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Abstract— The objective of this tutorial is to introduce in
a tutorial fashion the employment of partial order techniques
for analysis and synthesis problems in hybrid systems. While
familiar to computer scientists, partial order notions may be
less familiar to a control audience. The session will present
fundamental notions in partial order theory including the
definition of a partial order, properties of maps, and complete
partial order (CPO) fix point theorems. The application of these
notions to hybrid systems will be illustrated for the synthesis
of safety controllers, for the design of state estimators, for
robust verification, and for the analysis of the dynamics. Finally,
problems in the context of intelligent transportation will be
introduced and the application of partial order tools will b e
discussed.

I. CONTROLLER SYNTHESIS USING LATTICE THEORY

Jean-François Raskin
Computer Science Department
Université Libre de Bruxelles

A. Elements of lattice theory

Let S be a set. As usual, we note2S for the set of subsets
of S, ∅ for the empty set,S × S for the set of pairs of
elements ofS, and we writeS1 ⊆ S2 when the setS1 is
included in the setS2.

A partial-orderoverS is a relation⊑⊆ S×S which is(i)
reflexive, i.e. ∀s ∈ S · s ⊑ s; (ii) transitive, i.e.∀s1, s2, s3 ∈
S · s1 ⊑ s2 ∧ s2 ⊑ s3 → s1 ⊑ s3; (iii) antisymetric, i.e.
∀s1, s2 ∈ S · s1 ⊑ s2 ∧ s2 ⊑ s1 → s1 = s2. We note
(S,⊑), whenS is partially ordered by⊑. For example, let
S = {s1, s2, s3}, then(2S,⊆) is a partially ordered set.

Let (S,⊑) be a partially ordered set, lets1, s2 ∈ S, and
let T ⊆ S. Whens1 ⊑ s2, we say thats1 is belows2 ands2
is aboves1. We say thats1 is comparableto s2 whenever
s1 ⊑ s2 or s2 ⊑ s1, there areincomparableotherwise.T
is a chain if any two elements ofT are comparable.T is
a antichain is any two elements ofT are incomparable.s
(not necessarily inT ) is a lower-boundfor T if s is below
any element ofT , i.e. ∀s′ ∈ T · s ⊑ s′. An elements (not
necessarily inT ) is a upper-boundfor T if s is above any
element ofT , i.e. ∀s′ ∈ T · s′ ⊑ s. A lower bound forT
is the greatest lower bound(glb) for T iff it is above any
lower bound forT , it is denoted⊓T if it exists. An upper
bound forT is the least upper bound(lub) for T iff it is
below any upper bound forT , it is denoted⊔T if it exists. A
elements ∈ T is a minimal (respectivelymaximal) element
of T if no other element ofT is below (respectively above)

s. Min(T ) denotes the set of minimal elements ofT and
Max(T ) denotes the set of maximal elements ofT . If Min(T )
is the singleton{s} thens is called theleastelement ofT .
If Max(T ) is the singleton{s} thens is called thegreatest
element ofT . We writeMax⊑ andMin⊑ if we need to make
clear the underlying order. A partially ordered set(S,⊑) is
a complete partial order, cpo for short, iff every chain ofS
has a lub inS.

Example 1:Let us considerS = {s1, s2, s3}. In the
partially ordered set(2S ,⊆), {s1, s3} is below {s1, s2, s3}
as {s1, s3} ⊆ {s1, s2, s3}, Max({∅, {s1}, {s2, s3}}) =
{{s1}, {s2, s3}}, Max(2S) = {S}, Min(2S) = {∅}, S is
the greatest element of2S , and∅ is the least element of2S.
{{s1}, {s1, s3}} is a chain in2S and{{s1}, {s2, s3}} is an
antichain.

Example 2:Let us considerI the set of intervals of reals
included in [0, 1]. Let I\1 be the set of intervals of reals
included in [0, 1). (I,⊆) and (I\1,⊆) are partially ordered
sets. It is easy to show that(I,⊆) is a complete partial order.
But (I\1,⊆) is not a complete partial order. Indeed, let us
consider the set of intervals{I0, I1, . . . , In, . . . } whereIi is
the interval [0, 1 − 1

i+2 ). Clearly, this set of intervals is a
chain but as the interval[0, 1] is not in I\1 there is no lub
for this chain of intervals inI\1.
A complete partial order(S,⊑) is acomplete latticeif every
subset ofS has a lub inS. As a direct consequence, every
subset ofS has also an glb inS. Indeed, the⊓T = ⊔{s |
s is a lower bound ofT }. So, in a complete lattice every
subset of elements has a lub and a glb. The lub of∅ is
the least element of the set and the glb of the entire set
is the greatest element of the set, those elements exist. We
note 〈S,⊑,⊔,⊓,⊥,⊤〉 for the complete lattice with carrier
setS, partial order⊑, least upper-bound operator⊔, greatest
lower-bound operator⊓, least element⊥, greatest element
⊤.

Example 3:Let S be any set,〈2S ,⊆,∪,∩, ∅, S〉 is a
complete lattice. This complete lattice is called the powerset
lattice of S. The powerset lattice ofS = {s1, s2, s3} is
depicted in Fig. 1
A function f : S → S over a partially ordered set(S,⊑) is
monotoneiff ∀s1, s2 ∈ S · s1 ⊑ s2 → f(s1) ⊑ f(s2).

Example 4:A transition system is a tuple(Q, qinit ,∆)
whereQ is the set of states,qinit ∈ Q is the initial state,
and ∆ ⊆ Q × Q is the transition relation. Fig. 1 (right)
depicts a transition system whose nodes are the set of states



Fig. 1. The powerset lattice on the left and a transition system on
the right.

Q = {q1, q2, q3, q4, q5}, nodeq1 is the initial state, and the
transition relation is depicted by arrows, i.e. an arrow from
a stateq to a stateq′ denotes the fact that(q, q′) ∈ ∆. We
say thatq′ is asuccessorof q when(q, q′) ∈ ∆. We say that
a stateq′ is reachable from a stateq if there exists a finite
sequence of statesq0q1 . . . qn such thatq = q0, q′ = qn, and
for all 0 ≤ i < n, (qi, qi+1) ∈ ∆. The set ofreachable states
of (Q, qinit ,∆) is the set of statesq that are reachable from
qinit . Let us consider the partially ordered set(2Q,⊆), i.e.
the set of sets of states of the transition system ordered by
set inclusion, and let us define the functionpost : 2Q → 2Q

aspost(T ) = {q′ | ∃q ∈ T · ∆(q, q′)}. post(T ) is the set of
states that are successors of a state inT in one step. This
function is monotone over2Q.

For a functionf : S → S over a partially ordered set
(S,⊑), s ∈ S is a fixed point ifff(s) = s. The set of fixed
points off , notedfx(f) = {s | f(s) = s}. In every complete
partial order, every monotone functionf has a least fixed
point, notedlfp(f) which is equal to⊓fx(f). On a complete
lattice, every monotone functionf has also agreatest fixed
point, notedgfp(f) which is equal to⊔fx(f).

Example 5:Let us consider again the transition system
depicted in Fig. 1 and the functionpost that we have defined
in the previous example. The set of states{q2, q3, q4} is a
fixed point for the functionpost. Now, let us consider the
function Ipost : 2Q → 2Q which is defined, for anyT ⊆ S,
as: Ipost(T ) = {q1} ∪ T ∪ post(T ), that is Ipost(T ) returns
the initial states together with the states that are reachable
in 0 or 1 step from a state inT . The set{q1, q2, q3, q4} is
a fixed point of the functionIpost and furthermore it is the
least one. Note that this set is exactly the set of reachable
states in the transition system.

As the last example shows, least fixed points of monotone
functions are interesting objects. We now defined some addi-
tional notions necessary to define iterative scheme to evaluate
them. A functionf : S → S over a complete partially
ordered set(S,⊑) is continuousiff it is monotone and for
all nonempty chainsT ⊆ S, f(⊔T ) = ⊔f(T ). Clearly
for finite sets, any monotone function is also continuous.
Let f : S → S, we definef0 = f , and for anyi > 0:
f i = f ◦ f i−1. The following theorem states that the least
fixed point of a continuous function over a complete partial
order corresponds to the limit of a simple iteration scheme
due to Kleene:

Theorem 1:Let (S,⊑) be a cpo andf : S → S be a
continuous function. Thenlfp(f) = ⊔{f i(⊥) | i ∈ N}.

This theorem suggests an iteration scheme to compute the
least fixed point of a function: iterate the function from the
least element of the set until stabilization. This sequenceis a
chain which converges to the least fixed point. In any finite
set, this scheme gives an algorithm which always terminates
and computes the least fixed point of the function.

Example 6:Let us consider again the transition system
depicted in Fig. 1, the functionIpost, and apply theorem 1
to compute the least fixed point ofIpost. First, remember that
⊥ = ∅ here, soIpost0(⊥) = Ipost(∅) = {q1}, Ipost1(⊥) =
Ipost({q1}) = {q1, q2}, Ipost2(⊥) = Ipost({q1, q2}) =
{q1, q2, q3, q4}, Ipost3(⊥) = Ipost({q1, q2, q3, q4}) =
{q1, q2, q3, q4} which is equal toIpost2(⊥), and the iteration
have reached the least fixed point ofIpost which is exactly
the set of states reachable fromq1.

