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2COMPLEXITY MANAGEMENT IN THE STATE ESTIMATION OF MULTI-AGENT SYSTEMS
1.1 Introduction

Logic and decision making are playing increasingly largesan modern control systems,
and virtually all modern control systems are implementedgidigital computers. Examples
include aerospace systems, transportation systems (&mative, and rail), communica-
tion networks (wired, wireless, and cellular), and supp&tworks (electrical power and
manufacturing). The evolution of these systems is detexcthloy the interplay of continu-
ous dynamics and logic. The continuous variables can reptegiantities such as position,
velocity, acceleration, voltage, current, etc., while thscrete variables can represent the
state of the decision and communication protocol that isl igecoordination and control.
Most of these systems are also multi-agent, in which an agenbe, for example, a wireless
device, a micro-controller, a robot, a piece of machinepigae of hardware or software, or
even a human. The need for understanding and analyzing trevioe of these systems is
compelling. However, the coupling of continuous dynamicd kgics and the multi-agent
nature of these systems render the study of these systesnastihg and complicated enough
that new tools are needed for the sake of analysis and cotngérticular, multi-agent sys-
tems are usuallyféected by the combinatorial explosion of the state spaced¢maters most
of the existing state estimation algorithms inapplicable.

The problem of estimating the state of a decision and cosyrstem has been addressed
by several authors for control or as a means for solving manig or surveillance problems
in distributed environments. In the hybrid systems literaf Bemporad et al. (1999) propose
the notion of incremental observability for piecewigiree systems and construct a deadbeat
observer that requires large amounts of computation. Baillet al. (2002) combine laca-
tion observer with a Luenberger observer to design hybrid olesgtiiat identify the location
in a finite number of steps and converge exponentially todméiicuous state. However, if the
number of locations is large, as in the systems that we censidch an approach is impracti-
cable. In Balluchi et al. (2003), fiicient conditions for a linear hybrid system to be final state
determinable are given. In Alessandri and Coletta (200030_uenberger-like observers
are proposed for hybrid systems where the system locati@nas/n. Vidal et al. (2002)
derive sifficient and necessary conditions for observability of digctiene jump-linear sys-
tems, based on a simple rank test on the parameters of thd.rirotéger work (Vidal et al.
(2003)), these notions are generalized to the case of eomtttime jump linear systems.
For jump Markov linear systems, Costa and do Val (2002) @eaivtest for observability,
and Cassandra et al. (1994) propose an approach to optim@bttor partially observable
Markov decision processes. For continuous time hybricesyst Santis et al. (2003) propose
a definition of observability based on the possibility ofaestructing the system state, and
testable conditions for observability are provided.

In the discrete event literature, observability has bedimee by Ramadge (1986), for
example, who derives a test for current state observabitshi et al. (2003) derive a test
for immediate observability in which the state of the systsan be unambiguously recon-
structed from the output associated with the current stadilast and next events. Ozveren
and Willsky (1990), Caines et al. (1991), and Caines and Wa895) propose discrete event
observers based on the construction of the current-latabiservation tree that is impractica-
ble when the number of locations is large, which is our casse@rability is also considered
in the context of distributed monitoring and control in isthial automation, where agents are
cooperating to perform system-level tasks such as failateation and identification on the
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basis of local information (Rudie et al. (2003)). Diaz et(@B94) consider observers for for-
mal on-line validation of distributed systems, in which tmeline behavior is checked against
a formal model. In the context of sensor networks, statenasiton covers a fundamental role
when solving surveillance and monitoring tasks in whichstege usually has several com-
ponents, such as the position of an agent, its identity, @sndtent (see for example Collins
et al. (2001) or Bui et al. (2002)).

The main contribution of this work is to design state estormafor multi-agent systems
that overcome severe complexity issues encountered impiework (Balluchi et al. (2002);
Caines and Wang (1995); Caines et al. (1991)). These coitpisgues render prohibitive
the estimation problem for systems with a large discrete sfgace, which is often the case in
multi-agent systems. Our point of view is that some of the glexity issues, such as those
encountered in Caines et al. (1991) or Balluchi et al. (2002h be avoided by finding a
good way of representing the sets of interest and by findingoa gvay of computing maps
on them. In this work, this is achieved by using partial ortheory. Partial order theory has
been historically used in theoretical computer sciencedogproperties about convergence
of algorithms (Cousot and Cousot (1977)). It has also beed f studying controllability
properties of finite state machines (Caines and Wei (1996)¥ar tackling the state explo-
sion problem in the verification of concurrent systems in €oald (1996). In this work, we
exploit partial order theory to estimate the state in systesith a large discrete space result-
ing from the multi-agent nature of the system. In particul@ren a systenx defined on its
space of variables, we extend it to a larger space of vasdbéd has lattice structure to obtain
an extended syste Under certain properties verified by the extensipmn observer for
systemX can be constructed, which updates at each step only twoblesidt updates the
least and greatest element of the set of all values of vasattbmpatible with the output
sequence and with the dynamics®fThe structure of the obtained observer resembles the
structure of the Luenberger observer (Luenberger (1978 Kalman filter (Kalman (1960))
as it is obtained by “copying” the dynamics of the sys@imnd by correcting it according to
the measured output values. This work is concerned withghimation of the discrete state
in case the continuous state is measured, and with the eistimtd the whole system state in
case a cascade structure of the estimator is possible. W/etadsy that a system is observable
if and only if there is a lattice in which the extended systeatis§ies the requirements for the
construction of the proposed estimator. Thus, our apprtastate estimation is general.

The contents of this work are organized as follows. In Secti@, the RoboFlag Drill is
introduced as our motivating example. In Section 1.3, bdsfiitions on partial orders and
transition systems are reviewed. Section 1.4 formulatesgligcrete state estimation problem
and Section 1.5 proposes a solution. In Section 1.6, the Rabdrill is revisited. In Section
1.7, the generality of the approach is investigated and ati@e1.8 the proposed state esti-
mation approach is extended to estimation of continuousiésutete variables for the case
of a cascade form of the estimator.

1.2 Motivating Example

As a motivating example, we consider a task that represedefensive maneuver for a
robotic “capture the flag” game (D’Andrea et al. (2003)). W ribt propose to devise a
strategy that addresses the full complexity of the gamdedas we examine the following
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very simpledrill or exercise that we call “RoboFlag Drill.” Some number ofdlobots with
positions &, 0) € R? (denoted by open circles) must defend their zgfxey) € R? | y < 0}
from an equal number of incoming red robots (denoted by fitiecdles). The positions of
the red robots arex(,y;) € R?. An example for 8 robots is illustrated in Figure 1.1. The
red robots move straight toward the blue robots’ defensbreez The blue robots are each
assigned to a red robot, and they coordinate to interceptatieobots. LetN represent
the number of robots in each team. The robots start with aitramp (bijective) assignment
a:{1,..,N} — {1,..., N}, whereq; is the red robot that blue robbis required to intercept.
At each step, each blue robot communicates with its neighéod decides to either switch
assignments with its left or right neighbor or keep its assignt. It is possible to show that
the @ assignment reaches the equilibrium valug.(IN) (see Klavins and Murray (2004) or
Klavins (2003) for details). We consider the problem ofrastiing the current assignment
a given the motions of the blue robots, which might be of intete, for example, the red
robots in that they may use such information to determineti@bstrategy of attack. We do
not consider the problem of how they would change theiretpain this work.

The RoboFlag Drill system can be specified by the followirlgsu

Yi(k+1) = yik) — 5 if yi(k) > 6 (1.1)
z(k+1) = 2(K) +5if 2(K) < Xg0 (1.2)
zk+1)= 2(K) ~ 5 if 2(K) > X0 (1.3)

(@i(k+ 1), @iva(k+ 1)) = (aira(k), @i(K) if Xy = Zira(K) A Xoa09 < Z02(K), (1.4)

where we assumg < 7,1 andx < z < %41 for all k. Also, if none of the “if” statements
above are verified for a given variable, the new value of th&abte is equal to the old one.
This system is a slight simplification of the original systelescribed in Klavins (2003).
In such a work in fact, two close robots might decide to swagirtassignments even if
they are moving in the same direction, while in the presesecéwo close robots swap
their assignments only if they are moving one toward therohiso, in Klavins (2003) the
decision are taken sequentially first from the robots on ¢ifteaind then from the robots on
the right, and the decision are coordinated by a token thaesé&rom left to right. In the
present case, the decision protocol is completely dedergtda Equation (1.4) establishes
that two robots trade their assignments if the current agsémts cause them to go toward
each other. The question we are interested in is the follgw@iven the evolution of the
measurable quantities X, y, can we build an estimator that tracks on-line the value ef th
assignmend(k)? The value ofr € perm(N) determines the discrete state, i®5 permN).
The discrete state determines also what has been called in previous work thetitot
of the system (see Balluchi et al. (2002)). The number of iptesocations isN!, that is,
|S| = NI This for N > 8 renders prohibitive the application of location obsesvesised on
the current location observation tree of Caines et al. (J,A%kd in Balluchi et al. (2002), and
in Ozveren and Willsky (1990). At each step, the set of pdsailvalues compatible with the
current output and with the previously seen outputs can barge as to render impractical
its computation. As an example, we consider the situatiquictied in Figure 1.1 (left) where
N = 8. We see the blue robots3 5 going right and the others going left. From equations
(1.2)—(1.3) withx; < z < x+1 we deduce that the set of all possible perm(\N) compatible
with this observation is such that > i+ 1 fori e {1,2,3} anda;j <i forie{24,6,7,8}.
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Figure 1.1 Example of the RoboFlag Drill with 8 robots per team. The @aslines represent the
assignment of each blue robot to red robot. The arrows dehetdirection of motion of each robot.

