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Abstract— The safety control problem for hybrid au- systems and extended in [8] for continuous time systems.
tomata with imperfect mode information and continuous  However, mode uncertainty is not considered.
control is addressed. When the controller does not have In this paper, we consider hybrid automata subject

access to the mode of the system, available static feedbackt fi d di te disturb . ¢ d with
techniques cannot be applied. We propose a dynamic feed- 0 continuous an Iscrete disturbance Inputs and wi

back strategy in which a mode estimator constructs the set Only continuous control inputs. The mode of the system
of possible current system modes. A control map is designed is unknown while the continuous state is measured. The
that on the basis of the current mode estimates returns the proplem considered is to design a dynamic feedback map
set of all possible safe control inputs. This dynamic feedk i o1y the basis of the available sensory information
map implicitly assumes separation between state estimatio . 4
and control. Termination conditions are provided. The pro- guarantees that the syste_m state is kept 01_Jt3|de_a bad set of
posed control technique is applied to a semi-autonomous States. Our approach relies on transforming this problem
cooperative active safety system. of imperfect information to an equivalent problem with
perfect information. This equivalent problem is obtained
under suitable observability assumptions on the mode of
In this paper, we address the safety control problem fahe system. Within this problem a new system that updates
hybrid automata in which the mode is not known and onlyhe set of all possible current system states, i.e., the
continuous control inputs are available. This problem naestimator, is constructed and controlled for safety. The
urally arises in a variety of applications, including inten mode estimator updates the set of all possible current
based conflict detection and avoidance for aircrafts [155ystem modes. A feedback map is then designed that
robotic games with imperfect information [7], and semifor each set of possible current modes returns the set
autonomous cooperative active safety systems to prevesit possible continuous control inputs that maintain the
vehicle collisions [17]. In these systems, the presenagstem state outside a bad set. An iterative procedure
of human-driven vehicles that do not communicate ofor computing this map is provided and it is shown to
cooperate introduces a large degree of uncertainty. Agrminate under conditions that can be directly checked on
approach in which this uncertainty is treated as an advehe mode estimator. By construction, the obtained dynamic
sary in a game theoretic fashion would lead to solutionfeedback map is the least restrictive for the chosen discret
that are too conservative to be realistically considered fgtate estimator.
collision warning or active control [14,16]. A promising  This paper is organized as follows. The model and
approach is instead to construct simple decision modefoblem are introduced in Section I, the solution is

for the non-communicating agents in the form of a hybrighroposed in Section IIl. In Section IV, we present an
automaton. This hybrid automaton has unknown modegpplication example.

as the decisions of the non-communicating agents are
unknown and thus it leads to a control problem with . SysTem MopEL AND ProBLEM DEFINITION

imperfect mode information. _ We consider hybrid automaton H =
While there is a wealth of literature studying safetyQ x 7/,A,x,R f), in which Q is a finite set of
control for hybrid automata assuming perfect state informpdes, X is a vector spacef( is a continuous set of
mation [1,12,14,16], the same problem when the staigntrol inputs,A is a continuous set of disturbancésis
is not fully measured has been rarely addressed. Sorgefinite set of disturbance even®,: Q x T — Q is the
works on this problem have recently appeared [6, 19]. Igiscrete state update map; X x Q x U x A — X is the
particular, [19] proposes a solution to the control problemector field, which is allowed to be discontinuous in the
for rectangular hybrid automata that admit a finite-statgst argument to model autonomous discrete transitions.

abstraction. Dynamic control of block triangular ordefye represent such a system by the equations
preserving hybrid automata under imperfect continuous q(t) = R(t), (1), o(t) €T