We can also formulate an iterative scheme to evaluate
greatest fixed point that starts from the greatest element of
the set.

Theorem 2:Let (S,⊑) be a complete lattice andf : S →
S be a continuous function. Thengfp(f) = ⊓{f i(⊤) | i ∈
N}.

B. Controller synthesis and games on graphs

Computer programs are more and more frequently used as
controllers in embedded systems. In safety critical applica-
tions like avionics, plant control, medical instruments, etc.,
a high degree of reliability is necessary. To design reliable
systems, methods that are based on mathematics and logic
are necessary. A large research effort has been put on defin-
ing adequate models and analysis methods for embedded
systems. Several international conferences on mathematical
methods to reason about the correctness of embedded sys-
tems are organized each year, see for example [1], [2]. Even
if the verification of complex embedded systems is still a
challenge, researchers are now trying to synthesize digital
controllers instead of first constructing them and afterwards
proving their correctness.

a) Framework: Games playing is a powerful metaphor
to think about the interaction between a controller and the
environment to control. Typically, the controller must main-
tain the system into a set of good configurations no matter
how the environment behaves. To develop algorithms for
controller synthesis, we use a mathematical model known as
two-player game structures[3]. A two-player game structure
(Q, q0,Γ1,Γ2, δ) consists of a state spaceQ, an initial state
q0, two sets of movesΓ1 and Γ2 and a transition function
δ : Q × Γ1 × Γ2 → Q. Given a set of statesy ⊆ Q and
an moveγ1 ∈ Γ1 for Player 1, we notepostγ1

(y) the set
{q′ | ∃q ∈ y · ∃γ2 ∈ Γ2 · q′ = δ(q, γ1, γ2)}, that is the set
of states that can be reached fromy when Player 1 chooses
moveγ1.

Games are played on two-player game structures as fol-
lows. The game starts in the initial stateq0. In that state,
each player makes a choice of move, i.e. Player 1 chooses
a moveγ1 ∈ Γ1 and Player 2 chooses a moveγ2 ∈ Γ2,
then the game evolves to stateq1 = δ(q0, γ1, γ2). From q1,
a new round is played and so on. As there is no end to



that game, the result, called aplay, is an infinite sequence
of statesρ = q0q1 . . . qn . . . . The winner is determined by
a set of winning playsW ⊆ Qω, i.e. Player 1 is winning
if ρ ∈ W and Player 2 is winning ifρ ∈ Qω \W . Players
are playing according tostrategies. A strategy for Player 1
is a functionλ1 : Q∗ → Γ1 that maps an prefix of a play
to a choice of move for Player 1, symmetrically a Player 2
strategy is a functionλ2 : Q∗ → Γ2. We say that a playρ =
q0q1 . . . qn . . . is played according to strategiesλ1 and λ2

if for all i ≥ 0, qi+1 = δ(qi, λ1(q0q1 . . . qi), λ2(q0q1 . . . qi)).
We say thatρ is the outcome of strategiesλ1 andλ2, and we
note it Outcome(λ1, λ2). Finally, we say that a strategy for
Player 1λ1 is winning for objectiveW if for all strategies
λ2 of Player 2, we have thatOutcome(λ1, λ2) ∈W .

The strategy synthesis problemis defined as follows.
Given a two-player game structure(Q, q0,Γ1,Γ2, δ), given
a winning objectiveW ⊆ Qω for Player 1, decide if there
exists a strategyλ1 for Player 1 such that for all strategiesλ2

of Player 2,Outcome(λ1, λ2) ∈ W . If such strategy exists,
construct an effective representation of it. When the state
spaceQ is finite and when the objectiveW ⊆ Qω is omega-
regular, there are algorithms to solve this problem [4], [5].

b) Iterative algorithms : There are elegant lattice the-
oretic solutions to the strategy synthesis problem, we givea
summary of the main ingredients here. To keep the exposition
easy, we show here how to solve finite state safety games:
games where the state spaceQ is finite and the winning
objective is defined by a subset of statesGood ⊆ Q that
Player 1 want to stay in, i.e.W = {q0q1 . . . qn · · · ∈ Qω |
∀i ≥ 0·qi ∈ Good}. If Player 1 can win such a game, we say
that Player 1 has a strategyλ1 to ensure the safety objective
Good. To check for the existence of a winning strategy for
Player 1 in a safety game, we consider the complete lattice
(2Q,⊆,

⋃

,
⋂

, ∅, Q) and a functionCpre1 : 2Q → 2Q called
the Player 1 controllable predecessor operator. Intuitively,
this function given a set of statesx ⊆ Q returns the set of
statesy ⊆ Q from which Player 1 can force the next state of
the game to be inx. According to that intuition, the function
is defined asCpre1(x) = {q ∈ Q | ∃γ1 ∈ Γ1 · ∀γ2 ∈ Γ2 :
δ(q, γ1, γ2) ∈ x} So, a stateq is controllable for the setx
if Player 1 has a choice of move such that, no matter what
is the choice of move of Player 2, the next state byδ is in
x. To solve safety games with theCpre1 operator, we make
the following observation. A set of statesx ⊆ Q is a set
of winning states for Player 1 ifx ⊆ Good and Player 1
can forcex from any state ofx. Such a set is a fixed point
for the functionf(x) = Good ∩ Cpre1(x). Clearly, we are
interested by the largest such fixed point. This is formalized
in the next theorem:

Theorem 3:Given a two-player game structure
(Q, q0,Γ1,Γ2, δ), a set of statesGood ⊆ Q, Player 1
has a strategyλ1 to ensure the safety objectiveGood iff
q0 ∈

⋃

{x | x = Good ∩ Cpre1(x)}.
To evaluate this greatest fixed point, we can use the the-
orem 2. If we observe the iterations computed during this
evaluation, we can see that it computes the sets of states
from which Player 1 can ensure to stay withinGood for 0

steps (i.e.Good), 1 steps (i.e.Good ∩ Cpre1(Good)), etc.

C. Controller synthesis with imperfect information

The algorithms for controller synthesis that we have re-
viewed in Sect. I-B make a strong hypothesis: they consider
that the controller has aperfect informationabout the state
of the system. Unfortunately, this is usually an unreasonable
hypothesis. Indeed, when the control strategy has to be
implemented by a real hardware, the controller typically
acquires information about the state of the system by reading
values on sensors. Those sensors have finite precision, and
so the information about the state in which the system lies
is imperfect.

To model imperfect information, we fix a set of obser-
vations for the system states. The control problem that we
want to solve is thesafety control problem with imperfect
information: “given a set of good statesGood, a set of
observations, is there an observation based strategy so that
the system can be prevented from enteringQ \ Good?”. We
review here a fixed point based method to solve games of
imperfect information, details can be found in [6], [7].

c) Framework: A two-player game structure with
imperfect informationis a tuple(Q, q0, γ1, γ2, δ,O) where
Q, q0, γ1, γ2, and δ are as for plain two-player game
structures, andO is a partition{O1, O2, . . . , On} of Q into n
observations. Games with imperfect information are played
as follows. The game starts in stateq0 and is played in
rounds. At each round, Player 1 receives the observation
O ∈ O that contains the current stateq, i.e. O s.t. q ∈ O,
while Player 2 has perfect information on the current state
of the game (for a discussion about this asymmetry, the
interested reader is referred to [6]). Each player makes a
choice of move, i.e.γ1 ∈ Γ1 and γ2 ∈ Γ2, and then the
game evolves to the stateδ(q, γ1, γ2). From this state, a new
round is started.

As Player 1 only knows the observations of the sequence
of states traversed during the game, he has to apply so-
called observation based strategies. Theobservation se-
quenceassociated to a sequence of statesq0q1 . . . qn, noted
O(q0q1 . . . qn), is equal toOf(0)Of(1) . . .Of(n) such that
for all 0 ≤ i ≤ n, qi ∈ Of(i). A observation based
strategy for Player 1 is a functionλo

1 : O∗ → Γ1 that
maps any prefix of a sequence of observations to a choice
of move for Player 1. A strategy for player 2 is as before,
i.e. a functionλ2 : Q∗ → Γ2. The winner in a game with
imperfect information is determined by a set of winning
sequences of observationsW o ⊆ Oω , called anobserv-
able objective. We say that a playρ = q0q1 . . . qn . . . is
played according to strategiesλo

1 and λ2 if for all i ≥ 0,
qi+1 = δ(qi, λ

o
1(O(q0q1 . . . qi)), λ2(q0q1 . . . qi)), ρ is called

theoutcomeof the strategiesλo
1 andλ2, Player 1 is winning

if O(ρ) ∈W o

Thestrategy synthesis problem with imperfect information
is defined as follows. Given a two-player game structure
with observations(Q, q0,Γ1,Γ2, δ,O), given an observable
winning conditionW o ⊆ Oω for Player 1, decide if there
exists an observation based strategyλo

1 for Player 1 such that



for all strategiesλ2 of Player 2,O(Outcome(λo
1, λ2)) ∈W o.

