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Abstract— The safety control problem for the class of block- system to four or five continuous variables and to two or three
triangular order preserving hybrid automata with imperfect  discrete states. Furthermore, the proposed algorithmsaire

state information is addressed. A dynamic feedback law is 4 aranteed to terminate [3], [4]. To reduce the computation
proposed, which exploits the order preserving properties b

the dynamics to construct state estimation and control algo 02, @pproximate algorithms have been proposed to compute
rithms that have linear complexity in the number of variables. ~an over-approximation of the backward reachable set of the
The proposed algorithms are applied to a collision avoidane  unsafe set [7]-[9]. The safety control problem with impetfe
problem arising in the context of intelligent transportation. or partial state information has been scarcely addressed in
the literature. Pioneering work in this direction can berfdu
o _ ) in [10] and in [11], for example. In [10], a controller that
The problem addressed in this paper is the dynamic contrgliies on 4 state estimator is proposed for finite state syste
(state estimator plus control) of the parallel coOmpOSitiofpe yegyts are then extended to control a class of rectangu-
of a.class of hybrid automata (triangL_J!ar Qrder pres_,er\{in%r hybrid automata with imperfect state information. The
hybrid automata) under safety specifications. Motivating,,nseqd algorithm has exponential complexity in the size
a_pphcaupns both for_ the model _and for the problem_ CONgf the system. In [L11], a partial order approach is proposed
sidered include multi-agent hybrid systems such as intelli,. o design of computationallyfiicient state estimation
gent transportation systems and railway control systems. Ly control algorithms. In such work, only discrete dynamic
these systems, each agent (a vehicle) can be modeled ag gypack is considered. Also, no algorithm is provided to

hybrid automaton, in which the continuous state dyn‘_"‘m'ct,sompute the set of initial states in the state space fromhwhic
has triangular structure and models the physical motion Qf ¢iate estimation-based control strategy would work.
the agent. The discrete state can model a control mode ihis paper, we propose a solution for the dynamic

n Wh'Ch_ the agent can be (turning, acceleratmg, run'OL_‘I:’ontrol of block triangular order preserving hybrid autaana

etc.) or it can model input and state constraints. The entifg, e imperfect state information. The proposed approach
system is given as the parallel composition of the componepljies on an approximate computation of the uncontrollable
systems modeling the agents. In particular, one problefyeecessor as performed in [7]-[9]. However, a control
for _Wh'Ch autpmated SOIUt'O_nS are sought_ (11, [2] 1S the?aw that relies on a state estimator is constructed to handle
collision pred|ct|on _and avoidance at fiia intersections imperfect state information. The state estimation and con-
and at rg!lway mergings. In. these systems, the state (spet%f algorithms are constructed exploiting the partial esrd

and position, for example) is known to the controller onlyg,ctre associated with the system dynamics. By virtue of

within some uncertainty bounds. This uncertainty is dugyis sirycture, our algorithms have linear complexity vifta
to measurement errors or to missing measurements as i per of variables

happens for example with the position measurement obtainedThe contents of this paper are as follows. In Section

by the Global Positioning System (GPS). Il, we provide some preliminary notions on partial orders,

The control problem.under safety specifications assumir}gansition systems, and we define the escape set. In Section
perfect state information has been addres;ed by sevenaEI we introduce the block triangular order preserving figlb
researchers (see [3]-[5], for example). There is a largy bocétutomaton model. In Section IV, we introduce the state

of literature about safety control design and the list hergqinator while the dynamic controller is constructed in
provided is not exhaustive. In these works, the safety O‘bntrSection V. Finally, Section VI proposes two application

problem has been addressed by computing the set of Stalgs, e arising in the context of intelligent transpaotat
that lead to an unsafe configuration independently of an

input choice (called the backward reachable set [3] or the Il. PARTIAL ORDERS, TRANSITION SYSTEMS, AND ESCAPE SET
uncontrollable predecessor [6] of an unsafe set). Then, an partial order [12] is a seP with a partial order relation
feedback is computed that guarantees that the state never .4 e denote it by the paiP(<). For all xw € P
enters such a set. As it appears from these works, a botdengg, supx, w}, denotedx v w, is the smallest element that

in solving this problem is complexity. For classes of hybridg larger than bothx and w. The infix, w}, denotedx A w,
automata for which the continuous dynamics reachable sgt,o largest element that is smaller than betand w. If

can be computed, computational constraints usually linéitt g - p VS :=sup Sand AS = inf S. If xAw e X