state information is considered in [6] for discrete time .
X(t) = f(x(®), a(t), u(t), d(t)), d(t) € A, 1)
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no continuous state reset, iXt*) = x(t). In this systemx  the set of disturbance actions that the controller should
is measured and available for control, whilés not. Given counter act. Also, note that if at time zero the disturbance
initial conditions o, o) € XxQ and piecewise continuous actiond(0) is such that the two modes are distinguishable,
input signalsu : [0,t) — U, d; : [0,t) - A, &¢:[0,t) > the information state can immediately switch from the
¥, the corresponding trajectory (or flow) éf is denoted initial value Gi(no) = {01, 02} to Gi(no-) = {au}. It is
o(t, (X0, o), Gt,dt,&t) with ¢y (t, (Xo, do), Us, dt,&t) being its thus useful to introduce the following mode observability
continuous part an@q(t, go, ) being its discrete part. notion for systemH.
When the initial conditions and inputs are clear from the Definition 1: SystemH is said immediate mode ob-
context, we will denote such trajectories kft) andq(t).  servable provided for allg; € §o, there is a nature action
Let 29 denote the set of all subsets . The in- d(0) such that (i{ne:) = a;; (ii) for all t > 0, we have that
formation that we have about the system state at time§(n;) = q; implies % is any signal that can be generated
comprises information on the initial statg := (x0,80) by H whenq(t) = g;.
with §o € 2%, the continuous control input signak,” Item (ii) specifies that once the non-deterministic infor-
and the continuous state sigrmal :"[0,t] — X. We call mation state has converged ¢p, any continuous state
this information theinformation state of the system, and trajectory compatible withg; can be generated. This last
denote it byn: = (no, Ok, %). We denote the set of all requirement implies that whilg(;) = q;, the disturbance
observation histories up to tinteas >~<t~and the set of all choices can span in their entire rartye
control input histories up to timeas ;. We denote the
information space up to time't asZ; = Xx2%x % x % and IIl. ProBLEM SoLuTiON
the information space as 7 = (Jis0 1 [13]. A dynamic In order to solve Problem 1, we introduce update
feedback map is a map with memory : 7 — U that laws for the non-deterministic information state. By in-
on the basis of the current information state establishésoducing these update laws we translate an imperfect
control inputs. GiverH and the mapr, the closed loop state information problem to a perfect state information
hybrid automaton is denoted™ := (H,x) and is repre- one, in which the non-deterministic information state
sented by (1), in whiclu(t) = n(n;). Its state trajectories is the new (measured) state. Such update laws should
are denoted with & superscript. LeB C X be an unsafe be such that at any timé the set of possible current
set of states, we seek to solve the following problem. modes containenly modes that are compatible with the
Problem 1: Compute the seC of all initial infor- entire history of the system up to time In general,
mation statesyo for which no dynamic feedback map this requirement cannot be satisfied when a separation
n: I — U exists that guaranteeg(t, (xo, do), th, 61) € B,  structure is assumed between state estimation and control.
forall't >0, d;, &1 , and (o, Qo) € no. However, a separation structure enables computationally
The setC is referred to as the capture set for systentractable solutions and the use of mode estimators that are
H. Once seC has been determined, the set of all dynamiavailable in the literature [4, 9]. In what follows, we thus
feedback maps that keep the information state outsiggopose a separation structure between mode estimation
it is computed. In order to simplify the information and control.
state representation, which consists of system histories, Let the current estimate of the discrete non-
we consider thaon-deterministic information state. This  deterministic information state be denoted (with abuse
represents the set of all possible current system statef notation) byq(t) € 2°. Let T > 0 and #(Xi-t4) be
compatible with the history of the system and it is denoted filtering function that returns a set of possible current
(X(m1), 6:(mr)), in which %(n:) = x(t). Thus, we have that modes compatible with the measured continuous signal
C={noeXx2?|Vrat, % s.t.x(n) € B}. This set between times — T andt (see [4,9], for example). Let
can also be expressed@s=  Jgz0 (cq,q), inwhichCq = all such possible sets of modes be denotedrhy.., Y.
{(xe X|Vr3at %, s. t.X(m) € Bwithno = (x,)}. The Define the new functiomR(q, Y) := U0 Us, ¢q(t. G, 01) N
setCq represents the set of all continuous initial states Y, in which .o Us, ¢q(t. G, %) is the reachable set of
that are mapped tB for some nature action independentlymodes fromq~ under all possible disturbance sequences,

of the controller when the flow starts in a mode containeq € Y = {eVY1,...Ym}, and € is defined such that
in §. Problem 1 is thus solved by computing all such setR(g, €) := §. We consider a mode estimator of the form
Cq for all g e 29. q(t") = R@(1), Y(1), Y(t) € ¥, in which Y(t) = F (X-T.9)-