If such strategy exists, construct an effective representation
of it. When the state spaceQ is finite and when the
objectiveW o ⊆ Oω is omega-regular, there are algorithms
to solve this problem [6]. We review here the solution for
safety objective, i.e. we are given a set of good observation
Goodo ⊆ O, and we want to check that Player 1 has an
observation based strategy against any strategy of Player 2to
stay within states that have observations inGood. If Player 1
can win such a game, we say that Player 1 has an observation
based strategy to ensure the safety objectiveGood.

d) Iterative algorithm : Before presenting the algo-
rithm, we give more intuition about games of imperfect
information. To better understand how Player 1 can win such
games, we characterize the evolution of theknowledgeof
Player 1 during a game. The knowledge of Player 1 is the set
of states in which the game can be according to what Player
1 has observed so far. Clearly, the smaller the set is, the better
the knowledge is . We formalize this notion as follows. Let
G = (Q, q0,Γ1,Γ2, δ,O), let h = O0γ0O1γ1 . . . On be a
sequence of observations and moves for Player 1 inG, h
is called anhistory. We associate to the historyh a set of
states, notedK(G, h), inductively as follows.Base case. If
h is empty thenK(G, h) = {q0}. Inductive case. If h =
O0γ0 . . .On−1γn−1On andK = K(G,O0γ0O1γ1 . . .On−1)
thenK(G, h) = postγn−1

(K) ∩On.
For games of perfect information, we have shown how to

elegantly solve safety games by solving a fixed point equa-
tion constructed from the so-called controllable predecessor
operatorCpre1. Remember that the operatorCpre1 operates
over sets of states of the game structure and thatCpre1(x)
returns the set of states from which Player 1 can force the
next state to be inx. In games of imperfect information,
Player 1 does not know in which states the game is but only
knows that the current state is in a set of possible states (the
knowledge of Player 1), so we have to construct an operator
that works on set of sets of states (sets of knowledges).
Let Y = {y1, ..., yn} ⊂ 2Q be a set of sets of states
(knowledges) from which we know that Player 1 can force
the game to stay forn steps withinGood. We are interested
to compute the set of knowledgesY ′ = {y′1, ..., y

′
m} from

which Player 1 can forceY in one step. Note also that if
the knowledgey is sufficient for Player 1 to win then clearly
any knowledgey′ ⊆ y is also winning (Player 1 is clearly
in a better situation). It is why we define below the operator
for controllable predecessors not on sets of sets of states but
on antichains of (maximal) sets of states.

We noteY(Q) for the set of antichains of knowledges
over the set of statesQ, i.e. antichains of sets of states.
We order two antichains of knowledges as follows: letY =
{y1, y2, . . . , yn} and Y ′ = {y′1, y

′
2, . . . , y

′
m}, Y � Y ′ iff

∀y ∈ Y · ∃y′ ∈ Y ′ · y ⊆ y′. The partially ordered set
(Y(Q),�) forms a complete lattice with:(i) upper-bound
operator

∨

defined as follows: letY, Y ′ ∈ Y(Q) then
Y

∨

Y ′ = Max⊆(Y ∪Y ′), whereMax⊆(Y ∪Y ′) returns the
maximal elements ofY ∪ Y ′ for set inclusion;(ii) lower-
bound operator

∧

defined as follows: letY, Y ′ ∈ Y(Q) then

Y
∧

Y ′ = Max⊆({y ∩ y′ | y ∈ Y ∧ y′ ∈ Y ′}); (iii) minimal
element∅; (iv) maximal element{Q}.

Given an antichain of knowledgesY ∈ Y(Q), we define
the controllable predecessor operator for the game of imper-
fect informationG = (Q, q0,Γ1,Γ2, δ,O) as Cpreo

1(Y ) =
Max⊆({y′ ⊆ Q | ∃γ1 ∈ Γ1 · ∀O ∈ O · ∃y ∈ Y :
postγ1

(y′)∩O ⊆ y}). Intuitively, given a set of knowledges
Y , a knowledgey ⊆ Q is controllable for Player 1 if there is
a choice of moveγ1 for Player 1 that ensures the following:
no matter how Player 2 plays, Player 1 knows, given the next
observation, in which set ofY the next state of the game is.

This operator is used similarly as in the games of perfect
information of previous section and so we have the following
theorem.

Theorem 4 (in [6], [7]): Given a two-player game struc-
ture with imperfect information(Q, q0, γ1, γ2, δ,O), a set
of observationsGoodo ⊆ O, Player 1 has an observation
based strategies to ensure the safety objectiveGoodo, iff
{{q0}} �

∨

{Y | Y = {Goodo}
∧

Cpreo
1(Y )}

II. STATE ESTIMATION ON A PARTIAL ORDER

Domitilla Del Vecchio
EECS Systems Laboratory

University of Michigan, Ann Arbor

A. Introduction

Observability and observer design has been studied by
several researchers in the hybrid systems community [8]–
[17]. Due to the interaction of continuous dynamics and
logic and to a potentially large number of discrete states,
computational issues arise when trying to estimate the state
of a hybrid system. Bemporad et al. [8] propose a deadbeat
observer that requires large amounts of computation. Bal-
luchi et al. [9] combine alocationobserver with a Luenberger
observer. However, if the number of locations is large,
such an approach is impracticable. Alessandri et al. propose
Luenberger-like observers for hybrid systems, but the system
location is known [11], [12]. In the discrete event literature,
observability has been defined in [18], for example, which
derives a test for current state observability. Oishi et al.[19]
derive a test for immediate observability.Özveren et al. [20]
and Caines [21], [22] propose discrete event observers based
on the construction of the current-location observation tree
that, as explored also in [23], is impractical when the number
of locations is large, which is our case. In [24], an approach
to state estimation is developed, which relies on a partial
order structure that allows to represent sets by appropriate
lower and upper bounds and thus it avoids enumeration of the
locations. This approach that uses partial orders was extended
to the joint estimation of continuous and discrete variables
in [17] and to the presence of noise and process uncertainty
in [25]. Conditions for the existence of a state estimator ona
partial order are investigated in [26]. In this tutorial, wewill
review the basic idea behind this approach to state estimation.

B. Basic idea of a state estimator on a partial order

The idea is the one of finding an alternative way to
enumeration in order torepresentthe sets of interest. Let us



consider a simple discrete state system given bys(k+ 1) =
f(s(k)) for s(k) ∈ U (U finite) and with output measurement
y(k) = g(s(k)) for y(k) ∈ Y. LetOy(k) = {s ∈ U | g(s) =
y(k)} be the set of all possible discrete states that could
give rise to the measured output. This set is also called an
output set. An enumeration approach (see [21], for example)
computes at each step the set of all possible current states
compatible with the measurements. Let the setŝ(k) ⊆ U
represent the set of all possible states at stepk that are
compatible with all of the output measurements up to stepk

and with the system update mapf . The update laws of the
estimator are thus given bŷs(k+1) = f(ŝ(k))∩Oy(k+1).
These updates are given by a prediction step given by
mappingŝ(k) forward by means off and by a correction
step obtained by intersectingf(ŝ(k)) with a new output
setOy(k + 1). This approach requires (i) to computef a
number of times equal to the size ofŝ(k); (ii) to compute
the intersection with a new set, which will require a number
of computations proportional to the size ofŝ(k).

Now, assume thats(k) ∈ N and thatŝ(k) = [3, 3000]. To
represent such a set it is not needed tolist all of its elements,
but it is enough to know its lower and upper bounds, that is,3
and3000, respectively. Assume now thatf(s(k)) = s(k)+5.
To computef(ŝ(k)) it is not necessary to computef on all
of the elements of̂s(k), but it is enough to compute it on the
lower and on the upper bounds ofŝ(k). Therefore,f(ŝ(k)) =
[8, 3005]. At this point, if Oy(k + 1) = [1, 200], it is clear
thatf(ŝ(k))∩Oy(k+1) = [sup{8, 1}, inf{3005, 200}]. This
procedure relies on an ordering relation between elements
and on order preserving properties of the mapf . This
reasoning can be generalized to arbitrary partial orders asit
will be explained in the next section. Basically, the mapping
forward of a set and set intersection can be performed by only
acting on the lower and upper bounds of the sets of interest.
LetU ⊆ χ, in which the elements ofχ are related by a partial
order relation “≤”. Let f̃ be the new function that is equal to
f on U and arbitrarily chosen on the elements ofχ that are
not in U . Then, if f̃ preserves the ordering of elements, the
estimator becomes the one of Fig. 2. This approach was first
proposed in [24], in which only the discrete variables were
estimated, while the continuous variables were available for
measurement. In [17], this approach was extended to the case
in which the continuous variables also need to be estimated
in systems with a cascade structure.

