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Abstract

In this work, the problem of estimating the state in systems with continuous and discrete

variables is considered. A cascade state estimator on a partial order is constructed and

conditions for its existence are provided. This work has twomain contributions. First, it ex-

tends existing state estimation algorithms on a partial order to estimate also the continuous

variables. Second, it shows that the proposed constructionis general.
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1 Introduction

Hybrid systems models have become increasingly popular as aframework for describing

discrete and continuous state dynamics that characterize embedded systems. The problem of

state estimation arises as a means for control under partialobservation and as a means for

fault diagnosis. Estimating the values of non-measurable variables in hybrid systems with

reasonable computational effort is challenging. In the worst case, the size of the set of pos-

sible current discrete states can grow exponentially with the number of measurements due to

the coupling of continuous and discrete dynamics. We address this computational challenge

by proposing an alternative approach to enumeration techniques, which exploits a partial or-

der structure on the set of continuous and discrete states. There is a wealth of research on the

problem of estimating the state of hybrid systems. Bemporadet al. [3] propose a deadbeat
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observer for piecewise affine systems, which requires large amounts of computation. Balluchi

et al. [2] combine alocation observer with a Luenberger observer. However, if the number

of locations is large, as in the systems that we consider, such an approach is impracticable.

In Alessandri et al., Luenberger-like observers are proposed for hybrid systems, but the sys-

tem location is known [1].̈Ozveren et al. [7] and Caines [4] propose discrete event observers

based on the construction of the current-location observation tree, which is impractical when

the number of locations is large. The main contribution of this work is a new approach to state

estimation that exploits partial order structures. The idea is the one of finding an alternative

way to enumeration in order torepresentthe sets of interest. This alternative way relies on rep-

resenting sets by means of lower and upper bounds in suitablepartial orders. This approach

was first proposed in the author’s previous work [10], in which only the discrete variables

were estimated, while the continuous variables were available for measurement. In the sur-

vey paper [9], the results on state estimation on partial orders are summarized. In this paper,

this approach is extended to the case in which the continuousvariables also need to be esti-

mated. We show that the proposed approach is general as partial orders on which to construct

the estimator can always be found provided that the system has observability properties. The

computational load of the estimator is highly dependent on the specific partial order chosen.

We thus show through examples what classes of systems allow for partial order choices that

lead to low computation estimators. In Section 2, we introduce a multi-robot example to ex-

plain the basic idea. In Section 3, we introduce basic notions on partial orders and the system

model. Section 4 formulates the state estimation problem and gives a solution. In Section 5,

the existence of the estimator is investigated. In Section 6, we illustrate several examples.

2 A Multi-robot Example

As an illustrative example, we consider a task that represents a defensive maneuver for

a robotic “capture the flag” game [5]. In this example, as opposed to [10], the continuous

variables are only partially measured. Some number of blue robots with positions (zi,1, 0) ∈ R2

(denoted by open circles) and with speeds (zi,2, 0) ∈ R2 must defend their zone{(x, y) ∈

R
2 | y ≤ 0} from an equal number of incoming red robots (denoted by filledcircles). The

positions of the red robots are (xi , yi) ∈ R2 (Figure 1). The red robots move straight toward

the blue robots defensive zone. The blue robots are each assigned to a red robot, and they

coordinate to intercept the red robots. LetN represent the number of robots in each team. The

robots start with an arbitrary (bijective) assignmentα : {1, ...,N} → {1, ...,N}, whereαi is the

red robot that blue roboti is required to intercept. At each step, each blue robot communicates
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Fig. 1. Example of the RoboFlag Drill with 8 robots per team. The dashed lines represent the assign-

ment of each blue robot to red robot. The arrows denote the direction of motion of each robot.

with its neighbors and decides to either switch assignmentswith its left or right neighbor

or keep its assignment. The RoboFlag Drill system can be specified by the following rules:

yi(k+ 1) = yi(k) − δ if yi(k) ≥ δ and

z′i,1= (1− β)zi,1 − βzi,2 + 2βxαi (1)

z′i,2= (1− λ)zi,2 + λxαi (2)
(αi(k+ 1), αi+1(k+ 1))= (αi+1(k), αi(k)) if xαi (k) ≥ zi+1,1(k) ∧ xαi+1(k) ≤ zi+1,1(k), (3)

where we assume thatxi < zi,1(k) < xi+1 andxi < zi,2(k) < xi+1 for all i and allk, which is

guaranteed ifβ andλ are sufficiently small. This implies that each defender moves toward

the x position of the assigned attacker with second order damped dynamics. Equation (3) es-

tablishes that two robots trade their assignments if the current assignments cause them to go

toward each other. Given the evolution of the measurable quantitieszi,1, xi, andyi for all i, can

we build an estimator that tracks on-line the value of the assignmentα(k) and of the robots

speedszi,2(k) for all k? The value ofα ∈ perm(N) determines the discrete state. The number

of possible discrete states isN!. This renders prohibitive the application of observers based

on the current location observation tree [4,2,7]. Considerthe situation depicted in Figure 1

(left) whereN = 8. We see the blue robots 1, 3, 5 going right and the others going left. From

equations (1-2) withxi < zi,1 < xi+1 andxi < zi,2 < xi+1 we deduce that the set of all possible

α ∈ perm(N) compatible with this observation is such thatαi ≥ i + 1 for i ∈ {1, 3, 5} and

αi ≤ i for i ∈ {2, 4, 6, 7, 8}. According to enumeration methods, this set needs to be mapped

forward through the dynamics of the system. Such a set is thenintersected with the set of

α values compatible with the new observation. For each possible discrete state, a continuous
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state estimator must be run to estimate the continuous variable corresponding to the discrete

state. To overcome the complexity issue that comes from the need of listing order ofN! el-

ements, we propose to represent a set by a lowerL and an upperU elements according to

some partial order. Then, we can perform the previously described operations only onL and

U, two elements instead ofN!. For this example, we can viewα ∈ NN. The set of possible

assignments compatible with the observation of thezmotion deduced from the equations (1)–

(2), denotedOy(k), can be represented as the interval [(2, 1, 4, 1, 6, 1, 1, 1), (8, 2, 8,4, 8,6,7, 8)]

with the order established component-wise. The functionf̃ that maps such a set forward,

specified by the equations (3) with the assumption thatxi < zi,1 < xi+1, simply swaps two

adjacent robot assignments if these cause the two robots to move toward each other. Thus, it

maps the setOy(k) to the setf̃ (Oy(k)) = [(1, 2, 1, 4, 1, 6, 1, 1), (2, 8, 4,8,6, 8,7,8)]. When the

new output measurement becomes available (Figure 1, right)we obtain the new setOy(k +

1) = [(1, 1, 1, 5, 1, 7, 1, 1), (1, 2, 3,8,5, 8,7,8)]. The setsf̃ (Oy(k)) and Oy(k + 1) can be in-

tersected by simply computing the supremum of their lower bounds and the infimum of

their upper bounds to obtain [(1, 2, 1, 5, 1, 7, 1, 1), (1, 2, 3, 8, 5,8, 7, 8)]. This way, we obtain

the system that updatesL and U, being L and U the lower and upper bounds of the set

of all possibleα compatible with the output sequence:L(k + 1) = f̃
(

sup(L(k), inf Oy(k))
)

,

U(k + 1) = f̃
(

inf(U(k), supOy(k))
)

. The computational burden of this implementation is of

the order ofN. This computational burden is to be compared toN!, which is the compu-

tation requirement that we have with the enumeration approach. Once we have an interval

in which the discrete state is, we can determine the intervalin which the continuous state

z2 = (z1,2, ..., zN,2) is. Letz1 = (z1,1, ..., zN,1) be the vector of positions. For a pair of consecutive

measurementsz1(k), z1(k + 1) and forα(k) ∈ [L∗(k),U∗(k)] with L∗(k) = sup(L(k), inf Oy(k))

andU∗(k) = inf(U(k), sup Oy(k)), we have thatz2 is also in an interval (using component-

wise ordering), which isinducedby the interval [L∗(k),U∗(k)]. We denote such an interval

induced by [L∗(k),U∗(k)] as I [L∗(k),U∗(k)]
z1(k),z1(k+1) . This induced interval represents the set of all pos-

sible continuous variablesz2 that are compatible with observationsz1(k) andz1(k + 1) and

with a discrete state in the interval [L∗(k),U∗(k)]. The ends of this induced interval can be

easily computed by equation (1). In fact, the map that attaches to a valueα ∈ NN the val-

ues zi,2 for a pair of consecutive observationsz1(k), z1(k + 1) is given for all i by αi →
1
β

(

(1− β)z1,i(k) − z1,i(k + 1)+ 2βxαi

)

. If we denote byMz1(k),z1(k+1)(α) the map that attaches

to α, the value ofz2 for a given pair of consecutive observationsz1(k), z1(k + 1), we obtain

Mz1(k),z1(k+1)(α) = 1
β

((

(1− β)z1,1(k) − z1,1(k+ 1)+ 2βxα1

)

, ...,
(

(1− β)zN,1(k) − zN,1(k+ 1)+ 2βxαN

))

.