Note that the controller usedl the information it gath- Switches are triggered by a change in the valueY J,
ers from the information state in order to make choicewhich are determined by nature (the measured sigpal ~
against nature. For example,df="{q;, gz} and the infor- This estimator is by construction correct, meaning that
mation state cannot distinguish between the two modeg(t) € §(t) for all t. The estimate of the non-deterministic
it means that the disturbance action may be playing in discrete information state(t) restricts the set of possible
range so to generate aq tfajectory that is compatible dynamics of the continuous statdt)” € X to X(t) =
both underq; and undeig,. This fact implicitly restricts  f(X(t), a(t), u(t), d(t)) where nowa(t) is restricted to lie



in §(t) at all timet. As a consequence, we have
Gt = R, Y1), YO € VY
X() = f(X(1), a(t), u(t). d(1), d(t) € A, a(t) €4(). (2)

with initial conditions {0),d(0)) = no. The state of
such a system lies inX x O with & ¢ 22, and
it is exactly known because(t) is known by con-
struction andx(t) = x(t). We will refer to this hy-
brid automaton a#l = (O, X, U, A, Y, R f), in which
f(xq,u,d) := {f(x @,u,d),_a € g}. We denote a tra-
jectory of H by ¢(t 10, ut,dt, Yt) Its discrete part will
be denoted bygq(t, Go, Y) and its continuous part by
#3(t, (Xo, Go), U, 0k, Y1). We will also denote such trajec-
tories by X(t) andd{(t) when the inputs are clear from the
context. By construction, any trajectory éf starting at
a state inyg is possible for the same control input i
Therefore, the set of trajectories &f contains the one
of H. The other way around is not true unles$t), g(t))

is exactly equal to the nondeterministic information state
meaning thaty: cannot restrict further such sets. Neverre(j, D), in which {g; € R(an

theless, we next show that systefh can be employed
for solving Problem 1. Wheru n(x,§), we denote
the hybrid automaton byd™ and its trajectories with a
superscriptr.

Problem 2: Given hybrid automatoi, determine its
capture setC = {no e Xx Q| V7 3t, d, %, s. t. some
#(t, 10, G, V1) € B). o

Proposition 1: The setW := (XxQ)/C is themaximal
controlled invariant set of H contained in X x Q)/Bx Q.

Proof: (Sketch.) The proof of this proposition draws
from the fact thatW is closed under union [14]. |
since C = Ugo(Co @ in which Cq = (x «
X|Vx3at d, Vst someg;(t, (Xo, q) dt,Yt) € B},
we focus on the computation of the sé]@for allge Q

Definition 2: We say that Problem 2 isquivalent to

Problem 1 provided, = Cq for all § € Q.

Define the uncontrollable predecessor of a set
S ¢ X gvend € Q, as Preg;S) = {x €

X | Vr, At d, s.t somegi(t, (¥, 0),dve) € S). The
following properties of the Pre operator follow from the *

fact that it is an order preserving map [5] in both of 'tsdeﬁneS

arguments, where order is according to set inclusion.

Proposition 2: The operator Pre :Q x 2X — 2X
has these properties for aff € Q and S e 2%, (i)
S ¢ Pre@, S);(ii) Pre@, Pre@.S)) Pre@, S); (iii)
Pre@, S1) € Pre@, Sz), for all S; € Sy; (iv) Pre(di, S) <
Pre(,S), for all i < @G (v) Pre(, Pre(. S)) =
Pre(,S), for all G2 < @i; and (vi) Predo,So U
Pre@i, S1)U...UPre@h, Sn)) = Pre(o, SoUS1U...USy)
for § < o for all i.

Proposition 3: Assume that (i) systed is immediate
mode observable; (i) for alj = {t,...qn} € O, we
have that Pre{B) = Pre@y, B) U ... U Pre@n, B); (ii)) any
trajectory ofH is such thag(t’) c §(t) for all t' > t. Then,
Problem 1 and Problem 2 are equivalent.

Proof: It suffices to show that for alg & Q, we
have Cq C Cq. The fact thatCq C Cq derives from the
fact that the set ok trajectories ofH contains the set of
X trajectories ofH. By virtue of assumption (iii) and the
definition of the Pre operator, we have that_ Pre(, B),
which by assumption (ii) leads tﬁq = Pre@,B)U ..U
Pre@n, B). Take x € Cq Then, there ig € § such that
x € Pre(;, B). By assumption (i), the set Pg(B) is
contained inCq for all g € §. This in turn implies that
Xe Cq. |

If Problem 1 and Problem 2 are not equivalent, the sets

Cq will be overapproximating the set.

A. Computation of the Capture Set
Proposition 4: The setsC, for all § € Q satisfy

éqi = PFE[qi, U éqj U B].
lqjeR(q. Y).YeY)
Proof: DefineD := B U:q.eR(q. ) qu and A :

(@ € R@G,Y),Y €
Y}. Take xo € A. This implies, by the definition of Pre

that for all =, there exists and S|gnaﬁt such that some
#5(t, (o0, Gi), d.e) € Ul R qu This implies that for
all , there exists tlmetl a signalds, anddj € R(G,, )
such thatx(t') = ¢Z(t", (xo, G, dhe, e) e Cg. Let nature
chooseVY, such thatq(tl) = ¢”(t G, Yu) = Gj. Then,
(X(th), &(tY) € C. Therefore for allzr, there existgt, and
S|gnalsdt,Yt, such that some(t, (xo, a, d, Yt) € B. This
in turn implies, by the definition o€, that xg € Cq.