C. Properties of maps on partial orders

This section is meant to complement the section about
basic partial order notions in I-A. Let(χ,≤) be a partial
order. For allx,w ∈ χ, sup{x,w} is the smallest element
that is larger than bothx andw. In a similar way,inf{x,w}
is the largest element that is smaller than bothx andw. We
define thejoin “g” and themeet“f” of two elementsx and
w in χ as x g w := sup{x,w} and x f w := inf{x,w}.
Also, if S ⊆ χ, we have

∨

S := sup S, and
∧

S := inf S.
Let (χ,≤) be a partial order. Ifxfw ∈ χ andxgw ∈ χ for
anyx,w ∈ χ, then(χ,≤) is a lattice. Let (χ,≤) be a lattice
and letS ⊆ χ be a non-empty subset ofχ. Then, (S,≤)

f̃

supOy(k + 1)

f̃(U(k))

infOy(k + 1)

sup(f̃(L(k)), infOy(k + 1))

f̃(L(k))
inf(f̃(U(k)), supOy(k + 1))

U(k)

L(k)

Fig. 2. Hasse diagrams of an estimator on a partial order. Any
two elements that are connected by an edge are related by the
order relation. The lower one is smaller than the upper one. Any
two elements that are not connected by an edge are not related
by the order relation. The open circles represent elements that are
in χ but not inU while the closed circles represent the elements
that are inU . The set ŝ(k) will be contained in the “interval”
[L(k), U(k)] andf(ŝ(k)) will be contained in[f̃(L(k)), f̃(U(k))].
The intersection with the new output setf(ŝ(k)) ∩ Oy(k + 1)
can be approximated by computing the lower and upper bound of
such an intersection, namely,sup{f̃(L(k)), inf(Oy(k + 1))} and
inf{f̃(U(k)), sup(Oy(k + 1))}, respectively.

is a sublatticeof χ if a, b ∈ S implies thata g b ∈ S and
afb ∈ S. If any sublattice ofχ contains its least and greatest
elements, then(χ,≤) is calledcomplete. Any finite lattice is
complete, but infinite lattices may not be complete, and hence
the significance of the notion of a complete partial order [27].
Given a complete lattice(χ,≤), we will be concerned with
a special kind of a sublattice called aninterval sublattice
defined as follows. Any interval sublattice of(χ,≤) is given
by [L,U ] = {w ∈ χ|L ≤ w ≤ U} for L,U ∈ χ. That is,
this special sublattice can be represented by two elements
only. For example, the interval sublattices of(R,≤) are just
the familiar closed intervals on the real line.

Let (P,≤) and (Q,≤) be partially ordered sets. A map
f : P → Q is (i) an order preserving mapif x ≤ w =⇒
f(x) ≤ f(w); (ii) an order embeddingif x ≤ w ⇐⇒ f(x) ≤
f(w); (iii) an order isomorphismif it is order embedding
and it mapsP ontoQ. Every order isomorphism faithfully
mirrors the structure ofP ontoQ. The strongest properties
that we can obtain for a state estimator on a partial order
are obtained when the extended update mapf̃ is an order
isomorphism. This is explained in the next section.

D. State Estimator on a Partial Order

We model a hybrid system as a deterministic transition
system with both continuous and discrete variables. Ade-
terministic transition systemis the tupleΣ = (S,Y, F, g),
whereS is a set of states withs ∈ S; Y is a set of outputs
with y ∈ Y; F : S → S is the state transition function;
g : S → Y is the output function. An execution ofΣ
is any sequenceσ = {s(k)}k∈N such thats(0) ∈ S and



s(k + 1) = F (s(k)) for all k ∈ N. An output sequence
of Σ is denotedy = {y(k)}k∈N, with y(k) = g(σ(k)), for
σ ∈ E(Σ). For systemΣ, we say that two executionsσ1 and
σ2 aredistinguishableif there exists ak such thatg(σ1(k)) 6=
g(σ2(k)). The notion of distinguishability is used to define
the one of observability. A deterministic transition system
Σ = (S,Y, F, g) is said to beobservableif any two different
executionsσ1, σ2 ∈ E(Σ) are distinguishable. This means
that the information of the output is enough to differentiate
between different executions. As a consequence, the initial
states can be distinguished by looking at the output sequence.

We now restrict our attention to transition system models
describing hybrid systems. In this case, we specify a set of
continuous and a set of discrete variables. In particular, for
a systemΣ = (S,Y, F, g) we suppose that (i)S = U × Z
with U a finite set andZ a finite dimensional space; (ii)
F = (f, h), wheref : U × Z → U andh : U × Z → Z;
(iii) y = g(α, z) := z, whereα ∈ U , z ∈ Z, y ∈ Y, and
Y = Z. The setU is a set of logic states andZ is a set of
measured states or physical states, such as position, velocity,
temperature, etc. In the sequel, we will denote with abuse of
notation this class of deterministic transition systems byΣ =
(U ,Z, f, h), in which we associate to the tuple(U ,Z, f, h),
the equations:

α(k + 1) = f(α(k), z(k))

z(k + 1) = h(α(k), z(k)) (1)

y(k) = z(k),

in whichα ∈ U andz ∈ Z. An execution of the systemΣ in
equations (1) is a sequenceσ = {α(k), z(k)}k∈N. The output
sequence is{y(k)}k∈N = {z(k)}k∈N. Given an execution
σ of the systemΣ, we denote theα and z sequences
corresponding to such an execution by{σ(k)(α)}k∈N and
{σ(k)(z)}k∈N, respectively.

From the measurement of the output sequence, which
in our case coincides with the evolution of the continuous
variables, we want to construct a discrete state estimator:a
systemΣ̂ that takes as input the values of the measurable
variables and asymptotically tracks the value of the variable
α. An alternative to simply maintaining a list of all possible
values forα is proposed in [24]. Specifically, (1) we immerse
the set of discrete statesU in a larger setχ whose elements
can be related by an order relation≤ and (2) we extend the
functionsf andh to functionsf̃ and h̃ that are defined on
χ×Z (as opposed to being defined onU×Z). At this point,
if (a) h̃ is such that the set of discrete states corresponding to
a pair of consecutive output measurements is aninterval and
(b) f̃ is anorder isomorphismbetween such an interval and
its image through̃f , we obtain a state estimator that updates
only the lower and the upper bound of the set of all possible
current discrete states. More formally, given a partial order
(χ,≤) with U ⊆ χ, we can define an extended system̃Σ
of Σ as the tupleΣ̃ = (χ,Z, f̃ , h̃), in which f̃ |U×Z = f

and h̃|U×Z = h. For an output sequence{y(k)}k∈N, the
output set ofΣ̃ corresponding to two consecutive outputs is
given byOy(k) := {w ∈ χ | y(k + 1) = h̃(w, y(k))}. The

following theorem gives the formula for the state estimator
on a partial order. Its proof can be found in [24].

Theorem 1 (in [24]): Let the deterministic transition sys-
tem Σ = (U ,Z, f, h) be observable. Let(χ,≤) be a lattice,
such that the pair̃Σ satisfied the two following properties

(a) Any output setOy(k) is an interval, that is,Oy(k) =
[
∧

Oy(k),
∨

Oy(k)];
(b) f̃ : (Oy(k), z) → [f̃(

∧

Oy(k), z), f̃(
∨

Oy(k), z)] is an
order isomorphism for allz.

Then, the following update laws

L(k + 1) = f̃(L(k) g Ôy(k), y(k))

U(k + 1) = f̃(U(k) f
_
Oy(k), y(k)) (2)

with L(0) =
∧

χ, U(0) =
∨

χ are such that

(i) L(k) ≤ α(k) ≤ U(k) (correctness);
(ii) |[L(k+ 1), U(k+ 1)]| ≤ |[L(k), U(k)]| (non-increasing

error);
(iii) There existsk0 > 0 such that for anyk ≥ k0 we have

[L(k), U(k)] ∩ U = α(k) (convergence).
Update laws (2) were pictorially shown in Fig. 2. We have
used the notation|X | to denote the cardinality of a finite set
X .

Example:The robotic example described in detail in [24]
and [16] involves two teams of robots competing against
each other in a defensive maneuver of a robotic capture-the-
flag game [28]. The state estimator on a partial order was
implemented by one of the teams to efficiently estimate in
real-time the current internal state describing the evolution
of the strategy of the opposing team. In [29], this approach
was extended to perform dynamic feedback (state estimation
plus control) in order device a better team strategy.

III. T EMPORAL LOGICS OVERLATTICES AND

APPLICATIONS

Georgios E. Fainekos and George Pappas
GRASP Laboratory

University of Pennsylvania

A. Temporal Logics

The need to utter statements whose truth value depends on
the current, future and past time has led to the development of
the temporal logics which are a branch of modal logics. They
were first introduced in the middle of the previous century
by philosophers who wanted to argue about the passage of
time. In the context of computer science, temporal logics
were first (very insightfully) employed by Pnueli [30] in the
seventies for the analysis of distributed systems. With this
formalism, we can express temporal properties likealways,
until, before and sometimes. For example, temporal logics
can formally capture statements like “Whenever the voltage
drops below -10, then it should also eventually raise above
10”. Both the signalsσ1 andσ2 in the plot of Fig. 3 satisfy
the aforementioned specification.

The propositional logic’s semantics is interpreted using
the Boolean algebra over the latticeL2 = ({0, 1},⊓,⊔)
(see right side diagram of Fig. 3). The set of well formed
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the latticesL2 andL2,2 on the right.

formulasΦ of propositional logic are build upon a setAP of
atomic propositions and some binary and unary operators like
conjunction(∧), disjunction (∨), negation(¬), implication
(→), and equivalence(↔). Temporal logics are obtained
from the standard propositional logic by adding temporal
operators such aseventually(♦), always(�), next(©), until
(U) andrelease(R) in combination with the path quantifiers
for all paths (A) and for somepath (E).

The intuition behind these operators is as follows.♦φ

means that at some point in the future the formulaφ will
hold, whereas�φ means thatφ should hold at every moment
in the future.©φ states thatφ will hold at the next time
moment (note that we regard time as a discrete sequence and
not as continuous quantity).φ1 Uφ2 means thatφ1 should be
true at every time in the future untilφ2 becomes true. Let’s
consider again the voltage example mentioned above. Let
the set of atomic propositions beAP = {a1, a2} such that
a1 labels the setR≤−10 and a2 labels the setR≥10, then
formally we can write “A�(a1 → ♦a2)”.