The ends of the induced interval are thus given by infI [L∗(k),U∗(k)]
z1(k),z1(k+1) = Mz1(k),z1(k+1)(L∗(k)) and

sup I [L∗(k),U∗(k)]
z1(k),z1(k+1) = Mz1(k),z1(k+1)(U∗(k)). The lower and upper bound of the set of possiblez2
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values, which we callzL andzU, can be updated by:

zL(k+1) = h̃2

(

sup(zL(k), inf I [L∗(k),U∗(k)]
z1(k),z1(k+1) ), L

∗(k)
)

, zU(k+1) = h̃2

(

inf(zU(k), supI [L∗(k),U∗(k)]
z1(k),z1(k+1) ),U

∗(k)
)

,

(4)

in which h̃2 is the function that updates the variablesz2 as given in equations (2). In this paper,

this construction is made general by employing partial order theory.

3 Basic Notions

A partial order [6] is a setχ with a partial order relation “≤”, and it is denoted (χ,≤). The

join “g” and themeet”f” of two elementsx andw in χ are defined asx g w = sup{x,w}

andx f w = inf {x,w}, if S ⊆ χ,
∨

S = sup S and
∧

S = inf S, where sup{x,w} denotes

the smallest element inχ that is larger than bothx andw, and inf{x,w} denotes the largest

element inχ that is smaller than bothx andw. If x < w and there is no other element in

betweenx andw, we write x ≪ w. Let (χ,≤) be a partial order. Ifx f w ∈ χ andx g w ∈ χ

for all x,w ∈ χ, then (χ,≤) is a lattice. Let (χ,≤) be a lattice and letS ⊆ χ be a non-

empty subset ofχ. Then (S,≤) is a sublatticeof χ if a, b ∈ S implies thata g b ∈ S and

af b ∈ S. If all sublattices ofχ contain their least and greatest elements, then (χ,≤) is called

complete. Given a complete lattice (χ,≤), we are concerned with a special kind of a sublattice

called aninterval sublatticedefined as follows. Any interval sublattice of (χ,≤) is given by

[L,U] = {w ∈ χ | L ≤ w ≤ U} for L,U ∈ χ. That is, this special sublattice can be represented

by only two elements. The cardinality of an interval sublattice [L,U] is denoted|[L,U]|. The

power latticeof a setU, denoted (P(U),⊆), is given by the power set ofU, P(U) (the set

of all subsets ofU), ordered according to the set inclusion⊆. The meet and join of the power

lattice is given by intersection and union. The bottom element is the empty set, that is⊥ = ∅,

and the top element isU itself, that is⊤ = U. Let (P,≤) and (Q,≤) be partially ordered sets.

A map f : P → Q is (i) anorder preserving mapif x ≤ w =⇒ f (x) ≤ f (w); (ii) an order

embeddingif x ≤ w⇐⇒ f (x) ≤ f (w); (iii) an order isomorphismif it is order embedding and

it mapsP onto Q.

Definition 3.1 (Distance on a partial order) Let (P,≤) be a partial order. A distanced on (P,≤)

is a functiond : P× P→ R such that the following properties are satisfied: (i)d(x, y) ≥ 0 for

all x, y ∈ P andd(x, y) = 0 if and only if x = y; (ii) d(x, y) = d(y, x); (iii) if x ≤ y ≤ z then

d(x, y) ≤ d(x, z); (iv) d(x, z) ≤ d(x, y) + d(y, z) (triangular inequality).
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Note that any functiond that satisfies the items in Definition 3.1 is a distance function. So, the

distance function on a partial order is not unique. Let (P1,≤) and (P2,≤) be two partial orders.

Their Cartesian product is given by (P1 × P2,≤), whereP1 × P2 = {(x, y) | x ∈ P1 andy ∈ P2}

and (x, y) ≤ (x′, y′) if and only if x ≤ x′ and y ≤ y′. For all (p1, p2) ∈ P1 × P2 the standard

projectionsπ1 : P1 × P2 → P1 andπ2 : P1 × P2 → P2 are such thatπ1(p1, p2) = p1 and

π2(p1, p2) = p2. Let P1 andP2 be two sets withP1 ⊆ P2 and (P2,≤) a partial order. For all

x ∈ P2, we define thelower and upper approximationsof x in P1 asaL(x) := max(P2,≤){w ∈

P1 | w ≤ x} andaU(x) := min(P2,≤){w ∈ P1 | w ≥ x}. If such lower and upper approximations

exist for all x ∈ P2, then the partial order (P2,≤) is said to beclosed with respect to P1. One

can verify that the lower and upper approximation functionsare order preserving.

A deterministic transition system(DTS) is a tupleΣ = (S,Y, F, g), where (i)S is a set

of states withs ∈ S; (ii) Y is a set of outputs withy ∈ Y; (iii) F : S → S is the state

transition function; (iv)g : S → Y is the output function. An execution of a determinis-

tic transition systemΣ is all sequenceσ = {s(k)}k∈N such thats(0) ∈ S and s(k + 1) =

F(s(k)) for all k ∈ N. The set of all executions ofΣ is denotedE(Σ). An output sequence

of the systemΣ corresponding to an executionσ is denoted{y(k)}k∈N and it is such that

y(k) = g(s(k)). The deterministic transition systemΣ = (S,Y, F, g) is said to beobserv-

able if any two different executionsσ1, σ2 ∈ E(Σ) are such that there exists ak such that

g(σ1(k)) , g(σ2(k)). It is useful to define also systems with inputs and their interconnec-

tions. We define two types of interconnection: feedback interconnection and cascade inter-

connection. Adeterministic transition system with inputis the tupleΣ = (S,I,Y, F, g),

where (i) S is a set of states withs ∈ S; (ii) I is a set of inputs; (iii)Y is a set of out-

puts withy ∈ Y; (iv) F : S × I → S is the state transition function; (v)g : S × I → Y

is the output function. Consider the two systems with inputsΣ1 = (S1,I1,Y1, F1, g1) and

Σ2 = (S2,I2,Y2, F2, g2), in which I1 = Y2, I2 = Y1, andg1 : S1 → Y1. The feedback

interconnectionof Σ1 with Σ2, denoted byΣ1◦ f Σ2, is the deterministic transition system given

by Σ1 ◦ f Σ2 := (S1 × S2,Y2, (F′1, F
′
2), g

′
2), in which for all s1 ∈ S1 and s2 ∈ S2, we have

F′1(s1, s2) = F1(s1, g2(s2, g1(s1))), F′2(s1, s2) = F2(s2, g1(s1)), andg′2(s1, s2) = g2(s2, g1(s1)).

The output of the feedback interconnectionΣ1 ◦ f Σ2 is the output ofΣ2. Consider the two

systems with inputsΣ1 = (S1,I1,Y1, F1, g1) andΣ2 = (S2,I2,Y2, F2, g2), in whichI2 = Y1.

