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1.1 Introduction

Logic and decision making are playing increasingly large roles in modern control systems,
and virtually all modern control systems are implemented using digital computers. Examples
include aerospace systems, transportation systems (air, automotive, and rail), communica-
tion networks (wired, wireless, and cellular), and supply networks (electrical power and
manufacturing). The evolution of these systems is determined by the interplay of continu-
ous dynamics and logic. The continuous variables can represent quantities such as position,
velocity, acceleration, voltage, current, etc., while thediscrete variables can represent the
state of the decision and communication protocol that is used for coordination and control.
Most of these systems are also multi-agent, in which an agentcan be, for example, a wireless
device, a micro-controller, a robot, a piece of machinery, apiece of hardware or software, or
even a human. The need for understanding and analyzing the behavior of these systems is
compelling. However, the coupling of continuous dynamics and logics and the multi-agent
nature of these systems render the study of these systems interesting and complicated enough
that new tools are needed for the sake of analysis and control. In particular, multi-agent sys-
tems are usually affected by the combinatorial explosion of the state space thatrenders most
of the existing state estimation algorithms inapplicable.

The problem of estimating the state of a decision and controlsystem has been addressed
by several authors for control or as a means for solving monitoring or surveillance problems
in distributed environments. In the hybrid systems literature, Bemporad et al. (1999) propose
the notion of incremental observability for piecewise affine systems and construct a deadbeat
observer that requires large amounts of computation. Balluchi et al. (2002) combine aloca-
tion observer with a Luenberger observer to design hybrid observers that identify the location
in a finite number of steps and converge exponentially to the continuous state. However, if the
number of locations is large, as in the systems that we consider, such an approach is impracti-
cable. In Balluchi et al. (2003), sufficient conditions for a linear hybrid system to be final state
determinable are given. In Alessandri and Coletta (2001, 2003), Luenberger-like observers
are proposed for hybrid systems where the system location isknown. Vidal et al. (2002)
derive sufficient and necessary conditions for observability of discrete time jump-linear sys-
tems, based on a simple rank test on the parameters of the model. In later work (Vidal et al.
(2003)), these notions are generalized to the case of continuous time jump linear systems.
For jump Markov linear systems, Costa and do Val (2002) derive a test for observability,
and Cassandra et al. (1994) propose an approach to optimal control for partially observable
Markov decision processes. For continuous time hybrid systems, Santis et al. (2003) propose
a definition of observability based on the possibility of reconstructing the system state, and
testable conditions for observability are provided.

In the discrete event literature, observability has been defined by Ramadge (1986), for
example, who derives a test for current state observability. Oishi et al. (2003) derive a test
for immediate observability in which the state of the systemcan be unambiguously recon-
structed from the output associated with the current state and last and next events. Ozveren
and Willsky (1990), Caines et al. (1991), and Caines and Wang(1995) propose discrete event
observers based on the construction of the current-location observation tree that is impractica-
ble when the number of locations is large, which is our case. Observability is also considered
in the context of distributed monitoring and control in industrial automation, where agents are
cooperating to perform system-level tasks such as failure detection and identification on the
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basis of local information (Rudie et al. (2003)). Diaz et al.(1994) consider observers for for-
mal on-line validation of distributed systems, in which theon-line behavior is checked against
a formal model. In the context of sensor networks, state estimation covers a fundamental role
when solving surveillance and monitoring tasks in which thestate usually has several com-
ponents, such as the position of an agent, its identity, and its intent (see for example Collins
et al. (2001) or Bui et al. (2002)).

The main contribution of this work is to design state estimators for multi-agent systems
that overcome severe complexity issues encountered in previous work (Balluchi et al. (2002);
Caines and Wang (1995); Caines et al. (1991)). These complexity issues render prohibitive
the estimation problem for systems with a large discrete state space, which is often the case in
multi-agent systems. Our point of view is that some of the complexity issues, such as those
encountered in Caines et al. (1991) or Balluchi et al. (2002), can be avoided by finding a
good way of representing the sets of interest and by finding a good way of computing maps
on them. In this work, this is achieved by using partial ordertheory. Partial order theory has
been historically used in theoretical computer science to prove properties about convergence
of algorithms (Cousot and Cousot (1977)). It has also been used for studying controllability
properties of finite state machines (Caines and Wei (1996)) and for tackling the state explo-
sion problem in the verification of concurrent systems in Godefroid (1996). In this work, we
exploit partial order theory to estimate the state in systems with a large discrete space result-
ing from the multi-agent nature of the system. In particular, given a systemΣ defined on its
space of variables, we extend it to a larger space of variables that has lattice structure to obtain
an extended system̃Σ. Under certain properties verified by the extensionΣ̃, an observer for
systemΣ can be constructed, which updates at each step only two variables. It updates the
least and greatest element of the set of all values of variables compatible with the output
sequence and with the dynamics ofΣ. The structure of the obtained observer resembles the
structure of the Luenberger observer (Luenberger (1971)) or a Kalman filter (Kalman (1960))
as it is obtained by “copying” the dynamics of the systemΣ and by correcting it according to
the measured output values. This work is concerned with the estimation of the discrete state
in case the continuous state is measured, and with the estimation of the whole system state in
case a cascade structure of the estimator is possible. We also show that a system is observable
if and only if there is a lattice in which the extended system satisfies the requirements for the
construction of the proposed estimator. Thus, our approachto state estimation is general.

The contents of this work are organized as follows. In Section 1.2, the RoboFlag Drill is
introduced as our motivating example. In Section 1.3, basicdefinitions on partial orders and
transition systems are reviewed. Section 1.4 formulates the discrete state estimation problem
and Section 1.5 proposes a solution. In Section 1.6, the RoboFlag Drill is revisited. In Section
1.7, the generality of the approach is investigated and in Section 1.8 the proposed state esti-
mation approach is extended to estimation of continuous anddiscrete variables for the case
of a cascade form of the estimator.

1.2 Motivating Example

As a motivating example, we consider a task that represents adefensive maneuver for a
robotic “capture the flag” game (D’Andrea et al. (2003)). We do not propose to devise a
strategy that addresses the full complexity of the game. Instead, we examine the following
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very simpledrill or exercise that we call “RoboFlag Drill.” Some number of blue robots with
positions (zi , 0) ∈ R2 (denoted by open circles) must defend their zone{(x, y) ∈ R2 | y ≤ 0}
from an equal number of incoming red robots (denoted by filledcircles). The positions of
the red robots are (xi , yi) ∈ R2. An example for 8 robots is illustrated in Figure 1.1. The
red robots move straight toward the blue robots’ defensive zone. The blue robots are each
assigned to a red robot, and they coordinate to intercept thered robots. LetN represent
the number of robots in each team. The robots start with an arbitrary (bijective) assignment
α : {1, ...,N} → {1, ...,N}, whereαi is the red robot that blue roboti is required to intercept.
At each step, each blue robot communicates with its neighbors and decides to either switch
assignments with its left or right neighbor or keep its assignment. It is possible to show that
theα assignment reaches the equilibrium value (1, ...,N) (see Klavins and Murray (2004) or
Klavins (2003) for details). We consider the problem of estimating the current assignment
α given the motions of the blue robots, which might be of interest to, for example, the red
robots in that they may use such information to determine a better strategy of attack. We do
not consider the problem of how they would change their strategy in this work.

The RoboFlag Drill system can be specified by the following rules:

yi(k+ 1) = yi(k) − δ if yi(k) ≥ δ (1.1)

zi(k+ 1) = zi(k) + δ if zi(k) < xαi (k) (1.2)

zi(k+ 1) = zi(k) − δ if zi(k) > xαi (k) (1.3)

(αi(k+ 1), αi+1(k+ 1)) = (αi+1(k), αi(k)) if xαi (k) ≥ zi+1(k) ∧ xαi+1(k) ≤ zi+1(k), (1.4)

where we assumezi ≤ zi+1 and xi < zi < xi+1 for all k. Also, if none of the “if” statements
above are verified for a given variable, the new value of the variable is equal to the old one.
This system is a slight simplification of the original systemdescribed in Klavins (2003).
In such a work in fact, two close robots might decide to swap their assignments even if
they are moving in the same direction, while in the present case, two close robots swap
their assignments only if they are moving one toward the other. Also, in Klavins (2003) the
decision are taken sequentially first from the robots on the left and then from the robots on
the right, and the decision are coordinated by a token that moves from left to right. In the
present case, the decision protocol is completely decentralized. Equation (1.4) establishes
that two robots trade their assignments if the current assignments cause them to go toward
each other. The question we are interested in is the following: given the evolution of the
measurable quantitiesz, x, y, can we build an estimator that tracks on-line the value of the
assignmentα(k)? The value ofα ∈ perm(N) determines the discrete state, i.e.,S = perm(N).
The discrete stateα determines also what has been called in previous work the location
of the system (see Balluchi et al. (2002)). The number of possible locations isN!, that is,
|S| = N!. This for N ≥ 8 renders prohibitive the application of location observers based on
the current location observation tree of Caines et al. (1991), used in Balluchi et al. (2002), and
in Ozveren and Willsky (1990). At each step, the set of possibleα values compatible with the
current output and with the previously seen outputs can be solarge as to render impractical
its computation. As an example, we consider the situation depicted in Figure 1.1 (left) where
N = 8. We see the blue robots 1, 3, 5 going right and the others going left. From equations
(1.2)–(1.3) withxi < zi < xi+1 we deduce that the set of all possibleα ∈ perm(N) compatible
with this observation is such thatαi ≥ i + 1 for i ∈ {1, 2, 3} andαi ≤ i for i ∈ {2, 4, 6, 7, 8}.
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Figure 1.1 Example of the RoboFlag Drill with 8 robots per team. The dashed lines represent the
assignment of each blue robot to red robot. The arrows denotethe direction of motion of each robot.

The size of this set is 40320. According to the enumeration methods, this set needs to be
mapped forward through the dynamics of the system to see whatthe values ofα are at the
next step that correspond to this output. Such a set is then intersected with the set ofα values
compatible with the new observation. To overcome the complexity issue that comes from the
need of listing 40320 elements for performing such operations, we propose to represent a set
by a lowerL and an upperU elements according to some partial order. Then, we can perform
the previously described operations only onL andU, two elements instead of 40320. This
idea is developed in the following paragraph.