CTL∗ is a temporal logic whose syntax contains bothstate
formulasφs and path formulasφp. Let AP be the set of
atomic propositions, then the setΦCTL∗ of well formed
CTL∗ formulas is generated according to the following
grammar:

φs ::= a | ¬φs | φs ∨ φs | Eφp | Aφp

φp ::= φs | ¬φp | φp ∨ φp | © φp | φp Uφp

wherea ∈ AP . If φs above is replaced byφs ::= Aφp, then
we generate the set of all well formed LTL formulasΦLTL.
Whereas, ifφp is replaced byφp ::= ©φp | φp Uφp, then
we generate the set of all well formed CTL formulasΦCTL.
The rest of the operators can be derived from the above basic
operators (see [31] for details).

B. Multi-Valued CTL Model Checking

The symbolic model checking methods [32] have been the
flagship of the formal verification techniques. Here, we give
a brief presentation of the extension of the classic two-valued
symbolic model checking [32] to the many-valued case over
quasi-Boolean algebras [33]. We proceed to define multi-
valued sets, relations and Kripke structures which are going
to be the foundations of the multi-valued model checking.

In the classical notion of sets, the membership of an
object to a set is determined by the set’smembershipor
characteristicfunction. Assume that we have a set of objects
S and that we want to define a subsetT of S such that
every object inT satisfies a propertyH . Let the membership
function of T be h : S → {0, 1} with definition: h(s) = 1
(true) if s satisfies propertyH and h(s) = 0 (false)
otherwise. Then the collection of objects ofS that constitute
the subsetT is denoted by{s ∈ S | h(s)}, which implies
that for all the objectst ∈ T it is the case thath(t) = 1.
The multi-valued sets, denoted by mv-sets from now on,
are a straightforward extension of the classical sets. The
characteristic function of an mv-set takes values over a lattice
instead of the classical two valued Boolean set. Intuitively,
when the characteristic function is multi valued it expresses
the degree that an object belongs to the mv-set.

Definition 1: Let L = (L,⊓,⊔) be a lattice andS a set
of objects, then amulti-valued set, denoted byS, is a total
functionS : S → L.

As mv-sets are functions,S(x) actually denotes the degree
of membership ofx in S. Next, we will define the operations
of union (∪L), intersection(∩L), set inclusion(⊆L) and
equality(=L) for the multi valued case using the lattice join
and meet operations.

Definition 2: Let L = (L,⊓,⊔) be a lattice, then:

(S ∩L S′)(x) := S(x) ⊓ S′(x) (mv-intersection)

(S ∪L S′)(x) := S(x) ⊔ S′(x) (mv-union)

S ⊆L S′ := (∀x).(S(x) ⊑ S′(x)) (mv set inclusion)

S =L S′ := (∀x).(S(x) = S′(x)) (mv-equality)

Definition 3: Let B = (B,⊓,⊔,∼,⊥,⊤) be an algebra,
then the multi-valued set will be the total functionS : S →
B. Now, we can define the mv-set complement operation
using the algebra’s complementation∼ operation and, also,
derive the De Morgan laws:

S(x) :=∼ (S(x)) (mv-complementation)

S ∩B S′ = S ∪B S′ (De-Morgan)

S ∪B S′ = S ∩B S′

S ⊆B S′ = S′ ⊆B S (antimonotonicity)
Note that all the above definitions actually follow the

definitions for the algebraization of the classical two-valued
logic. Hence, in the special case where the algebra is over
the latticeL2 we get the classical two valued set theory (see
Theorem 2 in [33]). Now that we have established the notion
of mv-sets, we proceed to define multi-valued relations (or
mv-relations). Defining mv-relations is important as they are
necessary for defining Kripke structures with multi-valued
transition relations.

Definition 4: A multi-valued relationR on setsS andT
over a latticeL is a functionR : S × T → L.

The extension of the classical notion of Kripke structures
to the multi-valued ones (mv-Kripke structures) is straight-
forward.
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Fig. 4. Two independent experts model a real system as the Kripke
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by simply merging the states with the same name. Also assume that
the initial state ofM is s0. (a) The structureK1. (b) The structure
K2. (c) The merged multi-valued modelM.

Definition 5: A multi-valued Kripke structure(mv-Kripke
structure) is a tupleM = (S, S0,R, AP,O,B) where:

• S is a finite set of states
• S0 is the set of initial states
• R : S × S → B is anmv-transition relation
• AP is a finite set of atomic propositions
• O : S×AP → B is a total labelling function that maps

a pair (s, a) ∈ S ×AP to someb ∈ B

• B is an algebra(L,⊓,⊔,∼,⊥,⊤)

Also, we need to revisit the notion of predecessor states.
We need to extend the definition in order to handle multi-
valued sets of states. The extension seems to be straight-
forward, if one follows the standard definition of existential
and universal quantification as introduced for the First Order
predicate calculi of non-classical logics. Thus, we replace the
existential quantifiers with join operations over the objects
of the set and the universal quantifiers with meet operations.
Note that the definition of the mv-predecessor membership
function reduces to the classical one when the algebra isB2

(for a proof see Theorem 3 in [33]).
Definition 6: Let R : S1 × S2 → B be an mv-relation

defined over an algebra(B,⊓,⊔,∼,⊥,⊤) and letQ : S2 →
B be an mv-set, then for alls1 ∈ S1 we definepreR∃ (Q) :
S1 → B andpreR∀ (Q) : S1 → B as:

preR∃ (Q)(s1) := ⊔s2∈S2
(R(s1, s2) ⊓ Q(s2))

preR∀ (Q)(s1) := ⊓s2∈S2
(R(s1, s2) ⊔ Q(s2))

Lemma 1 (in [33]): The predecessor mv-setspreR∃ and
preR∀ are order preserving.

Example 1: In order to make clear the notion of multi-
valued sets and the usage of the predecessor functions, we
present an example from [33]. Assume that we have two
different (classical) Kripke structuresK1 andK2 that model
a real system. The differences in the two structures can
be attributed to the attempts of two independent experts to

[[a]]
{s0}

{s2}{ }

{s1}

[[b]]
{ }

{s1}

{s0}

{s2}

Fig. 5. The multi-valued sets[[a]] and [[b]]. Here, the notation[[a]]
with a ∈ AP represents the multi-valued set that indicates the
degree that a states of M satisfies the propertya.

{(s1,s2), (s2,s2)}R

{(s0,s2)}{(s0,s1)}

{(s0,s0), (s1,s0), (s1,s1),

(s2,s0), (s2,s1)}

Fig. 6. The mv-transition relationR of M.

model the same system. We can merge the two models to
get a multi-valued modelM (Fig. 4). One can think of
the resulting structureM as a model where we can verify
properties that hold despite the possible local inconsistencies
in the initial modelsK1 and K2. In the modelM, both
the atomic propositions and the transition relation take truth
values over the latticeL2,2 (right side diagrams of Fig.
3). It can be easily proven that the latticeL2,2 extended
with a negation operator∼ such that∼ (1, 1) = (0, 0),
∼ (0, 0) = (1, 1), ∼ (1, 0) = (0, 1) and∼ (0, 1) = (1, 0) is
a Boolean algebra (as a product of two Boolean algebras).
In Fig. 5, we present some multi-valued sets. Each diagram
represents an mv-set that specifies the degree that each state
of M belongs to it. Similarly in Fig. 6, we present the mv-
transition relation. Finally, Fig. 7 presents the results of the
computations for the predecessor mv-sets using Definition 6.

Next, we define the multi-valued CTL semantics over mv-
Kripke structures. In the following, we use the notation[[·]]M
to denote the membership functions.

Definition 7: Let the mv-membership function[[φ]] : S →
B denote the degree that a states ∈ S satisfies a specification
φ, then the multi-valued semantics of the core operators
of mv-CTL with respect to an mv-Kripke structureM =
(S, S0,R, AP,O,B) is defined as follows:

[[a]]M(s) := O(s, a) for a ∈ AP

[[¬φ]]M := [[φ]]M

[[φ ∨ ψ]]M := [[φ]]M ∪B [[ψ]]M

[[E© φ]]M := preR∃ ([[φ]]M)

[[E�φ]]M := νZ.[[φ]]M ∩B [[EXZ]]M

[[EφUψ]]M := µZ.[[ψ]]M ∪B ([[φ]]M ∩B [[E© Z]]M)

where[[EXZ]] = preR∃ (Z).
Finally, note that mv-CTL reduces to classical CTL when

the algebra is onL2 (see Theorem 4 in [33]). Now, we state
a series of important theorems.

Theorem 2 (in [33]): The mv-CTL temporal operators
EX and AX are order preserving.