Thecascade interconnectionof Σ1 andΣ2, denotedΣ1 ◦c Σ2, is the deterministic system with

input given byΣ1 ◦c Σ2 := (S1 × S2,I1,Y2, (F′1, F
′
2), g

′
2), in which for all s1 ∈ S1, s2 ∈ S2,

andu1 ∈ I1 we have thatF′1(s1, s2, u1) = F1(s1, u1), F′2(s1, s2, u1) = F2(s2, g1(s1, u1)), and

g′2(s1, s2, u1) = g2(s2, g1(s1, u1)). LetU be a finite discrete set,Z an infinite possibly dense

set, andY a finite or infinite set. In this paper, we consider systems of the formΣ = Σ1◦ f Σ2, in
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whichΣ1 = (U,Y,U, f , id) andΣ2 = (Z,U,Y, h, g), with g : Z×U → Y, f : U×Y → U,

h : Z × U → Z. Then, we have thatΣ1 ◦ f Σ2 = (U × Z,Y, ( f ′, h′), g′), in which for all

α, z ∈ U×Z we have thatf ′(α, z) = f (α, g(z, α)), h′(α, z) = h(z, α), andg′(α, z) = g(z, α). We

attach toΣ = Σ1 ◦ f Σ2, the following difference equationsα(k+ 1) = f (α(k), y(k)), z(k+ 1) =

h(z(k), α(k)), y(k) = g(z(k), α(k)). In the sequel, we denote byσ(z)(k) an byσ(α)(k) the values

of the variablesz andα along the executionσ, respectively. We next define the set of all pos-

sible discrete variable values that are compatible with twoconsecutive output measurements.

The setsTy1,y2(Σ) = {α ∈ U | ∃ z ∈ Z such thaty1 = g(z, α) and y2 = g(h(z, α), f (α, y1))}

with y1, y2 ∈ Y are theΣ-transition sets. We denote the property of the systemΣ that allows

to distinguish two different initial values of the variablesα independently of the continuous

state by independent discrete state observability. The system Σ is said to beindependently

discrete state observableif for all output sequences{y(k)}k∈N, we have that for any two ex-

ecutionsσ1, σ2 ∈ E(Σ) such that{σ1(k)(α)}k∈N , {σ2(k)(α)}k∈N, there isk > 0 such that

σ1(k)(α) ∈ Ty(k),y(k+1)(Σ) andσ2(k)(α) < Ty(k),y(k+1)(Σ). This property basically states that an

independently discrete state observable system is such that any two executions with different

discrete state sequences cannot have the same output sequence, that is, at some pointσ1(k)(α)

is compatible with the output pairy(k), y(k + 1) (σ1(k)(α) ∈ Ty(k),y(k+1)(Σ)), butσ2(k)(α) is not

(σ2(k)(α) < Ty(k),y(k+1)(Σ)). This property allows to construct a discrete-continuous state esti-

mator that is a cascade interconnection of a discrete state estimator as the one in [10], and a

continuous state estimator.

4 Problem Statement and Solution

Consider the deterministic transition systemΣ = Σ1 ◦ f Σ2, with output sequence{y(k)}k∈N.

From the measurement of the output sequence, we want to construct a cascade state estimator:

A systemΣ̂ = Σ̂1 ◦c Σ̂2, in which Σ̂1 takes as input the values of the output ofΣ and asymptot-

ically tracks the value of the variablesα, while Σ̂2 takes as input the discrete state estimates

and asymptotically tracks the value ofz.

Problem 1 (Cascade state estimator) Given the deterministic transition systemΣ = Σ1 ◦ f Σ2,

in whichΣ1 = (U,Y,U, f , id) andΣ2 = (Z,U,Y, h, g), determine the cascade interconnec-

tion Σ̂ = Σ̂1 ◦c Σ̂2, in which Σ̂1 = (χ × χ,Y × Y, χ × χ, ( f1, f2), id) with f1 : χ × Y × Y → χ,

f2 : χ × Y × Y → χ, Σ̂2 = (L × L, χ × χ × Y × Y, χ × χZE × ZE, ( f3, f4), (g1, g2)) with

f3 : L × χ × χ × Y × Y → L, f4 : L × χ × χ × Y × Y → L, g1 : χ → χ, g2 : χ → χ,

with g1 = g2 = id, g3 : L → ZE, and g4 : L → ZE, with U ⊆ χ, (χ,≤) a lattice,
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Z ⊆ ZE with (ZE,≤) a lattice,χ × ZE ⊆ L with (L,≤) a lattice, such that for all execu-

tionsσ = {(α(k), z(k))}k∈N of Σ with output sequence{y(k)}k∈N the update laws

L(k + 1)= f1(L(k), y(k), y(k + 1)), U(k + 1) = f2(U(k), y(k), y(k + 1))
qL(k+ 1)= f3(qL(k), L(k),U(k), y(k), y(k + 1)) (5)
qU(k+ 1)= f4(qU(k), L(k),U(k), y(k), y(k + 1))

with zL(k) = g3(qL(k)), andzU(k) = g4(qU(k)), in which L(0) :=
∧

χ, U(0) :=
∨

χ, qL(0) =
∧

L, qU(0) =
∨

L, have the following properties

(i) L(k) ≤ α(k) ≤ U(k) (correctness);

(ii) |[L(k + 1),U(k+ 1)]| ≤ |[L(k),U(k)]| (non-increasing error);

(iii) there existsk0 > 0 such that [L(k),U(k)] ∩U = α(k) for all k ≥ k0 (convergence);

(i’) zL(k) ≤ z(k) ≤ zU(k) (correctness);

(ii’) d(zL(k), zU(k)) ≤ γ(|[L(k),U(k)]|), with γ a monotonically increasing function of its argu-

ment (non-increasing error);

(iii’) there existsk′0 > 0 such thatd(zL′(k), zU′(k)) = 0 for all k ≥ k′0 (convergence), whereL′(k) =
∧

([L(k),U(k)]∩U), U′(k) =
∨

([L(k),U(k)]∩U), qL′(k+1) = f3(qL′(k), L′(k),U′(k), y(k), y(k+

1), qU′(k+ 1) = f4(qU′(k), L′(k),U′(k), y(k), y(k+ 1)), and

zL′(k)=
∧

g3 ([qL′(k), qU′(k)] ∩ (U ×Z)) (6)

zU′(k)=
∨

g4 ([qL′(k), qU′(k)] ∩ (U ×Z)) (7)

with qL′(0) = qL(0) andqU′(0) = qU(0), for some distance function “d.”

Properties (i’)–(iii’) are the same as the properties (i)–(iii) but for the continuous state es-

timate. The variablesL andU represent the lower and upper bounds in (χ,≤) of the set of

all possible discrete variable valuesα that are compatible with the output sequence and with

the discrete state system dynamics given byΣ1. The variableszL andzU instead represent the

lower and upper bounds in (ZE,≤) of the set of all possible continuous variable values that are

compatible with the output sequence, with the system dynamics established byΣ, and with the

set of possible discrete variable values. The variablesqL andqU are auxiliary variables that are

needed to model the coupling of the continuous and discrete state dynamics. They represent

the lower and upper bounds in the mixed discrete-continuouspartial order (L,≤) of the set

of all possible pairs (α, z) compatible with the output sequence, with the system dynamics,

and with the set of possible discrete variable values. The distance function “d” has been left

unspecified for the moment and can be any function that satisfies the items of Definition 3.1.

As we performed in the example in Section 2, in order to construct an estimator that keeps
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track of lower and upper bounds of the state variables, the state variables of the system have

to be viewed as belonging to a partial order. We thus introduce the notion of extension of a

systemΣ to a partial order.

Definition 4.1 Consider the systemΣ = Σ1 ◦ f Σ2 with Σ1 = (U,Y,U, f , id1) andΣ2 = (Z,

U,Y, h, g). Let (χ,≤), (ZE,≤), and (L,≤) be partial orders withU ⊆ χ, Z ⊆ ZE, and

χ×ZE ⊆ L. The system extension is defined asΣ̃ = (L,Y, F̃, G̃), in which (i) F̃ : L → Lwith

F̃ |U×Z = ( f ′, h′) andL− (U ×Z) is invariant underF̃; (ii) G̃ : L → Y with G̃|U×Z = g′; (iii)

Σ̃|χ×ZE = Σ̃1 ◦ f Σ̃2, in which Σ̃1 = (χ,Y, χ, f̃ , id1) andΣ̃2 = (ZE, χ,Y, h̃, g̃), with f̃ |U×Y = f ,

h̃|Z×U = h, andg̃|Z×U = g; (iv) the partial order (L,≤) is closed with respect toχ × ZE.