For this example, we can viewα ∈ NN. The set of possible assignments compatible with
the observation of thez motion deduced from the equations (1.2)–(1.3), denotedOy(k), can
be represented as an interval with the order established component-wise, see the diagram in
Figure 1.2. The functioñf that maps such a set forward, specified by the equations (1.4)
with the assumption thatxi < zi < xi+1, simply swaps two adjacent robot assignments if these
cause the two robots to move toward each other. Thus, it maps the setOy(k) to the setf̃ (Oy(k))
shown in Figure 1.2, which can still be represented as an interval. When the new output
measurement becomes available (Figure 1.1, right) we obtain the new setOy(k+ 1) reported
in Figure 1.2. The sets̃f (Oy(k)) andOy(k+ 1) can be intersected by simply computing the
supremum of their lower bounds and the infimum of their upper bounds. This way, we obtain
the system that updatesL andU, beingL andU the lower and upper bounds of the set of all
possibleα compatible with the output sequence:

L(k+ 1) = f̃
(

sup(L(k), inf Oy(k))
)

U(k+ 1) = f̃
(

inf(U(k), supOy(k))
)

. (1.5)

The variablesL(k) andU(k) represent the lower and upper bound, respectively, of the set of
all possible discrete state values compatible with the output sequence and with the system
dynamics. The computational burden of this implementationis of the order ofN if N is
the number of robots. This computational burden is to be compared toN!, which is the
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computation requirement that we have with the enumeration approach. In the next section,
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Figure 1.2 The observation of thez motion at stepk gives the set of possibleα, Oy(k). At each step,
the set is described by the lower and upper bounds of aninterval sublatticein an appropriately defined
lattice. Such set is then mapped through the system dynamicsf̃ to obtain at stepk+ 1 the set ofα that
are compatible also with the observation at stepk. Such a set is then intersected withOy(k+ 1), which
is the set ofα compatible with thezmotion observed at stepk+ 1.

we introduce some basic notions on partial order theory and deterministic transition system
models.

1.3 Basic Concepts

In this chapter, we review some basic notions that will be used throughout this work. First, we
give some background on partial order and lattice theory in Section 1.3.1 (for more details
the reader is referred to Davey and Priesteley (2002)). The theory of partial orders, while
standard in computer science, may be less well known to the intended audience of this work.
The class of deterministic transition systems is introduced in Section 1.3.2.

1.3.1 Partial Order Theory

A partial order is a setχ with a partial order relation “≤”, and we denote it by the pair (χ,≤).
For anyx,w ∈ χ, sup{x,w} is the smallest element that is larger than bothx andw. In a similar
way, inf{x,w} is the largest element that is smaller than bothx andw. We define thejoin “g”
and themeet“f” of two elementsx andw in χ asxg w := sup{x,w} andxf w := inf{x,w}
Also, if S ⊆ χ, we have∨S := sup S, and∧S := inf S.

Let (χ,≤) be a partial order. Ifxf w ∈ χ andxg w ∈ χ for anyx,w ∈ χ, then (χ,≤) is a
lattice. In Figure 1.3, we illustrate Hasse diagrams (Davey and Priesteley (2002)) showing
partially ordered sets. From the diagrams, it is easy to tellwhen one element is less than
another:x < w if and only if there is a sequence of connected line segments moving upward
from x to w. The partial order (χ,≤) is achainif for all x,w ∈ χ, eitherx ≤ w or w ≤ x, that is,
any two elements are comparable. If instead any two elementsare not comparable, i.e.,x ≤ y
if and only if x = y, (χ,≤) is said to be ananti-chain. If x < w and there is no other element in
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a) b)

d)c)

xg w

x w

x w
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xg w
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f (z) = f (w)

f (x) = f (y)

z

x w

y

f (z)

f (x) f (w)

f (y)

Figure 1.3 Left figure: In diagram a) and b),x andw are not related, but they have a join and a meet,
respectively; in diagram c), we show a complete lattice; in diagram d), we show a partially ordered set
that is not a lattice, since the elementsx andw have a meet, but not a join. Right figure: In diagram
e), we show a map that is, order preserving but not order embedding; in diagram f), we show an order
embedding that is, not an order isomorphism (it is not onto).

betweenx andw, we writex≪ w. Let (χ,≤) be a lattice and letS ⊆ χ be a non-empty subset
of χ. Then, (S,≤) is asublatticeof χ if a, b ∈ S implies thatag b ∈ S andaf b ∈ S. If any
sublattice ofχ contains its least and greatest elements, then (χ,≤) is calledcomplete. Any
finite lattice is complete, but infinite lattices may not be complete, and hence the significance
of the notion of a complete partial order (S. Abramsky (1994)). Given a complete lattice
(χ,≤), we will be concerned with a special kind of a sublattice called aninterval sublattice
defined as follows. Any interval sublattice of (χ,≤) is given by [L,U] = {w ∈ χ|L ≤ w ≤ U}
for L,U ∈ χ. That is, this special sublattice can be represented by two elements only. For
example, the interval sublattices of (R,≤) are just the familiar closed intervals on the real
line.

Let (χ,≤) be a lattice with least element⊥ (the bottom). Then,a ∈ χ is called anatom
of (χ,≤) if a > ⊥ and there is no elementb such that⊥ < b < a. The set of atoms of (χ,≤)
is denotedA(χ,≤). Thepower latticeof a setU, denoted (P(U),⊆), is given by the power
set ofU, P(U) (the set of all subsets ofU), ordered according to the set inclusion⊆. The
meet and join of the power lattice is given by intersection and union. The bottom element
is the empty set, that is,⊥ = ∅, and the top element isU itself, that is,⊤ = U. Note that
A(P(U),⊆) = U. Given a setP, we denote by|P| its cardinality.

Definition 1.3.1 Let (P,≤) and (Q,≤) be partially ordered sets. A mapf : P→ Q is

(i) anorder preserving mapif x ≤ w =⇒ f (x) ≤ f (w);

(ii) an order embeddingif x ≤ w⇐⇒ f (x) ≤ f (w);

(iii) an order isomorphismif it is order embedding and it mapsP onto Q.

These different types of maps are shown in diagrams e) and f) of Figure 1.3. Every order
isomorphism faithfully mirrors the structure ofP ontoQ.
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Definition 1.3.2 If (P,≤) and (Q,≤) are lattices, then a mapf : P→ Q is said to be ahomo-
morphismif f is join-preservingandmeet-preserving, that is, for allx,w ∈ P we have that
f (xg w) = f (x) g f (w) and f (xf w) = f (x) f f (w).

Proposition 1.3.3 (See Davey and Priesteley (2002)) If f: P→ Q is a bijective homomor-
phism, then it is an order isomorphism.

A partial order induces a notion of distance between elements in the space. Define the dis-
tance function on a partial order in the following way.

Definition 1.3.4 (Distance on a partial order) Let (P,≤) be a partial order. A distanced on
(P,≤) is a functiond : P× P→ R such that the following properties are verified:

(i) d(x, y) ≥ 0 for anyx, y ∈ P andd(x, y) = 0 if and only if x = y;

(ii) d(x, y) = d(y, x);

(iii) if x ≤ y ≤ z thend(x, y) ≤ d(x, z);

(iv) d(x, z) ≤ d(x, y) + d(y, z) (triangular inequality).

Since we will deal with a partial order on the space of the discrete variables and with a partial
order on the space of the continuous variables, it is useful to introduce the Cartesian product
of two partial orders as it can be found in S. Abramsky (1994).

Definition 1.3.5 (Cartesian product of partial orders) Let (P1,≤) and (P2,≤) be two par-
tial orders. Their Cartesian product is given by (P1 × P2,≤), whereP1 × P2 = {(x, y) | x ∈
P1 andy ∈ P2}, and (x, y) ≤ (x′, y′) if and only if x ≤ x′ andy ≤ y′. For any (p1, p2) ∈ P1 ×

P2 the standard projectionsπ1 : P1 × P2→ P1 andπ2 : P1 × P2→ P2 are such thatπ1(p1, p2) =
p1 andπ2(p1, p2) = p2.

One can easily verify that the projection operators preserve the order. In this work we will also
deal withapproximationsof sets and elements of a partial order. We thus give the following
definition.

Definition 1.3.6 (Upper and lower approximation) LetP1 andP2 be two sets withP1 ⊆ P2

and (P2,≤) a partial order. For anyx ∈ P2, we define thelower and upper approximationsof
x in P1 asaL(x) := max(P2,≤){w ∈ P1 | w ≤ x} andaU(x) := min(P2,≤){w ∈ P1 | w ≥ x}. If such
lower and upper approximations exist for anyx ∈ P2, then the partial order (P2,≤) is said to
beclosed with respect to P1.

One can verify that the lower and upper approximation functions are order preserving. This
means that for anyx1, x2 ∈ P2 with x1 ≤ x2, thenaL(x1) ≤ aL(x2) andaU(x1) ≤ aU(x2). In this
section, we have given some basic definitions on partial order and lattice theory. In the next
section, we introduce the class of models that we are going toconsider in this work. These
are transition systems with output.

1.3.2 Deterministic Transition Systems

The class of systems we are concerned with are deterministic, infinite state systems with
output. The following definition introduces such a class.
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Definition 1.3.7 (Deterministic transition systems) Adeterministic transition system(DTS)
is the tupleΣ = (S,Y, F, g), whereS is a set of states withs ∈ S; Y is a set of outputs with
y ∈ Y; F : S→ S is the state transition function;g : S→ Y is the output function.

An execution ofΣ is any sequenceσ = {s(k)}k∈N such thats(0) ∈ S ands(k+ 1) = F(s(k)) for
all k ∈ N. The set of all executions ofΣ is denotedE(Σ). An output sequence ofΣ is denoted
y = {y(k)}k∈N, with y(k) = g(σ(k)), for σ ∈ E(Σ).

Definition 1.3.8 Given a deterministic transition systemΣ = (S,Y, F, g), two executionsσ1,
σ2 in E(Σ) aredistinguishableif there exists ak such thatg(σ1(k)) , g(σ2(k)).

Definition 1.3.9 (Observability) The deterministic transition systemΣ = (S,Y, F, g) is said
to beobservableif any two different executionsσ1, σ2 ∈ E(Σ) are distinguishable.