Now considerxg € Cq By definition of C, we also
have that Xo,Gi) € C. If (x0,6) € C, then for all =
there EXIStS?It, Y, such that some&(t (%o, @), d, Yt) eC,
for all t. If ¥, makesq switch to someq; € R(ql,J/)
at time t', it must be thatgX(t!, (%o, G), t, €) € Cq,. If
insteadV; does not make; SW|tch then it must be that
¢(t%, (X0, ), O, €) € B for somet?. Combining the last
two statements, we obtain that for aﬂ there exists
t, d, andY; such that eithepi(t, (Xo, Gi), dt,s) € Cq or

¢”(t (Xo, i) di, €) € B, which impliesx € A. |
Let Q = {G1,....0u}, Si € 2 fori e {1,..., M}, and
(Sl,...,SM). We defineG : (XM — (XM
as
Pre(@1. U<y Si U B)
G(S) = :

Pre(@w. Uyjo,cau.v1 Si U B)
Proposition 5: LetS :=(Sy, ..., Sm) be a tuple of sets
Si € X such thatS = G(S). Thgn, K % Q)/ Ugea(Si, )
is a controlled invariant set fad. A
Proof: Let (Xo,q) ¢ queé(si,qi) forg=§ € Q.
Then xo ¢ Si, whereS; = Pre(qi,u,mje@@,y), Sju B).
By the definition of Pre, this implies that whilg(t] =
q (e, Y = ¢ there is a feedback map(-,G) such
that ¢%(t, (o, G). o, Yi) ¢ Si. Let t* be such tha(t)



switches toqj € R(G, ). At time t*, we also have that Definition 4: (Kernel set) The kernel set correspond-
any X(t*) = ¢;(t", (Xo. G, d. Y, is not in S; and thus ing to a modeq is defined asker(g) = {§ € Q| § €
X(t*) ¢ S;j WhICh implies &(t"),4(t")) ¢ Ugea(Si.G). Reach(g) anddi € Reach(@)}.
Proceeding iteratively on the mode switch, we obtain that The setker(§) is the set of all modes that can be
the flows of H starting from any %o, @) ¢ Ugea(Si. @) reached frong"and from whichgi can be reached.
stay outside J;.5(Si, G) for a proper control map. Thus, Definition 5: (Type of a kernel) A kernel isype(1) if
the set K x Q)/ Ug<5(Si, Gi) is a controlled invariant set. it does not transit to any other kernel. A kernetype(n)

m if it transits totype(n — 1) kernels and only tdype(n —

Define the partial orderZ <), where C is defined 1),...,type(1) kernels.

component-wise. This is a complete partial order [5]. One Let Qe = {ker(@), ..., ker(Gm)}. Let there bep
can verify thatG is an order preserving map o#, €). distinct elements i), denotedﬁKl, ..., AKp. Note that
Algorithm 1: S%:=(S9, S9,...,S%) = (0,..., 0), AKi N AK; = 0, for i # j. Let there beK, elements in
St =G(SY) kernel AKa.
while Sk-1 2 Sk Theorem 2: Algorithm 1 terminates if all the kernels
Sk = G(SY) AKj,...,AKp have a maximal element with respect to the
end. partial order (2, <).
If Algorithm 1 terminates, that is, if there is K* Proof: We first show that Algorithm 1 termi-

such thatsk" = SK'+1 we denote the fixed point bg*. nates for alltype(1) kernels. We use the induction ar-
The next theorem states that this fixed point is equal tgument to prove that if Algorithm 1 terminates for

Caps- - - Cap)- type(1),. . ., type(n) kernel, then it terminates fdype(n+
Theorem 1: If Algorithm 1 terminates, the fixed point 1) kernels.
S* is such thats* = (Cq,, ..., Cq,,)- (Base case.) Consider a mogles AK, in which AK,

Proof: We first show that if Algorithm 1 terminates, is type(1) and letgo € AK, be the maximal element of
thenS* is the least fixed point o (Ifp(G)), which exists AKa. We show that Algorithm 1 terminates by showing
by Knaster-Tarski fixed point theorem becauBes an thatS]' = Pre(Go, B), for any n > K,. From Algorithm 1,
order preserving map on a complete partial order [SWwe have that fok > 0

Then we show thatQg,, ..., Cg,) = Ifp(G). If Algorithm . .

