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Abstract. The safety control problem for the class of discrete timellwiangular order preserving hybrid
automata with imperfect continuous state information idragsed. A dynamic feedback law is constructed
in order to guarantee that the continuous state is alwaysdeua bad set. The order preserving properties
of the dynamics are exploited to construct state estimatiwhcontrol algorithms that have linear complexity
in the number of variables. Such algorithms adopt an intexivatraction approach, in which sets of interest
are represented and propagated only through suitable appelower bounds. The proposed algorithms are
applied to a collision avoidance problem arising in the emnof intelligent transportatidn

1 Introduction and Background

The problem addressed in this paper is the dynamic contrale(gstimator plus control) of the parallel
composition of a class of discrete time hybrid automatarfgular order preserving hybrid automata) under
safety specifications. Motivating applications both far thodel and for the problem considered include multi-
agent hybrid systems, in which each agent evolves alondhappabute in a network of routes and conflicts arise
at routes crossings. Examples include intelligent trariafion systems and railway network control systems.
In these systems, each agent (a vehicle) can be modeled &sid aiytomaton, in which the continuous state
dynamics has triangular structure and models the physioibmof the agent along its path. The discrete state
can model the control mode in which the agent can be (brakiteglerating, run-out, etc.) or it can model input
and state constraints. The entire system is given as thiégbammposition of the component systems modeling
the agents. In particular, one problem for which automatdutions are sought is the collision prediction and
avoidance at tiféic intersections and at railway mergings [19, 15]. In thes#esys, the state (speed and
position, for example) is known to the controller only wittiome uncertainty bounds. This uncertainty is due
to measurement errors or to missing measurements as itsofmmuexample with the position measurement
obtained by the Global Positioning System (GPS) or by rade-sensor systems.

The control problem under safety specifications assuminfggtestate information has been addressed by
several researchers (see [25, 23, 8], for example). Germmabl design problems under language specification
(safety, for example) [21, 14, 26, 25, 17] have been extehsstudied for discrete systems in the computer
science literature (see [24] for an overview). A controlgpective in the context of discrete event systems was
given by [22]. The approach has been extended to specifisedasf hybrid systems such as timed automata
[13, 2] and rectangular automata [28]. For these classeglufcthsystems, implementation results using tools
such as [10] showed that in practice the synthesis procesliireited to control problems with a small number
of control modes. Most of the work on safety controller dadigr general classes of hybrid systems has been
concerned with the computation of reachable sets (see fongbe [26, 25, 17], and the references therein).
In these works, the safety control problem has been addtdgseomputing the set of states that lead to an
unsafe configuration, a bad set of states, independentheahput choice. This set has been calleddagture
setin the diferential games literature as independently of any inpullesecg, the state of the system will be
captured by the bad set at some time. Then, a feedback is tedninat guarantees that any state that is outside
such a set is kept outside it [23, 8, 12, 25]. We mathemajicalike precise the notion of the capture set by
representing a system through the transition systems fiamm§l8]. In such a formalism, a system is a tuple
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X = (S,7,7), in which S is a set of states] is a set of inputs, and : S x I — S is a transition map. We
denote a state by € S and an input byu € 7. An execution off is an infinite sequencesf}ay such that
41 = (K, k) for UK € 7. Let B C S be the set of bad states. Foralk 0, we definer(s, {uX}o<k<n) by the
following relationsr%(s, u°) := sforall W € 7, 7(s, {U}o<k<n) = T(t" (S, {UK}o<ken-1), U"). The escape set is
mathematically characterized by

C={se S|V {Uey I N such thatrN(s, {U}o<ken) € B}

The safety control problem is thus the problem of designifepdback law = g(s) such that for all executions
{en starting withs ¢ C, we have thas® ¢ C for all k. A bottleneck in solving this problem is complexity. For
classes of hybrid automata for which the continuous dynsmd@achable set can be computed, computational
constraints usually limit the system to four or five continsovariables and to two or three discrete states.
Furthermore, the proposed algorithms are not guarantetsirtonate [23, 25]. To reduce the computational
load, approximate algorithms have been proposed to conapubeer-approximation of the capture set [26, 10,
11].