The size of this set is 40320. According to the enumeratiothots, this set needs to be
mapped forward through the dynamics of the system to see tlvbatalues ofx are at the
next step that correspond to this output. Such a set is thersectted with the set afvalues
compatible with the new observation. To overcome the corilplessue that comes from the
need of listing 40320 elements for performing such openatiove propose to represent a set
by a lowerL and an upped elements according to some partial order. Then, we caniperfo
the previously described operations onlylomndU, two elements instead of 40320. This
idea is developed in the following paragraph.

For this example, we can viewe NN, The set of possible assignments compatible with
the observation of the motion deduced from the equations (1.2)—(1.3), denQig#), can
be represented as an interval with the order establishep@oemt-wise, see the diagram in
Figure 1.2. The functiorf that maps such a set forward, specified by the equations (1.4)
with the assumption thag < z < X.1, Simply swaps two adjacent robot assignments if these
cause the two robots to move toward each other. Thus, it hapelOy(K) to the setf (Oy(K))
shown in Figure 1.2, which can still be represented as amvisiteWhen the new output
measurement becomes available (Figure 1.1, right) wembtainew seOy(k + 1) reported
in Figure 1.2. The setﬁ(oy(k)) andOy(k + 1) can be intersected by simply computing the
supremum of their lower bounds and the infimum of their upjpembls. This way, we obtain
the system that updatésandU, beingL andU the lower and upper bounds of the set of all
possiblex compatible with the output sequence:

L(k+ 1) = f (sup((K). inf Oy(K)))
U(k+ 1) = f(inf(U(K), supOy(K))). (1.5)

The variabled (k) andU (k) represent the lower and upper bound, respectively, oféhefs
all possible discrete state values compatible with the Wigpquence and with the system
dynamics. The computational burden of this implementaisoaf the order ofN if N is
the number of robots. This computational burden is to be @pwptoN!, which is the
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computation requirement that we have with the enumeragipnaach. In the next section,

2 8 1 2 1 1 1 1
1 2 2 8 1 2 2 2
4 8 11| 4 1 3 1 3
1 4 4 8 5 8 5 8
1 6 6 8 7 8 7 8
1 7 1 7 1 7 1 7
1 8 1 8 1 8 1 8

N2 P

0,k f(o,() Ok + 1)

Figure 1.2 The observation of the motion at stefk gives the set of possible, O (k). At each step,
the set is described by the lower and upper bounds aftarval sublattican an appropriately defined
lattice. Such set is then mapped through the system dynaﬁ?tttsbtain at stefx + 1 the set ofx that
are compatible also with the observation at dtefuch a set is then intersected w@(k + 1), which
is the set ofr compatible with the motion observed at step+ 1.

we introduce some basic notions on partial order theory aterohinistic transition system
models.

1.3 Basic Concepts

In this chapter, we review some basic notions that will beldbsoughout this work. First, we
give some background on partial order and lattice theoryeictiBn 1.3.1 (for more details
the reader is referred to Davey and Priesteley (2002)). ibery of partial orders, while
standard in computer science, may be less well known to teaded audience of this work.
The class of deterministic transition systems is introdlneSection 1.3.2.

1.3.1 Partial Order Theory

A partial order is a sef with a partial order relation£”, and we denote it by the paig(<).
For anyx,w € y, sudx, w} is the smallest element that is larger than bo#mdw. In a similar
way, inf{x, w} is the largest element that is smaller than botmdw. We define théoin “v”
and themeet‘ A” of two elementsx andw in y asx v w := sugx, w} andx A w := inf{x, w}
Also, if S C y, we have)S :=sup S, and,S :=inf S.

Let (v, <) be a partial order. Ik Aw e y andx v w € y for anyx,w € y, then §, <) is a
lattice. In Figure 1.3, we illustrate Hasse diagrams (Davey andsidliey (2002)) showing
partially ordered sets. From the diagrams, it is easy towhkEn one element is less than
anotherx < w if and only if there is a sequence of connected line segmeatsng upward
from xtow. The partial ordery, <) is achainif for all x, w € y, eitherx < worw < x, that s,
any two elements are comparable. If instead any two elenagatsot comparable, i.ex,< 'y
ifand only if x = y, (v, <) is said to be aanti-chain If x < wand there is no other elementin
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b) ¢ f(2 = f(w)
wi W s<\‘w
/\ \i/w i'// 9 = f(y)
xS f(z)

s B

Figure 1.3 Left figure: In diagram a) and by andw are not related, but they have a join and a meet,
respectively; in diagram c), we show a complete latticejiagchm d), we show a partially ordered set
that is not a lattice, since the elememtandw have a meet, but not a join. Right figure: In diagram
e), we show a map that is, order preserving but not order edigdin diagram f), we show an order
embedding that is, not an order isomorphism (it is not onto).

betweernx andw, we writex < w. Let (v, <) be a lattice and |e5 C y be a non-empty subset
of y. Then, §, <) is asublatticeof y if a,b € S implies thatav be SandaA b e S. If any
sublattice ofy contains its least and greatest elements, theg)(is calledcomplete Any
finite lattice is complete, but infinite lattices may not bengdete, and hence the significance
of the notion of a complete partial order (S. Abramsky (199&jven a complete lattice
(v, <), we will be concerned with a special kind of a sublatticdezhhninterval sublattice
defined as follows. Any interval sublattice gf,) is given by L,U] = {w € y|L <w < U}
for L,U € y. That is, this special sublattice can be represented by terents only. For
example, the interval sublattices dt,(<) are just the familiar closed intervals on the real
line.

Let (v, <) be a lattice with least element (the bottom). Thena € y is called anatom
of (v, <) if a> L and there is no elemebtsuch thatL < b < a. The set of atoms ofy{ <)
is denotedA(y, <). Thepower latticeof a set?/, denoted P(U), €), is given by the power
set of U, P(U) (the set of all subsets /), ordered according to the set inclusianThe
meet and join of the power lattice is given by intersectiod anion. The bottom element
is the empty set, that is, = 0, and the top element i#/ itself, that is,T = 2. Note that
AP(U), C) = U. Given a seP, we denote byP| its cardinality.

Definition 1.3.1 Let (P, <) and @Q, <) be partially ordered sets. A mdp: P — Qs
(i) anorder preserving maff x<w = f(x) < f(w);
(i) anorder embeddingf x <w = f(x) < f(w);
(iii) an order isomorphisnif it is order embedding and it magzonto Q

These diferent types of maps are shown in diagrams e) and f) of FigieElery order
isomorphism faithfully mirrors the structure Bfonto Q.
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Definition 1.3.2 If (P, <) and @, <) are lattices, then a mafp: P — Qs said to be &@aomo-
morphismif f is join-preservingandmeet-preservinghat is, for allx, w € P we have that
f(xvw)=f(x) v f(w)andf(x A w) = f(xX) A f(w).

Proposition 1.3.3 (See Davey and Priesteley (2002)) If P — Q is a bijective homomor-
phism, then it is an order isomorphism.

A partial order induces a notion of distance between elemienthe space. Define the dis-
tance function on a partial order in the following way.

Definition 1.3.4 (Distance on a partial order) LeR(<) be a partial order. A distanaton
(P, <) is afunctiond : P x P — R such that the following properties are verified:

(i) d(x,y) = 0foranyx, ye Pandd(x,y) = 0ifand onlyifx =y,
(i) d(x.y) = d(y, %);
(i) if x <y<zthend(x,y) < d(x, 2);
(iv) d(x,2 < d(xy)+ d(y, 2 (triangular inequality).

Since we will deal with a partial order on the space of thergigcvariables and with a partial
order on the space of the continuous variables, it is usefuittoduce the Cartesian product
of two partial orders as it can be found in S. Abramsky (1994).