The finiteness of the multi-valued Kripke structures and



{ }

{ }

{ }

{s0,s1,s2}

pre ([[a]]) = pre ([[a]]) pre ([[b]])

{s0}

{ }

{ }

{s1,s2}

Fig. 7. Some multi-valued predecessor sets. As an example,
consider the following computation:preR

∃ ([[a]])(s1) = (R(s1, s0)⊓
[[a]](s0))⊔(R(s1, s1)⊓[[a]](s1))⊔(R(s1, s2)⊓[[a]](s2)) = ((0, 0)⊓
(1, 1))⊔((0, 0)⊓(0, 0))⊔((1, 1)⊓(0, 1)) = (0, 0)⊔(0, 0)⊔(0, 1) =
(0, 1). Also, note that[[E © b]](s0) = preR

∃ ([[b]])(s0) = (1, 1).

the monotonicity of the predecessor functions as well as the
monotonicity of the join and meet operations guarantee the
termination of the fixpoint algorithm. Thus, the next result
is immediate.

Theorem 3 (in [33]): The mv-CTL model checking prob-
lem is decidable.

Example 2:Consider the case where we want to verify
that the propertyE © b is true despite the differences in
the two models. As Fig. 7 indicates, the property holds
on both K1 and K2 when we start from the initial state
s0. Also, assume that we want to compute the value of
the specificationE�a. Hence, we use the fixpoint function
[[E�a]]M = νZ.[[a]]M ∩B preR∃ (Z). The fixpoint algorithm
is initialized by setting(∀s ∈ S).(Z0(s) = (1, 1)). After
2 iterations, the algorithm converges to[[E�a]]M(s0) =
(0, 1) and we can conclude that the property holds only in
the model that the second expert has provided (K2). The
sequence of computations can be found in Fig. 14 in [31].

C. Robustness of LTL Formulas for Signals & Bounded Time
Verification of Systems

Dynamical systems (linear, non-linear or hybrid systems)
either model physical processes or the interaction between
some software and/or hardware system and the continu-
ous physical world. Fundamentally, no formal model exists
that can capture accurately the behaviour of such systems.
Moreover, these type of systems have a certain degree of
sensitivity with respect to initial conditions or to system
parameters. This has one major implication. Deciding the
Boolean truth value of a temporal logic specification with
respect to a system’s trajectory - in some of the cases - does
not allow us to draw any conclusions about the real system.
A small perturbation of the trajectory or the parameters of
the system can lead to a different truth value for the formula.

For example, consider again the signalsσ1 and σ2 in
Fig. 3. Both of them satisfy the same specification “if the
value of the signal drops below -10, then it should eventually
raise above 10”. Nevertheless, a visual inspection of Fig. 3
indicates that there exists a qualitative difference betweenσ1

andσ2. The later “barely” satisfies the specification, i.e., a
small change in the offset voltage may render the property
unsatisfiable onσ2 while σ1 might not be affected. In order
to differentiate between such trajectories of a system, the
concept of robustness estimate was introduced in [34]. Infor-
mally, the robustness estimate is a bound on the perturbation

that a trajectory can tolerate without changing the truth value
of a specification expressed in the Linear Temporal Logic.

Let σ : T → X be a signal (you can think of it as the
output trajectory of a dynamical system), where(X, d) is
a metric space andT is a time domain (usuallyT = N

or T = R≥0). We propose multi-valued semantics for LTL
where the valuation function on the atomic propositions takes
values over the infinite complete latticeR = (R∞,⊓,⊔),
whereR

∞ = R∪{±∞}, according to the metricd operating
on the state spaceX of the signalσ. For this purpose, we
let the valuation function to be the signed distance from the
current value of the signal to the setO(a) labeled by the
atomic propositiona. Intuitively, this distance represents how
robustly is the pointσ(t) within a setO(a). If this metric
is zero, then even the smallest perturbation of the point can
drive it inside or outside the setO(a), dramatically affecting
membership.

Definition 8: Let x ∈ X be a point,S ⊆ X be a set and
d be a metric onX . Then, theDistancefrom x to S is

distd(x, S) := inf{d(x, y) | y ∈ S}

and theSigned Distancefrom x to S is

Distd(x, S) :=

{

−distd(x, S) if x 6∈ S

distd(x,X\S) if x ∈ S
Note thatR is actually a totally ordered set (the closure

of the reals with the usual ordering relation). Recall that
⊔R

∞ = +∞ and⊓R
∞ = −∞ and that any subset ofR∞

has a supremum and infimum. Finally, becauseR is a totally
ordered set, it is also distributive, i.e., for alla, b, c ∈ R it is
a ⊓ (b ⊔ c) = (a ⊓ b) ⊔ (a ⊓ c) (and its order dual).

Definition 9: For an LTL formulaφ and a trajectoryσ :
T → X , the robust semantics ofφ with respect toσ is

[[a]](σ) := Distd(σ(0),O(a))

[[¬ψ]](σ) := −[[ψ]](σ)

[[φ1 ∨ φ2]](σ) := [[φ1]](σ) ⊔ [[φ2]](σ)

[[©ψ]](σ) := [[ψ]](σ|1)

[[φ1 Uφ2]](σ) := ⊔i≥0

(

[[φ2]](σ|i) ⊓ ⊓0≤j<i[[φ1]](σ|j)
)

wherea ∈ AP , σ|i(j) = σ(i+ j) andO : AP → 2X maps
each atomic proposition to a subset of the state spaceX .

The following theorem can be proven by straightforward
induction on the structure of formulaφ.

Theorem 4 (in [34]): Given φ ∈ ΦLTL andσ : T → X ,
if [[φ]](σ) = ε > 0, then for all signalsσ′ : T → X such that
supi≥0 d(σ(i), σ′(i)) < ε, we have[[φ]](σ′, t) > 0.

Informally, the previous theorem says that if a signal
satisfies an LTL specificationφ with robustness estimateε >
0, then any other signal that remainsε-close toσ will also
satisfy the same LTL specification. This implies that if we
can find a way to determine the neighborhood of signals that
remainε-close toσ, then we can automatically guarantee that
all the signals in such a neighborhood satisfy the same spec-
ification φ. One way to determine neighborhoods of signals
with similar behaviour is by employing approximate metrics
[35]. Based on this simple observation, in [36] we presented
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Fig. 8. The simulation trajectories of Example 3.

an algorithm for the bounded time temporal logic verification
of dynamical systems. First, the algorithm samples points in
the set of initial conditions of the system using guidance from
the bisimulation function. Starting from this set of points,
we simulate the system for a bounded horizon. For each
of these trajectories we compute its robustness estimate. If
the robustness estimate bounds the distance computed by the
bisimulation function then we are done, otherwise we repeat
the procedure. The novelty in our framework is that the
number of simulations, which are required for the verification
of the system, decreases inversely to the robustness of the
system with respect to the temporal property. The following
example from [37] indicates how the framework in [36] can
be utilized in the context of bounded time verification of
autonomous systems. Note that actually the algorithm in
[36] can handle more complicated temporal specifications,
namely Metric Temporal Logic specifications, which can
reason also about the metric properties of time and not only
about properties of the state space.

Example 3:The goal of this example is to check whether
the transient behavior of a long transmission line is accept-
able in terms of overshoot. The dynamics of the system are
given by the linear dynamical systeṁx(t) = Ax(t)+bUin(t)
andUout(t) = cx(t) wherex(t) ∈ R

N is the state vector
containing the voltage of the capacitors and the current of the
inductors andUin(t) ∈ R is the voltage at the sending end.
The output of the system is the voltageUout(t) ∈ R at the
receiving end. Here,A, b and c are matrices of appropriate
dimensions. Initially,Uin(0) ∈ [−0.2, 0.2] and the system
is at its steady statex(0) = −A−1bUin(0). Then, at time
t = 0 the input is set to the valueUin(t) = 1. We use an 81st
order RLC model of the transmission line (i.e.,N = 81). We
would like to check that the amplitude of the voltage always
remains bounded byθ Volts (overshoot) whereθ ≥ 0 is a
design parameter. The specification is expressed as the LTL
propertyφ = �a, where the predicatea is mapped to the set
O(a) = [−θ, θ]. When we apply the framework in [36] to
this example we get the following results : (i) forθ = 1.4 the
propertyφ is determined to befalsewith only one simulation
and (ii) for θ = 1.6 the propertyφ is determined to betrue
after 5 simulations (see Fig. 8).

IV. A PPLICATION OFPARTIAL ORDERS TOTIMED

CONCURRENTSYSTEMS

Edward E. Lee
Electrical Engineering and Computer Science
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Fig. 9. A composition of three actors and an abstraction.

A. Introduction

This tutorial focuses on system models consisting of
interactive concurrent components that communicate via
signals. The signals are functions that map time into values.
Discrete-event, continuous-time, and hybrid systems fallin
this category. This tutorial shows how signals can be viewed
as elements of a partially ordered set under a prefix order,
and systems can be interpreted as compositions of functions
over this partially ordered set. Properties of these functions,
such as monotonicity, continuity, and causality, can be used
to answer questions about systems, such as liveness and
existence and uniqueness of solutions. For example, Zeno
behavior in hybrid systems can be studied as a liveness
problem. More importantly, we can give a rigorous semantics
to discrete-event, continuous-time, and hybrid systems, and
we can show that synchronous/reactive systems are a simple
special case where time is simply a totally ordered discrete
set.

B. Structure of Models

Models will be given as hierarchical networks of actors
like those shown in Fig. 9. These models can represent
physical components with continuous or discrete dynamics or
software components interacting by sending each other time-
stamped messages. In either case, we call the components
“actors” and we call the communications between actors
“signals.” In Fig. 9(a), a program is given as a network of
three actors,A1, A2, andA3. The boxes represent actors, and
the triangles on the boxes represent ports. The ports pointing
into the boxes are input ports, which receive signals, and
the ports pointing out of the boxes are output ports, which
send signals. The interconnections (“wires”) between actors
represent interaction pathways, and carry signals. A signal is
the entire (possibly infinite) history of an interaction between
actors along one of these pathways. The actors themselves
will be represented as functions whose domain and codomain
are sets of signals.