The safety control problem with imperfect or partial statboimation has been scarcely addressed in the
literature. Some results in this direction can be found B ghd in [5], for example. In [29], a controller that
relies on a state estimator is proposed for finite state sgstd he results are then extended to control a class
of rectangular hybrid automata with imperfect state infation. The approach employed by [29] is similar to
the one adopted for the full state information as it alscesebin the computation of the capture set. To make
this more precise, we illustrate the basic idea employirajratie transition system formalism. Consider now
a transition system with outpt = (S, 7, Y, 7, y), in which S is a set of stated is a set of inputsy is a set
of outputs,r : S x 7 — Sis a transition map, ang: Y — 25 is the output map, in which2denotes the set
of all subsets ofs. If a states € y(y), we say thais is compatible with measurement An output sequence
is denoted by{y}ia, in which y¥ is such thas¢ € y(y¥). Since the state is not measured, one determines the
set of all current system states. We thus define the operat8P % 7 x Y — 25 as follows. Lets’C S, then
#(8,u,y) := (5 U) N y(y). Given an output sequence Bf {y<}xei, corresponding to the executi¢s )iy, the
set of all states at stepthat are compatible with such an output sequence up tokséeq with the system
transition map is given by

gl (&, UK,y (1)
& = .

One can verify thas e & for all k. We refer to equations (1) asstate estimatofor the transition systerf.

In the diferential game literature, the seis also referred to as information state [16]state estimator-based
control strategyis one in which the control law depends on the state estigydtat’is,u = g(§). We define the
notation ™(8, {U ockent 1, {Y¥}oskens1) = TE(S, (U} ockens (Y¥Sosken), U, YY), 798, {UK}o<k<o, {Y<}oskeo) =
y(¥°), to denote the set of states to which an initial set of stdiesnapped aften+ 1 steps with input sequence
{US}o<kens1 and output sequend®}o<k<ns1. The capture se€ C 25 is the set of all subsets & such that if the
state estimator is initialized with one of such subsetS,ahen there will be an output sequence for which the
state estimate at a later time will intersect the bad set ntemahat input sequence is applied to the system.
Mathematically, this is denoted by

C={Xe 25|V {Ukar, I N and{y }ocken, such thatr™(X, {U}ockens (Y¥lo<ken) N B # 0). ()

To maintain safety, a controller must thus guarantee tleastaite estimator (1) will never have one of the sets
in C as a state. For a general system with only discrete staisettt can be computed in a finite number
of steps, but the complexity of the algorithm that computes exponential [29]. For a system with also
continuous states, the computation®is impractical because the sets are infinite.

In this paper, we exploit order preserving properties andaadular structure of the system dynamics to
show:



(a) that a tight over-approximation of the capture set ferpkrfect state information case can be symboli-
cally computed by an algorithm with linear complexity in tember of state variables;

(b) that with imperfect information one does not need toosyputeC, but the same symbolic computation
obtained for the perfect information case can be employesl/blpating suitable lower and upper bounds
on the lower and upper bounds of the state estimate.

The basic idea is to propagate and represent sets by meduesraffiper and lower bounds in the chosen partial
order. If the dynamics of the system preserve such an ondex,way that is made mathematically precise
in the paper, one can compute the uncontrollable predecessm interval just by computing its lower and
upper bounds. This way, one can compute the capture set Ipjydack propagating upper and lower bounds
as opposed to back propagating entire sets. This approaaspised by interval abstraction techniques [3],
which have been extensively employed in the static anabfssograms. Within this approach, representing
the set of current system states as an interval is crucialdtarmining the control map. In fact, such a control
map relies on the comparison between suitable upper and logeends for exploiting the order preserving
properties of the dynamics. Thus, we employ state estimatompartial orders as developed in [7] and in [6],
as opposed to employing other set valued approaches tcestateation such as the ones proposed by [1] and
by the references therein. The net result is a dynamic doaltyorithm for safety specifications that has linear
complexity in the number of state variables for systems witler preserving properties.

The contents of this paper are as follows. In Section 2, wedinice the class of systems considered, that
is, the class of triangular order preserving hybrid autemdh Section 3, we solve the perfect information
case control problem, while in Section 4, we solve the ingmrinformation case control problem. Finally,
Section 5 presents the application of the developed teabritp collision avoidance problems in intelligent
transportation systems.