Definition 1.3.5 (Cartesian product of partial orders) L&®1(<) and P,, <) be two par-
tial orders. Their Cartesian product is given B3 & Py, <), whereP; x P, = {(X,y) | X €
Py andy € P,}, and &, y) < (X,y) ifand only if x < X andy < y'. For any {1, p2) € P1 %X
P, the standard projectioms : P; x P, — Piandn, : P1 x P, — Py are such that;(ps, p2) =
p1 andrmz(pa, P2) = P2

One can easily verify that the projection operators prestre order. In this work we will also
deal withapproximation®f sets and elements of a partial order. We thus give theviaiig
definition.

Definition 1.3.6 (Upper and lower approximation) L& andP, be two sets withP; C P,
and (P, <) a partial order. For any € P,, we define théower and upper approximatiore
xin Py asag (X) := maxp, <j{w € Py | w < x} anday (X) := mine, «{w € P1 | w> x}. If such
lower and upper approximations exist for axg P,, then the partial ordeiR, <) is said to
beclosed with respect to,P

One can verify that the lower and upper approximation fumtiare order preserving. This
means that for any, x, € P, with X3 < Xz, thenay (X1) < a_(x2) anday(x1) < ay(x2). In this
section, we have given some basic definitions on partialraxdd lattice theory. In the next
section, we introduce the class of models that we are goirmgnsider in this work. These
are transition systems with output.

1.3.2 Deterministic Transition Systems

The class of systems we are concerned with are deterministicite state systems with
output. The following definition introduces such a class.
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Definition 1.3.7 (Deterministic transition systems) deterministic transition syste(@TS)
is the tupleX = (S, Y, F, g), whereS is a set of states wits€ S; V is a set of outputs with
ye Y; F : S — Sis the state transition functiog;: S — Y is the output function.

An execution o is any sequence = {S(K)}kar such thas(0) € S ands(k + 1) = F(s(k)) for
all k e N. The set of all executions afis denoted(X). An output sequence &f is denoted

Y = (K }kew, With y(k) = g(o(k)), for o € E(Z).

Definition 1.3.8 Given a deterministic transition systein= (S, Y, F, g), two executiongry,
o in §(Z) aredistinguishabléf there exists & such thag(o1(K)) # g(o2(K)).

Definition 1.3.9 (Observability) The deterministic transition systén (S, Y, F, g) is said
to beobservablef any two different executions, o, € E(X) are distinguishable.

From this definition, we deduce that if a systéhis observable, any two fiierent initial
states will give rise to two executioles ando, with different output sequences. Thus, the
initial states can be distinguished by looking at the ousgagjuence.

1.4 Problem Formulation

The deterministic transition systeriisve defined in the previous section are quite general.
In this section, we restrict our attention to systems wittpecsic structure. In particular,
for a systen = (S, Y, F, g) we suppose that (ip = U x Z with U a finite set andZ a
finite dimensional space; (iif = (f,h), wheref : U x Z — U andh: U x Z — Z; (iii)
y=0(e,2) =z wherea € U,ze Z,ye Y, andY = Z. The setld is a set of logic states
andZ is a set of measured states or physical states, as one midf fnrobot system. In
the case of the example given in Section 2= perm(N) and Z = RN, the functionf is
represented by equations (1.4) and the fundtiamrepresented by equations (1.2)—(1.3). In
the sequel, we will denote with abuse of notation this cldsteterministic transition systems
by X = (U, Z, f, h), in which we associate to the tuplé/( Z, f, h), the equations:

alk+ 1) = f(a(k), 2(K)
2(k + 1) = h(a(K), z(K)) (1.6)
y(K) = z(k),

in which @ € U andz e Z. An execution of the systera in equations (1.6) is a sequence
o = {a(K), z(K)}ken- The output sequence {$(K)}kew = {Z(K)}ker- Given an executiomr of

the systemx, we denote ther and z sequences corresponding to such an execution by
{o(K) () ke and{o(K)(D}ken, respectively.

From the measurement of the output sequence, which in oer aaiscides with the
evolution of the continuous variables, we want to constawdiscrete state estimator: a system
T that takes as input the values of the measurable varialbdessymptotically tracks the value
of the variablev. We thus define in the following definition a deterministiartsition system
with input.

Definition 1.4.1 (Deterministic transition system with input) A determiiggransition sys-
tem with inputis a tuple, 7, Y, F, g) in which S is a set of stated; is a set of inputsY is a
set of outputsF : S x I — S is a transition functiong : S x I — Y is an output function.
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An alternative to simply maintaining a list of all possiblalwes fora is next proposed.
Specifically, if the setl{ can be immersed in a larger getvhose elements can be related
by an order relatiorx, we can represent a subset gf £) as an interval sublattice[U].
Let “id” denote the identity operator. We formulate the déte state estimation problem on
a lattice as follows.

Problem 1 (Discrete state estimator on a lattice) Given the detestimiransition system
T = (U, Z, f,h), find a deterministic transition system with inplit= (y X v, Y X Y, y X
X, (f1, f2),id), with f1 ¥y X Y XY -y, o iy X Y XY — yx, U C x, with (y, <) a lattice,
represented by the equations

L(k+1) = fa(L(K), y(k), y(k + 1))
Uk+1) = f2(U(K), y(K). y(k + 1)),

with L(K) € y, U(K) € x, L(0) := A x, U(0) := \/ x, such that
(i) L(K) < a(k) < U(K) (correctness);
(i) I[L(k+ 1), U(k+ )]l < I[L(K), U(K)]I (non-increasing error);

(iif) There existsky > 0 such that for ani > ko we have [(k), U(K)] N U = a(K) (conver-
gence).

1.5 Problem Solution

For finding a solution to Problem 1, we need to find the fundiarand f, defined on a lattice
(v, <) suchthati{ C y for some finite latticg. We propose in the following definitions a way
of extending a systers defined orl/ to a systent defined ony with 2/ C y. Moreover, as
we have seen in the motivating example, we want to repreberget of possible values
compatible with an output measurement as an interval didgan (y, <). We thus define the
% transition classes, with each transition class corresipgrid a set of values ip compatible
with an output measurement. We define the partial orgder)and the systerh to be interval
compatible if such equivalence classes are interval sidgatanct preserves their structure.

Definition 1.5.1 (Extended system) Given the deterministic transitionesyst = (U, Z,
f,h), an extension o on y, with U C y and f, <) a finite lattice, is any systerh =
(- Z, f,h)inwhich f : y x Z — y is such thatf|¢xz = f andh: y x Z — Z is such that
hlzixz = h.

Definition 1.5.2 (Transition sets) Lek = . <. f, Fl) be a deterministic transition system.
The non empty seff 2)(2) = (W e y | 22 = h(w, 21}, for 1, 2 € Z, are named thE-transition
sets

Each i-t[ansition set contains all of € y values that allow the transition fromt to 22
throughh. It will also be useful to define the transition claBgL), which corresponds to
multiple transition sets, as transition sets obtained Ifieint pairs £, 72) can define the
same set iry.
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Definition 1.5.3 (Transition classes) The SE(2) = {71(2), ..., Twm(Z)}, with 77(Z) such that

(i) for any7i(£) € 7(£) there are!, 22 € Z such that’i(£) = T(a.2)(2);

(i) for any Tz 2)(E) there isj € {1, .., M} such thall iz () = 75();
is theset ofS-transition classes

Note thatT ) and Tz »# might be the same set even #(Z) # (Z, Z): in the RoboFlag
Drill example introduced in Section 1.2, if robpts moving right, the set of possible values
of ajis [j + 1, N] independently of the values @f(k). Thus,T(x 2) andT s »# can define the
same set that we cdlli(X) for somei. Also, the transition classeg(X) are not necessarily
equivalence classes as they might not be pairwise disjdowever, for the RoboFlag Drill
it is the case that the transition classes are pairwiseidisgnd thus they partition the lattice
(v, <) in equivalence classes.

Definition 1.5.4 (Output set) Given the extensian= (v, Z, f, h) of the deterministic tran-
sition systenk = (U, Z, f, h) on the lattice {, <), and given an output sequeng€k) }xei of
Z, the setOy(K) := {w € y | h(w, y(K)) = y(k + 1)} is theoutput setat stepk.

Note that by definition, for anlg, Oy(K) = T(y(k),y(kJ,l))(i),Nand thusitis equal t; (%) for some
i €{1,..., M}. By definition of the extended functionk|{;xz = h), this output set contains
also all of the values af compatible with the same output pair.

Definition 1.5.5 (Interval compatibility) Given the extensidn= (y, Z, f, h) of the system
T = (U, Z, f,h) on the lattice ¢, <), the pair &, (v, <)) is said to benterval compatiblef

(i) eachi-transition class7;(£) € 7(£), is an interval sublattice of( <), that is,7;(£) =
[T (), ()]

(i) f: (7). 2 - [fINTE), 2, f(VTi(E), 2)]is an orderisomorphism for amye {1, ..., M}
and foranyze Z .

The following theorem gives the main result, which propaseslution to Problem 1.