Let Σ̃ = (L,Y, F̃, G̃) be the extension ofΣ on the lattice (L,≤). For ally1, y2 ∈ Y, the sets

Ty1,y2(Σ̃) = {w ∈ χ | ∃ z ∈ Z such thaty2 = G̃(F̃(w, z)) and y1 = G̃(w, z)} are named the

Σ̃-transition sets. The Σ̃-transition sets correspond to the set of all possible values of w ∈ χ

compatible with two consecutive outputs of the extended system Σ̃. Theoutput setdenoted

Oy(k) is a transition set corresponding to two consecutive output measurements (y(k), y(k+1))

of Σ̃ along an execution of̃Σ with output sequence{y(k)}k∈N. That is,Oy(k) := Ty(k),y(k+1)(Σ̃).

The next definition introduces the notion of interval compatibility of the tuple (̃Σ1, Σ̃, (χ,≤)).

Definition 4.2 The tuple (̃Σ, Σ̃1, (χ,≤)) is said to beinterval compatibleif for all y1, y2 ∈ Y,

we have that (i) thẽΣ-transition sets are intervals, i.e.,Ty1,y2(Σ̃) = [∧Ty1,y2(Σ̃),
∨Ty1,y2(Σ̃)]; (ii)

f̃ : (Ty1,y2(Σ̃), y1)→ [ f̃ (
∧

Ty1,y2(Σ̃), y1), f̃ (
∨

Ty1,y2(Σ̃), y1)] is an order isomorphism.

This property requires that ãΣ-transition set is a sublattice interval in the lattice (χ,≤) and that

the extensioñΣ1 is such thatf̃ is an order isomorphism on such a set. In order to determine

the set of variable values inL of the extended system that are compatible with an output pair

y1, y2 and with a set of possible discrete variable values [w1,w2] ⊆ Ty1,y2(Σ̃), we introduce

the notion of induced output set. Consider the systemΣ̃ = (L,Y, F̃, G̃) and a transition set

Ty1,y2(Σ̃) for somey1, y2 ∈ Y. For all w1,w2 ∈ Ty1,y2(Σ̃) with w1 ≤ w2, the setsI [w1,w2]
y1,y2 =

{q ∈ L | π1 ◦ aL(q) ≥ w1, π1 ◦ aU(q) ≤ w2, y2 = G̃(F̃(q)), and y1 = G̃(q)} are named the

induced output setsof Σ̃ induced by an interval [w1,w2] ⊆ Ty1,y2(Σ̃). The meaning of an induced

output set is the following. The setI [w1,w2]
y1,y2 is the set of all possible values ofq ∈ L that are

compatible with two output measurementsy1, y2 andwhose upper and lower approximations

in χ×ZE have the discrete component contained in the set [w1,w2]. One can easily verify that

if [ w1,w2] ⊆ Ty1,y2(Σ̃), then{(α, z) | g(z, α) = y1 andg(h(z, α), f (α, y1)) = y2} with α ∈ [w1,w2]

is contained inI [w1,w2]
y1,y2 . Next, a definition similar to interval compatibility is introduced for the

induced output sets and the system extensionΣ̃.
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Definition 4.3 The pair (̃Σ, (L,≤)) is said to beinduced interval compatibleif for any [w1,w2] ⊆

Ty1,y2(Σ̃) for y1, y2 ∈ Y, we have that (i)F̃ : ([∧I [w1,w2]
y1,y2 ,

∨I [w1,w2]
y1,y2 ]) → [F̃(∧I [w1,w2]

y1,y2 ), F̃(∨I [w1,w2]
y1,y2 )] is

order preserving; (ii)F̃ : ([∧I [α,α]
y1,y2),

∨I [α,α]
y1,y2 ]) → [F̃(∧I [α,α]

y1,y2 ), F̃(∨I [α,α]
y1,y2 )] is an order isomorphism;

(iii)for all [ w1,w2] ⊆ Ty1,y2(Σ̃), we have thatd
(

π2 ◦ aL ◦ F̃(∧I [w1,w2]
y1,y2 ), π2 ◦ aU ◦ F̃(∨I [w1,w2]

y1,y2 )
)

≤

γ(|[w1,w2]|), for some distance function “d,” and γ : N → R a monotonically increasing

function of its argument.

The functiond is any function that satisfies the items of Definition 3.1. Item (i) of this def-

inition requires that the extended functionF̃ has order preserving properties on the induced

output sets. Item (ii) requires the stronger property of order isomorphism when the interval to

which the discrete state belongs is a singleton. This property is stronger than order preserving

because it also requires thatF̃ is onto on the indicated codomain. This property is necessary

to prove the convergence of the continuous state estimator.Item (iii) establishes that the dis-

tance between the lower and upper bounds of the interval sublattice in (ZE,≤) induced by an

interval [w1,w2] ∈ χ is bounded by a monotonic function of the cardinality of [w1,w2]. When

(y1, y2) = (y(k), y(k + 1)) in the above definitions, in which{y(k)}k∈N is an output sequence

of Σ, we use the notation (y(k), y(k + 1)) := Y(k) so thatI [w1,w2]
y(k),y(k+1) = I [w1,w2]

Y(k) . A solution to

Problem 1 is determined on the basis of two intermediate results. The first result establishes

that when the tuple (̃Σ, Σ̃1, (χ,≤)) is interval compatible, under the assumption of independent

discrete state observability it is possible to construct a convergent discrete state estimatorΣ̂1.

The second result establishes that under the induced interval compatibility assumption and

given a convergent discrete state estimator, it is possibleto construct a convergent continuous

state estimator̂Σ2 that is driven by the discrete state estimates.

Lemma 4.1 Let {y(k)}k∈N be the output sequence of an execution ofΣ. Consider the system

with inputΣ̂1 = (χ × χ,Y ×Y, χ × χ, ( f1, f2), id) with f1 : χ × Y ×Y → χ, f2 : χ × Y ×Y →

χ given by f1(L(k), y(k), y(k + 1)) = f̃
(

∧

Oy(k) g L(k), y(k)
)

and f2(U(k), y(k), y(k + 1)) =

f̃
(

∨

Oy(k) f U(k), y(k)
)

, with L(0) =
∧

χ and U(0) =
∨

χ. If systemΣ is independently

discrete state observable and the tuple(Σ̃1, Σ̃, (χ,≤)) is interval compatible, then L(k) and

U(k) have properties (i)–(iii) of Problem 1.

The proof of (i) relies on the order preserving property off̃ . The proof of (ii) exploits the

order isomorphism property of̃f on the output set. The proof of (iii) relies on the independent

discrete state observability assumption. For the details,the reader is referred to [10].

Lemma 4.2 Let {y(k)}k∈N be an output sequence ofΣ. Let Σ̂1 be as in Lemma 4.1 and let

the hypotheses of Lemma 4.1 be satisfied. Consider the systemwith input Σ̂2 = (L × L, χ ×
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χ × Y × Y, χ × χ × ZE × ZE, ( f3, f4), (g1, g2, g3, g4)) with f3 : L × χ × χ × Y × Y → L,

f4 : L × χ × χ × Y × Y → L, g3 : L → ZE, and g4 : L → ZE given by

f3(qL(k), L(k),U(k), y(k), y(k + 1))= F̃
(

qL(k) g
∧

I [L∗(k),U∗(k)]
Y(k)

)

f4(qU(k), L(k),U(k), y(k), y(k + 1))= F̃
(

qU(k) f
∨

I [L∗(k),U∗(k)]
Y(k)

)

g3(qL(k)) = π2 ◦ aL(qL(k)), g4(qU(k)) = π2 ◦ aU(qU(k)) (8)

in which L(k),U(k), y(k), y(k + 1) is the output ofΣ̂1, L∗(k) = ∧Oy(k) g L(k), and U∗(k) =
∨Oy(k) f U(k). If (Σ̃, (L,≤)) is induced interval compatible andΣ is observable, then zL(k) =

g3(qL(k)) and zU(k) = g4(qU(k)) have properties (i’)–(iii’) of Problem 1.

Proof.The proof of (i’) exploits the order preserving properties of F̃, aL, aU, and ofπ2. The

proof of (ii’) exploits the property of induced order compatibility and the definition of distance

on a partial order. The proof of (iii’) uses directly the observability of systemΣ.

Proof of (i’). We use induction argument onk. Initially, qL(0) =
∧

L andqU(0) =
∨

L.