This work was in part supported by the Crosby Award at Unitgrsf gnd Xvwe X fF)r all X,W§ X,-then Q(v S) is alattice. Any
Michigan and by the NSF CAREER award number CNS-0642719. interval sublattice of @, <) is given by L,U] ={weP|L <
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w < U} for L,U € P. That is, this special sublattice canof & is impractical because the sets are infinite. Therefore,
be represented by only two elements. LBt<) and Q,<) instead of considering € 25, we consider another set. That
be partially ordered sets. A mafp: P — Q is (i) anorder is, we consider the smallest sEtC S containingB, if it
preserving mapf x <w = f(x) < f(w); (i) an order exists, with the property that if the state estimate does not
isomorphismif x <w < f(X) < f(w) and it mapsP onto intersect it, there is an input sequence that will guarantee
Q; (i) order continuousf f(\/S) =V f(S) and f(AS) = that the state estimate will never interséctt a later time.

N f(S) for S ¢ P. An order isomorphism is always order This is formally stated as follows.

continuous. A particular partial order that we will conside Problem 1: (State estimator-based safety control prob-
in the sequel, is the power set of a &tthat is, the set of lem) Determine the smallest s&t C S with B € E, if it

all subsets ofS, denoted 2, ordered according to inclusion exists, and a dynamic feedback la¥ = g(&), with & =
relation. This partial order will be denoted byS(Z). (8L, Ut y9), with & = y(y°) and with {y<}xar output

We introduce the escape set for the general modelirspquence ot such that if S NE = 0 thensnE = 0
formalism of transition systems (see [6], for example) a&s thfor all k.
notion of escape set is independent on whether the systé&ince s¢ € & for all k, the dynamic control law given in
has continuous or discrete variables. tAansition system Problem 1 guarantees that the state of the system never
with outputis a tupleX = (S,7,Y,1,7), in which S is a enters the bad seB. In general, the seE could be the
(possibly infinite) set of states] is a set of inputs,Y is entire spaceS even if & is not equal to the entireS2 For
a set of outputsy : Sx 7 — S is a transition map, and the class of systems that we consider here, this will not be
vy : Y — 25 is the output map. We denote a statesy S  the case. In particular, we will show that we can have an
and an input byu € 7. If a states € y(y), we say thatsis overapproximation o, calledE, to be the same as the one
compatible with measurememt Also, we will say that an obtained for the full information case, which was shown to
output measurementis compatible with stats if s€ y(y). be a tight overapproximation of the escape set for the full
An execution ofX is an infinite sequencesxay such that information case [13].
gt = (s, u¥) for Uk € 7. An input sequence is denoted |,
by {U}key @and an output sequence by ke, in whichy¥ is '
such thats® € y(y¥).

For transition syster®, we define the operatar:25x I x
Y — 25 as follows. LetsC S, thent{8 u,y) := (& u)Ny(y).
Given an output sequence &f {y¥}xan, corresponding to
the executionsxa, the set of all states at stdpthat are
compatible with such output sequence up to #temd with
the system transition map is given by

B LOCK TRIANGULAR ORDER PRESERVING HYBRID AUTOMATON

We start by defining the discrete time hybrid automaton
in a way analogous to the continuous time counterpart [3].
Definition 2: A discrete time hybrid automatas a tuple
H=(QXI7,,Y, f,DomR, vy), in which Q = {qi, ..., Om}
is a set of discrete states (or modeX)= RP is the set of
continuous states] = 7p X I¢, is the set of discrete and
continuous inputs, respectively; Q — 27 is a function that
attaches to each discrete state the set of enabled inputs;
SR TRV (1) is a set of outputsf : Qx X x Ic — X is the continuous
@ = . state update functionDom : Q — 2X is a map that for
each mode establishes the domairXitn which such mode
One can verify thag® € & for all k. We refer to equations holds;R: Qx X x 7p — Q is the discrete state update map,
(1) as astate estimatorfor the transition systenk. A which for any current discrete state, continuous state, and
state estimator-based control strategy one in which the input determines the new discrete stage; Y — 2X is the
control law depends ors, “that is,u = g(§ for § C output map.
S. We define the notationr™™(§ {U}ans 1. {Y¥}kens1) We denote byq € Q the mode, byx € X the continuous
F(E(8 (U kens (Yhken), U, YOS {UMkeo, (Y¥Ikeo) = ¥(°).  state, byu € ¢ the continuous input, and hy € Ip the
Definition 1: LetB C S be a bad set of states. Tescape discrete input. We assume that the reset function is static,