Models are hierarchical. A set of interconnected actors can
be abstracted, as illustrated in Fig. 9(b), where actorA is an
abstraction ofA1, A2, andA3 and their interconnections.



C. Mathematical Interpretation

We model time by totally ordered setT . This could
specifically be a subset of the real time, or more interestingly,
super-dense time (SDT) [38], whereT = R+×N with lexical
ordering,

(r1, n1) ≤ (r2, n2) ⇐⇒ r1 < r2, or r1 = r2 andn1 ≤ n2 .

SDT provides a better model than the real numbers for hybrid
systems [39].

A signal is a partial function defined on a down set of
T , where a subsetT ′ of T is a down set if for allt′ ∈ T ′

and t ∈ T , t ≤ t′ implies t ∈ T ′. Down sets are also called
initial segments in the literature [40].

Let S denote the set of all signals with tag setT . That
is, this is the set of partial functions with domainT and
codomainV that are defined on a down set ofT . S is a
partially ordered set (poset) under theprefix order , defined
next. For anys1, s2 ∈ S, s1 is a prefix ofs2, denoted by
s1 ⊑ s2, if and only if s2 is defined everywhere thats1 is
defined ands1(t) = s2(t), ∀t wheres1 is defined. The prefix
order on signals is a natural generalization of the prefix order
on strings or sequences, and the extension order on partial
functions [41].

A complete partial order (CPO)(P,≤) is a poset where
P has least element⊥P ∈ P , and where every directed
subset ofP has a least upper bound. A subsetD ⊆ P is
directed if for alld1, d2 ∈ D, {d1, d2} has an upper bound
in D.

A signal set with the prefix order(S,⊑) is a CPO [42].
The least element ofS is s⊥ : ∅ → V , an empty signal (it
has no events). If a signal is defined for all tags inT , then
it is a maximal element ofS, and is called atotal signal.

Actors will be modeled as functions from input signals to
output signals. For example, in Fig. 9(b), actorA is given by
a functionFA : S → S, where the function will be defined
in terms of the corresponding functions for actorsA1, A2,
andA3. Because of the feedback structure in Fig. 9(b), the
behavior of this model will be given as a fixed point of the
functionFA.

This tutorial will study the properties of such fixed points
that emerge from the mathematical model, reviewing and
leveraging classical results on partial orders [43]. In par-
ticular, monotonicity and continuity of functions turns out
to be central. Let(D,⊑) and (E,⊑) be CPOs. A function
G : D → E is monotonic if it is order-preserving,∀d1, d2 ∈
D, d1 ⊑ d2 =⇒ G(d1) ⊑ G(d2). The same function is
(Scott) continuous if for all directed setsD′ ⊆ D, G(D′)
is a directed set andG(

∨

D′) =
∨

G(D′). Here,G(D′) is
defined in the natural way as{G(d) | d ∈ D′}, and∨X
denotes the least upper bound of the setX .

It is easy to show that every continuous function is
monotonic. A classic fixed point theorem [43] states that
if G : D → D for CPOD is continuous, then it has a least
fixed point, and that least fixed point is

∨

{Gn(⊥D) | n ∈ N}, (3)

where⊥D is the least element ofD and N is the natural
numbers.

These results can be immediately applied to closed actor
systems (those that have no external input signals) like those
in Fig. 9. If each component actorA1, A2, andA3 is given
by continuous function, then the composite actor function
FA is continuous. Thus, it has a least fixed point, and that
fixed point is given by (3). Following [44], we can define
the semantics of the feedback system to be the single unique
behavior that is the least fixed point. As we will see, however,
this result applies much more broadly than to the process
networks of [44].

It is intuitive for actors to be monotonic in the prefix order.
Consider an actorA with a single input port, a single output
port, and actor functionFA. Consider two possible input
signalss1 and s2, wheres1 ⊑ s2. That is, s2 extends (or
equals)s1. If FA is monotonic, thenFA(s1) ⊑ FA(s2). That
is, FA(s2) extends (or equals)FA(s1). Intuitively, extending
the input does not result in changes to “previously produced”
outputs (the portion of the output that results from the
unextended input). Thus, it is natural for actor functions to be
monotonic. Intuitively, if an actor function is also continuous,
then this means that the actor does not wait forever before
producing output. This behavior is also intuitive and natural.
Thus, we conclude that constraining functional actors to be
continuous is not onerous.

Open systems have external input signals, the sources of
which are not included in the model. We have a bit more
work to do to build a suitable theory for such systems, but
again, classic results can be applied almost immediately. As
before, let(D,⊑) and(E,⊑) be CPOs, but now we consider
a function of the form

G : D × E → E. (4)

For a givend ∈ D, let G(d) : E → E be the function such
that

∀ e ∈ E, (G(d))(e) = G(d, e).

If G is continuous, then for alld ∈ D, G(d) is continuous
(lemma 8.10 in [45]). Hence,G(d) has a unique least fixed
point, and that fixed point is

∨

{(G(d))n(⊥E) | n ∈ N},

where⊥E is the least element ofE.
These results lead to a reasonably compositional formal-

ism, where the properties of compositions of actors follow
from the properties of the component actors. In this tutorial,
we will emphasize intuition about the mathematical structure
of these models. We will give brief consideration to their
topological properties. And we will show concretely how
they apply to familiar systems such as continuous-time
control systems, discrete-event systems, and hybrid systems.

D. Background

This tutorial builds on domain theory [27], developed for
the denotational semantics of programming languages [45],
[46]. But unlike many semantics efforts that focus on system



state and transformation of that state (temporal logics and
automata theory), we focus on concurrent interactions, and
do not even assume that there is a well-defined notion of
system state. In particular, we develop a timed version of
the fixed-point semantics for process networks as introduced
by Kahn [44]. Our version uses the tagged-signal model [47].

An alternative approach to the semantics of timed systems
that is distinctly denotational builds on metric spaces. In
1988, Reed and Roscoe [48], [49] gave a semantic framework
for concurrent systems, specifically timed CSP, based on
complete metric spaces, saying that they “seem a natural
method by which to induce a hierarchy on the various
models” and they “appear more appropriate for modelling
continuous concepts such as real time.” The basic approach
is to define a metric (actually, typically an ultrametric) onthe
set of traces of signals communicated between actors. The
actors are then modeled as contraction maps, and the Banach
fixed point theorem yields a fixed-point semantics. This
approach has been pursued by others for both timed systems
[50], [51] and more conventional concurrent programs [52]–
[54]. In this tutorial, we will briefly review these results.
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A. Introduction

Intelligent Transportation Systems (ITS) are quickly mov-
ing away from single-vehicle, autonomous sensor-based, ap-
plications to multiple-vehicle cooperative applications. This
is a result of emerging technologies in global positioning and
inter-vehicular wireless communications. These technologies
have ignited the current growth of academic and industrial
research into advanced vehicular applications for safety,
mobility, and commercial benefit. Although this tutorial will
focus on safety applications, strong business and environ-
mental cases can be made for communication-enabled mo-
bility and commercial applications. Forthcoming applications
will depend on the ability of vehicles to quickly predict
and then communicate their future positions, velocities, and
accelerations to neighboring vehicles and infrastructure. In
such a way, each vehicle can build dynamic maps of the
surrounding driving environment. Conversely, current pro-
duction systems including Adaptive Cruise Control (ACC),
Lane Keeping Assist (LKA), Pre-Collision System (PCS),
and Intuitive Parking Assist (IPA) rely solely on a myriad
of autonomous sensors like radars, lidars, cameras, and
ultrasonic transmitters to detect other vehicles and objects.

In reality, ideal future systems will incorporate a mixtureof
autonomous sensors and communication between vehicles.

B. Societal Motivation

Safety applications and related technologies also continue
to be examined by industry/government consortiums, such
as the Crash Avoidance Metrics Partnership (CAMP1) in
North America, the Car2Car Communications Consortium2

in Europe, and the Advanced Safety Vehicle (ASV) Project3

in Japan. In 2006, 42,462 motor vehicle related fatalities
were registered by the National Highway Traffic Safety Ad-
ministration (NHTSA) Fatality Analysis Reporting System
(FARS) [55]. Fortunately, this was a 2.0% decrease over
the number of fatalities (43,510) reported in 2005. However,
despite the number advances in vehicular safety (ex. anti-lock
brakes, airbags), the number of fatalities has remained over
40,000/year for the past 15 years. One hypothesis for this
constant rate is that with the increased ability of vehicles
to protect occupants from severe accidents and injuries,
drivers are subsequently willing to undertake more risky
driving behaviors. Vehicle-to-Vehicle (V2V), Infrastructure-
to-Vehicle (I2V), and vehicle-to-infrastructure (V2I) wireless
communications aim to significantly reduce these numbers,
by providing information to the driver and the vehicle that
is unavailable through driver perception and autonomous
sensors alone.