Therefore we have thatqL(0) ≤ (α(0), z(0)) ≤ qU(0). Next, we show thatqL(k) ≤ (α(k), z(k)) ≤

qU(k) implies qL(k + 1) ≤ (α(k + 1), z(k + 1)) ≤ qU(k + 1). Sinceα(k) ∈ [L∗(k),U∗(k)] ⊆

Ty(k),y(k+1)(Σ̃) and (α(k), z(k)) ∈ {(α, z) | g(z, α) = y(k) andg(h(z, α), f (α, y(k))) = y(k + 1)} we

have that (α(k), z(k)) ∈ I [L∗(k),U∗(k)]
Y(k) . Removing the dependency ofL∗,U∗ andY on k, we obtain

thatqL(k) g ∧I [L∗,U∗]
Y ≤ (α(k), z(k)) ≤ qU(k) f ∨I [L∗,U∗]

Y . SinceF̃ is order preserving onI [L∗,U∗]
Y ,

we also have that̃F
(

qL(k) g ∧I [L∗,U∗]
Y

)

≤ (α(k + 1), z(k + 1)) ≤ F̃
(

qU(k) f ∨I [L∗ ,U∗]
Y

)

. We are

left to show thatqL(k) ≤ (α(k), z(k)) ((α(k), z(k)) ≥ qL(k)) implies thatπ2 ◦ aL(qL(k)) ≤ z(k)

(π2 ◦ aU(qL(k)) ≥ z(k)). This is true asπ2 ◦ aL (π2 ◦ aU) is an order preserving map and

π2 ◦ aL(α(k), z(k)) = z(k) (π2 ◦ aU(α(k), z(k)) = z(k)).

Proof of (ii’). Since F̃ is order preserving on the induced transition sets, we have that

F̃(∧I [L∗,U∗]
Y ) ≤ F̃(qL(k) g ∧I [L∗,U∗]

Y ) (F̃(∨I [L∗ ,U∗]
Y ) ≥ F̃(qU(k) f ∨I [L∗,U∗]

Y )). Sinceπ2 ◦ aL and

π2 ◦ aU are also order preserving, by using property (iii) of the distance function, we have

that d
(

π2 ◦ aL ◦ F̃(qL(k) g ∧I [L∗,U∗]
Y ), π2 ◦ aU ◦ F̃(qU(k) f ∨I [L∗ ,U∗]

Y )
)

≤ d
(

π2 ◦ aL ◦ F̃(∧I [L∗,U∗]
Y ),

π2 ◦ aU ◦ F̃(∨I [L∗ ,U∗]
Y )

)

.By property (iii) of Definition 4.3, we have thatd
(

π2 ◦ aL ◦ F̃(∧I [L∗,U∗]
Y ),

π2 ◦ aU ◦ F̃(∨I [L∗ ,U∗]
Y )

)

≤ γ([L∗,U∗]). Since f̃ ([L∗,U∗], y) ⊆ [ f̃ (L∗, y), f̃ (U∗, y)], f̃ (L∗(k), y(k)) =

L(k + 1), and f̃ (U∗(k), y(k)) = U(k+ 1), we have by the order isomorphism property off̃ that

| f̃ ([L∗(k),U∗(k)], y(k))| = |[L∗(k),U∗(k)]| ≤ |[L(k + 1),U(k + 1)]|. Sinceγ is a monotonically

increasing function of its argument, we have thatγ(|[L∗(k),U∗(k)]|) ≤ γ(|[L(k+1),U(k+1)]|).
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Proof of (iii’). For k > k0, L′(k) = α(k) = U′(k) because [L(k),U(k)] ∩ U = α(k). As

a consequence,qL′(k + 1) = F̃(qL′(k) g ∧I [α(k),α(k)]
Y(k) ) andqU′(k + 1) = F̃(qU′(k) f ∨I [α(k),α(k)]

Y(k) ).

By property (ii) of Definition 4.3, it follows that for allk > k0 we have that for allq′ ∈

[qL′(k + 1), qU′(k + 1)] there isq ∈ [qL′(k), qU′(k)] such thatq′ = F̃(q). Also,L − (U × Z)

is invariant underF̃ and F̃ |U×Z = ( f ′, h′), Therefore, it is also true that for all (α′, z′) ∈

[qL′(k+ 1), qU′(k+ 1)]∩ (U×Z) there is (α, z) ∈ [qL(k), qU(k)] ∩ (U×Z) such that (α′, z′) =

( f (α, y(k)), h(z, α)). In addition, we have that such (α, z) is in the induced transition set, that

is, (α, z) ∈ I [α(k),α(k)]
Y(k) . This in turn implies thatg(z, α) = y(k). This is true for allk ≥ k0. But,

if for all k ≥ k0 the set [q′L(k), q′U(k)] ∩ (U × Z) contains more than one element, it means

that there are at least two executions ofΣ, σ1 , σ2, such thatg(σ1) = g(σ2). This contradicts

observability ofΣ. Thus, it must be that there isk′0 > k0 such that fork ≥ k′0 we have that

[q′L(k), q′U(k)] ∩ (U ×Z) = (α(k), z(k)). As a consequence, by virtue of equations (8) we also

have thatzL′(k) = zU′(k) for all k ≥ k′0.

The proof of the convergence of the continuous state estimate relies on the fact that the func-

tion F̃ is an order isomorphism. If the extended functionF̃ is not an order isomorphism, the

convergence of the continuous state cannot be guaranteed.While the proof of the convergence

of the continuous state estimates relies on the convergenceof the discrete state estimates, it

is not necessary that the continuous state estimate wait theconvergence of the discrete state

estimate before it can converge. The discrete and continuous state estimates can converge at

the same time. This is due to the fact that the estimation strategy (both for the continuous

and discrete states) relies on a prediction-correction approach. Due to this approach, the error

on the continuous variables estimates can be rendered smaller at each step. The following

theorem is a consequence of Lemma 4.1 and of Lemma 4.2.

Theorem 4.1 The cascade interconnectionΣ̂ = Σ̂1 ◦c Σ̂2, whereΣ̂1 is as in Lemma 4.1 and̂Σ2

is as in Lemma 4.2, solves Problem 1.

We next study a class of systems in which there is a partial order onZ, the cone partial

order, that is preserved by the system dynamics. In this case, we can chooseZE = Z, with

(Z,≤) a partial order, and (L,≤) = (χ×Z,≤). An ordered Banach space[11] is a real Banach

spaceZ with a non-empty closed subsetK known as the positive cone with the following

properties: (i)αK ⊆ K for all α ∈ R+; (ii) K + K ⊆ K; (iii) K ∩ (−K) = {∅}, i.e., the cone is

pointed. A partial ordering is then defined byx ≥ y for all x, y ∈ Z if and only if x−y ∈ K, with

x > y if and only if x ≥ y andx , y. The resulting partial order is denoted (Z,≤). If condition

(iii) is not satisfied, we simply refer to (Z,≤) as an ordered space. Let againΣ = Σ1 ◦ f Σ2,

in which Σ1 = (U,Y,U, f , id) andΣ2 = (Z,U,Y, h, g) with (Z,≤) an ordered space. Let
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(χ,≤) be a lattice and consider the extensionΣ̃ = Σ̃1 ◦ f Σ̃2, in which Σ̃1 = (χ,Y, χ, f̃ , id) and

Σ̃2 = (Z, χ,Y, h̃, g̃), with f̃ : χ × Y → χ and f̃ |U×Y = f ; h̃ : Z × χ → Z with h̃|Z×U = h;

g̃ : Z × χ → Y andg̃|Z×U = g. Then, we say thatΣ is a monotone deterministic transition

systemif there is a lattice (χ,≤) withU ⊆ χ and a system extensionΣ̃ = Σ̃1◦ f Σ̃2 on (χ×Z,≤)

such thath̃ is order preserving. Such an extensionΣ̃ is called amonotone extensionof Σ

on χ × Z. For a monotone deterministic transition system, the ordered space (Z,≤) can be

used in the estimator design to reduce the computational burden, as the elements ofZ are

points, and their order relation can be efficiently computed by using the definition of (Z,≤).

In the sequel, we assume that (Z,≤) in an ordered Banach space unless otherwise stated. For

a monotone transition system, we can re-define the induced output sets to contain only the

continuous component of the state, that is, for ally1, y2 ∈ Y andw1 ≤ w2 ∈ Ty1,y2(Σ̃) we

defineI [w1,w2]
y1,y2 := {z ∈ Z | y1 = g̃(z,w), y2 = g̃(h̃(z,w), f̃ (w, y1)), w ∈ [w1,w2]}. In addition,

the induced order compatibility definition is defined only onthe basis of the properties ofh̃.