set§ for systemX = (S, 7, Y, 7,7) is defined as that is, it does not contain memory of previous discrete
E={Xe 25|V {Ukar, 3N and{y¥}xen, such that s’gat.es. _Thus, we have that R(X, o). We make an explicit
ANy (U ¥ B0 distinction between two types of modes: the modesuch
T (X AU e, 1Y Jen) 0 B # 0). that Dom(g) = RP and the modes such thatDom(q) # RP.

& is the set of all subsets & such that if the state estimator

is initialized with one of such subsets 8f then there will be In particular, we assume that a transition to a mode with

an output sequence for which the state estimate at a later ti D_on’(q) - RP can happe_nonly by g_swtable choice .Of
will intersect the bad set no matter what input sequence screte mr;uta € I, while a transition to a mode with
applied to the system. This definition is analogous to the o eon’(q) #R"can happen only autonomously an_d thus cannot
in [10]. To maintain safety, we must thus guarantee that th e c.ontroIIed. This is formalized by the following struaur
state estimator (1) will never have as a state one of the seqst' R ;
. . i (o) ifo+0
in &. For a systenk with only discrete states, sétcan be R(x, o) = )
computed in a finite number of steps [10], but the algorithm {R(X) if o =0,
computation scales exponentially with the number of statem which we defineR(x) := qif x € Dom(q). One can verify

For a systenk with also continuous states, the computationthat this update isleterministicif Dom(g;) N Dom(qgy) = 0

)



wheneverDom(g;) # RP and Dom(gz) # RP. Also, we is given by f = (f1, f2); Dom(q) = Domy(on) x Domp(p);
assume that for any mode witbom(q) = RP, there exists a R(X, o) = (Ri(X1, 1), Re(X2, 02)); ¥ = (¥1,72)-

discrete inputr € 7p such thatg = R(o). The non-blocking Definition 5: A block triangular order preserving hybrid
condition can be guaranteedlifiq| pom<rey DOM(Q) = RP.  automatonis the parallel composition dfl triangular order

In the sequel, we use the notati@h:= {q € Q | Dom(q) # preserving hybrid automatés, ..., Hy.

RP}. Hybrid automatonH corresponds to the transition Let i = (Xij,....%) € R", g € Q, u € (), o7 €
systenzy = (S, 7,Y,1,y), inwhichS = X, 7 = IpxJc. An  Ip; represent the continuous state, the discrete state, the
inputT € 7 is a pairt = (u,o), in whichu e 7c ando € 7p.  continuous input, and the discrete input of the triangular
The transition map is given by(x,T) := f(R(x, o), x, u) with  hybrid automatorH;, respectively. Then, in each mode=

q = R(x,0) andu € «(q). Finally, y : ¥ — 2X. Thus, the (01,...qn) of the hybrid automatorH = Hyl|...]|Hy, the
definition of escape set fdf is the same as the definition continuous state update map has the following form

of escape set for transition syst&p as given in Definition ,

1. Xj,i fj,i(Xj,i,...,Xn,i), j <nie {1,..., N}

Definition 3: Let (R", <) be the partial order established Xoi = foiai G w), 1€ {1,...NJ, ®)
according to component-wise ordering.tAangular order iy which primed variables denote updated variables. In
preserving hybrid automators a hybrid automatorH = the sequel, we will use the notatiori(qg,x.u) =
QX I, Y, f,DomR,y), in which (FLi(XLis oor Xni)s oo Fi (G Xnio U)).  For this system, we
(i) The update mapf(g, x,u) for everyq € Q and x = Mmodel the safety requirement by requesting that the state

(X1, ..., %) € R has the following triangular structure X nNever enter the bad set

(g, % U) = (Fa(X1y ooy Xn)s ens Ti(Kiy vy Xn)s ooy Fr(Xn, G, U)), _ B

in(thiC?1 ; (:1H(%n1—(i—l)xnl - ]l(()rli . {n])- nngxri}q fn)); E = {(Xl,l,,_,,Xn,l,...,XLN,...,Xn’[\.j) | (X1.1, ..., X1.N) € B},