From this definition, we deduce that if a systemΣ is observable, any two different initial
states will give rise to two executionsσ1 andσ2 with different output sequences. Thus, the
initial states can be distinguished by looking at the outputsequence.

1.4 Problem Formulation

The deterministic transition systemsΣ we defined in the previous section are quite general.
In this section, we restrict our attention to systems with a specific structure. In particular,
for a systemΣ = (S,Y, F, g) we suppose that (i)S = U ×Z with U a finite set andZ a
finite dimensional space; (ii)F = ( f , h), where f : U ×Z → U andh : U ×Z → Z; (iii)
y = g(α, z) := z, whereα ∈ U, z ∈ Z, y ∈ Y, andY = Z. The setU is a set of logic states
andZ is a set of measured states or physical states, as one might find in a robot system. In
the case of the example given in Section 1.2,U = perm(N) andZ = RN, the functionf is
represented by equations (1.4) and the functionh is represented by equations (1.2)–(1.3). In
the sequel, we will denote with abuse of notation this class of deterministic transition systems
by Σ = (U,Z, f , h), in which we associate to the tuple (U,Z, f , h), the equations:

α(k+ 1) = f (α(k), z(k))

z(k+ 1) = h(α(k), z(k)) (1.6)

y(k) = z(k),

in which α ∈ U andz ∈ Z. An execution of the systemΣ in equations (1.6) is a sequence
σ = {α(k), z(k)}k∈N. The output sequence is{y(k)}k∈N = {z(k)}k∈N. Given an executionσ of
the systemΣ, we denote theα and z sequences corresponding to such an execution by
{σ(k)(α)}k∈N and{σ(k)(z)}k∈N, respectively.

From the measurement of the output sequence, which in our case coincides with the
evolution of the continuous variables, we want to constructa discrete state estimator: a system
Σ̂ that takes as input the values of the measurable variables and asymptotically tracks the value
of the variableα. We thus define in the following definition a deterministic transition system
with input.

Definition 1.4.1 (Deterministic transition system with input) A deterministic transition sys-
tem with input is a tuple (S,I,Y, F, g) in whichS is a set of states;I is a set of inputs;Y is a
set of outputs;F : S × I → S is a transition function;g : S × I → Y is an output function.
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An alternative to simply maintaining a list of all possible values forα is next proposed.
Specifically, if the setU can be immersed in a larger setχ whose elements can be related
by an order relation≤, we can represent a subset of (χ,≤) as an interval sublattice [L,U].
Let “id” denote the identity operator. We formulate the discrete state estimation problem on
a lattice as follows.

Problem 1 (Discrete state estimator on a lattice) Given the deterministic transition system
Σ = (U,Z, f , h), find a deterministic transition system with inputΣ̂ = (χ × χ,Y × Y, χ ×
χ, ( f1, f2), id), with f1 : χ × Y ×Y → χ, f2 : χ × Y × Y → χ, U ⊆ χ, with (χ,≤) a lattice,
represented by the equations

L(k+ 1) = f1(L(k), y(k), y(k+ 1))

U(k+ 1) = f2(U(k), y(k), y(k+ 1)),

with L(k) ∈ χ, U(k) ∈ χ, L(0) :=
∧

χ, U(0) :=
∨

χ, such that

(i) L(k) ≤ α(k) ≤ U(k) (correctness);

(ii) |[L(k+ 1),U(k+ 1)]| ≤ |[L(k),U(k)]| (non-increasing error);

(iii) There existsk0 > 0 such that for anyk ≥ k0 we have [L(k),U(k)] ∩U = α(k) (conver-
gence).

1.5 Problem Solution

For finding a solution to Problem 1, we need to find the functions f1 and f2 defined on a lattice
(χ,≤) such thatU ⊆ χ for some finite latticeχ. We propose in the following definitions a way
of extending a systemΣ defined onU to a system̃Σ defined onχ withU ⊆ χ. Moreover, as
we have seen in the motivating example, we want to represent the set of possibleα values
compatible with an output measurement as an interval sublattice in (χ,≤). We thus define the
Σ̃ transition classes, with each transition class corresponding to a set of values inχ compatible
with an output measurement. We define the partial order (χ,≤) and the system̃Σ to be interval
compatible if such equivalence classes are interval sublattices and̃Σ preserves their structure.

Definition 1.5.1 (Extended system) Given the deterministic transition systemΣ = (U,Z,
f , h), an extension ofΣ on χ, with U ⊆ χ and (χ,≤) a finite lattice, is any system̃Σ =
(χ,Z, f̃ , h̃) in which f̃ : χ × Z → χ is such thatf̃ |U×Z = f andh̃ : χ ×Z → Z is such that
h̃|U×Z = h.

Definition 1.5.2 (Transition sets) Let̃Σ = (χ,Z, f̃ , h̃) be a deterministic transition system.
The non empty setsT(z1,z2)(Σ̃) = {w ∈ χ | z2

= h̃(w, z1)}, for z1, z2 ∈ Z, are named thẽΣ-transition
sets.

Each Σ̃-transition set contains all ofw ∈ χ values that allow the transition fromz1 to z2

throughh̃. It will also be useful to define the transition classTi(Σ̃), which corresponds to
multiple transition sets, as transition sets obtained by different pairs (z1, z2) can define the
same set inχ.
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Definition 1.5.3 (Transition classes) The setT (Σ̃) = {T1(Σ̃), ...,TM(Σ̃)}, withTi(Σ̃) such that

(i) for anyTi(Σ̃) ∈ T (Σ̃) there arez1, z2 ∈ Z such thatTi(Σ̃) = T(z1,z2)(Σ̃);

(ii) for any T(z1,z2)(Σ̃) there isj ∈ {1, ...,M} such thatT(z1,z2)(Σ̃) = T j(Σ̃);

is theset ofΣ̃-transition classes.

Note thatT(z1,z2) andT(z3,z4) might be the same set even if (z1, z2) , (z3, z4): in the RoboFlag
Drill example introduced in Section 1.2, if robotj is moving right, the set of possible values
of α j is [ j + 1,N] independently of the values ofzj(k). Thus,T(z1,z2) andT(z3,z4) can define the
same set that we callTi(Σ̃) for somei. Also, the transition classesTi(Σ̃) are not necessarily
equivalence classes as they might not be pairwise disjoint.However, for the RoboFlag Drill
it is the case that the transition classes are pairwise disjoint, and thus they partition the lattice
(χ,≤) in equivalence classes.

Definition 1.5.4 (Output set) Given the extensionΣ̃ = (χ,Z, f̃ , h̃) of the deterministic tran-
sition systemΣ = (U,Z, f , h) on the lattice (χ,≤), and given an output sequence{y(k)}k∈N of
Σ, the setOy(k) := {w ∈ χ | h̃(w, y(k)) = y(k+ 1)} is theoutput setat stepk.

Note that by definition, for anyk, Oy(k) = T(y(k),y(k+1))(Σ̃), and thus it is equal toTi(Σ̃) for some
i ∈ {1, ...,M}. By definition of the extended functions (h̃|U×Z = h), this output set contains
also all of the values ofα compatible with the same output pair.

Definition 1.5.5 (Interval compatibility) Given the extensioñΣ = (χ,Z, f̃ , h̃) of the system
Σ = (U,Z, f , h) on the lattice (χ,≤), the pair (̃Σ, (χ,≤)) is said to beinterval compatibleif

(i) eachΣ̃-transition class,Ti(Σ̃) ∈ T (Σ̃), is an interval sublattice of (χ,≤), that is,Ti(Σ̃) =
[∧Ti(Σ̃),

∨

Ti(Σ̃)];

(ii) f̃ : (Ti(Σ̃), z)→ [ f̃ (
∧

Ti(Σ̃), z), f̃ (
∨

Ti(Σ̃), z)] is an order isomorphism for anyi ∈ {1, ...,M}
and for anyz ∈ Z .

The following theorem gives the main result, which proposesa solution to Problem 1.

Theorem 1.5.6 Assume that the deterministic transition systemΣ = (U,Z, f , h) is observ-
able. If there is a lattice(χ,≤), such that the pair(Σ̃, (χ,≤)) is interval compatible, then the
deterministic transition system with inputΣ̂ = (χ × χ,Z×Z, χ × χ, ( f1, f2), id) with

f1(L(k), y(k), y(k+ 1)) = f̃
(

L(k) g
∧

Oy(k), y(k)
)

f2(U(k), y(k), y(k+ 1)) = f̃
(

U(k) f
∨

Oy(k), y(k)
)

solves Problem 1.

Proof. In order to prove the statement of the theorem, we need to prove that the system

L(k+ 1) = f̃ (L(k) g
∧

Oy(k), y(k))

U(k+ 1) = f̃ (U(k) f
∨

Oy(k), y(k)) (1.7)

with L(0) =
∧

χ, U(0) =
∨

χ is such that properties (i)–(iii) of Problem 1 are satisfied.For
simplicity of notation, we omit the dependence off̃ on its second argument.
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Proof of (i): This is proved by induction onk. Base case: fork = 0 we have thatL(0) =
∧

χ and thatU(0) =
∨

χ, so thatL(0) ≤ α(0) ≤ U(0). Induction step: we assume thatL(k) ≤
α(k) ≤ U(k) and we show thatL(k+ 1) ≤ α(k+ 1) ≤ U(k+ 1). Note thatα(k) ∈ Oy(k). This,
along with the assumption of the induction step, implies that

L(k) g
∧

Oy(k) ≤ α(k) ≤ U(k) f
∨

Oy(k).

This last relation also implies that there isx such thatx ≥ L(k) g
∧

Oy(k) andx ≤
∨

Oy(k).
This in turn implies that

L(k) g
∧

Oy(k) ≤
∨

Oy(k).

This in turn implies thatL(k) g
∧

Oy(k) ∈ Oy(k). Because of this, because (by analogous rea-
sonings)U(k) f

∨

Oy(k) ∈ Oy(k), and because the pair (Σ̃, (χ,≤)) is interval compatible, we
can use the isomorphic property off̃ (property (ii) of Definition 1.5.5), which leads to

f̃ (L(k) g
∧

Oy(k)) ≤ α(k+ 1) ≤ f̃ (U(k) f
∨

Oy(k)).