This implies that items (i)–(iii) of Definition 4.3 take the form: (i) h̃ : I [w1,w2]
y1,y2 × [w1,w2] →

[h̃(∧I [w1,w2]
y1,y2 ,w1), h̃(∨I [w1,w2]

y1,y2 ,w2) is order preserving; (ii)̃h : I [α,α]
y1,y2×α→ [h̃(∧I [α,α]

y1,y2 , α), h̃(∨I [α,α]
y1,y2 , α)]

is an order isomorphism; (iii)d(h̃(∧I [w1,w2]
y1,y2 ,w1), h̃(∨I [w1,w2]

y1,y2 ,w2)) ≤ γ(|[w1,w2]|). For a monotone

deterministic transition system, induced interval compatibility can be easily verified and the

values of∨I [w1,w2]
y1,y2 and∧I [w1,w2]

y1,y2 can be efficiently computed. A mapM can be found that for each

pair of consecutive output observations attaches to the discrete state a value of the continuous

state. If this map is order preserving, then the values of theends of the interval induced by

[w1,w2] can be simply computed by computing the mapM on w1 and onw2. In general, let

{y(k)}k∈N be an output sequence ofΣ. Defineh̃k(z,w) := h̃(h̃k−1(z,w), f̃ k−1(w, y(k − 2))), and

f̃ k(w, y(k − 1)) := f̃ ( f̃ k−1(w, y(k− 2), y(k− 1)), with f̃ 0(w, y) := w andh̃0(z,w) := z.

Definition 4.4 LetΣ be a monotone transition system andΣ̃ = Σ̃1◦ f Σ̃2 its monotone extension

on the partial order (χ×Z,≤), with (Z,≤) an ordered space. We say thatΣ̃ is continuous state

observable in̄k stepsif there is k̄ > 0 such that for allk ≥ 0, for all output sequences ofΣ

{y(k)}k≥0, and for allw ∈ χwe have that{z | g̃(z,w) = y(k), ..., g̃(h̃k̄−1(z,w), f̃ k̄−1(w, y(k+k̄−2)) =

y(k + k̄− 1)} is a singleton inZ. The mapMY(k) : χ→ Z that for each finite output sequence

Y(k) = {y(i)}i∈[k,k+k̄−1] attaches to aw ∈ χ the z ∈ Z according toMY(k)(w) := {z | g̃(z,w) =

y(k), ..., g̃(h̃k̄−1(z,w), f̃ k̄−1(w, y(k+ k̄− 2)) = y(k + k̄− 1)} is theobservability map.

Thus, if the system̃Σ is continuous state observable, the continuous statez can be expressed

as a function of the output sequence and of a starting discrete statew ∈ χ.

Proposition 1 If the monotone extension ofΣ, Σ̃, is continuous state observable in two steps,

then (Σ̃, (χ × Z,≤)), with (Z,≤) an ordered Banach space, is induced interval compatible.
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Furthermore, let{y(k)}k∈N be an output sequence ofΣ, if the observability map MY(k) : χ→ Z

is also order preserving, then for all w1 ≤ w2 with w1,w2 ∈ Oy(k) we have that∧I [w1,w2]
Y(k) =

MY(k)(w1) and∨I [w1,w2]
Y(k) = MY(k)(w2).

Proof. Item (i) of Definition 4.3 is satisfied as̃h is order preserving due to the fact thatΣ̃

is a monotone extension ofΣ on (χ × Z,≤). Item (ii) of Definition 4.3 is clearly verified as
∧

I [α,α]
y1,y2 =

∨

I [α,α]
y1,y2 by the continuous state observability in two steps assumption. Let d̄ :=

maxwi≪wj‖h̃(MY(k)(wi),wi) − h̃(MY(k)(wj),wj)‖ for wi ,wj ∈ [w1,w2] ⊆ χ, then (iii) is verified

with γ(|[w1,w2]|) = d̄ |[w1,w2]| by using the triangular inequality. By the observability intwo

steps hypothesis, it follows that∧I [w,w]
Y(k) = z∗ = ∨I [w,w]

Y(k) = MY(k)(w). By the order preserving

property ofMY(k), it follows thatMY(k)(w1) ≤ MY(k)(w2) whenw1 ≤ w2.

There is an extensive literature in the context of monotone systems that study conditions

for the monotonicity of maps. The reader is referred to [11] for details. A monotone system

extension that is continuous state observable in two steps automatically satisfies the induced

interval compatibility properties. Also, the lower an upper bounds of the induced output sets

that are used in the estimator update laws can be readily computed if the observability map is

order preserving. As a consequence, for a monotone extension Σ̃ for which the observability

map is order preserving, the update lawsf3 and f4 of Theorem 4.1 transform to

f3(zL(k), L(k),U(k), y(k), y(k + 1))= h̃
(

zL(k) g MY(k)(L
∗(k)), L∗(k)

)

f4(zU(k), L(k),U(k), y(k), y(k + 1))= h̃
(

zU(k) f MY(k)(U
∗(k)),U∗(k)

)

. (9)

5 Estimator Existence

Theorem 5.1 Assume that the systemΣ = Σ1 ◦ f Σ2 is observable and independently discrete

state observable. Then there exist lattices(χ,≤), (ZE,≤), (L,≤) withU ⊆ χ, Z ⊆ ZE, and

χ × ZE ⊆ L, and system extensionsΣ̃1 and Σ̃ such that the tuple(Σ̃1, Σ̃, (χ,≤)) is interval

compatible and(Σ̃, (L,≤)) induced interval compatible.

Proof. In the first part of the proof, we construct the lattice (χ,≤), we defineΣ̃1 and Σ̃ on

χ × Z. Then we show that properties (i)-(iii) of Definition 4.2 areverified. In the second

part of the proof, we define the lattices (L,≤), (ZE,≤), we defineΣ̃ onL, and we define an

appropriate distance functiond onZE. Thus, we show that properties (i)-(iii) of Definition

4.3 are satisfied.
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Part 1. We define the lattice (χ,≤) as (χ,≤) = (P(U),⊆), that is, the set of all subsets of

U with order established according to set inclusion. The bottom element is the empty set,

denoted⊥, and the top element isU itself. Any element inχ, denotedw, is of the form

w = α1 g ... g αn for someαi ∈ U. The systemΣ̃1 = (χ,Y, χ, f̃ , id) is determined once

f̃ : χ × Y → χ is established. The functioñf : χ × Y → χ is defined asf̃ (w, y) = f (α1, y) g

... g f (αn, y) for anyw = α1 g ... g αn, and f̃ (⊥, y) = ⊥, for anyy ∈ Y. In order to identify

the structure of the setsTy1,y2(Σ̃), we defineΣ̃ = (L,Y, F̃, G̃) by initially defining F̃ andG̃ on

χ × Z. Recall thatG̃|χ×ZE = g̃′ and that ˜g′(w, z̄) = g̃(z̄,w) for all w ∈ χ and z̄ ∈ ZE. For all

(w, z) ∈ χ × Z, for w = α1 g ... g αn, we defineF̃(w, z) := F(α1, z) g ... g F(αn, z), F(α, z) :=

( f (α, y), h(z, α)), with y = g(z, α) for anyα ∈ U. Also, we define the function ˜g(z,w) for all

(w, z) ∈ χ × Z with w = α1 g ... g αn as follows. We set ˜g(z,w) = y if and only if g(z, αi) =

y for all i. As a consequence, one can check that ifTy1,y2(Σ) = {α1, ..., αn} for someαi ∈ U,

then it follows thatTy1,y2(Σ̃) = [⊥, α1 g ... g αn]. This directly follows from the definition of̃F

andg̃. From this fact, it follows that (i) of Definition 4.2 holds. Property (ii) follows from the

fact that f̃ is an order embedding by definition, from the fact thatf̃ : [⊥,w] → [⊥, f̃ (w, y)] is

onto by definition, and from the fact that̃f : Ty1,y2(Σ̃) → f̃ (Ty1,y2(Σ̃), y1) must be one-one by

the independent discrete state observability assumption.