Rx Qx Ic — R with 7¢c =R, andDom(q) C R". B = [LiUa]x..x[Ln,Un], with Lj, Ui € R. )
(if) We assume that the set of discrete states Withn(d) = |n the sequel, we denoté = (Li,..,Lx) and U =

R" is a lattice with minimuma and with maximum (u,, ..., Uy). This choice of the safety requirement to involve
B, that is, {q € Q | Dom(g) = R"} = [@,p]. For all  only the variablesy 1, ..., x,n) is motivated by the applica-
g € Q, we assume tha(q) is an interval inR, that is, tjons that we are targeting (see Section VI).
1(@) = [uc(a), uu(a)]. Also, the functionau (-) anduy(-) To the block triangular order preserving hybrid automa-
are order preserving ig with Dom(q) = R". ton, the following transition system corresponds. let=

(ify We assume thatf; is order preserving in all of its H,|..||Hy be the block triangular order preserving hybrid
arguments, that is, if>¢,...58) < (&€,...X) then automaton withH = (Q, X, Zi,:, i, fi, Dom, R, i). Let
fiO, ) < 0P, ... x3) for i < n, and f(Q,q,U) < 5, = (X, 7, Y, 7.7) be the transition system associated
fa(X3, @, U). Also, fn : Qligeq| pomay=rn) X R X Ic = RiS  with H; andZy = (X, 7, Y,,7) be the one associated with
order preserving in all of its arguments. Additionalfy, H. We thus have that(x,T) = (r1(X1, Ta), ..., Tn(Xn, Un)),
is one-one and onto iw;, that is, fixedX+1,... X0, 0. U, in which 7106, T) = fi(R(x, o), %, u) with x € X and
for any x' there is one and only one such that ¢ = (oy,u) € 7;. As a consequence, the escape Eet
fi(X, ... Xn) = X if i <norfi(x,qu) =X if i =n for H = Hy||...||Hy is the same as the escape set defined
We denote the first one by (X, %1, ... X,) and the in Definition 1 for transition systerg.
second one byf."}(x, g, u).

(iv) The mapsf, are non-decreasingi(x ..., X,) > X, for IV. STATE ESTIMATOR
i <nand fy(xn, g, uy(Q)) > x, for all g. Consider hybrid automatofl and letX ¢ X. A state
(v) Forally e Y, the sety(y) C R" is an interval inR", <),  estimator forH of the type of the one in equation (1) can
that is,y(y) = [A v(Y), V y(¥)]. take, for example, the form

Iltem (v) of the above definition implies that there is a
bounded measurement uncertainty for each continuous vari-
able. The parallel composition of a number of triangu- . Ro) if o#0
lar order preserving hybrid automata generates a block- andR(X, o) = R® if o =0
triangular order preserving hybrid automaton. This is made -
more precise by defining the parallel composition of hybrigh which R(X) = {q € Q | 3 x € & with, x € Dom(q)} and
automata in a way similar to [14]. %0 = y(y°). One can verify thaik € % for all k. This type of
Definition 4: Let Hy = (Qu, X1,71,u1,Y1, f1, Domy,  estimator is impractical for implementation because ths se
R1,y1) andHy = (Qq, Xo, 12,12, Y2, f2, Domp, Ry, v2) be two X are in general infinite sets. However, sirtdas the parallel
hybrid automata. The parallel composition, denotéd=  composition of order preserving (triangular) hybrid auédan
Hi|[Hz, is given by H = (Q,X 7, Y, f,DomR y), in H;, we have that the update mafisare order preserving
which Q = Q1 X Q2, X = Xy X X, I = Ic x Ip with and thaty(yi) = [x(Vi), vw(¥i)]. As a consequence, one can
Tc =TJTcixIcpandIp = Ipg X Ipg ¢t 0 Q — Icis keep track of the lower and upper bounds»oés follows.
given byt = (t1,10); Y = Y1 x VYo, f 1 Qx XxTc —» X Let & = (VXe, ..., V&) and A& = (A&, ..., AXn), denote the

% = £, % u) Ny(y), with § = R& o), (5)



upper and lower bounds af fespectively. Then, we have thatwith for k < k* (removing the dependence &nfor shortness
Vi = (VR s VRnj) € R™ and p% = (AR, ..., AXnj) € R™ are  of notation)
the lower and the upper bounds xf fespectively, in which —x