Theorem 1.5.6 Assume that the deterministic transition sysem (U, Z, f, h) is observ-
able. If there is a latticdy;, <), such that the pai(Z, (x, <)) is interval compatible, then the
deterministic transition system with inptit= (v X x, Z X Z, x X x, (f1, f2), id) with

fa(L(K), ¥(K), y(k + 1)) = £ (L(K) v AOY(K), ¥(K)
fa(U(K), y(9), y(k + 1)) = f(U(K) 1 \/Oy(K), ¥(K))
solves Problem 1.
Proof. In order to prove the statement of the theorem, we need tcefihat the system
L(k+1) = f(LK) v \Oy(K). Y(K)
U(k+1) = fFUK) A \/Oy(K), ¥(K) .7

with L(0) = A x, U(0) =V x is such that properties (i)—(iii) of Problem 1 are satisfiedt
simplicity of notation, we omit the dependencefobn its second argument.
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Proof of (i): This is proved by induction ok Base case: fok = 0 we have that.(0) =
/A x and thatu(0) = \/ y, so thatL(0) < «(0) < U(0). Induction step: we assume thgk) <
(k) < U(K) and we show thalt(k + 1) < a(k + 1) < U(k + 1). Note that(k) € Oy(k). This,
along with the assumption of the induction step, implies tha

L(K) v AOy(K) < a(K) < U(K) A \/Oy(K).

This last relation also implies that therexisuch thatx > L(K) v AOy(k) andx < \/ Oy(K).
This in turn implies that

L(K) v AOy(K) < \/Oy(K).

This in turn implies that (k) v AOy(k) € Oy(k). Because of this, because (by analogous rea-
sonings)U(k) A \VOy(K) € Oy(k), and because the pak,(y, <)) is interval compatible, we
can use the isomorphic property b{property (ii) of Definition 1.5.5), which leads to

f(L(K) v N\Oy(K)) < a(k + 1) < f(U(K) A \/Oy(K)).

This relationship combined with equation (1.7) proves (i).
Proof of (ii): This can be shown by proving that for amye [L(k + 1), U(k + 1)] there is
z e [L(K), U(K)] such thatw = f(2). By equation (1.7)w € [L(k + 1), U(k + 1)] implies that

LK) v NOy(K) < w < fUK) A \/Oy(K)). (1.8)

In addition, we have that

/\Oy(K) < L(K) v \Oy(K)
and

U(k) A \/Oy(K) < \/Oy(K).

Because the pai( (v, <)) is interval compatible, by virtue of the isomorphic profyeof f
(property (ii) of Definition 1.5.5), we have that

FAOy(K) < FIL(K) v AOy(K)

and N B
fFUK A \Oy(K) < f(\/Oy(K)).

This, along with relation (1.8), implies that

w e [F(AOy(K)), T(\/Oy(K))].

From this, using again the order isomorphic propertf,ofve deduce that there = Oy(K)
such thatv = f(2). This with relation (1.8) implies that

L(K) v N\Oy(K) <2< U(K) A \/Oy(K),

which in turn implies thaz € [L(k), U (K)].

Proof of (iii): We proceed by contradiction. Thus, assume flor anyk, there exists a
k > ko such thafa(k), B} € [L(K), U(K)] N U for someBy # a(K) andpy € U. By the proof
of part (ii) we also have thg is such thaBy = F(ﬂk_l) for someBy_1 € [L(k—1),U(k-1)].
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We want to show that in fagB_1 € [L(k—1),U(k—1)]nU. If this is not the case,
we can construct an infinite sequen&gicy+ such thaiBy € [L(k), U(k)] N U with By =
F(ﬂh_l) andgy.-1 € [L(k — 1), U(k — 1)] N (x — U). Notice thai[L(k; — 1), U(ky — 1)] N (xy -
U)| = M < 0. Also, we have

I[L(ka), Ukl N (¢ = 21 < I[L(ky = 1), Uk = )] 0 (x = ).

This is due to the fact theﬁ(ﬂkl_l) ¢ [L(k1), U(k1)] N (x — U), and to the fact that each ele-
ment in [L(ky), U(k)] N (x — U) comes from one element i (k; — 1), U(ky — 1)] N (x —
U) (proof of (i) and becausé/ is invariant underf). Thus we have a strictly decreasing
sequence of natural numbgf(ki — 1), U(ki — 1)] n (y — U)|} with initial value M. Since

M is finite, we reach the contradiction thft(k; — 1), U(ki — 1)] N (y — U)| < O for somei.
Thereforepk-1 € [L(k—1),U(k—1)] N U.

Thus for anykg there isk > kg such thafa(K), Sk} € [L(K), U(K)] N U, with Bk = f(Bk-1)
for someBy_1 € [L(k— 1), U(k— 1)] n U. Also, from the proof of part (ii) we have that 1 €
Oy(k — 1). As a consequence, there exists 0 such tha{fBi-1, 2K — L)}k = o1 and{e(k -

1), z(k - 1)} = o2 are two executions af sharing the same output. This contradicts the
observability assumption.

Corollary 1.5.7 If the extended systemof an observable systekis observable, then the
estimatorX given in Theorem 1.5.6 solves Problem 1 witk)L= U (k) = a(K) for k > k.

1.6 Example: The RoboFlag Drill

The RoboFlag Drill has been described in Section 1.2. Ingdbégion, we revisit the example
by showing that it is observable with measurable variablesd by finding a lattice and a
system extension that can be used for constructing the a&stimproposed in Theorem 1.5.6.
The system specification is given in equations (1.1,1.2143 In particular, the rules in
equations (1.2,1.3) model the function U x Z — Z that updates the continuous variables,
and the rules in equations (1.4) model the functiani/ x Z — U that updates the discrete
variables. In this example, we haté = perm(N) the set of permutations &f elements, and
Z = RN, Thus, the RoboFlag system is givenDy (perm), RN, f, h), in which the vari-
ablesz € RN are measured.

RoboFlag Drill Observation Problem. Given initial values forx andy and the values of
z corresponding to an execution bf= (permN), RN, f, h), determine the value af during
that execution.

Before constructing the estimator for the syst&ma (permN),RN, f,h), we show in the
following proposition that such a system is observable.

Proposition 1.6.1 The syster® = (perm(N), RN, f, h) represented by the rules (1.2-1.3-1.4)
with measurable variables z is observable.

Proof. Given any two executions; ando, of X, for proving observability, it is enough
to show that if{o1(K) (@) }kerr # {o2(K)(@)}kerr, then{o1(K)(D}kar # {o2(K)(D)}kar. Since the
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measurable variables are this, their direction of motion is also measurable. Thus, we-co
sider the vector of directions of motion of theas output. Legy(o(k)) denote such a vector at
stepk for the executiowr. It is enough to show that there ikauch thag(o1(K)) # g(o2(K)).
Note that, in any execution &f, thea trajectory reaches the equilibrium value [1 N], and
therefore there is a stégat which f (o1(k)) = f(02(K)) ando1(K)(@) # o2(K)(e). As a conse-
guence the system is observablg(f1(k)) # g(o2(k)). Therefore it is enough to prove that
foranya # B, fore, g € U, we havey(e, 2) = g(8,v) = f(a,2) # f(8,V), wherez, v e RN,
Thus,g(e) = 9(8) by (1.2-1.3) implies that (13 < X, & Vi < Xg and (2)z > Xy, = V; >
Xg,- This implies thatXy, > Zi1 A Xay,y < Zis1 © Xg > Vise1 A X, < Vi1 By denotinge” =
f(a,2) andp’ = f(8,V) , we have thatd;, a], ) = (@11, @) & (8.B,,,) = (611, 5). Hence
if there exists an such thaty; # 8;, then there exists @ such thato/j ;&ﬁ'j, and therefore
f(a,2) # T(B,V).

1.6.1 RoboFlag Drill Estimator

We next construct the estimator proposed in Theorem 1.508dar to estimate and track
the value of the assignmeatin any execution. To accomplish this, we find a lattige<)
in which to immerse the set/ and an extensiol of the systent to y, so that the pair
&, (v. <)) is interval compatible. We choose gghe set of vectors itiN with coordinates
X € [1,N], that is,

y ={xeNN:x e[1,N]}. (1.9)

For the elements i, we use the vector notation, that isz= (X, ..., Xy). The partial order
that we choose on such a set is given by

VX, WeE y, X<Wif X <w; Vi. (1.10)
As a consequence, the join and the meet between any two efeingrare given by

Y X, W €y, V=XV Wif vy = maxx,w},
¥ X, W €y, V=XAWif v = min{x;, wi}.
With this choice,we hav®/ y = (N,...,N) and A x = (1, ..., 1). The pair f, <) with the order
defined by (1.10) is clearly a lattice. The gétis the set of all permutations &f elements
and it is a subset of. All of the elements irZ{ form an anti-chain of the lattice, that is, any
two elements ofl{ are not related by the ordey,(<). In the reminder of this section, we
denote byw the variables iny not specifying whethew is in U, and we denote by the
variables inZ{. The functionh : perm@N) x RN — RN can be naturally extended toas
z(k+1) = z(K) + 5 if Z(K) < X
z(k+1)=z(K) -6 if z(K) > Xw (1.11)

for w € y. The rules (1.11) speciffi : y x RN — RN, and one can check thBlxz = h. In
an analogous way : perm\) x RN — perm(N) is extended tq as

Wik + 1), wisa(k + 1)) = (Wisa.(K), Wi (K)) if X0 2 Ziva(K) A Xasato < Z42(K),  (1.12)
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for we y. The rules (1.12) model the functioh: y x RN — y, and one can check that
fluxz = f. Therefore, the systel= (v, RV, f, h) is the extended system Bf= (permN), RN, f, h)
(see Definition 1.5.1). The following proposition showstttiee pair 5: (v, <)) is interval
compatible.