Part 2. In the second part of the proof, lattices (ZE,≤), and (L,≤) with extensionsF̃ :

L → L andG̃ : L → Y are constructed. Define{z | y = g(z, α), α ∈ U} := m(α, y). The

setZE is defined in the following way: (i)Z ⊆ ZE; (ii) m(α, y) ∈ ZE for any y ∈ Y and

anyα ∈ U; (iii) ZE is invariant underh, i.e., if z̄ ∈ ZE, thenh(z̄, α) ∈ ZE for all z̄ ∈ ZE

and allα ∈ U; (iv) ZE is closed under finite unions and finite intersections. By construction,

(ZE,≤) is a lattice where the order is established by set inclusion. Each element inZE is a

union of submanifolds or of points inZ. We denote an element inZE by z̄. Define (L,≤) :=

(P(χ×ZE),⊆), that is, the set of all subsets ofχ×ZE with order established by set inclusion.

By construction,χ × ZE ⊆ L. An element inL is denoted byq ∈ L and it has the form

q = (w1, z̄1)g ...g (wk, z̄k), in which z̄i ∈ ZE andwi ∈ χ. For allq = (w1, z̄1)g ...g (wk, z̄k) ∈ L,

its lower and its upper approximations are defined asaL(q) := (w1 f ... f wk, z̄1 f ... f z̄k) and

aU(q) := (w1 g ... g wk, z̄1 g ... g z̄k). For all z̄ ∈ ZE and for allw ∈ χ, we define (⊥, z̄) =

(w,⊥) = ⊥. Define the functions̃G : L → Y andF̃ : L → L in the following way. For allq =

(w1, z̄1)g...g(wk, z̄k) ∈ L, with wi = αi,1g...gαi,pi , defineG̃(q) := y if and only if g̃(z̄i,wi) = y,

g̃(z̄i ,wi) := y if and only if g(z̄i , αi, j) = y for all j ≤ pi g(z̄i, α) = y if and only if z̄i ⊆ m(α, y).

Also, defineF̃(q) := F̃(w1, z̄1) g ... g F̃(wk, z̄n), F̃(wi , z̄i) := F̃(αi,1, z̄i) g ... g F̃(αi,pi , z̄i), and

F̃(α, z̄) := ( f (α, y), h(z̄, α)) if g(z̄, α) = y, y ∈ Y, α ∈ U, z̄ ∈ ZE, while F̃(α, z̄) := ⊥ if

g(z̄, α) < Y, α ∈ U, z̄ ∈ ZE. We defineF̃(⊥) = ⊥. Note thatz̄ ⊆ Z and thereforeh does
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not need to be extended. We next determine the structure of the induced transition sets. The

intervals [L∗,U∗] in the estimator in Theorem 4.1 always have the lower bound equal to⊥ as

the output setsOy(k) have the lower bound equal to⊥ and f̃ (⊥, y) = ⊥. As a consequence, we

are interested to the structure ofI [⊥,w]
y1,y2 for [⊥,w] ⊆ Ty1,y2(Σ̃). Let w = α1 g ... g αn. One can

then check thatI [⊥,w]
y1,y2 = [⊥, q], whereq = (α1, z̄1)g ...g (αn, z̄n), in which z̄i ⊆ m(αi , y1). For all

q ∈ I [⊥,w]
y1,y2 with q , ⊥, the definition ofF̃ guarantees that̃F is order preserving on the induced

output set. Thus, (i) of Definition 4.3 is satisfied. To check that also (ii) of the same definition

is satisfied, note thatI [α,α]
y1,y2 = (α, z̄) for z̄ ⊆ m(α, y1). The assumption ofΣ being observable

and the fact that̃F(α,m(α, y1)) = ( f (α, y1), h(m(α, y1), α)) guarantees that̃F : (α,m(α, y1)) →

F̃(α,m(α, y1)) is one-one. SincẽF is also an order embedding by definition, property (ii) of

Definition 4.3 is also verified. To show (iii) of Definition 4.3, we define a distance function

onZE. For all z̄1, z̄2 ∈ ZE, we choose the discrete metric, that is,d(z̄1, z̄2) = 1 if z̄1 , z̄2,

d(z̄1, z̄2) = 0 otherwise. This distance satisfies the definition of a distance on a partial order. In

fact, if x ≤ y ≤ z we must have thatd(x, y) ≤ d(x, z) otherwise we would haved(x, z) = 0 and

d(x, y) = 1, which is a contradiction. For all [⊥,w] ⊆ χ with w , ⊥, |[⊥,w]| ≥ 1 and therefore

(iii) of Definition 4.3 is verified withγ = id.

The construction of the partial orders in this theorem is nontrivial due to the mixed discrete-

continuous nature of the partial order (L,≤). In particular, its elements are sets of pairs of

elements inχ and inZE and thus they not necessarily lie in the cartesian productχ × ZE.

Therefore, the order between any two elements inL cannot simply be derived by the ordering

of the Cartesian product (χ ×ZE,≤). This is illustrated in Example 1 in Section 6.

6 Examples

Example 1: Linear Discrete-Time Hybrid Automaton. LetU = {α1, α2, α3, α4, α5}, and

α(k + 1) = f (α(k)) where f is defined asf (α1) = α4, f (α2) = α5, f (α3) = α1, f (α4) = α5,

f (α5) = α3. AssumeZ = Rn, the functionh is given byz(k + 1) = A(α(k))z(k) + B(α(k)),

whereA(αi) = Ai ∈ R
n × Rn and B(αi) = Bi ∈ R

n. The output functiong is such that

g(z, α) = (gα(α), gz(α, z)), wheregα : U → {y1, y2} andgz(α, z) = C(α)z, with C(αi) = Ci ∈

R
m × Rn. Thus,Y = {y1, y2} × R

m. We denote the setsY1 = {α ∈ U | gα(α) = y1} :=

{α1, α2, α3} andY2 = {α ∈ U | gα(α) = y2} := {α4, α5}. An instance of such an example

is considered withn = 3 andm = 1, in which A1 = ((1, 1, 1)′, (0, 1, 1)′, (0, 0, 1)′)′, A2 =

((1/2, 1/2, 1/2)′, (1, 2, 2)′, (0, 0, 1)′)′, A3 = ((2, 1, 1)′, (0, 1, 1)′, (2, 0, 0)′)′, A4 = ((1, 1, 1)′,

(1, 1, 0)′, (0, 0, 1)′)′, A5 = ((1, 0, 0)′, (1, 1, 1)′, (1, 1, 0)′)′, C1 = (1, 0, 0), C2 = (1, 1, 2), C3 =
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(0, 0, 0),C4 = (1, 0, 0), andC5 = (0, 1, 1). In this example,Σ = Σ1◦cΣ2 with Σ1 = (U,U, f , id)

andΣ2 = (Z,U,Y, h, g). The system̃Σ1 = (χ, χ, f̃ , id) is defined as follows.

The lattice (χ,≤) whose construction is sketched in

α1 α3 α4 α5

Y2
f̃ (Y2)

Y1
f̃ 2(Y1)f̃ (Y1)

⊤

⊥

α2

Fig. 2. Lattice (χ,≤). We have

f̃ (Y2) = {α3, α5}, f̃ (Y1) = {α1, α4, α5},

and f̃ 2(Y1) = {α3, α4, α5}.

Theorem 5.1 is shown in Figure 2. It contains the set

of all subsets ofU on which the estimator can evolve.