. Kk Tk-1
% C R"is the state estimate of the component automaton L = inf(Li, L ) (16)
Then,_the boun_ds of; Tor all i are updated according to the Uk B SUPUik, E:(_l), if 3 j such tha‘Uk S |_ (17)
following equations [ Uik’ if Uk < L
= fi R u) v
if oy 20 AX' (A% R(@), ) v () (6) with k* the smallesk such that
VR = (R, R, u) A () o e e
UK <T " Viand3 jsuch thalU; = <L
o= @ N = AqEQ fi (A%, G, i) v () @ _ _
i K = qiEQi (VR G ) A W (Y)). For k > k*, we instead define
N —!<+1 _ k+1 | k+1
in which y/ is the output observation dfi;, Q; is the set of ST supU;™, L (18)
possible modes that are compatible with the interval oestat L = inf(Uik*l, L}“l . (19)
[A%, ], that is, o

Qi =1{a € Q13 x e[/\%,\/x], such that; e Dom(qi)éé) If k* is finite, it means that the iteration of Algorithm 1

terminates. For termination conditions, the reader isrrete

N = D) VR =\ (9)  to [13]. In order to solve Problem 1, one needs to check
Proposition 1: Let {U}ya; be an input sequence for the WhetherE N X = 0 and in such a case compute a controller
block triangular order preserving hybrid automatbh = that guarantees th& N X' = 0. We then proceed by giving

Hall...lIHN, and let{X}xas and {ylay be the correspondmg two results. The first result exploits the structure of the se
execution and output sequence. L@}y and (&} E and of the sek to provide a simple check for determining

with \X = (X, ..., \&n) and pX = (AX1,. . %) be generated WhetherE n X = 0. The second result provides a controller
by equations (6-9). Then e [, \X¢] for all k. such that ifE N X = 0 thenE N X = 0. First, let us give
The proof of this propos|t|on is a consequence of the ordéhe fOIIOWIng intermediate reSUlt that states that wheneve
preserving property offi and of the interval structure of X & E (@nd thus %o, ..., Xun) ¢ E (%) C RV there is a two-
+(y;). For more details on these types of estimators and féfimensional projection of (X) ¢ RN and of (1. ... X1n)
convergence conditions, the reader is referred to [15].  along coordinate aXIS (), |n RN, SUCh that Kll, X1,j), is not
contained mUk 0[L (%), U; (x.)] X [L (x,) [V (x,)]

Proposition 2: If (X11,...., X1N) € E (X) W|th E (X) as
given in Algorithm 1, then there |s a palr of coordmates

= (Xojs o Xai)- Lt FX(X, G, ) = F(FEL(R, g, u), g, u) (1) such that ke ) ¢ [ (). 05 (0] x [50%). Uj(%)]

and definex = (X, ..,Xy). In particular, we have that for all k.

E = (X| (X, ... Xon) € E (X)), in which E'(X) is given by For the proof, the reader is refe[reg to [13].
the following algorithm. Proposition 3: We have that [%,\X] N E = 0 if and only

V. CONTROL DESIGN
To solve Problem 1, we compute $etas follows. Denote
Fi(Xz,i,...,xn,i,qi,ui) = fz,i(Xz,i,...,xn,i),..., fri(Xq. 0, Ui) and

if
Algorlthm 1. . . . . S
E'( = UigglL'®. Uk(xn ’'® -L, T o~y ot U VD Vi LR, DR -
(L1(%0)s s Ly(Rn)), U = (U5 (X0), .... U (Ry)) With Proof: (<) We ShOW that If a1, VK1) X ...
=1, 190 _ [A%in, VRN] N Uk>0[|— (1%).U (AX)] = 0, then W,\/X] N
L) = fi(L.%) E = 0. This denves directly from the fact thaE =
Ui(R) = flfil(U?,Yi), {x | (X11, ... X1n) € E (X)), in which E (%) is given by

Algorlthm 1, and by the fact that the funct|0|11§(x.) and

while for k > 1, we have
U (x.) are order reversing functions of their arguments.

