o G2R, )
k6 G2+ (14 Ry)? "

SNRz(w)

[2] (™)

SNRc(w) (23)
Recalling from (5) thatR; is monotonically increasing ;
with pp, expression (22) shows that for a signal with non- 05 ;_;
zero frequency, addition of logg, leads to a lower value of
SNRz. Notice also that higher input frequencies increase ol v
the sensitivity of theSNR; to the load. Increasing the 6500 7000 7500 8000 8500
gain G improvesSN Rz and in the limit whenG — o, Time (s)
SNRz — QAZ/(kS) giving a theoretical upper bound on
the SN R . Equation (23) shows that the effect of increasinqig- 4. Increasing the value @ produces a disturbance signal of higher
G on SNR¢ is similar to the effect onSNRy: as the requency. Two realizations are shqwn W_|th different vgll{ierGW|thout
. . . L. " load. The parameters used in the simulationséare0.01s™ 1, k; = 20M,
gain increases, the signal-to-noise ratio increases, ratitei kogs = 505!, w = 0.005rad/s and2 = 10M L. The input signal used
limit when ¢ — oo, SNRc — QRlAg/k;(S_ The effect is k(t) = 6(1 + 0.8sinwt)Ms™!. The mean of the signal is given as
of increasing the load, however is not trivial. If we are'eference.
able to increase the gain 6 ~ 1 + R; to compensate
for the retroactivity, thenSN Rc decreases with a higher
load. If, instead, the value off cannot be large enough
to reach1 + Ry, then increasingpr will reduce SN R¢.
This is a consequence of the fact that whéncannot
compensate for the retroactivity the amplitudig;; decreases
and consequently so doef;.

The above system can be viewed as a non-linear system
with five inputs,k(t) andT';(¢) fori = 1,2,3,4. Let k(t) =
k, Ty(t) = Ta(t) = T'3(t) = T'4(t) = 0 be constant inputs
and letZ and C' be the corresponding equilibrium points.
As we are considering small amplitude signfhﬂs) we work
with a linearization of the system (24) around the fixed input
IV. FREQUENCY ANALYSIS OF DISTURBANCES AND THE K With corresponding equilibrium pointg and C'. We can

LANGEVIN APPROACH simplify the system further by noting that in equilibrium

. . ) 0Z = Gk andky,(pr — C)Z = k,¢¢C. Also, sincel’; are
. In Sec_:tl_on lll, we have shqwn that Increasing the _g@’m independent iden(tical Ga)ussian \j/\{hite noises, we Jcan write
is beneficial for both attenuating retroactivity and desieg (1) — Ta(t) = vV2Ni(t) and Ty () — Ta(t) = VZNa(t),

_the n0|_se-t(;r-15|gnal_r2t|_o. Ho;/ve\t/r?r, :‘S shown in Ftlgutre ]ﬁn which N;(t) and No(t) are independent Gaussian white
Increasing the gain- impacts the irequency content ot ,yises jgentical tol';(t). With these simplifications, the
the noise in a single realization. For low values@f the sP/stem becomes

error signal between a realization and the mean is of lowe
frequency when compared to a higher gain. This effect 7 — Glfc(t) —G6Z — kon(pr — C)Z + kon ZC + ko s C
can only be captured by autocorrelation based metrics and, - -
therefore, is not evident from the signal-to-noise ratio. +V2GEN:(t) — \/2kos s CNa(t),

To study how this problem impacts retroactivity atten- ¢ =k, (pr — C)Z — kon ZC — kosC
uation, we employ the Langevin equation derived from

the Master Equation (7), as performed in [18!. As shown +1/2kos O Na(t). (25)
IP(Xit)

0 M[lol’ . Il[;ﬂvisterl qu;?t;)nx.of the :‘)ormT. N q This is a system with three inputs: the deterministic input

2= Iz @i Ja; (X)P( ,t? can be approxmate k(t) and two independent white noise sourd¥s(t) and

by a Langevin system of equations of the forfg: = N,(t). One can interpred; as the source of the fluctuations
M M 1/2 : , . . . .

ijl Vijd; (X(t) + ijl Vija; (X_(t))rj _(t), in which  caused by the production and degradation reactions While

I';(t) are independent Gaussian white noise processes. Apthe source of fluctuations caused by binding and unbinding

plying the above approximation to the Master Equation (7)eactions. Since the system is linear, we can analyze the

one obtains the system of Langevin equations different contributions of each noise source separatety an
. B _ _ ' independent from the signalt).
2 =Gk(t) = GOZ — kon(pr — C)Z + FoysC The transfer function fromV; to Z, after employing
+VGE(t) I'1(t) — VGZ Ta(t) substitutions(4) and setting= 0 is
—/ kon(pT — C)Z Fg(t) + \/ koffC 1—‘4(t),
C =kon(pr — C)Z — koysC + \/kon(pr — C)Z I's(2) Z(s) 2Gk