Proposition 1.6.2 The pair(E, (v, <)), whereX = (perm(N), RV, f, h) is represented by the
rules (1.2-1.3-1.4), anfy, <) is given by (1.9)-(1.10), is interval compatible.

Proof. We need to show properties (i) and (ii) of Definition 1.5.5.sTmplify notation,
we neglect the dependencefobn its second argument.
Proof of property (i): By (1.11) we have th&a »)(Z) is not empty if for anyi we have

Z=2+06,2=2-60rZ=27.Thus

WXy >z}, ifZ2=2+06
TanE) ={W|xy <z}, fZ=2-6 (1.13)
Wixy =2z}, ifZ2=2.

Because we assumed thak z < X1, we have thak,, > z if and only if w; > i andxy, <
z if and only ifw; < i. This, along with relations (1.13) and Definition 1.5.3, ignf).

Proof of property (ii): To show thaf : 73() — [f(ATi(E)), f(V7i(X))] is an order iso-
morphism we show: a) that it is onto; and b) that it is order edting. a) To show that
it is onto, we show directly that(75(2)) = [f(AT(E)), f(\VTi(2))]. We omit the depen-
dence ont to simplify notation. From the proof of (i), we deduce thaé thets7; are of
the form7i = (7i4, ..., Tin), with 77 € {[1, jI.[j + 1,N], [j, j]}. Denote byf(77); the jth
coordinate set of (77). By equatlons (1.12) we derive tha(’T), e (T, Tij-1, Ti.j-1). We

consider the case whenfé?"), = 7i,j-1, the other cases can be treated in analogous way. If
f(?"), = Tij-1 thenf(7i)j-1 = 7ij. Denoting \7i = I and\/7i = u, with | = (l1, ..., In) and
u = (U, ..., Un), Wwe have also thait(l)J = lj-1, f(I)J 1=1j, f(u)J = Uj-1, f(u), 1 =Uj. Thus,

f(’T), = [f(I),, f(u) ] for all j. This in turn implies thatf (75) = [(I), f(u)], which is what
we wanted to show. b) To show thét: 73 — [f(AT7), f(\V77)] is order embedding, it is
enough to note again th&(7;) is obtained by switchingi j with 77 j.1, 71 j-1, or leaving it
as7; ;. Therefore ifw < vforw,v e 7; thenf(w) < f(v) since coordinate-wise we will com-
pare the same numbers. By the same reasoning the reverse {aug, that is, iff (w) < f(v)
thenw < v.

The estimatoE given in Theorem 1.5.6 is thus represented by the followires

litk+)=i+1if z(k+1)=z(K) +0 (1.14)
lilk+1)=1 if z(k+1)=2z(K) -6 (1.15)
Liy(k+ 1) = maxLi(k), li(k+ 1)} (1.16)

(Li(k+ 1), Liza(k + 1)) = (Lizoy(k + 1), Liy(k + 1))
if XUy kr1) = Z42(K) A X, k) < Za(K) (1.17)

Uk+1)=N if z(k+1)=2z(K) +6 (1.18)
Uk+1) =i if z(k+1)=2z(K) -0 (1.19)
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Uiy(k+ 1) = min{U;(K), ui(k + 1)} (1.20)

(Ui(k+ 1), Uiya(k + 1)) = (Uisay(k + 1), Ui y(k + 1))
if Xu k+1) = Z1(K) A XUy (k1) < Zi42(K) (1.21)

initialized with L(0) = A y andU(0) = \/ y. Rules (1.14-1.15) and (1.18-1.19) take the out-
put informationz and set the lower and upper bound®{k), respectively. Rules (1.16) and
(1.20) compute the lower and upper bound of the interse¢ti¢k), U (k)] N Oy(K), respec-
tively. Finally, rules (1.17) and (1.21) compute the lowedaipper bound of the sef([L(k),

U (k)] N Oy(K)), respectively. Also note that the rules in (1.14-1.2&)@btained by “copying”
the rules in (1.12) and correcting them by means of the oufortmation.

1.6.2 Complexity of the RoboFlag Drill Estimator

The amount of Compl’Itation required for updat N=30: results for different initial conditions

ing L andU according to rules (1.14)—(1.21) [~

is proportional to the amount of computation 4 e
required for updating the variablesin sys-
temZX. In fact, we have R rules, N variables,
and N computations of “max” and “min” of "0 2 s 4 s e 70 8
values inN. Therefore, the computational com-
plexity of the algorithm that generateé&) and
U(K) is proportional to A, which is of the same

2

dashed line = log of E(k)

order as the complexity of the algorithm that - solid line = lof of W(k)
generates the trajectories. As establishedby | =~ — ———~
property (iii) of Problem 1, the function d¢ weonow e ¥ 0w

given by|[L(K), U(K)] N U — a(K)| tends to zero.

This function is useful for analysis purposesFigure 1.4 Example with N=30: note that the
butitis not necessary to compute it at any poirftinction W(K) is always non-increasing, and its
in the estimation algorithm proposed in equatidwgarithm is converging to zero.

(1.14-1.21). However, sindgk) does not con-

verge toU (k) once the algorithm has converged, i.e., wiéfk), U (k)] N U| = 1, we cannot
find the value ofr(k) from the values ol (k) andL(K) directly. Instead of computing directly
[L(K), U(K)] N U, we carry out a simple algorithm, which in the case of the R Drill
example takes at mosuf + N)/2 steps and takes as inpli&) andU (k) and gives as output
a(K) if the algorithm has converged. This is formally explaifethe following paragraph.
Algorithm 1 (Refinement algorithm) Let; = [Li, U;]. Then the algorithmrty, ..., my) =
Refinécy, ..., cn), which takes assignment sets..., cy and produces assignment sets..., my,
is such that ifmy = {k} thenk ¢ m; for anyj #i.

This algorithm takes as input the sefsand removes singletons occurring at one coordi-
nate set from all of the other coordinate sets. By conswuctt follows thatm; C ¢;. It does
this iteratively: if in the process of removing one singleta new one is created in some
other coordinate set, then such a singleton is also remawed dll of the other coordinate
sets. The refinement algorithm has two useful propertigst,Rhe setsn are equal to the
aj when [L, U] N U = a. Second, the cardinality of the setgk) is non-increasing with the
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time stepk. As a final remark, note that the setsare not used in the update laws of the esti-
mation algorithm, they are just computed at each step fraséh [, U] in order to extract
a from it when the algorithm has converged.

1.6.3 Simulation Results

The RoboFlag Drill system represented in the rules (1.2B8)(&nd (1.4) has been imple-

mented in Matlab together with the estimator reported inrthes (1.14-1.21). Figure 1.4

shows the behavior of the quantitiEg&) = £ SN, |ai(K) — il andW(k) = £ SN, Im(K)[. The

function E(K) is a function ofe, and it is not increasing along the executions of the system
= (perm), RN, f, h). This quantity is showing the rate of convergence ofilassignment

to its equilibrium (1..., N). We show in Figure 1.4 the logarithm &fk) and the logarithm

of W(k), which is non-increasing and converging to one, that is,g#ts 1 (K), ..., my(K))

converge tax(k) = (@1(K), ..., an(K)). In the same figure, we notice that whéitk) converges

to one,E(k) has not converged to zero yet. This shows that the estinmfaster than the

dynamics of the system under study.

1.7 Existence of Discrete State Estimators on a Lattice

In this section, we show that if the systéms (U, Z, f, h) is observable, there always exists a
lattice (¢, <) such that the paiBl, (v, <)) is interval compatible. The size of the 366 singled
out as a cause of complexity, and a worst case size is computedrticular, the worst case
size of the lattice never exceeds the size of the obsenaptaposed in Caines et al. (1991).
For systems in whick{ can be immersed in a space equipped with algebraic propease
is the case for the RoboFlag Drill, a preferred lattice stree (v, <) exists where joins and
meets can beficiently computed and represented by exploiting the algdfyathese sys-
tems, the estimation methodology proposed in this workeedwomplexity with respect to
enumeration methods. Consider the deterministic tramsslystenkt = (U, Z, f, h). In order

to show the link between the original system and its extenstds useful to define th&-
transition sets and tietransition classes as defined for the extended systeniid, Z, f, h)

in Definition 1.5.2 and Definition 1.5.3, respectively.