< ka o kb/o
L) = L) v L) (10) (=) We show that if [&\]] N E =_0, then also
- —k-1,_ _ -
LK) = /\ G (R, guuc(@)).x)  (11)  [ARa VRl X X [A&on, VRNl N Uk>o[|— (X, TR = 0.
4<0; If [ A%, VX]NE = 0 we have that alk € [aX, \X] aie not l|<nS|de
Kbroy etk o . < E. If x ¢ E, it means thatXy 1, ..., Xun) ¢ UksolL (X), U (X)].
L k(f') B flllefl‘_' (F'(kxé’il"uL(a')))’X') (12) By virtue of Proposition 2, we have that there is a pair
Ui(x) = Ui A U (x) (13)  of coordlnate5|(J) such that Xu, Xj) ¢ [L (%), U; (x.)] X
Uik’a(ii) = \/ flfil(U:(_l(Fi(%,qi,uU(qi))),Tq) (14) [L (X)), Uk (X;)] for all k. Th|s means that for alk either
GeQ; Xii > U, (x.) or xii < L (%) or either x; > U, (x,) or

UKP(R) = fljil(U:(il(Fi(T(i,ﬁi,UU(ﬂi)))’x) (15) xuj < L (x]) Assume that for a giverk x; > Uk(x.)



—k-1 —k-1
@ .0 it Afw > UKD,
R(oi) =Bt =uy(B) if UF(X) > UF(X)
Ui = A 5 Uu(a) if (%) < U"b(Ax.f
Proof: (sketch) We show that ifXy; > (UK (/\x.) then
(Uk+1 U'_(* 1) there exists a contmuo;(ahscrete control IaWc(-.,u) such
) j that \%;; > U, (/\x,) (the other case can be shown in a similar
(L; T ‘) way). There are two cases: (k)x k*; (2) k > k.
! Case (1):kk < k*. In such a case the update law is the
i one in equation (17). If'\xl. > U (/%) and U < UKP, wi
(L. ,) will have that & > U3(x;). Applylng 1 both sides and
(-I:rm E._m) taking into account thatl. _preserves the ordering, we obtain
: that f1;(n%) > fl.(U (Ax.) ). By expressmn (14), we
Fig. 1. Conceptual picture explaining how the controllepleits the order have thatfl,.(Uika(/\x.), /\X.) = qiEQ :( (F,(Ax,, i, Uy (g1))-
preserving property of the update map to maintain sets daitSi The By the fact thatU;(-) are order reversing functions of their

picture shows a slice oE for a specific value of;, Xj in the xl. X1, t h th —1 F =
plane. The points on the lower dashed line are such xhat> U (7(,) argumen S, We have ar/q EQ ( (/\X' i uU(q')) -

Thus, there is an input; that will map such points aboVék(x) that is, (/\qIEQI Fi (/\X|, O, Uu (). AS a Consequence if we
X, >U; (x ). The points on the lower solid line are such thaf < L; (x.) chooseu. = A uy(gi), we obtain that/\xll > U (/\X)

21)

g€ Qr
by virtue of Assumption 1. If msteadJka > Urb, we will
have thatxg; > Ukb(/\x.) Applying f1; both sides and taking
into account thatfl. preserves the ordering, we obtain that
frLi(a%) > fl.(U b(/%:), /\x.) By expression (14), we have

and xj < Lk(T(J) Since this must be true for akti; € that f,,(UP(), %) = T (Fi(/%. i, uu(8). Therefore,

(AR, VXai] and all X1j € [Axlj,\/le] then in partlcular choosm%R.(a-.) = B and u = uy(B;), we obtain that

we must have thanky; > U; (/%) and VR < L (vx,) A% > U (%).

Since the same reasoning is true for b,llwe have that Case (2)k> k*. In such a case, the update law i |s the one

[AX11, VR1a] X e X [ AN, VRN] N [C(X), T (R = 0 for  in equation (18). SII’]CU = supU¥, LK) then gy > U; (/\x.)

all k. This gives us the desired result. B implies that alsosky; > UK(/X) and the proof proceeds as
As a consequence of Proposition 3, to compute an inpif case (1). u

that maintains the intersection’, \X| "E empty at all time  The idea of this proposition is visualized in Fl%ure 1. All

it is then sdficient (and necessary) to compute a Contr%omts that have thejth coordinate larger thatJ;" can

I h that wh
aw Sll_m S w enfrvg.rm 1,h Vi : XI [Run NI oped to points witlth coordinate larger thabJ by
Uteol (VX) (AX)] we ave that also/k; ;. V& 5] X suitable choice of inputi; (or o). Similarly, all points W|th

X [ VRLNT N Uk>0[|- (%), T"(X)] = 0. This control ith coordinate smaller thah, can be mapped to points with
Iaw can be easily computed by exploiting the order presery ith coordinate smaller thahk by suitable choice of input
ing properties of the magi. We first make the following U (or o).
| |

assumption
Assumption 1: We assume thaf), g [UL(G), Uu(a)] # Algorithm 2.