1 terminates, then thqére N’?M> 0 such thatG(L)V" = Si' = Prel, U Pre{qh, U
G(L)N'*! = S*, in which L = 0. Thus,S* is a fixed point G, <R@.Y)} 6,€R(@,.Y))

of G. To show that it is the least fixed point, consider any

other fixed point ofG, calleds. Since L < 5, we have Pre|q,., - - - U Pre(G,,B)|]]- (©)]
that G(L) < G(8) = B, GX(L) < G(B) = B.....GV' (1) <. (6,€R@ V)

SinceGN'(1) = S*, we have thaB* < R
Propos(|t|()3n4 indicates that the @tﬂz Uses(Ca,g)is L€t k < n be such thaty € R(G,,Y). Then Sf 2
Q-G A Pre(o, B) from a repeated application of Proposition 2 (i).
such that the tuple of se&ql, . CqM is a fixed point ofG. SjnceS! Sk for k < n, we haveS]' > Pre(jo, B). We ob-
Assume that such a tuple of sets is not the least fixed poqﬁm SPc Prego B) by repeatedly applymg; Propositions
of G. This implies that there are se®& c Cq such that AP A " ot .
the tupleS;, ..., Sy is also a fixed point of5. Consider 2 (IV)’ with G = Go, and Proposition 2 (i) to equation (3)

- with k=n.
:jhef se(tjngA_// (_X XXQ)/ UqIEQ(Cq"Sq) ang ﬂ:ae new seWS (Induction step.) We assume that Algorithm 1 termi-
efined a = (XxQ)/ Ugeq(Si ). By Proposition ates for alltype(1) to type(n) kernels. Consider a mode
these two sets are both controlled invariant and are bo

contained inX x O/(Bx Q). SinceW ¢ W', we have that jveAﬁZ\\//zhereAKa 's atype(n + 1) kernel. Then for all
W is not the maximal controlled invariant set containe ’SJ _ Pre@j U g1 U s

in the complement oB x Q. This contradicts Proposition ' " N A R

1, which states thalv is the maximal controlled invariant {116, REG.HNAKs] (310 <R PNAKs]

set contained in the complement B Q. Therefore, the

tuple Cq,, ..., Cq, must be the least fixed point &. =

“4)
wheredj; belongs totype(1),...,type(n) kernels. By the
induction assumption, there eX|st¢* such thatSN =

B. Termination of Algorithm 1 SN+l = SN for all N > N*. Let thenJ > N*. Let Go
Consider the transition system defined by the dlscretme the maX|maI element &fK, and assume that we can
state update law of from equations (2), that igy(t") =  transition from modeg“to §o in N; transitions. Starting
R(G(t), Y(1), Y(t) € ¥, in whichGe Q = {f1,. .., qv). from modedp, the discrete flow can visigy"again, since
Definition 3: (Reachable set) The reachable set frond is in AK;. We consider the shortest path in which the
a state g° is defined as Reach() := {§; € discrete flow starts afly"and reaches back tgp,"in N

Q I3t AV st § = ¢a(t, G, Vo). transitions, after visiting all the modes iK,. Let us



also assume thak=1i > N*+Nj + Nz Then, we have that
Go € {R(@y,.,- ) N AKa} anddp € {R(Gy,.v, .- Y) N AKa).

The setK = {Uq,cr@.mnaka -+ U, k@, ,naka
Utz eR@,, , 90\AKa) q. } consists of all the modes not in

Note that by Proposition 2 (iv), the right hand side ofAK, that C: can be reached in one transition from modes

equation (4), withg" replaced bygp and J = i, contains
S;- In the resulting expression we substitlﬁé;‘l =

Pre@lv Ut e mnakal Sty 2 Una, ek, omaka Si;°)

and obtain
U U

1716 €R@.VN\AKa}  {11/61,€R(@.Y)NAKa)

U U

{12161, €R@E, Y)NAKa) {15165 €R(@,.Y)\AKa)

S| C Pre| do, S

Prel§,. S2 S{E‘Z

Employing Proposition 2 (vi) to the right hand side of gi-Ni+

(5), we obtain

S| ¢ Pre| o,

g

15161 €RE@.YN\AKa} {6, €R@.Y)NAKG}

U U

{61, €R@1.Y)NAKa) {12161, €R(@1, .Y)NAK,)

Si:l
I3

U
U

{13161; R, Y)\AKa}

S si2|-

(6)