Definition 1.7.1 The non-empty set§1 (L) = {@ € U | Z = h(a, 2)}, for 1,2 € Z, are
named the-transition sets

Definition 1.7.2 The set7 (£) = {T1(%), ..., Tm(Z)}, with 73(Z) such that
(i) forany7i(Z) € 7 (%) there is ¢, 72) € Z such thati(Z) = Ta2)();

(ii) for any zt, 72 € Z for which T2 (Z) is not empty, there ig € {1,..., M} such that
T(zl,zz)(z) = 7-]';

is theset ofX-transition classes

Note that the seT (¥) is finite as we assumed at the beginning that thel & finite. Each
Z-transition sefl(,, »)(X) contains all ofe values in?/ that allow the transition fronz! to

Z through the functiorh. Note also that for any',Z € Z we haveT »/(2) € T, 2(E)

becausehlwz hand?f C y. This in turn implies thaf;(X) C 7;(%).
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Lemma 1.7.3 Consider the deterministic transition systé&ns (U, Z, f,h). If  is observ-
able, then f: (75(X),2) — f(7(X), 2 is one to one for any ¢ {1, .., M} and for any z= Z.

Proof. We have to show that i # an andaa, ap € 7(Z) for somej, then f(aa, 2) #
f(ap, 2). Suppose instead thd{w,, 2) = f(ap, 2), this means that the two executioos,
o Starting ato,(0) = (aa, 2 andop(0) = (ap, 2 have the same output sequence, but they
are diferent. This means that they are not distinguishable, anéftire the system is not
observable. This contradicts the assumption.

This lemma is used in the following theorem, which showsithiebetween observability
and extensibility of the system into a systenk that is interval compatible with a lattice

(. <)
Theorem 1.7.4 Consider the deterministic transition syst&m (U, Z, f, h). If £ is observ-

able, then there exists a complete lattige <) with U C x, such that the extensioh =
(f,h, x, Z) of £ ony is such tha(Z, (v, <)) is interval compatible.

Proof. We show the existence of a lattige €) and of an extended systéin= (v, Z, f, h)
with (£, (v, <)) an interval compatible pair by construction. Def)pe: P(U), and ., <) :=
(P(U),<).To defineh, define the sublattice§ (%), <) of (y, <) fori € {1, ..., M}, by (75(Z), <
) = (P(T7(%)), ) as shown in Figure 1.5. As a consequence, for any givert € Z such
thatz? = h(a, 2%) for @ € 77(Z) for somei, we definez = h(w, 2*) for anyw € 73(£). Clearly,
hluxz = h, and7i(E) for anyi is an interval sublattice of the form(Z) = [L, \/7i(X)]. The
function f is defined in the following way. For anyw € y anda € U we define

f~(xv w) = F(x)v f~(w)
f(xaw) :=f(x) A f(w)
f(L) =1

f(e) = f(a),

(1.22)

in which we have omitted the dependencezdn simplify notation. We prove first thaft :
Ti(E) - [L, f(\/?"(E))] is onto. We have to show that for amye [ L, f(\/?"(E))] with w #
1,thereisx e [L, \/7‘(2)] such thatv = f(x) Smce\/‘/"(E) =a1V..vapfor{a, .. ap =

7i(X), we have also thaft(\/73(2)) = f(az) V... v f(ap) by virtue ofequations (1.22). Because
w < f(V7i(2)), we have thaw = flaj) v..v f(a,m) for jx €{1,...,p} andm< p. This

in turn implies, by equations (1.22), that= f(a,1 LY @j,)- Slncex =aj, V.Y aj, <
\/7’(2) we have proved thaw = f(x) for x € 73(Z). Second we notice thaﬁ Ti(Z) —

[L, f(\/?"(E))] is one to one because of Lemma 1.7.3. Thus, we have prbaeﬁ t75(E) —

[L, f(\/?"(E))] is a bijection, and by equations (1.22) it is also a homgvhsm. We then

apply Proposition 1.3.3 to obtain the result.

Theorem 1.7.4 shows that an observable system admitseelattid a system extension
that satisfy interval compatibility by constructing themsi way similar to the way one shows
that a stable dynamical system has a Lyapunov function. Memvéhe lattice constructed in
the proof of the theorem is impractical for the implememtatbf the estimator of Theorem
1.5.6 when the size ol{ is large because the size of the representation of the etsroén
x is large as well. However, one does not need to haveP(U), but it is enough to have
in y the elements that the estimator needs. With this considardle following proposition
computes the worst case sizeyof
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Proposition 1.7.5 Consider the system = (U, Z, f, h), with f : ¢/ — U. Assume that the
sets{71(%), ..., Tm(X)} are all disjoint. Then there exist an extensibr= (y, Z, f, h) with
vl < 21U

For the proof, see (DelVecchio and Murray (2004)).
The size ofy gives an idea of how many val- (v, <) = (P(U), )
ues of joins and meets need to be stored. In the
case of the RoboFlag example with= 4 robots
per team, the size ¢?(U) is 16778238, while the
worst case size given in Proposition 1.7.5 is 576,
and the size of the latticg proposed in Section
1.6.1is 4 = 256. Thus the estimate given by Propo-
sition 1.7.5 significantly reduces the size«ajiven
by P(U). Note that the size of the lattice proposed
in Section 1.6.1 is smaller than 576 because there
are pairs of elements that have the same join, for
example, the pairs (3,4, 2),(4,2,1,3),and (42, 1, 3), T(Z)
(2, 1,4, 3) have the same join, that is,, @ 4, 3). In J_: 0
the next section, we extend the result of Theorem
1.5.6 to the estimation of continuous and discreteigure 1.5 Example of (1), C) with U/
variables in case an estimator in cascade form ¢emposed by three elements (solid circles).
possible.

1.8 Extensions to the Estimation of Discrete and
Continuous Variables

In this section, we consider systems in which the continwauisbles are not directly mea-
sured as it was in the previous sections. As an example,d@nrtsie RoboFlag Drill, in which
now the blue robots move according to a second order dynaofieghich only the position
is measured. In order to formally define the structure of trstesns under study, we define
the feedback interconnection of two systems with input.

Definition 1.8.1 Consider the two systems with inpdt = (S1, 71, Y1, F1,01) and X, =
(S2,712,Y2,F2,02), inwhichZ, = Y5, I, = Y1, andg; : S;1 — Y;. Thefeedback intercon-
nectionof ¥; with X,, denoted byE; of Xy, is the deterministic transition system given by
T1 01 X2 = (S1 X S2, Y2, (F1, F)). d,), in which for anys; € S; and anys; € S;, we have
Fi(s1, 82) = Fa(st, 92(S2, 91(s1))), F5(s1, 2) = Fa(sz, 91(s1)), andgy(si, s2) = ga(Sz, Ga(s1))-

The output of the feedback interconnectibno; X, is the output ofZ,. Let U be a finite
discrete setZ an infinite possibly dense set, a#fda finite or infinite set. In this section, we
consider systems that are the feedback interconnectiosystam that updates the discrete
variable dynamics and of a system that updates the continwariables dynamics. These sys-
tems have the forll = X; o Xy, in whichX; = (U, Y, U, f,idy) andX, = (Z, U, Y, h,g).
We have denoted by jdhe function that attachesto a pair 6 u) € S x 7. Thus, we will
have thatt; o X, = (U X Z, Y, (f',K),d), in which for anye,ze U x Z we have that
f'(a,2) = (@, 0(z @)), (@, 2) = h(z @), andg’'(e, 2) = 9(z @). We represent these systems
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by means of the following update equations
a(k+ 1) = f(a(k), y(k) (1.23)
zZ(k + 1) = h(z(k), a(k)) (1.24)
y(k) = 9(z(k), a(K)).
TheZX-transition setgDefinition 1.7.1) take the form
Tyuy)(®) = {e € U | I ze Z such thay, = g(z @) andy; = g(f(a. y1). h(z o))}

with y1,y, € Y. We denote the property that allows to distinguish twidedent initial values
of the discrete state of theX independently of the continuous statey independent discrete
state observability.

Definition 1.8.2 The systenk = X; o X, is said to béndependent discrete state observable
if it is observable and for any output sequefg) ke, We have that for any two executions
01,07 € §(Z) such that{o1(K)(@)lken # {o2(K)(@)}kea, there isk > 0 such thatri(k)(a) €
Tywyk1)(Z) andoa(K) (@) ¢ Tiyw.yk1))(Z)-

This property will allow to construct a discrete-contingaiate estimator that is a cas-
cade interconnection of a discrete state estimator as we dexeloped in Section 1.5, and
a continuous state estimator. Before introducing such ématr, we define the cascade
interconnection of two systems with input.