0. Also let Vaes Fi(%, G, ul(@) = Fi(% Gim U (Gim)) 0] Evaluate aIIL (\/x.) andU; (Ax.) for all i and allk until

Thus there is an inpug; that will map such points on the left chj'k (X)),
that is, x;; < L (7(’)

—k
in - which u.(gim) = Vgeg u(a) Similarly, let i > U (%) for all i
Aqgeg Fi(% G Uuu(@)) = Fi(X,Gim Uy(Gim) in which (i) If there |s ak and a pair of coord|nate$ () such that
Uy (Gi.m) = Ag g Uu(a)- MRy > U (/\x.) and\&y | < L; (\/x,) then set &, u;) as

Proposition 4: Letfk(?.) andUk(X) be as in Algorithm 1 in equatlon (21) W'trk”' n pIace ofk, and set;, uj)
and let Assumption 1 hold. Lef, /% € R" and letX, \& € as in equation (20);
R" be the updated values accordmg to equations (6) and Theorem 1: Algorithm 2 solves the state estimator-based
(7). If e < |_ (X), (%ui > U, (AX|)) then there exists control problem (Problem 1). Furthermore, Algorithm 2

a contlnuouﬂhscrete control IaWc(.,u.) such that\&; < terminates.
The fact that Algorithm 2 solves Problem 1 is a straight-

T OR), (%> U; (X). In particular, such control laws are forward consequence of Proposition 2, Proposition 3, and
as follows: Proposition 4. Algorithm 2 terminates if and only if (i) of
if /%y < E:((\/;_ﬁ), then Algorithm 2 terminates. Termlnatlon of step (i) is guarate
ka2 Kby 2 by the fact that the sequengé; (Ax.) ke IS strictly decreas-
Ri(o) = ai, U = u(@) ff LL' () < LL’b(Vi(i)( ) ing by virtue of the property (iv) of the model in Definition
U =V,g u) if L2() = L () 3. The fact thaE C E is implied by the above theorem.



e B v - a_ N a - pedal or on the brake. The system also ha_s the folllowin.g
= — constraints. When a vehicle is inside the intersection, it
,d cannot stop as it has to free the intersection as soon as

possible, while it can stop before entering the intersectio
addition, a vehicle cannot move backwards in its lane. These
constraints can be modeled by requiring, for a suitafle
that for x, < x* theny; > 0, while for x, > x* we must have
Vi > Vi With vy > 0. Letum, < 0 < uy. Each vehicle can be
\ described by a hybrid automaton with two modgs= qy;
'Xo if (% < xiA andv; < 0) or (x > xiA andv; < v); g = gy if
(% < xiA andv; > 0) or (x > xiA andv; > Vy). In each one of
it s 3 omavsns e s i o oz 10des he updale s g by equeions 22).
all v i A N = i —
clo_ser than some distancb?rom the intersectiorC of their paths. r\rl:/htl)c.r:jt(qlt") — [[0’ uM(]j’ L.(tqz") I_ [umi U] SlnceIE(,j—t@, thi.
This corresponds to a rectangle in tke x, plane. ybrid automaton admits only autonomous mode transitions.
Example 2: Trains at a railway merging. Consider two
Sample vehicle trajectories Escape set at time step 1 trains in the proximity .Of a railway .mer.ging' Assuming
1400 : 1400 a second order dynamics along their rail, each train can
be modeled again as in equations (22). However, now the

1200 K 1200

N E N input sets will be dierent from the previous example. In
S / . il digital control mode [16], the input; can take four values
800 800 afliiis corresponding to a “hard-brake” mode, a “run-out” mode,
600 600 800 100012001400 5956 600 800 100012001400 a “constant-speed” mode, and an “acceleration” mode. Let
X % these 4 values be denoted by respectively, 5,3 so that

Fig. 3. Vehicles at a trfiic intersection. On the left, we show a ¥<ys< 6.< p. Each Vehl(.:le dynamics can thus be queled
sample trajectory in thg;, x, plane. The dots represent the positionby a hybrid autpmaton with four modes such that G !ff
of the vehicles and the rectangle surrounding them is givethb Ui = @, Gi = O2; iff Ui =y, G = 03 iff U3 = 6, andq; = Qa; iff
state estimator (equations (7)). On the right, we show & sliche Ui = 8. There are not autonomous switches in this system,
setE at the initial time for the initial values ofy, V.. so that for each traifR(x;, vi, i) = R(oq) whereo; is the
discrete input.
For both examples, the measurement model is given by