This relationship combined with equation (1.7) proves (i).
Proof of (ii): This can be shown by proving that for anyw ∈ [L(k+ 1),U(k+ 1)] there is

z ∈ [L(k),U(k)] such thatw = f̃ (z). By equation (1.7),w ∈ [L(k+ 1),U(k+ 1)] implies that

f̃ (L(k) g
∧

Oy(k)) ≤ w ≤ f̃ (U(k) f
∨

Oy(k)). (1.8)

In addition, we have that
∧

Oy(k) ≤ L(k) g
∧

Oy(k)

and
U(k) f

∨

Oy(k) ≤
∨

Oy(k).

Because the pair (Σ̃, (χ,≤)) is interval compatible, by virtue of the isomorphic property of f̃
(property (ii) of Definition 1.5.5), we have that

f̃ (
∧

Oy(k)) ≤ f̃ (L(k) g
∧

Oy(k))

and
f̃ (U(k) f

∨

Oy(k)) ≤ f̃ (
∨

Oy(k)).

This, along with relation (1.8), implies that

w ∈ [ f̃ (
∧

Oy(k)), f̃ (
∨

Oy(k))].

From this, using again the order isomorphic property off̃ , we deduce that there isz ∈ Oy(k)
such thatw = f̃ (z). This with relation (1.8) implies that

L(k) g
∧

Oy(k) ≤ z≤ U(k) f
∨

Oy(k),

which in turn implies thatz ∈ [L(k),U(k)].
Proof of (iii): We proceed by contradiction. Thus, assume that for anyk0 there exists a

k ≥ k0 such that{α(k), βk} ⊆ [L(k),U(k)] ∩U for someβk , α(k) andβk ∈ U. By the proof
of part (ii) we also have thatβk is such thatβk = f̃ (βk−1) for someβk−1 ∈ [L(k− 1),U(k− 1)].
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We want to show that in factβk−1 ∈ [L(k− 1),U(k− 1)] ∩U. If this is not the case,
we can construct an infinite sequence{ki}i∈N+ such thatβki ∈ [L(ki),U(ki)] ∩U with βki =

f̃ (βki−1) andβki−1 ∈ [L(ki − 1),U(ki − 1)] ∩ (χ −U). Notice that|[L(k1 − 1),U(k1 − 1)] ∩ (χ −
U)| = M < ∞. Also, we have

|[L(k1),U(k1)] ∩ (χ −U)| < |[L(k1 − 1),U(k1 − 1)] ∩ (χ −U)|.

This is due to the fact that̃f (βk1−1) < [L(k1),U(k1)] ∩ (χ −U), and to the fact that each ele-
ment in [L(k1),U(k1)] ∩ (χ −U) comes from one element in [L(k1 − 1),U(k1 − 1)] ∩ (χ −
U) (proof of (ii) and becauseU is invariant underf̃ ). Thus we have a strictly decreasing
sequence of natural numbers{|[L(ki − 1),U(ki − 1)] ∩ (χ −U)|} with initial value M. Since
M is finite, we reach the contradiction that|[L(ki − 1),U(ki − 1)] ∩ (χ −U)| < 0 for somei.
Therefore,βk−1 ∈ [L(k− 1),U(k− 1)] ∩U.

Thus for anyk0 there isk ≥ k0 such that{α(k), βk} ⊆ [L(k),U(k)] ∩U, with βk = f (βk−1)
for someβk−1 ∈ [L(k− 1),U(k− 1)] ∩U. Also, from the proof of part (ii) we have thatβk−1 ∈

Oy(k− 1). As a consequence, there existsk̄ > 0 such that{βk−1, z(k− 1)}k≥k̄ = σ1 and{α(k−
1), z(k− 1)}k≥k̄ = σ2 are two executions ofΣ sharing the same output. This contradicts the
observability assumption.

Corollary 1.5.7 If the extended system̃Σ of an observable systemΣ is observable, then the
estimatorΣ̂ given in Theorem 1.5.6 solves Problem 1 with L(k) = U(k) = α(k) for k ≥ k0.

1.6 Example: The RoboFlag Drill

The RoboFlag Drill has been described in Section 1.2. In thissection, we revisit the example
by showing that it is observable with measurable variablesz, and by finding a lattice and a
system extension that can be used for constructing the estimator proposed in Theorem 1.5.6.
The system specification is given in equations (1.1,1.2,1.3,1.4). In particular, the rules in
equations (1.2,1.3) model the functionh : U ×Z → Z that updates the continuous variables,
and the rules in equations (1.4) model the functionf : U ×Z → U that updates the discrete
variables. In this example, we haveU = perm(N) the set of permutations ofN elements, and
Z = RN. Thus, the RoboFlag system is given byΣ = (perm(N),RN, f , h), in which the vari-
ablesz ∈ RN are measured.

RoboFlag Drill Observation Problem. Given initial values forx andy and the values of
z corresponding to an execution ofΣ = (perm(N),RN, f , h), determine the value ofα during
that execution.

Before constructing the estimator for the systemΣ = (perm(N),RN, f , h), we show in the
following proposition that such a system is observable.

Proposition 1.6.1 The systemΣ = (perm(N),RN, f , h) represented by the rules (1.2-1.3-1.4)
with measurable variables z is observable.

Proof. Given any two executionsσ1 andσ2 of Σ, for proving observability, it is enough
to show that if{σ1(k)(α)}k∈N , {σ2(k)(α)}k∈N, then{σ1(k)(z)}k∈N , {σ2(k)(z)}k∈N. Since the
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measurable variables are thezi ’s, their direction of motion is also measurable. Thus, we con-
sider the vector of directions of motion of thezi as output. Letg(σ(k)) denote such a vector at
stepk for the executionσ. It is enough to show that there is ak such thatg(σ1(k)) , g(σ2(k)).
Note that, in any execution ofΣ, theα trajectory reaches the equilibrium value [1, ...,N], and
therefore there is a step̄k at which f (σ1(k̄)) = f (σ2(k̄)) andσ1(k̄)(α) , σ2(k̄)(α). As a conse-
quence the system is observable ifg(σ1(k̄)) , g(σ2(k̄)). Therefore it is enough to prove that
for anyα , β, for α, β ∈ U, we haveg(α, z) = g(β, v) =⇒ f (α, z) , f (β, v), wherez, v ∈ RN.
Thus,g(α) = g(β) by (1.2-1.3) implies that (1)zi < xαi ⇐⇒ vi < xβi and (2)zi ≥ xαi ⇐⇒ vi ≥

xβi . This implies thatxαi ≥ zi+1 ∧ xαi+1 ≤ zi+1 ⇔ xβi ≥ vi+1 ∧ xβi+1 ≤ vi+1. By denotingα′ =
f (α, z) andβ′ = f (β, v) , we have that (α′i , α

′
i+1) = (αi+1, αi)⇔ (β′i , β

′
i+1) = (βi+1, βi). Hence

if there exists ani such thatαi , βi , then there exists aj such thatα′j , β
′
j , and therefore

f (α, z) , f (β, v).

1.6.1 RoboFlag Drill Estimator

We next construct the estimator proposed in Theorem 1.5.6 inorder to estimate and track
the value of the assignmentα in any execution. To accomplish this, we find a lattice (χ,≤)
in which to immerse the setU and an extensioñΣ of the systemΣ to χ, so that the pair
(Σ̃, (χ,≤)) is interval compatible. We choose asχ the set of vectors inNN with coordinates
xi ∈ [1,N], that is,

χ = {x ∈ NN : xi ∈ [1,N]}. (1.9)

For the elements inχ, we use the vector notation, that is,x = (x1, ..., xN). The partial order
that we choose on such a set is given by

∀x,w ∈ χ, x ≤ w if xi ≤ wi ∀i. (1.10)

As a consequence, the join and the meet between any two elements inχ are given by

∀ x,w ∈ χ, v = xg w if vi = max{xi ,wi},

∀ x,w ∈ χ, v = xf w if vi = min{xi ,wi}.

With this choice,we have
∨

χ = (N, ...,N) and
∧

χ = (1, ..., 1). The pair (χ,≤) with the order
defined by (1.10) is clearly a lattice. The setU is the set of all permutations ofN elements
and it is a subset ofχ. All of the elements inU form an anti-chain of the lattice, that is, any
two elements ofU are not related by the order (χ,≤). In the reminder of this section, we
denote byw the variables inχ not specifying whetherw is in U, and we denote byα the
variables inU. The functionh : perm(N) × RN → RN can be naturally extended toχ as

zi(k+ 1) = zi(k) + δ if zi(k) < xwi(k)

zi(k+ 1) = zi(k) − δ if zi(k) > xwi(k) (1.11)

for w ∈ χ. The rules (1.11) specifỹh : χ × RN → RN, and one can check thath̃|U×Z = h. In
an analogous wayf : perm(N) × RN → perm(N) is extended toχ as

(wi(k+ 1),wi+1(k+ 1)) = (wi+1(k),wi(k)) if xwi (k) ≥ zi+1(k) ∧ xwi+1(k) ≤ zi+1(k), (1.12)
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for w ∈ χ. The rules (1.12) model the functioñf : χ × RN → χ, and one can check that
f̃ |U×Z = f . Therefore, the system̃Σ = (χ,RN, f̃ , h̃) is the extended system ofΣ = (perm(N),RN, f , h)
(see Definition 1.5.1). The following proposition shows that the pair (̃Σ, (χ,≤)) is interval
compatible.

Proposition 1.6.2 The pair(Σ̃, (χ,≤)), whereΣ = (perm(N),RN, f , h) is represented by the
rules (1.2-1.3-1.4), and(χ,≤) is given by (1.9)-(1.10), is interval compatible.

Proof. We need to show properties (i) and (ii) of Definition 1.5.5. Tosimplify notation,
we neglect the dependence off̃ on its second argument.

Proof of property (i): By (1.11) we have thatT(z1,z2)(Σ̃) is not empty if for anyi we have
z2
i = z1

i + δ, z2
i = z1

i − δ, or z2
i = z1

i . Thus

T(z1,z2)(Σ̃) =



























{w | xwi > z1
i , }, if z2

i = z1
i + δ

{w | xwi < z1
i , }, if z2

i = z1
i − δ

{w | xwi = z1
i , }, if z2

i = z1
i .