To simplify notatlon let us defineS; =
Unija, erg.vpaka Si;* and Si; =U:q|1efe(q|y)nAKa:U -V
U, eRim 200aka) Utiila:_eRa,, , oaka Si" for 1<m
< i. Equation (6) becomesS' = Pre@,Sq U
St Ui, e nnaka Unia, i@, mnaka Si,5-

Employmg equation (Af) withd = 1 - 2 for

in AK,. This implies that the sets |r{|S| N+N}
are the fixed points of Algorithm 1 for the modes that
can be reached from each mode in keraé, in one
transition. Let us denote these sets{8y., So-, ..., Sk, }.
The elements otS| - Si} are the sets obtained
in each iteration o]f Algor|thm 1 for the modes that
can be reached from each mode in kerney in
one transition, and thus are subsets of the fixed points
{S1+,S2-, ..., Sk, }. Thus equation (7) simplifies tSIi -
Pre€io. Ujg,cak.) (Sj- U Pre@j, B))), which further simpli-
fies to S C Pre(o, Ujg;eak,) Si+) by Proposition 2 (vi).

i i-Np  _ &
Now, 5 2S5, " = Pre€iy,. Uny,..a,.,cRa, snaka)

i—Nz+1 :
Siyon Uuwlq. (R@, Ik Sy ). Since do s
reachable fromq| in N transmons we have that
Go € Uny, 1 ay, < Ray, B Gy,- ThusS| 2 Pre @o.

i-Ni-1
Uituys 1y, R, 00aka Sty Uit 165, eR@y, oaka)

S' N1y Simplifying the right hand side of this equation
by repeatedly applying equation (4) and Proposition 2
(vi), we obtainS! 2 Pre(, U [jlay eakal Sit)-

ThusS' = Pre(Go, Uj1g-eaka) Si), IN Which Sj. can be
computed in a finite iteration. As a consequence, S§0
can be computed in a finite iteration. Since the algorithm
terminates for kernels of any type, it terminates for the
transition system described in (2). [ |

C. Control Map
Once the setséq are computed for alh"as uncon-

S' -2 in the above expression and employing Propotrollable predecessors of a suitable set (Theorem 1), we

smon 2 (vi), we obtain S' C Preq,& U S, U

Si; Ulg, eR@.vnaka) U[qlzeR(q|ly)mAKa> UuswageR(qz Y)AKa)
S' 3) Proceeding by repeatedly expandlﬁqm for m=
3 ,i—1 and employing Proposition 2 (vi), we obtain

U U

{61, €R(G.Y)NAKa} (61,€R(G, . Y)NAK,)

S| C PrefGo. Si, V... Si;

Pre(,, B) |,
{1116, €R(G;_y -Y)NAK,)

()

U:qlleﬁ(q kg - Ui, ef@,, , vnaka)
M for m < i. Note that since

in which S, :=
Utilay, eR@,, ;9\ AKa)

mathematically characterize the set of all control maps
that keep the state df outsideC by employing viability
theory [2]. LetX be a normed space and It c X be
nonempty. Thecontingent cone to K at x € K is the set
given by Tk(X) := {ve K | lim infhﬁmw =0}, in
which dk (y) denotes the distance gffrom setK, that is,
dk (y) := infxk|ly — Z2|. Thus, wherK is an open set, the
contingent cone t& at any point inK is always equal to
the whole space. IK is a diferentiable manifoldT (X)
coincides with the tangent space Koat x. A set valued
map F : X — 2X is said Marchaud if (i) the graph and
the domain ofF are nonempty and closed; (ii) for all
x € X, F(X) is compact, convex and nonempty; (i)
has linear growth, that is, there exist > 0 such that

A ¢ AKa, it belongs to a kernel of type less than orfor all x € X we have sufivll | ¢ € F(X) < c(IIX| + 1)}

equal ton which implies thatS; is a fixed point of
Algorithm 1 for i — m > N* (in particular form <

Further, we say thaF is Lipschitz continuous onX if
there isA > 0 such that for allx;, X, € X we have that

N: + Ny). According to our assumption, starting fromF(X1) € F(X2) + AllX1 — X2l|B1(0), in which By(0) is a ball

g we can reachgy in N; transitions and fronqgg we
can reachgg again inN; transitions after visiting all the
modes inAK,. Thus we have form = N; + N, that

Uia,er@.mnakq) - - Ullnala,, R, 008K, it = AKa.

in X of radius 1 centered at 0. We say tlrats piecewise
Lipschitz continuous oiX if it is Lipschitz continuous on
a finite number of set¥X; c X fori = 1, ..., N that cover
X, that is,UN; X = X, andX; n X; = 0 for i # j.