C. Enabling Technologies

In North America, the Global Positioning System (GPS)
and Differential GPS (DGPS) provide an estimate of the
current location of the vehicle in an earth coordinate frame.
Galileo and GLONASS are being assembled for comparable
systems in Europe and Russia, respectively. DGPS relies on
correction signals originating from land-based (e.g., NDGPS)
or space-based (e.g., WAAS) beacons, and can attain roughly
1m accuracy in open-sky conditions. Moreover, improved
positioning accuracy is possible with Real-Time Kinematic
(RTK) methods that utilize the carrier-phase measurements
of the GPS, Galileo, or GLONASS signals. RTK methods
have shown decimeter level positioning accuracy is possible.
Furthermore, two additional benefits of GPS (or similar) are
that in a cooperative environment, the satellites can provide
a common clock and a common earth coordinate frame
for safety applications running distributively on multiple
vehicles. Conversely, all the above mentioned positioning
techniques are susceptible to signal loss under overpasses,
within developed urban areas, and amongst heavy foliage.
Fortunately, substantial academic and industrial research is
now focused on GPS, Inertial Measurement Unit (IMU), and
other on-board vehicle sensor integration to compensate for
GPS signal outages [56], [57]. Leading academic groups

1The CAMP consortium comprises the following vehicle companies:
DaimlerChysler, Ford, GM, Honda, and Toyota. It works in partnership
with the USDOT and NHTSA.

2Seehttp://www.car-2-car.org.
3The ASV is a partnership by 14 automobile, truck, and motorcycle

manufacturers, sponsored by Japanese Ministry of Land, Infrastructure and
Transport (Seehttp://www.mlit.go.jp).



are the Position, Location, and Navigation Research Group
(PLAN) at the University of Calgary4 and Stanford’s Center
for Position, Navigation, and Time5. Dedicated Short Range
Communications (DSRC) is the leading wireless technology
worldwide under consideration for cooperative vehicular
safety applications [58]. In the United States, the Federal
Communications Commission (FCC) has allocated a 75MHz
band in the 5.9GHz range for DSRC. Various layers of the
DSRC stack are now under different stages of standardization
(IEEE 802.11p, IEEE 1609, and SAE J2735).

Particular challenges facing wireless communication im-
plementation involve message security, efficient message
composition, reliable message dissemination, and cross-
channel interference. At the application level, wireless
communication-based systems must be robust to other wire-
less communication characteristics including packet drop-
ping, uncertain latencies, and bandwidth limitations. While
positioning and communication technologies are emerging,
the amount of information available within the vehicle itself
is also growing. Many modern vehicles are equipped with
some form of vehicle dynamics stability system, which
incorporate wheel speed sensors, yaw rate sensors, and
accelerometers. This information is usually available over
a vehicle communication bus (e.g., CAN, FlexRay). This
expanding amount of vehicle information available from GPS
positioning measurements and on-board sensor data can be
used as an initial condition for a prediction routine of the
host vehicle’s future trajectory as well as directly sharedwith
neighboring vehicles.

D. Collision Detection and Avoidance and the Use of Partial
Order Techniques

In terms of cooperative safety systems, the majority of
applications focus on collision detection and avoidance.
Despite the various challenges of wireless communication
technologies, inter-vehicular communication can still provide
larger neighborhood maps than are possible with radars and
cameras alone. These larger maps provide more time to
detect and resolve conflicts in desired vehicle trajectories.
The road geometry provides a structured behavior which
vehicles are expected to follow. Furthermore, GPS provides
imperfect information on the position of the vehicles.

The larger time horizon made possible by wireless com-
munication enable the employment of safety control tech-
niques based on the computation of the backward reachable
set [59] or uncontrollable predecessor [60] of an unsafe set.
The employment of GPS requires that a state estimator is
constructed in order to cope with missing or imperfect data
regarding the position of the vehicles. The road geometry
and the rules of the road force the vehicles to move in
one direction only in their lane. This basically implies
that vehicles motion enjoys order preserving properties with
respect to the order established by the lane direction of
motion. The presence of traffic constraints, such as those

4Seehttp://plan.geomatics.ucalgary.ca.
5Seehttp://scpnt.stanford.edu/.
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Fig. 10. Two vehicles in the proximity of a traffic “T” intersection.
The unsafe set is defined as the set of all vehicle 1/vehicle 2
configurations in which the vehicles are both closer than some
distanced from the intersectionC of their paths. This corresponds
to a rectangle in thex1, x2 plane.

that prevent a vehicle to stop inside an intersection, and the
need to account for discrete decisions made by a driver can
be modeled employing hybrid automata [61].

Taking all of the above facts into account, the problem
of collision detection and avoidance at traffic intersections
has been formulated in [62] as an observer-based control
problem for order preserving hybrid automata. In [62], the
set of vehicle speed and position configurations that lead to
a collision independently of driver’s actions is considered for
the case of two vehicles converging to an intersection. Sucha
set is called the escape set. By virtue of the properties of the
vehicle dynamics, an approximation of the escape set can be
efficiently computed by iteratively computing only suitable
lower and upper bounds. A state estimator is constructed,
which also keeps track of suitable upper and lower bounds
in the vehicle configuration space. The basic idea of such an
estimator is the one explained in Section II. The estimator
gives the set of all possible current vehicle configuration
values as an interval. The control algorithm guarantees that
such a set never intersects the escape set. From a practical
point of view, if entrance into this set is predicted, then
a warning signal may be issued to the driver. Alternately,
suggested control actions may be given to the driver or
automatically implemented to avoid entering the escape
set. These collision detection and resolution techniques that
incorporate partial order approaches and consider imperfect
state information could be particularly useful in highway
merging and urban intersection scenarios. An illustrative
example is next provided.

Example.Let us consider two vehicles converging to a
traffic intersection (Fig. 10). The vehicle’s physical motion
can be modeled by considering its longitudinal dynamics
along its geometric path (determined by the geometry of the
lanes) following a similar modeling framework as performed
in [59]. Let thenx1 andx2 denote the position of the two
vehicles along their path with respect to some fixed reference
point. Let v1 and v2 be the velocities of the two vehicles
along their lanes. For simplicity, we assume that each vehicle
dynamics along its lane can be modeled by a simple second



order system, which in discrete time takes the form:

x′i = xi + vi(∆T ), v′i = vi + ui(∆T ), i ∈ {1, 2},(5)

in which ∆T is the time interval. The controllerui can
directly affect the acceleration by acting on the throttle
pedal or on the brake. The system also has the following
constraints. When a vehicle is inside the intersection, it
cannot stop as it has to free the intersection as soon as
possible, while it can stop before entering the intersection. In
addition, a vehicle cannot move backwards in its lane. These
constraints can be modeled, for a suitablexA

i , by requiring
that for xi ≤ xA

i then vi ≥ 0, while for xi > xA
i we must

havevi ≥ vm with vm > 0. Let um < 0 < uM . To enforce
this requirement, we assume thatui satisfy

whenxi ≤ xA
i , ui ∈

{

[0, uM ], if vi ≤ 0

[um, uM ], if vi > 0,

whenxi > xA
i , ui ∈

{

[0, uM ], if vi ≤ vm

[um, uM ], if vi > vm.

Thus, each vehicle can be described by a hybrid automaton
with two modes:qi = q1,i if (xi ≤ xA

i and vi ≤ 0) or
(xi > xA

i andvi ≤ vm); qi = q2,i if (xi ≤ xA
i andvi > 0)

or (xi > xA
i andvi > vm). In each one of these modes, the

update map is given by equations (5), in which the allowed
inputs for each vehicle in each mode are given byι(q1,i) =
[0, uM ] for modeq1,i and byι(q2,i) = [um, uM ] for mode
q2,i. The hybrid automaton admits only autonomous mode
transitions, that is, transitions induced by the configuration of
the continuous variable. The variablesvi are assumed to be
directly measurable, while the variablesxi are obtained with
a measurement error∆. By exploiting the fact that the update
map 5 preserves the order with respect to component-wise
ordering inR

4, an approximation of the escape set can be
efficiently computed as explained in [62]. For this example,
Fig. 11 shows an approximation of the escape set in the
x1, x2 plane for the current values ofv1, v2.

E. Open Problems

The largest open problem with existing collision detec-
tion and avoidance approaches is their scalability. Many
techniques exist for pairwise collision resolution but these
often don’t scale well in environments where many vehicles
co-exist. This is particularly true in the automotive domain
where time scales are smaller, spacing distances are tighter,
and vehicle densities are higher than aerospace systems.
Again, the difficulty of the automotive domain emphasizes
the need for computationally efficient algorithms that can be
executed quickly on inexpensive processing platforms.

Secondly, cooperative systems for the automotive domain
must have algorithms that are robust to the lossy behav-
ior of the wireless communication channel. Often, control
engineers assume perfect communication models in their
system design and validation. Although no system can ever
be guaranteed to be 100% reliable, all designs should be
accompanied by some quantification of their sensitivity to
various communication deficiencies.
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Fig. 11. The approximation of the escape set at the initial time
in the x1, x2 plane for the initial values of velocitiesv1, v2. The
dot represents the position of the vehicles in thex1, x2 plane and
the rectangle surrounding it is given by the state estimator. (Taken
from [62])

Finally, all cooperative systems that employ warnings or
automated behavior struggle with driver acceptance and ex-
pectation. Systems that maintain a level of driver engagement
at all times in the driving cycle should provide more positive
driver reactions to these systems’ behaviors.
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