Definition 1.8.3 Consider the two systems with inpbly = (Sy, 71, Y1, F1,01) and X, =
(S2,12,Y2,F2,02), inwhichI, = Y;. Thecascade interconnectiodenoted; o¢ X, is the
deterministic transition system with input givenbyo. X, := (S1 X Sz, 71, Y2, (F1, F5). 95),
such that for an, € S1, s, € Sz anduy € 71 we have thaFj (s, s, ur) = Fi(s1, U), F5(s1,
S, U1) = F2(S2, 91(S1, U1)) andgy(St, Se, U1) = G2(Se, 9a(S1, U1)).

Consider the deterministic transition systBra X; o X, with output sequend®(K) }ken.
From the measurement of the output sequence, we constrastade state estimator: A sys-
tems = 51 o¢ 35, in which, takes as input the values of the outpukaind asymptotically
tracks the value of the variableswhile £, takes as input the discrete state estimates and the
output ofX to asymptotically track the value af The cascade state estimation problem is
formally introduced as follows.

Problem 2 (Cascade state estimator) Given the deterministic tiansglystemX = X; o¢
%2, find the cascade interconnectibn= 51 o 55, in whichZy is as given in Theorem 1.5.6
and X = (LX Ly xxy XY x Y, x xx x Ze X Ze, (T3, f4), (01, 92, U3, 94)) Where f3: L x
XXXXYXY > L LXyXyxYXY > LU x—=>x. 0. x—>x.01=0=id,03:
L — Ze,andgs: L > Ze, U x, (v.<) a lattice, Z € Ze with (Ze, <) a lattice, y x
Ze € L, (£, <) a lattice, such that for any execution= {(«(Kk), z(K))}kex Of T with output
sequencéy(k) ke the update laws

L(k+1) = fa(L(K), y(k), y(k + 1))

Uk+1) = f2(U(K), y(K), y(k + 1))
qu(k + 1) = f3(qu(k), L(K), U(K), y(K), y(k + 1)) (1.25)
Qu(k+1) = fa(qu(K), L(K), U(K), y(k), y(k + 1)),
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in which L(0) := A x, U(0) ==V x, au(0) = A £, qu(0) = V £, andz (k) = gs(q.(k)), and
Zy(K) = 94(qu(K)), have properties (H—(iii) of Problem 1 and

(") z.(k) < z(K) < zy(K) (correctness);

(i) d(z.(K), zu(K) < y([L(K), U(K)]I), with ¥ a monotonically decreasing function of its
argument (non-increasing error);

(iii") there existsky > 0 such thatl(z. (k), zu- (K)) = O for anyk > ki, whereL’(k) = A([L(K),
Ukl n ), U'(K) = V([L(K), UK] nU), and

au(k+ 1) = f3(qu (k). L'(k), U’ (K), y(K). y(k + 1))
Qu (k+1) = fa(aqu (k). L'(K), U’ (k). y(K), y(k + 1))
z:(K) = /\ gz ([au (K). au (K)] N (U x Z)) (1.26)

20 (19 = \/ ga ([ (9, qu (9] N (U x Z) (1.27)
with g./(0) = q.(0) andqu- (0) = qu(0), for some distance functiom” (convergence).
O

The variabled andU have the same meaning as they had in Section 1.5. The variable
andz, instead represent the lower and upper boundsZpg, €) of the set of all possible
continuous variable values that are compatible with thewusequence, with the system
dynamics established B and with the set of possible discrete variable values. Bhiables
gL andqy are auxiliary variables that are needed to model the cogplithe continuous and
discrete state dynamics. They represent the lower and Wypperds in £, <) of the set of all
possible pairsd, Z) compatible with the output sequence, with the system dycsgrand with
the set of possible discrete variable values. The distamuibn ‘d” has been left unspecified
for the moment, as its form depends on the particular pantder chosenZg, <). In the case
in which Zg = Z andZ = R" with the order established component-wise, the distange ca
be the classical euclidean distance, for example. To d@terensolution to Problem 2, we
introduce the notion of extension of a system to a joint cardus-discrete partial order.

Definition 1.8.4 Consider the systelm = X; of 2o withX; = (U, Y, U, f,id;) andZ; = (Z,
U, Y,h,g). Let (v, <), (Ze. <), and (£, <) be partial orders withld C y, Z € Zg, andy x
Ze € L. The system extension is definedas (£, Y, F, G), in which
() F: L — Lwith Flyxz = (f,)) and £ — (U x Z) is invariant undeF;
(i) G: £L-> Y withGlyxz =0';
(iii) Slyxze = 1 0 £, inwhichEs = (v, Y, x, f,idy) andS, = (Ze, x. Y. b §), with flgy =
f, hlzxw = h, anddizxu = g;
(iv) the partial order £, <) is closed with respect tp x Zg.

The E-transition sets thus take the following form. For apyy» € Y, Ty, y) () = fwe

x | A ze Z such thay, = §(F(w, 2)) andy; = §(w, 2)}. The E-transition sets correspond to
the set of all possible valueswfe y compatible with two consecutive outputs of the extended
systems. Theoutput sefs again given bYOy(K) := T(yg),y@l))(i). The next definition intro-
duces the notion of interval compatibility of the tupk& (%, (v, <)).
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Definition 1.8.5 The tuple E1, (x, <)) is said to benterval compatiblef the following are
verified

(i) foranyys,y, € ¥, we have thaly, ,(E) = [Ty, (£), VTy,y, E);

(ii) the extensior®, is such thatf : (Ty,y,(£), 1) = [F(A Ty &) Y1), FOV Ty (), 1)l
is an order isomorphism.

In order to determine the set of variable valuediof the extended system that are compat-
ible with an output paiy., y. and with a set of possible discrete variable values v,] <
Ty, y,(Z), we introduce the notion of induced output set.

Definition 1.8.6 Consider the systeé (£, Y, E,§) and a transition sélty,, yz)(z) for some
y1,Yo € Y. For anywy, W, € Ty, yz)(z) with wi < w,, the sets

15 = (g e L1710 au() = wi, m10au(q) < W, Yo = §(F(0)), andy: = §(q)}

are named the induced output set€afiduced by an intervaky, wy] € Tyl,yz(i).

The meaning of an induced output set is the following. Thd%ﬁgﬁ)ﬂ is the set of all pos-
sible values ofj € £ that are compatible with two output measurememnty, and whose
upper and lower approximations jnx Zg have the discrete component contained in the
set w1, wo]. One can easily verify that ifvjy, wo] C Ty, yz(i), then{(e,2) | g(a, 2 = y1 and
a(f(a, Y1), h(a, 2)) = Yo} with & € [wi, W»] is contained |nl()VIV1yW)2] Next, a definition similar

to interval compatibility is introduced for the induced put sets.

Definition 1.8.7 The pair &, (£, <)) is said to benduced interval compatibl (21, (v, <))
is interval compatible and for anyj, wo] C Ty, y,() for y1,y» € VY, we have that

(i) Foqulsed, alsd]) — (R, (il is order preserving;

h = . [a,a] [af a) = [a,a] = [a,a] : : : .
(i) F: ([/\I(yl,yz)’ . y2)]) [F(Al(ym)), F(vl(ym))] is an order isomorphism;

(iii) forany [wy,ws] € Ty, (%), we have thati (, o a o F(A"), 7z 0 ay o F(ulfy42)))
< y(I[w1, wz]|), for some distance functiord;” andy : N — R a monotonic function

of its argument.

Item (i) and (ii) of this definition require that the extendadctionF has order preserving
properties on the induced output sets. Item (iii) estabbshat the distance between the lower
and upper bounds of the interval sublattice ffx( <) induced by an intervaij;, w;] € y is
bounded by a monotonic function of the size wf [w.]. When {1, y2) = (y(K), y(k+ 1)) in
the above definitions, in whicty(k) }ker is an output sequence Bf we will use the notation
(y(K), y(k + 1)) = Y(K) so thatl {3Vl | = 157" A solution to Problem 2 is proposed in the
following theorem.

Theorem 1.8.8 Let{y(k)}kenr be the output sequence corresponding to an executidinlagt
¥, be as in Theorem 1.5.6. Consider the additional system wght, = (£ x L, y X y X
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yxy,ZEXZE,(fg, f4),(gl,gz,gg,g4))With f3:.£><)(>()(>(y><y—>_£, f4:,£><)(><)(>(
YxY - L g L—> Zeg,and g : L — Ze given by

fa (AL (K), LK), UK), YK, y(k+ 1)) = F (au(k) v /\ 15800 @) (1.28)
fa (@ (K), LK), UK, YK, y(k+ 1)) = F (qu() o \/ 15,380 ‘k”) (1.29)
93(aL(K) = 72 0 a (au(K) (1.30)
94(qu(K)) = 72 o ay(qu(k)) (1.31)

in which L(k), U(K), y(K), y(k + 1)is the output of;, L*(k) = A Oy(K) v L(k), U*(k) = \/ Oy(k) A
U(k). If £ is independent discrete state observable end.L, <)) is induced interval com-
patible, El oc¢ 22 solves Problem 2.