—V/kossC Tu(t). (24) hils) = Ni(s) s(I+R)+Go (26)



The DC gain of this transfer function is equal 719(0) = [19], [20] and the coefficient of variation [3], [12], [14].
\/ﬁ/\/@é. Thus, asG increases, the DC gain decreases. Our interest in this work, in analogy to what is performed
But for large enough frequencies, jw(l + R;) + G ~ in electronic circuits, is to study the behavior of a system
jw(1+ Ry), and the amplitudél’ (jw)| ~ V2kG/w(1+ R;)  under a periodic input, resulting in a cyclostationary 1@md
becomes a monotone function @f This effect is illustrated process after the transient. Therefore, the meat) and
in the upper plot of Figure 5. The frequency at which thevariance o(t) are periodic time-varying quantities. As a
amplitude of|T} (jw)| computed withG = 1 intersects the result, the coefficient of variation is also a periodic qitgnt
amplitude |7, (jw)| computed withG' > 1 is given by the CV(t) = o(t)/u(t). In a previous work [4], the maximal
expressionu, = 0v/G/(1 + R;). Thus, when increasing the coefficient of variationrC'V'™** := max, C'V (t) was used as
gain from 1 toG > 1, we reduce the noise at frequenciedigure of merit. However, this metric does not capture the
lower thanw, but we increase it at frequencies larger tharlegradation of the signal we are interested in transmitting
We. In fact, Figure 6 shows that we can artificially decrease
The transfer function from the second white noise sourdée coefficient of variation while reducing the signal qtyali
N, to Z, after employing substitutions (4) and multiplyingwhen increasing the bias.
numerator and denominator lyis given by

Coefficient of Variation

Ty(s) = [\/E\/ 266’5} / [es* + (eG6 + 6(pr — C) + 62 0
+6kq)s + GS(6Z + 6ka)] - (27) 3

This transfer function has one zero sit= 0 and two poles S S
s— ands, such thats. — —oo andsy — —G&/(1+ Ry) 0

ase — 0. Thus, the contribution oiN» () to Z is relevant at

high frequencies due to the high-pass nature of the transfer
function. Furthermore, increasing the gathincreases the =
cutoff frequency given by the pole, . It is also important = \
to note thatN,(s) is scaled by,/e, making the noise at
low-frequency caused hy»(¢) negligible when compared to
that caused byV; (¢). The Bode plot of the transfer function s ; Bszi :
T5(s) is shown in the lower plot of Figure 5. *
m

]
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[
I Fig. 6. Increasing only the bias leads to a degraded sigrias i§ not
[ . reflected by the coefficient of variation which decreasesnamive increase
W, ® the bias. Mean signals are shown for reference. The paresnesed in
the simulations ared = 0.01s7!, kg = 20M, kopy = 50s7!, w =

0.005rad/s and2 = 10M~1. The Jinput signals for the plots arg(t) =

-20 . . - - 5(k + 0.8sin(wt))Ms~! in which k denote the bias.

g / - -
S 60 - - . .

2 el _--" - G=1 The coefficient of variation is, therefore, not suitable for
£ 100 - — —G=25 | our needs. In this paper, we adopt as a metric, the signal-to-
-120 - - = - noise ratio as defined in equation (17). Signal-to-noisesat

10 10° 107 10" 10°

Frequency (radisec) are defined by taking the power of the signal and dividing it
by the power of the noise. Here, the power of the signal is

Fig. 5.  Magnitude of the transfer functiorii(s) and T2(s). The  given by the square of the amplitud€® and the power of
parameters used in this plot afe= 0.01s™ !, kg = IM, ko = 50571,

w = 0.005rad/s, pr = 100M. When G increases from 1 td + R; = 25, the noise is given by the Steady'State variante

contribution from/N; decreases but it now spreads to a higher range of the . o . .
spectrum. Note that there was an increase on the noise ateheehcy B. Compromise between Retroactivity Attenuation and Noise
of interestw. Increasing(y reduces the contribution fromvs in the low  Amplification

frequency range, leaving the high frequency range unaffieddote also that

the amplitude off% is significantly smaller than that aF; . In our previous work, it was suggested that the noise

increases when the gains of the system increase [4]. Hoywever
as discussed in Section V-A this effect seen in the figure
] _ ] of merit CV"™** does not reflect the signal quality. The
A. Figures of Merit for Noise analysis in this paper using th&N R figure of merit leads
The literature presents a number of methods to quantitp a different conclusion. In particular, equations (22§l an
noise. Popular figures of merit include the Fano factor [6)23) show that increasing the gain helps improving the