(1.13)

Because we assumed thatxi < zi < xi+1, we have thatxwi > zi if and only if wi > i andxwi <

zi if and only if wi < i. This, along with relations (1.13) and Definition 1.5.3, imply (i).
Proof of property (ii): To show that̃f : Ti(Σ̃)→ [ f̃ (

∧

Ti(Σ̃)), f̃ (
∨

Ti(Σ̃))] is an order iso-
morphism we show: a) that it is onto; and b) that it is order embedding. a) To show that
it is onto, we show directly thatf (Ti(Σ̃)) = [ f̃ (

∧

Ti(Σ̃)), f̃ (
∨

Ti(Σ̃))]. We omit the depen-
dence onΣ̃ to simplify notation. From the proof of (i), we deduce that the setsTi are of
the formTi = (Ti,1, ...,Ti,N), with Ti, j ∈ {[1, j], [ j + 1,N], [ j, j]}. Denote by f̃ (Ti) j the jth
coordinate set of̃f (Ti). By equations (1.12) we derive thatf̃ (Ti) j ∈ {Ti, j ,Ti, j−1,Ti, j−1}. We
consider the case wherẽf (Ti) j = Ti, j−1; the other cases can be treated in analogous way. If
f̃ (Ti) j = Ti, j−1 then f̃ (Ti) j−1 = Ti, j . Denoting

∧

Ti = l and
∨

Ti = u, with l = (l1, ..., lN) and
u = (u1, ..., uN), we have also that̃f (l) j = l j−1, f̃ (l) j−1 = l j , f̃ (u) j = u j−1, f̃ (u) j−1 = u j . Thus,
f̃ (Ti) j = [ f̃ (l) j , f̃ (u) j] for all j. This in turn implies thatf̃ (Ti) = [ f̃ (l), f̃ (u)], which is what
we wanted to show. b) To show thatf̃ : Ti → [ f̃ (

∧

Ti), f̃ (
∨

Ti)] is order embedding, it is
enough to note again that̃f (Ti) is obtained by switchingTi, j with Ti, j+1, Ti, j−1, or leaving it
asTi, j . Therefore ifw ≤ v for w, v ∈ Ti then f̃ (w) ≤ f̃ (v) since coordinate-wise we will com-
pare the same numbers. By the same reasoning the reverse is also true, that is, iff̃ (w) ≤ f̃ (v)
thenw ≤ v.

The estimator̂Σ given in Theorem 1.5.6 is thus represented by the following rules

l i(k+ 1) = i + 1 if zi(k+ 1) = zi(k) + δ (1.14)

l i(k+ 1) = 1 if zi(k+ 1) = zi(k) − δ (1.15)

Li,y(k+ 1) = max{Li(k), l i(k+ 1)} (1.16)

(Li(k+ 1), Li+1(k+ 1)) = (Li+1,y(k+ 1), Li,y(k+ 1))

if xLi,y(k+1) ≥ zi+1(k) ∧ xLi+1,y(k+1) ≤ zi+1(k) (1.17)

ui(k+ 1) = N if zi(k+ 1) = zi(k) + δ (1.18)

ui(k+ 1) = i if zi(k+ 1) = zi(k) − δ (1.19)
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Ui,y(k+ 1) = min{Ui(k), ui(k+ 1)} (1.20)

(Ui(k+ 1),Ui+1(k+ 1)) = (Ui+1,y(k+ 1),Ui,y(k+ 1))

if xUi,y(k+1) ≥ zi+1(k) ∧ xUi+1,y(k+1) ≤ zi+1(k) (1.21)

initialized with L(0) =
∧

χ andU(0) =
∨

χ. Rules (1.14-1.15) and (1.18-1.19) take the out-
put informationz and set the lower and upper bound ofOy(k), respectively. Rules (1.16) and
(1.20) compute the lower and upper bound of the intersection[L(k),U(k)] ∩Oy(k), respec-
tively. Finally, rules (1.17) and (1.21) compute the lower and upper bound of the set̃f ([L(k),
U(k)] ∩Oy(k)), respectively. Also note that the rules in (1.14-1.21) are obtained by “copying”
the rules in (1.12) and correcting them by means of the outputinformation.

1.6.2 Complexity of the RoboFlag Drill Estimator

The amount of computation required for updat-
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dashed line = log of E(k)
solid line = lof of W(k) 

time 

N=30: results for different initial conditions 

Figure 1.4 Example with N=30: note that the
functionW(k) is always non-increasing, and its
logarithm is converging to zero.

ing L andU according to rules (1.14)–(1.21)
is proportional to the amount of computation
required for updating the variablesα in sys-
temΣ. In fact, we have 2N rules, 2N variables,
and 2N computations of “max” and “min” of
values inN. Therefore, the computational com-
plexity of the algorithm that generatesL(k) and
U(k) is proportional to 2N, which is of the same
order as the complexity of the algorithm that
generates theα trajectories. As established by
property (iii) of Problem 1, the function ofk
given by|[L(k),U(k)] ∩U − α(k)| tends to zero.
This function is useful for analysis purposes,
but it is not necessary to compute it at any point
in the estimation algorithm proposed in equation
(1.14-1.21). However, sinceL(k) does not con-
verge toU(k) once the algorithm has converged, i.e., when|[L(k),U(k)] ∩U| = 1, we cannot
find the value ofα(k) from the values ofU(k) andL(k) directly. Instead of computing directly
[L(k),U(k)] ∩U, we carry out a simple algorithm, which in the case of the RoboFlag Drill
example takes at most (N2

+ N)/2 steps and takes as inputsL(k) andU(k) and gives as output
α(k) if the algorithm has converged. This is formally explainedin the following paragraph.
Algorithm 1 (Refinement algorithm) Letci = [Li ,Ui ]. Then the algorithm (m1, ...,mN) =
Refine(c1, ..., cN), which takes assignment setsc1, ..., cN and produces assignment setsm1, ...,mN,
is such that ifmi = {k} thenk < mj for any j , i.

This algorithm takes as input the setsci and removes singletons occurring at one coordi-
nate set from all of the other coordinate sets. By construction, it follows thatmi ⊆ ci . It does
this iteratively: if in the process of removing one singleton, a new one is created in some
other coordinate set, then such a singleton is also removed from all of the other coordinate
sets. The refinement algorithm has two useful properties. First, the setsmi are equal to the
αi when [L,U] ∩U = α. Second, the cardinality of the setsmi(k) is non-increasing with the
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time stepk. As a final remark, note that the setsmi are not used in the update laws of the esti-
mation algorithm, they are just computed at each step from the set [L,U] in order to extract
α from it when the algorithm has converged.

1.6.3 Simulation Results

The RoboFlag Drill system represented in the rules (1.2), (1.3), and (1.4) has been imple-
mented in Matlab together with the estimator reported in therules (1.14-1.21). Figure 1.4
shows the behavior of the quantitiesE(k) = 1

N

∑N
i=1 |αi(k) − i| andW(k) = 1

N

∑N
i=1 |mi(k)|. The

functionE(k) is a function ofα, and it is not increasing along the executions of the system
Σ = (perm(N),RN, f , h). This quantity is showing the rate of convergence of theα assignment
to its equilibrium (1, ...,N). We show in Figure 1.4 the logarithm ofE(k) and the logarithm
of W(k), which is non-increasing and converging to one, that is, the sets (m1(k), ..., mN(k))
converge toα(k) = (α1(k), ..., αN(k)). In the same figure, we notice that whenW(k) converges
to one,E(k) has not converged to zero yet. This shows that the estimatoris faster than the
dynamics of the system under study.

1.7 Existence of Discrete State Estimators on a Lattice

In this section, we show that if the systemΣ = (U,Z, f , h) is observable, there always exists a
lattice (χ,≤) such that the pair (̃Σ, (χ,≤)) is interval compatible. The size of the setχ is singled
out as a cause of complexity, and a worst case size is computed. In particular, the worst case
size of the lattice never exceeds the size of the observer tree proposed in Caines et al. (1991).
For systems in whichU can be immersed in a space equipped with algebraic properties, as
is the case for the RoboFlag Drill, a preferred lattice structure (χ,≤) exists where joins and
meets can be efficiently computed and represented by exploiting the algebra. For these sys-
tems, the estimation methodology proposed in this work reduces complexity with respect to
enumeration methods. Consider the deterministic transition systemΣ = (U,Z, f , h). In order
to show the link between the original system and its extension, it is useful to define theΣ-
transition sets and theΣ-transition classes as defined for the extended systemΣ̃ = (U,Z, f̃ , h̃)
in Definition 1.5.2 and Definition 1.5.3, respectively.

Definition 1.7.1 The non-empty setsT(z1,z2)(Σ) = {α ∈ U | z2
= h(α, z1)}, for z1, z2 ∈ Z, are

named theΣ-transition sets.

Definition 1.7.2 The setT (Σ) = {T1(Σ), ...,TM(Σ)}, with Ti(Σ) such that

(i) for anyTi(Σ) ∈ T (Σ) there is (z1, z2) ∈ Z such thatTi(Σ) = T(z1,z2)(Σ);

(ii) for any z1, z2 ∈ Z for which T(z1,z2)(Σ) is not empty, there isj ∈ {1, ...,M} such that
T(z1,z2)(Σ) = T j ;

is theset ofΣ-transition classes.

Note that the setT (Σ) is finite as we assumed at the beginning that the setU is finite. Each
Σ-transition setT(z1,z2)(Σ) contains all ofα values inU that allow the transition fromz1 to
z2 through the functionh. Note also that for anyz1, z2 ∈ Z we haveT(z1,z2)(Σ) ⊆ T(z1,z2)(Σ̃)
becausẽh|U×Z = h andU ⊆ χ. This in turn implies thatTi(Σ) ⊆ Ti(Σ̃).
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Lemma 1.7.3 Consider the deterministic transition systemΣ = (U,Z, f , h). If Σ is observ-
able, then f: (T j(Σ), z)→ f (T j(Σ), z) is one to one for any j∈ {1, ..,M} and for any z∈ Z.

Proof. We have to show that ifαa , αb andαa, αb ∈ T j(Σ) for some j, then f (αa, z) ,
f (αb, z). Suppose instead thatf (αa, z) = f (αb, z), this means that the two executionsσa,
σb starting atσa(0) = (αa, z) andσb(0) = (αb, z) have the same output sequence, but they
are different. This means that they are not distinguishable, and therefore the system is not
observable. This contradicts the assumption.