Proof. Properties (i)—(iii) follow directly from Theorem 1.5.6.h& proof of (i)'—(iii)’
proceeds as follows. The proof of (i)’ exploits the ordergening properties of, a,, au,
andr,. The proof of (i)’ exploits the property of induced ordemgpatibility and the defini-
tion of distance on a partial order. The proof of (iii)’ usesedtly the observability of system
2.

Proof of (i)’. We use induction argument da Initially, q_(0) = A £ andqy(0) =
Therefore, we have thaj (0) < («(0), z(0)) < qu(0). Next, we show that ify (k) < ((K),
z(k)) < qu(k) thenalsay (k + 1) < (a(k + 1), z(k + 1)) < qu(k + 1). Sincex(k) € [L*(k), U"(K)] <
Tywyen)(E) and also¢(K). 2K)) € {(e.2) | gl 2) = y(K) andg(f (. y(K)). h(a. 2)) = y(k + 1)},
it follows that @(K), 2() € 15, ®. As a consequence, we have that

A v A\ 1™ < (@ 2K) < au ) A \/ 150

By property (i) of Definition 1.8.7 (order preserving propgrit follows that F(qy (k) v
AEYT < (a(k+ 1), 2k + 1)) < Fau(K) A V157, which in turn implies by equations
(2.28) and (1.29) thady (k+ 1) < (a(k+ 1), z(k + 1)) < qu(k + 1). We are thus left to show
thatq, (k) < (a(Kk), z(k)) implies thatr, o a_ (q.(K)) < z(k) and that &(K), z(k)) < qu(k) implies
thatz(k) < m, o ay(qu(k)). These are true as o a_ andn, o ay are order preserving maps,
2 0 & ((K), 2(K)) = 2(K), andr o ay(a(k), z(k)) = Z(K).

Proof of (ii)’". SinceF is order preserving on the induced transition sets, we haegléct-
ing the dependence &) that

OV < v ) andf/ 1) 2 B \/ 1)

Sincen, o a. andn, o @y are also order preserving, by using property (iii) of theatise
function (Definition 1.3.4), we have that

d(mzoa o F(au v \ 1Y) moay o Fau A \/ 1579 <
d(mzoae F(A\ IV mz0ay o F(\/ 10D
By property (iii) of Definition 1.8.7, we have that

d(mpoa o F(A 1Y), m0ay o F(\/159) < (L, U7)). (1.32)
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Sincef([L*,U"]y) = [f(L",y), f(U", Y], f(L* (), y() = Lk + 1), andf(U*(K), y(K)) = U(k+
1), we have by the order isomorphism propertyfothat | f([L*, U*], y(k))| = |[L*, U*]| =
I[L(k + 1), U(k+ 1)]. Thusy(I[L*, U*]|) = y([[L(k + 1), U(k + 1)]]). This along with equation
(1.32) completes the proof.

Proof of (iii)’. For k > ko, L'(k) = a(k? = U’(K) becausel{(k), U(K] N U = a(k). As a
consequencey (k+ 1) = F(qu (k) v Al ™) anday (k+ 1) = F(au (k) A vl ®). By
property (ii) of Definition 1.8.7, it follows that for ank > ky we have that for any’ €
[qu (k + 1), qu- (k + 1)] there isq € [qu (k), qu- (K)] such thaty = F(q). Also, £ — (U x Z) is
invariant undefF andlf|wz = (', h), Therefore, itis also true that for any’(Z) € [q (k +
1), q;(k+ 1) N (U x Z) thereis , 2) € [qu (k). qu (K)] N (U x Z) suchthatd’, Z) = (f(a,
y(K)), h(a, 2)). In addition, we have that sucl,(2) is in the induced transition set, that is,
(,2) € 158 Thus in turn implies thag(e, 2) = y(K). Since this is true for ank > ko, if
for anyk we have thatdj (k), o, (k)] N (U x Z) contains more than one element, it means
that there are at least two executionsXyfo; # o, such thatg(o1) = g(o2). This con-
tradicts observability oE. Thus, it must be that there kg > ko such that fork > k; we
have that §; (K), o, (K] N (U x Z) = (a(k), z(K)). As a consequence, by virtue of equations
(1.26,1.27,1.30,1.31) we also have tha(k) = zy. (k) for all k > k.

1.8.1 RoboFlag Drill with continuous dynamics

A version of the RoboFlag Drill system of Section 1.2 is cdesed in which now the
defender robots have partially measured second order dgaamstead of having fully mea-
sured first order dynamics. To describe this dynamics, eafdnder robot motion is denoted
by variablez € R?, in whichz; is the position. We consider the problem of estimating the
current assignmemtand continuous variablesgiven measured positiozg of the defender
robots. The functiom : U x Z — Z that updates thevariables is given by

Z,=(1-PB)z1-Bz2+2B%,
Z,=(1-z2+ Xy (1.33)

for anyi. The setZ is such that; 1 € [%, X+1] andz > € [, X+1] for anyi, which is guaran-
teed if3 andA are assumed sliciently small. This means that each defender moves toward
the x position of the assigned attacker with second order damgedndics. The continu-
ous variables are= (z.1, 212, ..., Zv.1, Zn2) € Z, With outputg(2) = (z1.4, ..., Zv1) € Y. Thus,
¥ =(U,Y,U,T,idy) andX; = (Z, U, h,g), in which f and/ are the same as in Section 1.2
andhis now given by equations (1.33). The overall system is gbetihe feedback intercon-
nection ofX; with X, that is,X = X; o¢ X,. The partial ordery, <) and extensiorf are the
same as the ones defined in equations (1.9) and (1.10). Wedgfiny x Z andF = (f, h),
inwhichh: y x Z — Zisthe same asin equations (1.33) but witk € y in place ofa € U.
The partial order irZ is established by < 2 for 2, 2° € Z if 2, < 2,. One can verify that
the order on each , is preserved by the dynamics in equations (1.33). In faafylit< 22
andw® < w® then (1- )Y + Xy < (1~ 027 + A%, becausex,m < X, whenever
w® < w®, and because (21) > 0. With such partial order o, one can show that the
assumptions of Theorem 1.8.8 are verified. The estimatoh@ofiem 1.8.8 has been imple-

mented. For the continuous state estimatorzler, € RN represent the lower and upper
bound of @ », ..., Zn2). Figure 1.6 illustrates the estimator performance, inclvhi
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W(K) = Zi“illm(k)L where|m(K)| is the cardinal-

ity of the setam;(k) that are the sets of possihig

for each component obtained from the séfs;] §
by removing iteratively a singleton occurring at
componeni by all other components. Wheh(k), U(K)] N 1
perm() has converged te, thenm(k) = «;(K).

IS

3
2

The distance function foz, x € RN is defined by )
d(x,2) = 3N, absg — x). The functionV/(k) in the o
plotis defined by (k) = % ZiN:l(in(k) — XL(), and 2of d(z, (), 2,(K)

it is always non increasing. A possible candidate
foryis thusy(|[L, U]]) := |[L, U]lsuplxy, — X |- Note
that even if the discrete state has not converged yet,
the continuous state estimation error aker 8 is Figure 1.6 Estimator performance with
close to zero. N =10 agents.

10 15 20
time step k

1.9 Conclusions

In this work, we have presented an approach to state estimiatidecision and control sys-
tems, which reduces complexity by using partial order thedhe developed algorithms
enjoy scalability properties that are substantial in raagfent systems. This has been done
for estimating the discrete state once the continuous &ateeasured and for estimating
both discrete and continuous state when an estimator iradasorm is possible. Partial
order theory has proved to be a useful tool borrowed fromretezal computer science to
address this issue, and it was nicely merged with classaratal theory to reach our goal.
The question of how to deal with the estimation problem fahtibe continuous and the dis-
crete state when an estimator in cascade form is not possilblee addressed in our future
work. In particular, we will take advantage of the “coopeft and “competitive” nature
of the multi-agent systems under study that naturally irepasder preserving dynamics in
suitable partial orders. The dynamic feedback control lerolwill also be addressed in our
future work by using partial order theory. For the case ofRloboFlag Drill, we will design

a dynamic controller for the attackers, which on the basihefstate estimates, decides the
next action to take in order to win the game. These are maymhesis issues, however we
will also explore how partial order theory can be employeddlve analysis problems such
as the computation of escape sets and controlled invagtntsth low computational load.
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