Remark.The entire control strategy is established as fol&; = R andy(yi) = [yi — A,yi + A], in which A can be
lows. Based on the current values,gfand of\X, we predict an uncertainty of several meters. One can verify that the
the values of\x and of\X at the next step by using equationsabove models for each vehicle are triangular order prasgrvi
(6) and (7) with the previous input and without intersectindiybrid automata. The safety requirement is that the two
with yi(y/). Let these predicted values bgyeq and \Xpreg.  VEhicles never are in a ball of radiasaround the conflict

Thus, the intervalsil(vXpred). U’ (#Xpred)] are computed so PointC at the same time. This is encoded by a badBset

that we can check whethepfpred, VRpred] N E = @ (using {(Xl’Vl_’ X2, V2) | (X1, X2) € B}, in Wh'Ch_B = [La, Ua]¥[Lo, .UZ]
Proposition 3). If this intersection is empty, then the injsu Or SuitableLs, Uy, L, Uz € R. Algorithm 1 and Algorithm

set to its previous value. If this intersection is not emptg, 2 Were implemented for both examples and the results are

use Algorithm 2 to compute the new input. shown in Figure 3 and in Figure 4.
VI. APPLICATION EXAMPLES VII. CoNCLUSIONS
Example 1: Vehicles at a trdfic intersection Let us In this paper, we have presented a dynamic feedback

consider two vehicles converging to a fira intersection &90rithm for the class of block-triangular order presegi

. _ ; . Hybnd automata. By virtue of the structure of the systers, th
(Figure 2). The vehicle’s physical motion can be modelefyp g dynamics update map preserves the ordering of the
by considering its longitudinal dynamics along its geomsetr continuous variables (component-wise partial orderifig)s
path (determined by the geometry of the lanes) following allows to construct a state estimator that only keeps tréck o

similar modeling framework as performed in [3]. Let thensuitable lower and upper bounds in the partial orderinghSuc
%, andx, denote the position of the two vehicles along theitoer and upper bounds are then used by a safety control law

h with fixed ref . d that computes the control actions that guarantee that dte st
path with respect to some fixed reference point.\u&indvz i he mapped outside the escape set. The proposed state

be the velocities of the two cars along their lanes. We assuraetimation and control algorithms have linear complexity i

that each car dynamics along its lane can be modeled ash& number of variables. Two application examples from the

second order system, which in discrete time becomes: ~ area of intelligent transportation systems are considésed

show that the class of systems considered is general enough

X =% +Vi(AT), v = vi + Ui(AT),i € {1,2}, (22) to model practically relevant systems. We will investigate

] ) ] ) ] our future work extensions to the case in which the discrete

in which AT is the time interval. The COﬂtrO"eUi can state update map has memory and to the case in which the

directly dfect the acceleration by acting on the throttlebad setB involves all the coordinates in the state space.



time step 1 time step 5 time step 10 time step 15
1500 1500 1500 1500
1000 1000 1000 1000
500 500 500 500
# #7 #7
0 0 s 0 0
0 1000 2000 0 1000 2000 0 1000 2000 0 1000 2000
time step 20 time step 25 time step 30 time step 35
1500 1500 1500 1500
1000 1000 1000 1000
500 / 500 500 500
0 0 0 0
500 1000 1500 500 1000 1500 500 1000 1500 0 1000 2000
time step 40 time step 45 time step 50 time step 55
1500 1500 1500 1500
1000 1000 1000 1000
500 / 500 500 500
0 0 0 0
0 1000 2000 0 1000 2000 0 1000 2000 0 1000 2000
control input vehicle speed
1 ‘ 60 ‘
051
O L
-0.5 : : - : . 0 . . . . .
0 10 20 30 40 50 60 0 10 20 30 40 50 60
time step time step

Fig. 4. Trains at a railway merging. This figure shows a run of Alduorit2 at diferent time instants in the upper plots. The trajectory

of the trains in thexy, x, plane and the sel(s)kzo[fk(vi),Uk(/&)] are both shownfik andUik are computed by Algorithm 1 up to tHe
established in item (i) of Algorithm 2 are shown in blue. Toevér left side plot shows the control commands applied td eegin.
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