This lemma is used in the following theorem, which shows the link between observability
and extensibility of the systemΣ into a systemΣ̃ that is interval compatible with a lattice
(χ,≤).

Theorem 1.7.4 Consider the deterministic transition systemΣ = (U,Z, f , h). If Σ is observ-
able, then there exists a complete lattice(χ,≤) with U ⊆ χ, such that the extensioñΣ =
( f̃ , h̃, χ,Z) of Σ onχ is such that(Σ̃, (χ,≤)) is interval compatible.

Proof. We show the existence of a lattice (χ,≤) and of an extended system̃Σ = (χ,Z, f̃ , h̃)
with (Σ̃, (χ,≤)) an interval compatible pair by construction. Defineχ := P(U), and (χ,≤) :=
(P(U),⊆). To definẽh, define the sublattices (Ti(Σ̃),≤) of (χ,≤) for i ∈ {1, ...,M}, by (Ti(Σ̃),≤
) := (P(Ti(Σ)),⊆) as shown in Figure 1.5. As a consequence, for any givenz1, z2 ∈ Z such
thatz2

= h(α, z1) for α ∈ Ti(Σ) for somei, we definez2
= h̃(w, z1) for anyw ∈ Ti(Σ̃). Clearly,

h̃|U×Z = h, andTi(Σ̃) for any i is an interval sublattice of the formTi(Σ̃) = [⊥,
∨

Ti(Σ̃)]. The
function f̃ is defined in the following way. For anyx,w ∈ χ andα ∈ U we define







































f̃ (xg w) := f̃ (x) g f̃ (w)

f̃ (xf w) := f̃ (x) f f̃ (w)

f̃ (⊥) := ⊥

f̃ (α) := f (α),

(1.22)

in which we have omitted the dependence onz to simplify notation. We prove first that̃f :
Ti(Σ̃)→ [⊥, f̃ (

∨

Ti(Σ̃))] is onto. We have to show that for anyw ∈ [⊥, f̃ (
∨

Ti(Σ̃))], with w ,
⊥, there isx ∈ [⊥,

∨

Ti(Σ̃)] such thatw = f̃ (x). Since
∨

Ti(Σ̃) = α1 g ... g αp for {α1, ..., αp} =

Ti(Σ), we have also that̃f (
∨

Ti(Σ̃)) = f (α1) g .... g f (αp) by virtue of equations (1.22). Because
w ≤ f̃ (

∨

Ti(Σ̃)), we have thatw = f (α j1) g ... g f (α jm) for jk ∈ {1, ..., p} and m< p. This
in turn implies, by equations (1.22), thatw = f̃ (α j1 g ... g α jm). Sincex := α j1 g ... g α jm <
∨

Ti(Σ̃), we have proved thatw = f̃ (x) for x ∈ Ti(Σ̃). Second, we notice that̃f : Ti(Σ̃)→
[⊥, f̃ (

∨

Ti(Σ̃))] is one to one because of Lemma 1.7.3. Thus, we have proved that f̃ : Ti(Σ̃)→
[⊥, f̃ (

∨

Ti(Σ̃))] is a bijection, and by equations (1.22) it is also a homomorphism. We then
apply Proposition 1.3.3 to obtain the result.

Theorem 1.7.4 shows that an observable system admits a lattice and a system extension
that satisfy interval compatibility by constructing them in a way similar to the way one shows
that a stable dynamical system has a Lyapunov function. However, the lattice constructed in
the proof of the theorem is impractical for the implementation of the estimator of Theorem
1.5.6 when the size ofU is large because the size of the representation of the elements of
χ is large as well. However, one does not need to haveχ = P(U), but it is enough to have
in χ the elements that the estimator needs. With this consideration, the following proposition
computes the worst case size ofχ.
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Proposition 1.7.5 Consider the systemΣ = (U,Z, f , h), with f : U → U. Assume that the
sets{T1(Σ), ...,Tm(Σ)} are all disjoint. Then there exist an extensionΣ̃ = (χ,Z, f̃ , h̃) with
|χ| ≤ 2|U|2.

For the proof, see (DelVecchio and Murray (2004)).
The size ofχ gives an idea of how many val-

⊥ = ∅

(χ,≤) = (P(U),⊆)

Ti(Σ̃)

U

Ti(Σ)

Figure 1.5 Example of (P(U),⊆) withU
composed by three elements (solid circles).

ues of joins and meets need to be stored. In the
case of the RoboFlag example withN = 4 robots
per team, the size ofP(U) is 16778238, while the
worst case size given in Proposition 1.7.5 is 576,
and the size of the latticeχ proposed in Section
1.6.1 is 44 = 256. Thus the estimate given by Propo-
sition 1.7.5 significantly reduces the size ofχ given
byP(U). Note that the size of the lattice proposed
in Section 1.6.1 is smaller than 576 because there
are pairs of elements that have the same join, for
example, the pairs (3, 1, 4, 2), (4, 2, 1, 3), and (4, 2, 1, 3),
(2, 1, 4, 3) have the same join, that is, (4, 2, 4, 3). In
the next section, we extend the result of Theorem
1.5.6 to the estimation of continuous and discrete
variables in case an estimator in cascade form is
possible.

1.8 Extensions to the Estimation of Discrete and
Continuous Variables

In this section, we consider systems in which the continuousvariables are not directly mea-
sured as it was in the previous sections. As an example, consider the RoboFlag Drill, in which
now the blue robots move according to a second order dynamics, of which only the position
is measured. In order to formally define the structure of the systems under study, we define
the feedback interconnection of two systems with input.

Definition 1.8.1 Consider the two systems with inputΣ1 = (S1,I1,Y1, F1, g1) and Σ2 =

(S2,I2,Y2, F2, g2), in whichI1 = Y2, I2 = Y1, andg1 : S1→ Y1. Thefeedback intercon-
nectionof Σ1 with Σ2, denoted byΣ1 ◦ f Σ2, is the deterministic transition system given by
Σ1 ◦ f Σ2 := (S1 × S2,Y2, (F′1, F

′
2), g′2), in which for anys1 ∈ S1 and anys2 ∈ S2, we have

F′1(s1, s2) = F1(s1, g2(s2, g1(s1))), F′2(s1, s2) = F2(s2, g1(s1)), andg′2(s1, s2) = g2(s2, g1(s1)).

The output of the feedback interconnectionΣ1 ◦ f Σ2 is the output ofΣ2. LetU be a finite
discrete set,Z an infinite possibly dense set, andY a finite or infinite set. In this section, we
consider systems that are the feedback interconnection of asystem that updates the discrete
variable dynamics and of a system that updates the continuous variables dynamics. These sys-
tems have the formΣ = Σ1 ◦ f Σ2, in whichΣ1 = (U,Y,U, f , id1) andΣ2 = (Z,U,Y, h, g).
We have denoted by id1 the function that attachess to a pair (s, u) ∈ S × I. Thus, we will
have thatΣ1 ◦ f Σ2 = (U ×Z,Y, ( f ′, h′), g′), in which for anyα, z ∈ U ×Z we have that
f ′(α, z) = f (α, g(z, α)), h′(α, z) = h(z, α), andg′(α, z) = g(z, α). We represent these systems
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by means of the following update equations

α(k+ 1) = f (α(k), y(k)) (1.23)

z(k+ 1) = h(z(k), α(k)) (1.24)

y(k) = g(z(k), α(k)).

TheΣ-transition sets(Definition 1.7.1) take the form

T(y1,y2)(Σ) = {α ∈ U | ∃ z ∈ Z such thaty1 = g(z, α) andy2 = g( f (α, y1), h(z, α))}

with y1, y2 ∈ Y. We denote the property that allows to distinguish two different initial values
of the discrete stateα of theΣ independently of the continuous statezby independent discrete
state observability.

Definition 1.8.2 The systemΣ = Σ1 ◦ f Σ2 is said to beindependent discrete state observable
if it is observable and for any output sequence{y(k)}k∈N, we have that for any two executions
σ1, σ2 ∈ E(Σ) such that{σ1(k)(α)}k∈N , {σ2(k)(α)}k∈N, there isk > 0 such thatσ1(k)(α) ∈
T(y(k),y(k+1))(Σ) andσ2(k)(α) < T(y(k),y(k+1))(Σ).

This property will allow to construct a discrete-continuous state estimator that is a cas-
cade interconnection of a discrete state estimator as we have developed in Section 1.5, and
a continuous state estimator. Before introducing such an estimator, we define the cascade
interconnection of two systems with input.

Definition 1.8.3 Consider the two systems with inputΣ1 = (S1,I1,Y1, F1, g1) and Σ2 =

(S2,I2,Y2, F2, g2), in whichI2 = Y1. Thecascade interconnection, denotedΣ1 ◦c Σ2, is the
deterministic transition system with input given byΣ1 ◦c Σ2 := (S1 × S2,I1,Y2, (F′1, F

′
2), g′2),

such that for anys1 ∈ S1, s2 ∈ S2 andu1 ∈ I1 we have thatF′1(s1, s2, u1) = F1(s1, u1), F′2(s1,

s2, u1) = F2(s2, g1(s1, u1)) andg′2(s1, s2, u1) = g2(s2, g1(s1, u1)).

Consider the deterministic transition systemΣ = Σ1 ◦ f Σ2, with output sequence{y(k)}k∈N.
From the measurement of the output sequence, we construct a cascade state estimator: A sys-
temΣ̂ = Σ̂1 ◦c Σ̂2, in which Σ̂1 takes as input the values of the output ofΣ and asymptotically
tracks the value of the variablesα, while Σ̂2 takes as input the discrete state estimates and the
output ofΣ to asymptotically track the value ofz. The cascade state estimation problem is
formally introduced as follows.