Proposition 6: Let F : X — 2X be a set-valued L,
Marchaud map. Assume thd is piecewise Lipschitz x, ;&{2
continuous onX. A closed setk C X is invariant under .
F if and only if F(X) € Tk(X) for all x € K. —_— "

Proof: (Sketch) We construct fronfr an impulse D L,
differential inclusion whose trajectories are the same as x& Xy
the ones of the systeme F(x) and then apply Theorem
3 from [3] to the resulting impulse fierential inclusion |
to conclude invariance oK. A - = Fig. 1. Two vehicles merging o‘n an intersection. If two vehicles
tha-[? fs(l):]s,hg dr)lf);a20qn’, dfoerq A? S ?f—&?i;jaepf@?g)c}h arge both in the shaded region, a collision occurs.
That is, we incorporate all the uncertainty introduced by The hybrid automaton that models the above
@ € g andd € A in one parametef that varies in a set gystem is H = (Q XU, A% R f), in which
©() dependent on the modg Let thenlq := X\Cq for ' ¢ R4 Q = (g, ). The X coordinate system is
all g € Q and consider the set valued map defined agyen along the path of the vehicles. The bad set is given
I(x, ) == {ue U | f(x u,6) € T (X) V0 € O@)}. as B = {x € X | (x,x) € (L1,Us) x (L2, U2)},

Theorem 3: Assume thatr(x,§) for any modeq’is \yhere LU, L, and U, are shown in Fig. 1,
such that the set-valued ma&(x) := {f(x 7(x.8).6).0 €  (x, x;) are the positions of the vehicles along their
O()} is Marchaud and piecewise Lipschitz o Then, paths and %, xs) are their longitudinal speeds.
the setXxQ)\C is invariant forH" if and only if 7(x,§) € | pngjtudinal dynamics of the vehicle is modeled as
TI(x, 9). . . a second order system [18]. Since the mode cannot

Proof: (&) Assume thatr(x, ) € TI(x,G) and that switch, X = f(xqud), X = (X,%,XsX), and
()?(to),é](to)) ¢ C, we show that all )((t),Q(t)) ¢ C for f(X, Q. u, d) — (fl(X, a. d), fz(X, U)), with
all t > to. Let {tx}k-0 be the sequence of times at W[lich
there is a mode shift, we show thax(t);¢(t)) ¢ C { (X2, bg +d), if Xo € [Xomin, Xomax]

for all t € [t tk.a] for all k > 0. This is shown by  (x g, d)=! (x,0), if X2 < Xomin andbg +d < 0
induction argument ok. (Base case) By assumption we OF X > Xomax andbg +d > 0,

have that X(to), G(to)) ¢ C. (Induction step) Assume that (8)
(%(t). 8(t) ¢ C. We show that this implies(?), a(t)) ¢ C (Xa 1), if Xa € [Xamin, Xamax]

for all t € (t, twa]. This in turn is equivalent to show that fo(x,u) =4 (X4,0), if X4 < Xgmin @andu <0 9)
)’i(t) ¢ ank) for all t € (tx, tks1) and X(tx,1) ¢ Cﬁ(tm)- Since { or X4 > Xamax andu > 0,

Cater) € Cqy by the properties of the Pre operator and

by Proposition 4, it is enough to show thet)¢ Cy, for  d € [-D,D] and u € [u,, uy]. The continuous state can
all t € (. teea]. FOT t € (4, ter), the trajectoryx(t) of A7 be measured, for example by road side speed sensors, and

e s fe (O A A ; : communicated by the infrastructure. In this example, since
jvaglséfr?:te}(;gx’l(x’{ ?%;k,);’(?”q(fk))e’ H(i(qgk)e)' g(qv(\i:;;:}h the mode does not switch and the continuous dynamics
v are linear in the parameters, we can use the least squares
method to construck (X_t.q).
Assume 0 [by — D, by + D]. Consider system (8) with
q=q and letb= 2 [7_%(7)dr, 7> T L. Then one can

Sincen(X, §) € II(X, §), it follows that f (X, 7(X, §(tk)), 6) €
Tiy, (X) for all & € ©((t)), which in turn implies that
F(X) € Tiy, (X). Proposition 6 thus implies thatg, is
invariant byF. Therefore, we have tha(t) € Lq,) for all

t € (t teeal- Thus, X(t) ¢ Caq, for all te (toterl: show thatib - by| < D. Thus, we define
(=) The fact that ifr(x, §) ¢ TI(x, ) the set K x Q)/C g _ J{an g} if [b—bgl<D,ie{12
: o - - F (K1) = : : - (see
is not invariant forH” follows from Proposition 6. m {ai} if [b—bgl>D,j=#i
IV. AppLicATION EXAMPLE [10] for more details).