V. DISCUSSION



signal-to-noise ratio. Equation (22) points that the addit we are seeking methods to validate the theoretical results
of load increases noise in the upstream component, whifeom the Langevin approach with data from SSA by using
equation (23) shows that the addition of load impacts thmetrics based on sample autocorrelation functions for the
downstreanS N R in a frequency-dependent way. For inputscyclostationary random processes under study.

at high frequencies, where the system suffers from retroac-
tivity, increasing the load will decrease the quality of the

signal. However, if the gain is sufficiently large to overam [1] U. Alon. Network motifs: theory and experimental appzhes.Nature
. . . 8:450-461, June 2007.
retroactivity, then increasing the load decreases theenafis 1, 5\ Austin, M. S. Allen, J. M. McCollum, R. D. Dar, J. R. Wis,

the downstream component. Equations (22) and (23) also™ G. S. Sayler, N. F. Samatova, C. D. Cox, and M. L. Simpson. Gene
show that the signal-to-noise ratio cannot be made arlpjtrar network shaping of inherent noise spectrislaturg 439(7076):608—

. . . . Lo . 611, February 2006.
Iarge by Increasing the gain, presenting a limitation. It IS[3] A. Becskei and L. Serrano. Engineering stability in geréworks by

also important to notice that in real biological syster6s, autoregulation.Nature 405:590-593, 2000.
cannot be arbitrarily large as it is limited by the rates & th [4] D. Del Vecchio and S. Jayanthi. Retroactivity attenomtin transcrip-

. . Lo . tional networks: Design and analysis of an insulation devizecision
fastest available reactions (binding and unbinding of smal .\ {"control, 2008, CDC 2008. 47th IEEE Conference mages 774—

molecules to transcription factors) [1]. 780, Dec. 2008.
The effect of the gains on the signal-to-noise ratio of[5] D. Del Vecchio, A. J. Ninfa, and E. D. Sontag. Modular dgiblogy:

L . retroactivity and insulationMol Syst Bio) 4, February 2008.
the upstream component is tightly linked to the problem Of[6] J. Elf and M. Ehrenberg. Fast evaluation of fluctuatiamiochemical

retroactivity. From the first equation in (21), the ampliud networks with the linear noise approximationGenome research
A[z is attenuated by the addition of load and is recovered b)f?] 13(11):2475-2484, November 2003.

. . H the steadv-stat iaded t C. W. Gardiner. Handbook of Stochastic Methods: For Physics,
increasing>. However, the steady-state Va”al@ 0es no Chemistry and the Natural Sciences (Springer Series inrggties)

change withG or pr. According to this, one should choose Springer, November 1996.

G to be |arge enough to compensate for retroactivity in thd8] W. Gardner and L. Franks. Characterization of cyclastetry random

] ; signal processesnformation Theory, IEEE Transactions 021 (1):4—
desired frequency range. However, the frequency of theenois 14, 1975,

in single realizations is shifted to higher frequenciesmwi®e [9] D. T. Gillespie. Exact stochastic simulation of coupledemical

increases, as seen in Figure 4. This effect has been studied reactions.The Journal of Physical Chemisir$1:2340-2361, 1977.
. . . . [10] D. T. Gillespie. The chemical Langevin equatioh. Chem. Physics
in _[18] in the context of guto—regulateq gene circuits, veher 113(1):297-306, 2000.
it is shown that increasing the negative feedback leads fo1] J. Hespanha. Moment closure for biochemical netwotksCommu-
increase in noise at high frequencies. nications, Control and Signal Processing, 2008. ISCCSP82@vd
| tud th lvsi lovi the i . International Symposium ompages 142-147, 2008.
n Ol_JI‘ stu y'_ e analysis employing .e 'neal‘nzeqﬂ] S. Hooshangi and R. Weiss. The effect of negative feekloam noise
Langevin approximation (25) shows that when increasing the = propagation.Chaos 16, 2006.
gain from 1 toG we reduce the noise in the frequency rangeB3] ! Lestas, J. Paulsson, N. E. Ross, and G. Vinnicombe.isNi

o . . gene regulatory networksAutomatic Control, IEEE Transactions on
below w, = 6vG/(R; + 1), but the noise at frequencies 53(Special Issue):189-200, 2008.

abovew, increases. Starting from the original system sufferfi4] J. Paulsson. Summing up the noise in gene netwdNature pages
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tent of intrinsic noise in realizations is shifted to higher

frequencies when gains are increased. This points to a-trade

off between retroactivity attenuation and noise amplifarat

We are studying the application of these techniques to more

complex insulation devices designed from phosphorylation

systems. We are also extending the approach presented

to study the effect of external (extrinsic) noise. Finally,