Problem 2 (Cascade state estimator) Given the deterministic transition systemΣ = Σ1 ◦ f

Σ2, find the cascade interconnectionΣ̂ = Σ̂1 ◦c Σ̂2, in which Σ̂1 is as given in Theorem 1.5.6
and Σ̂2 = (L × L, χ × χ × Y ×Y, χ × χ ×ZE ×ZE, ( f3, f4), (g1, g2, g3, g4)) where f3 : L ×
χ × χ × Y ×Y → L, f4 : L × χ × χ × Y ×Y → L, g1 : χ→ χ, g2 : χ→ χ, g1 = g2 = id, g3 :
L → ZE, and g4 : L → ZE, U ⊆ χ, (χ,≤) a lattice,Z ⊆ ZE with (ZE,≤) a lattice,χ ×
ZE ⊆ L, (L,≤) a lattice, such that for any executionσ = {(α(k), z(k))}k∈N of Σ with output
sequence{y(k)}k∈N the update laws

L(k+ 1) = f1(L(k), y(k), y(k+ 1))

U(k+ 1) = f2(U(k), y(k), y(k+ 1))

qL(k+ 1) = f3(qL(k), L(k),U(k), y(k), y(k+ 1)) (1.25)

qU(k+ 1) = f4(qU(k), L(k),U(k), y(k), y(k+ 1)),
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in which L(0) :=
∧

χ, U(0) :=
∨

χ, qL(0) =
∧

L, qU(0) =
∨

L, andzL(k) = g3(qL(k)), and
zU (k) = g4(qU(k)), have properties (i)−−(iii) of Problem 1 and

(i’) zL(k) ≤ z(k) ≤ zU(k) (correctness);

(ii’) d(zL(k), zU(k)) ≤ γ(|[L(k),U(k)]|), with γ a monotonically decreasing function of its
argument (non-increasing error);

(iii’) there existsk′0 > 0 such thatd(zL′ (k), zU′ (k)) = 0 for anyk ≥ k′0, whereL′(k) =
∧

([L(k),
U(k)] ∩U), U′(k) =

∨

([L(k),U(k)] ∩U), and

qL′ (k+ 1) = f3(qL′ (k), L′(k),U′(k), y(k), y(k+ 1))

qU′ (k+ 1) = f4(qU′ (k), L′(k),U′(k), y(k), y(k+ 1))

zL′ (k) =
∧

g3 ([qL′ (k), qU′ (k)] ∩ (U ×Z)) (1.26)

zU′ (k) =
∨

g4 ([qL′ (k), qU′ (k)] ∩ (U ×Z)) (1.27)

with qL′ (0) = qL(0) andqU′ (0) = qU(0), for some distance function “d” (convergence).

�

The variablesL andU have the same meaning as they had in Section 1.5. The variables zL

andzU instead represent the lower and upper bounds in (ZE,≤) of the set of all possible
continuous variable values that are compatible with the output sequence, with the system
dynamics established byΣ, and with the set of possible discrete variable values. The variables
qL andqU are auxiliary variables that are needed to model the coupling of the continuous and
discrete state dynamics. They represent the lower and upperbounds in (L,≤) of the set of all
possible pairs (α, z) compatible with the output sequence, with the system dynamics, and with
the set of possible discrete variable values. The distance function “d” has been left unspecified
for the moment, as its form depends on the particular partialorder chosen (ZE,≤). In the case
in whichZE = Z andZ = Rn with the order established component-wise, the distance can
be the classical euclidean distance, for example. To determine a solution to Problem 2, we
introduce the notion of extension of a system to a joint continuous-discrete partial order.

Definition 1.8.4 Consider the systemΣ = Σ1 ◦ f Σ2 with Σ1 = (U,Y,U, f , id1) andΣ2 = (Z,
U,Y, h, g). Let (χ,≤), (ZE,≤), and (L,≤) be partial orders withU ⊆ χ, Z ⊆ ZE, andχ ×
ZE ⊆ L. The system extension is defined asΣ̃ = (L,Y, F̃, G̃), in which

(i) F̃ : L → L with F̃ |U×Z = ( f ′, h′) andL − (U ×Z) is invariant under̃F;

(ii) G̃ : L → Y with G̃|U×Z = g′;

(iii) Σ̃|χ×ZE = Σ̃1 ◦ f Σ̃2, in whichΣ̃1 = (χ,Y, χ, f̃ , id1) andΣ̃2 = (ZE, χ,Y, h̃, g̃), with f̃ |U×Y =
f , h̃|Z×U = h, andg̃|Z×U = g;

(iv) the partial order (L,≤) is closed with respect toχ ×ZE.

The Σ̃-transition sets thus take the following form. For anyy1, y2 ∈ Y, T(y1,y2)(Σ̃) = {w ∈
χ | ∃ z ∈ Z such thaty2 = g̃(F̃(w, z)) andy1 = g̃(w, z)}. The Σ̃-transition sets correspond to
the set of all possible values ofw ∈ χ compatible with two consecutive outputs of the extended
systemΣ̃. Theoutput setis again given byOy(k) := T(y(k),y(k+1))(Σ̃). The next definition intro-
duces the notion of interval compatibility of the tuple (Σ̃1, Σ̃, (χ,≤)).
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Definition 1.8.5 The tuple (̃Σ1, (χ,≤)) is said to beinterval compatibleif the following are
verified

(i) for anyy1, y2 ∈ Y, we have thatTy1,y2(Σ̃) = [∧Ty1,y2(Σ̃),
∨Ty1,y2(Σ̃)];

(ii) the extensioñΣ1 is such thatf̃ : (Ty1,y2(Σ̃), y1)→ [ f̃ (
∧

Ty1,y2(Σ̃), y1), f̃ (
∨

Ty1,y2(Σ̃), y1)]
is an order isomorphism.

In order to determine the set of variable values inL of the extended system that are compat-
ible with an output pairy1, y2 and with a set of possible discrete variable values [w1,w2] ⊆
Ty1,y2(Σ̃), we introduce the notion of induced output set.

Definition 1.8.6 Consider the system̃Σ = (L,Y, F̃, g̃) and a transition setT(y1,y2)(Σ̃) for some
y1, y2 ∈ Y. For anyw1,w2 ∈ T(y1,y2)(Σ̃) with w1 ≤ w2, the sets

I [w1,w2]
(y1,y2) = {q ∈ L | π1 ◦ aL(q) ≥ w1, π1 ◦ aU(q) ≤ w2, y2 = g̃(F̃(q)), andy1 = g̃(q)}

are named the induced output sets ofΣ̃ induced by an interval [w1,w2] ⊆ Ty1,y2(Σ̃).

The meaning of an induced output set is the following. The setI [w1,w2]
(y1,y2) is the set of all pos-

sible values ofq ∈ L that are compatible with two output measurementsy1, y2 and whose
upper and lower approximations inχ ×ZE have the discrete component contained in the
set [w1,w2]. One can easily verify that if [w1,w2] ⊆ Ty1,y2(Σ̃), then{(α, z) | g(α, z) = y1 and
g( f (α, y1), h(α, z)) = y2} with α ∈ [w1,w2] is contained inI [w1,w2]

(y1,y2) . Next, a definition similar
to interval compatibility is introduced for the induced output sets.

Definition 1.8.7 The pair (̃Σ, (L,≤)) is said to beinduced interval compatibleif ( Σ̃1, (χ,≤))
is interval compatible and for any [w1,w2] ⊆ Ty1,y2(Σ̃) for y1, y2 ∈ Y, we have that

(i) F̃ : ([∧I [w1,w2]
(y1,y2) ,

∨I [w1,w2]
(y1,y2) ]) → [F̃(∧I [w1,w2]

(y1,y2) ), F̃(∨I [w1,w2]
(y1,y2) )] is order preserving;

(ii) F̃ : ([∧I [α,α]
(y1,y2),

∨I [α,α]
(y1,y2)]) → [F̃(∧I [α,α]

(y1,y2)), F̃(∨I [α,α]
(y1,y2))] is an order isomorphism;

(iii) for any [w1,w2] ⊆ Ty1,y2(Σ̃), we have thatd
(

π2 ◦ aL ◦ F̃(∧I [w1,w2]
(y1,y2) ), π2 ◦ aU ◦ F̃(∨I [w1,w2]

(y1,y2) )
)

≤ γ(|[w1,w2]|), for some distance function “d,” and γ : N→ R a monotonic function
of its argument.

Item (i) and (ii) of this definition require that the extendedfunctionF̃ has order preserving
properties on the induced output sets. Item (iii) establishes that the distance between the lower
and upper bounds of the interval sublattice in (ZE,≤) induced by an interval [w1,w2] ∈ χ is
bounded by a monotonic function of the size of [w1,w2]. When (y1, y2) = (y(k), y(k+ 1)) in
the above definitions, in which{y(k)}k∈N is an output sequence ofΣ, we will use the notation
(y(k), y(k+ 1)) := Y(k) so thatI [w1,w2]

y(k),y(k+1) = I [w1,w2]
Y(k) . A solution to Problem 2 is proposed in the

following theorem.

Theorem 1.8.8 Let {y(k)}k∈N be the output sequence corresponding to an execution ofΣ. Let
Σ̂1 be as in Theorem 1.5.6. Consider the additional system with input Σ̂2 = (L × L, χ × χ ×
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Y × Y,ZE ×ZE, ( f3, f4), (g1, g2, g3, g4)) with f3 : L × χ × χ × Y ×Y → L, f4 : L × χ × χ ×
Y × Y → L, g3 : L → ZE, and g4 : L → ZE given by

f3 (qL(k), L(k),U(k), y(k), y(k+ 1)) = F̃
(

qL(k) g
∧

I [L∗(k),U∗ (k)]
Y(k)

)

(1.28)

f4 (qU(k), L(k),U(k), y(k), y(k+ 1)) = F̃
(

qU(k) f
∨

I [L∗(k),U∗ (k)]
Y(k)

)

(1.29)

g3(qL(k)) = π2 ◦ aL(qL(k)) (1.30)

g4(qU(k)) = π2 ◦ aU(qU(k)) (1.31)

in which L(k),U(k), y(k), y(k+ 1) is the output of̂Σ1, L∗(k) =
∧

Oy(k) g L(k), U∗(k) =
∨

Oy(k) f
U(k). If Σ is independent discrete state observable and(Σ̃, (L,≤)) is induced interval com-
patible,Σ̂1 ◦c Σ̂2 solves Problem 2.

Proof. Properties (i)–(iii) follow directly from Theorem 1.5.6. The proof of (i)’–(iii)’
proceeds as follows. The proof of (i)’ exploits the order preserving properties of̃F, aL, aU ,
andπ2. The proof of (ii)’ exploits the property of induced order compatibility and the defini-
tion of distance on a partial order. The proof of (iii)’ uses directly the observability of system
Σ.