Such a diagram also shows the wayf̃ : χ → χ is de-

fined. The system̃Σ = (L,Y, F̃, G̃) is defined as fol-

lows. The lattice (ZE,≤) is constructed according to

the proof of Theorem 5.1, in which the submanifolds

are affine linear subspace. The partial order (L,≤), the

function F̃, and the functionG̃ are also constructed as

in the proof of Theorem 5.1. An element ofL is a set

of pairs (αi ,mi), in whichαi is a discrete variable and

mi is a hyperplane wherez can be, given the discrete variableαi and a continuous output

sequence. The estimator of Theorem 4.1 is applied. Thus,zU(k) at each stepk is a collec-

tion of affine linear subspaces, each given by the set ofz ∈ R3 such thatMi(k)z = (y(k) −

Vi(k)), where Mi(k) = (C(αi)′, (C( f (αi))A(αi))′, ..., (C( f k−1(αi))A( f k−2(αi)))′)′, and Vi(k) =

(0,C( f (αi))B(αi), ...C( f k−1(αi))B( f k−2(αi)))′, with y(k) = (y(0), ..., y(k − 1))′, andαi is such

that f k−1(αi) ∈ [⊥,U(k)], for U(k) ∈ χ andi ∈ {1, .., 5}. When only oneαi is left in [⊥,U(k)]

and the corresponding matrixMi(k) has rank equal ton, the estimator has converged. Thus,

defined1(⊥, zU(k)) =
∑5

i=1 β(Mi(k)) whereβ(Mi(k)) := 0 if f k−1(αi) < [⊥,U(k)], while

β(Mi(k)) := (n + 1) − rank(Mi(k)), otherwise. As a consequence, whend1(⊥, zU(k)) = 1,

the estimator has converged andz(k) = M j(k)†(y(k) − V j(k)) for some j ∈ {1, ..., 5}, where

M j(k)† is the pseudoinverse ofM j(k). The value ofβ(Mi(k)) is the dimension of the kernel

of Mi(k) plus one. One is added because ifzU(k) , ⊥ = ∅ but it is equal to a singleton, the

distanced1(⊥, zU(k)) cannot be zero. The continuous state estimator convergence speed de-

pends only on the rank ofMi(k) and on the discrete state estimator convergence speed. It does

not depend on the specific values of theBi. Onced1(⊥, zU(k)) = 1 the state of the system is

tracked (Figure 3). In this example, the representation of the elements of (χ,≤) and of (ZE,≤)

involves a listing of objects: a listing ofα values and a listing of linear subspaces. If|U| is

very large (see Example 3), this choice of the partial ordersrenders the estimation process

prohibitive.

Example 2: Monotone System.This example considers a systemΣ = Σ1 ◦c Σ2 in which Σ1

has the same structure as in Example 1, while the continuous state update maph is defined

by z1(k + 1) = (1 − β)z1(k) − βz2(k) + 2βX(α(k)) andz2(k + 1) = (1 − λ)z2(k) + λX(α(k)),
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Fig. 3. Left: Estimator performance for Example 1. Middle: Estimator performance for Exam-

ple 2. Right: Estimator performance for Example 3 withN = 10 robots per team. In the plots,

d0(⊥,U(k)) = |[⊥,U(k)]|.

whereβ = 0.1, λ = 0.1, X(αi) := 10i for i ∈ {1, ..., 5}. We denote byh2 the map that at-

taches to a pair (α, z2) the value of (1− λ)z2(k) + λX(α(k)). The output functiong is such

that g(z, α) = (gα(α), gz(α, z)), wheregα : U → {y1, y2} andgz(α, z) = z1. The lattice (χ,≤)

is shown in Figure 2 and the system̃Σ1 is the same as the one of Example 1. The system

Σ̃2 = (Z, χ,Y, h̃, g̃) is defined as follows. We chooseL = χ × Z, in whichZ = R2, and

the ordered space (Z,≤) is chosen such that (za
1, z

a
2) ≤ (zb

1, z
b
2) if and only if za

2 ≤ zb
2. Note

that this is not an ordered Banach space (condition (iii) in the definition of an ordered Ba-

nach space is not satisfied). However, this is enough for thisexample as we have to con-

struct an estimator only forz2 asz1 is measured. Let the functioñX : χ → R be defined by

X̃(Y1) := max(X(α1),X(α2),X(α3)) = 30, X̃(Y2) := max(X(α3),X(α5)) = 50, X̃( f̃ (Y2)) = 50,

X̃( f̃ 2(Y1)) = 50, X̃( f̃ (Y1)) = 50, andX̃(⊥) := 0. The functions̃h andh̃2 are the same ash and

h2, respectively, but withX̃ in place ofX. The functiong̃ is defined as in Example 1, while

g̃z = gz. With this choice,̃h(za,w1) ≤ h̃(zb,w2) for all (w1, za) ≤ (w2, zb), that is, the system

is monotone. It can be shown that the systemΣ̃ = Σ̃1 ◦c Σ̃2 is continuous state observable

in two steps. Also, the observability mapMY(k)(·) with Y(k) = {z1(k), z1(k + 1)} defined by

w→ 1
β

((1− β)z1(k) − z1(k+ 1)+ 2βxw) is order preserving. The estimator of Theorem 4.1 is

implemented with the special structure of equations (9), inwhich zL andzU are the lower and

upper bounds on the variablez2 andh̃ is replaced bỹh2. Convergence plots are shown in Fig-

ure 3 (middle). The distanced2 is the Euclidean distance. The representation of the elements

in ZE requires onlyn scalar numbers asZE = Z, and the computation of the order relation

is simple. This alleviates the computation with respect to the previous example.

Example 3: RoboFlag Drill. The example presented in Section 2 is here revisited. We have

U = perm(N) andZ = R2N, with outputg(z) = (z1,1, ..., zN,1) := z1 ∈ Y = R
N. The function

f : U × Y → U that updatesα is given by equations (3). Thus,Σ1 = (U,Y,U, f , id). The
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function h : Z × U → Z that updates thez variables is given by equations (1-2). Thus,

Σ2 = (Z,U,Y, h, g). The overall system is given byΣ = Σ1 ◦ f Σ2. The setχ is the set of

vectors inNN with components less thanN, and the order between any two vectors inχ is

established component-wise. The extended systemΣ̃ = Σ̃1 ◦ f Σ̃2 is constructed by defining

functions f̃ andh̃ as f andh, respectively, in whichα is replaced byw ∈ NN. The map ˜g is the

same asg. It can be shown that the systemΣ is independently discrete state observable and

that (Σ̃1, Σ̃, (χ,≤)) is interval compatible [10]. Define the ordered space (Z,≤) by choosing

the positive coneK inZ composed by all vectorsv = (v1,1, v1,2, ..., vN,1, vN,2) such thatvi,2 ≥ 0.

The system̃Σ is a monotone extension ofΣ as the order on eachzi,2 is preserved by the dy-

namics in equations (2). The observability map defined in Section 2 is order preserving in its

argumentw = (w1, ...,wN) ∈ χ and Σ̃ is observable in two steps. The estimator in Theorem

4.1 has been implemented with the special structure of equations (4), in whichzL andzU are

the lower and upper bounds onz2, respectively. The discrete state estimator is the same as the

one in [10] and given in Lemma 4.1. Figure 3 (right) illustrates the estimator performance, in

which W(k) =
∑N

i=1 |mi(k)|, where|mi(k)| is the cardinality of the setsmi(k) that are the sets

of possibleαi for each component obtained from the sets [Li ,Ui] by removing iteratively a

singleton occurring at componenti by all other components. When [L(k),U(k)] ∩ perm(N)

has converged toα, we also have thatmi(k) = αi(k). The distance function forz, x ∈ RN

is defined byd(x, z) =
∑N

i=1 abs(zi − xi). The functionV(k) = γ(|[L(k),U(k)]|), defined as

V(k) := 1
2

∑N
i=1(xUi (k) − xLi (k)), is always non increasing andd(zL(k), zU(k)) ≤ V(k) for all k.

Note that even if the discrete state has not converged yet, the continuous state estimation error

afterk = 8 is close to zero. This is due to the prediction-correction estimation strategy, which

at each step restricts the set of all possible current continuous variable values. From Example

1 to Example 3 the computation decreases. This is due to the monotone properties of the con-

tinuous dynamics in Example 2 and in Example 3, and to the existence of a lattice (χ,≤) with

algebraic properties in Example 3. As a last remark, partialorder techniques for Petri nets are

another application of the state estimation theory proposed in this work (see [8] for details).

7 Conclusions

In this paper, we have proposed a methodology for the estimation of continuous and dis-

crete variables in hybrid systems that relies on partial order structures to reduce computation.

A cascade discrete-continuous state estimator has been constructed, which is the cascade in-

terconnection of a discrete state estimator and a continuous state estimator. We have shown

that the proposed techniques are general as they apply to anyobservable and independently
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discrete state observable system. The main advantage for using the partial order approach is

shown when the system has some monotone properties that can be directly exploited in the es-

timator construction. Three examples are proposed that show the applicability of our approach

and show what computational advantages can be derived in practice from its application.
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