Consider two vehicles merging on an intersection (Fig. Since 0e [bg ~D, bg +D]. i € {1,2} ,W? del‘lnefl(x, 0) =
1). In this paper, we assume that one of the two vehicles b, = D,bg, +D|.if §=
does not have an on-board controller and the two vehiclé&2, 6) with 6 € { |bg, — D,bg, + D|,if =0, .
do not communicate. We model the non-communicating bg, — D,bg, + D|,if § =0
vehicle as a hybrid automaton with modes that undergo gmpoying Algorithm 1, we obtairﬁql = Pre@j, BU
non-autonomous transitions due to the discrete distubangye,, B) U Pre(js, B)), Cq, = Pre(, B). Cy, = Pre(is. B).
control input from the human driver. These modes modglsing proposition 2, these expressions further simplify to
the vehicle in either braking or acceleration maneuveg, — preg;, B),C,, = Pre(h. B). Gy, = Pre(s, B).
In the proximity of the intersection, we assume that the
human driver either decides to brake or accelerate and that),, praciice, measurement of acceleration will not be regtias
the mode remains the same. discrete time models will be considered for implementation
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Fig. 2. The yellow set, green set and intersection of these setesept the

space. We have then provided the dynamic feedback map
that renders the complement of the capture set invari-
ant. Termination conditions were provided. The proposed
algorithm has been illustrated on a collision avoidance
scenario involving two non-communicating vehicles at a
traffic intersection. In our future work, we will incorporate
discrete control inputs and continuous state uncertainty.
Furthermore, we will identify classes of systems for which
the assumptions of the termination theorem (Theorem
2) hold and investigate connections with bisimulation

slice, corresponding to the current speeds, of &), Pre(, B). and the capture
set, Preg;B) in the (x3, X;) plane, respectively. The current position of the two
vehicles &3, X;) is shown as a red circle and sét[U;] x [Lp, U,] is shown as a
red rectangle in the figures above.

1
In order to calculate Prg{;B),Pre( B) and g

Pre(s, B) numerically, we use the following relationship
[11] Preg], B) = Pre@, B). N Pre@, B)w, where, Preq.B). %}
={xe X|3At, Ad; st. somegs(t, (X, §),d, uL, €) € B} and
Pre@, B)y = {x € X | t,3d; st. somegs(t, (x, §), di, Un,
€) € B}. SinceB is an open box in thex{, x3) coordinates,
the sets Pre(B)._ and Preg;B)y can be easily computed
with a linear complexity discrete time algorithm [6].

A feedback mapr(x, §), that satisfies Theorem 3 is
given by

(5]
(6]

u. if xe Pre(, B)u A X € dPre(, B)L
(x.8) = uy Iif xe Pre( B)L A x € dPre(, B)4 [7]
TSR =Y u if xe aPre B), A dPreg, B).

x  otherwise (8]

A. Smulation Results

The bad setB is such thatL; = 500 U; = 550 for (9]
i € {1,2}. We consider a discrete time model with time[10]
stepAt = 0.1 secondsu € [-1,1], by, = -0.4,by, = 0.4 1]
andd € [-0.6,0.6]. We takeT = 0.5 seconds to generate
the least square estimale If b ¢ [-1,-0.2],4 = {0},
if b e [021],§ = {g), and if b € [-02,.2],§ = [12
{a1, g2}, Simulation results are presented in Fig. 2 for
the case when the vehicle controlled by nature is runnings]
in modeqp. The initial estimated mode ig; = {1, 02}
At the beginning, the measurement data is naficent
to determine which mode the system is in, thus the
estimated mode is the same as the initial mage(Fig. (15!
2, top left). At 13 seconds, the mode shifts froq fo
gs. Correspondingly, in Fig. 2 top right, the capture seti6]
changes and we also note that the new capture set is a
subset of Pref;, B). The system flow hits the boundary ;7
of the capture set Prg{ B) at 114 seconds (Fig. 2 bottom [18]
left) and a control inputi = —1 is applied by the controller
that keeps the continuous state flow outside the capture set
(Fig. 2 bottom right). [19]

[14]

V. CONCLUSION

We have addressed a continuous control problem for
a hybrid automaton with unknown discrete state. We
have provided an algorithmic procedure for computing
the capture set in the non-deterministic information state

techniques.
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