Proof of (i)’. We use induction argument onk. Initially, qL(0) =
∧

L andqU(0) =
∨

L.
Therefore, we have thatqL(0) ≤ (α(0), z(0))≤ qU(0). Next, we show that ifqL(k) ≤ (α(k),
z(k)) ≤ qU(k) then alsoqL(k+ 1) ≤ (α(k+ 1), z(k+ 1)) ≤ qU(k+ 1). Sinceα(k) ∈ [L∗(k),U∗(k)] ⊆
Ty(k),y(k+1)(Σ̃) and also (α(k), z(k)) ∈ {(α, z) | g(α, z) = y(k) andg( f (α, y(k)), h(α, z)) = y(k+ 1)},
it follows that (α(k), z(k)) ∈ I [L∗(k),U∗ (k)]

Y(k) . As a consequence, we have that

qL(k) g
∧

I [L∗(k),U∗ (k)]
Y(k) ≤ (α(k), z(k)) ≤ qU(k) f

∨

I [L∗(k),U∗(k)]
Y(k) .

By property (i) of Definition 1.8.7 (order preserving property) it follows that F̃(qL(k) g
∧

I [L∗ ,U∗ ]
Y ) ≤ (α(k+ 1), z(k+ 1)) ≤ F̃(qU(k) f

∨

I [L∗ ,U∗ ]
Y ), which in turn implies by equations

(1.28) and (1.29) thatqL(k+ 1) ≤ (α(k+ 1), z(k+ 1)) ≤ qU(k+ 1). We are thus left to show
thatqL(k) ≤ (α(k), z(k)) implies thatπ2 ◦ aL(qL(k)) ≤ z(k) and that (α(k), z(k)) ≤ qU(k) implies
thatz(k) ≤ π2 ◦ aU(qU(k)). These are true asπ2 ◦ aL andπ2 ◦ aU are order preserving maps,
π2 ◦ aL(α(k), z(k)) = z(k), andπ2 ◦ aU(α(k), z(k)) = z(k).

Proof of (ii)’. SinceF̃ is order preserving on the induced transition sets, we have (neglect-
ing the dependence onk) that

F̃(
∧

I [L∗ ,U∗ ]
Y ) ≤ F̃(qL g

∧

I [L∗,U∗ ]
Y ) andF̃(

∨

I [L∗ ,U∗ ]
Y ) ≥ F̃(qL f

∨

I [L∗,U∗ ]
Y ).

Sinceπ2 ◦ aL andπ2 ◦ aU are also order preserving, by using property (iii) of the distance
function (Definition 1.3.4), we have that

d
(

π2 ◦ aL ◦ F̃(qL g

∧

I [L∗ ,U∗ ]
Y ), π2 ◦ aU ◦ F̃(qU f

∨

I [L∗ ,U∗ ]
Y )

)

≤

d
(

π2 ◦ aL ◦ F̃(
∧

I [L∗ ,U∗ ]
Y ), π2 ◦ aU ◦ F̃(

∨

I [L∗ ,U∗ ]
Y )

)

.

By property (iii) of Definition 1.8.7, we have that

d
(

π2 ◦ aL ◦ F̃(
∧

I [L∗ ,U∗ ]
Y ), π2 ◦ aU ◦ F̃(

∨

I [L∗ ,U∗ ]
Y )

)

≤ γ([L∗,U∗]). (1.32)
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Since f̃ ([L∗,U∗], y) = [ f̃ (L∗, y), f̃ (U∗, y)], f̃ (L∗(k), y(k)) = L(k+ 1), andf̃ (U∗(k), y(k)) = U(k+
1), we have by the order isomorphism property off̃ that | f̃ ([L∗,U∗], y(k))| = |[L∗,U∗]| =
|[L(k+ 1),U(k+ 1)]|. Thusγ(|[L∗,U∗]|) = γ([[L(k+ 1),U(k+ 1)]]). This along with equation
(1.32) completes the proof.

Proof of (iii)’. For k > k0, L′(k) = α(k) = U′(k) because [L(k),U(k)] ∩U = α(k). As a
consequence,qL′ (k+ 1) = F̃(qL′(k) g ∧I [α(k),α(k)]

Y(k) ) andqU′ (k+ 1) = F̃(qU′ (k) f ∨I [α(k),α(k)]
Y(k) ). By

property (ii) of Definition 1.8.7, it follows that for anyk > k0 we have that for anyq′ ∈
[qL′ (k+ 1), qU′ (k+ 1)] there isq ∈ [qL′ (k), qU′ (k)] such thatq′ = F̃(q). Also,L − (U ×Z) is
invariant underF̃ andF̃ |U×Z = ( f ′, h′), Therefore, it is also true that for any (α′, z′) ∈ [q′L(k+
1), q′U(k+ 1)] ∩ (U ×Z) there is (α, z) ∈ [qL′ (k), qU′ (k)] ∩ (U ×Z) such that (α′, z′) = ( f (α,
y(k)), h(α, z)). In addition, we have that such (α, z) is in the induced transition set, that is,
(α, z) ∈ I [α(k),α(k)]

Y(k) . Thus in turn implies thatg(α, z) = y(k). Since this is true for anyk ≥ k0, if
for anyk we have that [q′L(k), q′U(k)] ∩ (U ×Z) contains more than one element, it means
that there are at least two executions ofΣ, σ1 , σ2, such thatg(σ1) = g(σ2). This con-
tradicts observability ofΣ. Thus, it must be that there isk′0 > k0 such that fork ≥ k′0 we
have that [q′L(k), q′U(k)] ∩ (U ×Z) = (α(k), z(k)). As a consequence, by virtue of equations
(1.26,1.27,1.30,1.31) we also have thatzL′ (k) = zU′ (k) for all k ≥ k′0.

1.8.1 RoboFlag Drill with continuous dynamics

A version of the RoboFlag Drill system of Section 1.2 is considered in which now the
defender robots have partially measured second order dynamics instead of having fully mea-
sured first order dynamics. To describe this dynamics, each defender robot motion is denoted
by variablezi ∈ R

2, in which zi,1 is the position. We consider the problem of estimating the
current assignmentα and continuous variableszi given measured positionszi,1 of the defender
robots. The functionh : U ×Z → Z that updates thez variables is given by

z′i,1 = (1− β)zi,1 − βzi,2 + 2βxαi

z′i,2 = (1− λ)zi,2 + λxαi (1.33)

for any i. The setZ is such thatzi,1 ∈ [xi , xi+1] andzi,2 ∈ [xi , xi+1] for any i, which is guaran-
teed ifβ andλ are assumed sufficiently small. This means that each defender moves toward
the x position of the assigned attacker with second order damped dynamics. The continu-
ous variables arez= (z1,1, z1,2, ...., zN,1, zN,2) ∈ Z, with outputg(z) = (z1,1, ..., zN,1) ∈ Y. Thus,
Σ1 = (U,Y,U, f , id1) andΣ2 = (Z,U, h, g), in which f andU are the same as in Section 1.2
andh is now given by equations (1.33). The overall system is givenby the feedback intercon-
nection ofΣ1 with Σ2, that is,Σ = Σ1 ◦ f Σ2. The partial order (χ,≤) and extensioñf are the
same as the ones defined in equations (1.9) and (1.10). We defineL = χ ×Z andF̃ = ( f̃ , h̃),
in which h̃ : χ ×Z → Z is the same ash in equations (1.33) but withx ∈ χ in place ofα ∈ U.
The partial order inZ is established byza ≤ zb for za, zb ∈ Z if za

i,2 ≤ zb
i,2. One can verify that

the order on eachzi,2 is preserved by the dynamics in equations (1.33). In fact, ifz(1)
i,2 < z(2)

i,2

and w(1)
i ≤ w(2)

i then (1− λ)z(1)
i,2 + λxw(1)

i
≤ (1− λ)z(2)

i,2 + λxw(2)
i

becausexw(1)
i
≤ xw(2)

i
whenever

w(1)
i ≤ w(2)

i , and because (1− λ) > 0. With such partial order onZ, one can show that the
assumptions of Theorem 1.8.8 are verified. The estimator in Theorem 1.8.8 has been imple-
mented. For the continuous state estimator, letzL, zU ∈ R

N represent the lower and upper
bound of (z1,2, ..., zN,2). Figure 1.6 illustrates the estimator performance, in which
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W(k) =
∑N

i=1 |mi(k)|, where|mi(k)| is the cardinal-
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Figure 1.6 Estimator performance with
N = 10 agents.

ity of the setsmi(k) that are the sets of possibleαi

for each component obtained from the sets [Li ,Ui]
by removing iteratively a singleton occurring at
componenti by all other components. When [L(k),U(k)] ∩
perm(N) has converged toα, thenmi(k) = αi(k).
The distance function forz, x ∈ RN is defined by
d(x, z) =

∑N
i=1 abs(zi − xi). The functionV(k) in the

plot is defined byV(k) = 1
2

∑N
i=1(xUi (k) − xLi (k)), and

it is always non increasing. A possible candidate
for γ is thusγ(|[L,U]|) := |[L,U]|supi |xUi − xLi |. Note
that even if the discrete state has not converged yet,
the continuous state estimation error afterk = 8 is
close to zero.

1.9 Conclusions

In this work, we have presented an approach to state estimation in decision and control sys-
tems, which reduces complexity by using partial order theory. The developed algorithms
enjoy scalability properties that are substantial in multi-agent systems. This has been done
for estimating the discrete state once the continuous stateis measured and for estimating
both discrete and continuous state when an estimator in cascade form is possible. Partial
order theory has proved to be a useful tool borrowed from theoretical computer science to
address this issue, and it was nicely merged with classical control theory to reach our goal.
The question of how to deal with the estimation problem for both the continuous and the dis-
crete state when an estimator in cascade form is not possiblewill be addressed in our future
work. In particular, we will take advantage of the “cooperative” and “competitive” nature
of the multi-agent systems under study that naturally imposes order preserving dynamics in
suitable partial orders. The dynamic feedback control problem will also be addressed in our
future work by using partial order theory. For the case of theRoboFlag Drill, we will design
a dynamic controller for the attackers, which on the basis ofthe state estimates, decides the
next action to take in order to win the game. These are mainly synthesis issues, however we
will also explore how partial order theory can be employed tosolve analysis problems such
as the computation of escape sets and controlled invariant sets with low computational load.
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