2 Class of Systems Considered

In this section, we introduce basic notions on partial agderd the class of systems that we consider. A
partial order [4] is a se® with a partial order relation<”, and we denote it by the paiP(<). For allx,w € P,
the supx, w}, denotedx v w, is the smallest element that is larger than bo#mdw. The inf{x, w}, denoted
X A W, is the largest element that is smaller than bodmdw. If SC P, \/S:=sup SandA S :=inf S. If
xAwe Xandxywe Xforall x,w e X, then , <) is alattice. Any interval sublattice ofR, <) is given by
[LLUl={fwe P|L<w<U}forL,U e P. That is, this special sublattice can be represented by tardy
elements. A special type of partial ordering can be consitl@nR", and it is given by the component-wise
partial ordering, defined as follows. For ally € R" with x = (Xq, ..., Xn) andy = (y1, ..., Yn), We have thak <y
if and only if x; < y; for alli € {1,...,n}. Let (P, <) and Q, <) be partially ordered sets. A mdp: P — Qs (i)
anorder preserving mag x<w = f(x) < f(w); (ii) an order isomorphismf x < w — f(x) < f(w) and
it mapsP onto Q

We next specify the general class of transition systems fass ©f systems that has both continuous and
discrete states. That is, we define a hybrid autométas a transition systely = (S, 7, Y, 1, y), in which
S=QxX,IT=IpxIc,7=(f,R,withf:QxXxTc - X, R:QxXxIp— Q,andy:VY — 2Xx 29
In particular, we give the following definition, which is dogous to the continuous time counterpart [25].

Definition 1. A discrete time hybrid automatois a tupleH = (Q, X, 7,., Y, f, DomR,y), in which Q =

{01, ..., Om} is a set of discrete states (or modeX)= R" is the set of continuous states;= 7p x I, is the

set of discrete and continuous inputs, respectively® — 27 is a function that attaches to each discrete state
the set of enabled inputd/ is a set of outputsf : Q x X x I¢ — X is the continuous state update function;
Dom: Q — 2Xis a map that for each mode establishes the doma iimwhich such a mode is enabled;
R: Qx XxIp — Qisthe discrete state update map, which for any currentatisatate, continuous state, and
input determines the new discrete state;y — 2X is the output map.
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We denote by € Q the mode, by € X the continuous state, hye 7¢ the continuous input, and by € 7'p
the discrete input. We assume that the reset function i€ sthat is, it does not contain memory of previous
discrete states. Thus, we have that R(x, o). We make an explicit distinction between two types of modes
the modegy such thatDom(g) = X and the modesg such thatDom(g) # X. In particular, we assume that a
transition to a mode witidom(q) = X can occuonly by a suitable choice of discrete inputs, while a transition
to a mode wittDom(g) # X can occur only autonomously and thus cannot be controllai i$ formalized by
the following structure oR:
Ri(o) ifo+#0
Rx(x) ifo=0,

in which we defineRx(x) := q if x € Dom(g). One can verify that this update deterministicif Dom(gz) N
Dom(gp) = ® wheneveiDom(q;) # RP andDom(qy) # RP. Also, we assume that for any mode wiblon(q) =

RP, there exists a discrete inpute 7 such thatg = R(o). Thenon-blockingcondition can be guaranteed if
Uiq1 bomg=rey DOM(@) = RP. In the sequel, we use the notatign:= {q € Q | Dom(g) # RP}. The general
class of discrete time hybrid automata is next restrictati¢alass of hybrid automata in which the continuous
state update map is order preserving.

R(X, o) := { )

Definition 2. Let (R", <) be the partial order established according to componésg-ardering. Atriangular
order preserving hybrid automatdsa a hybrid automatoil = (Q, X, 7,+, Y, f, DomR v), in which

() The update mag (g, x, u) for everyg € Q andx = (g, ..., Xn) € R" has the following triangular structure
f(q % U) = (f1(X1, ey Xn)s oes §i (X, ooy Xn)s - Fn(Xn, G U)), in Which f; : R-0-1) 5 R fori e {1,...,n—1},
fn: Rx Qx Ic —» Rwith 7¢c = R, andDom(q) € R";

(i) We assume that the set of discrete states Vidhm(q) = R" is a lattice with minimuma and with
maximump, that is,{q € Q | Dom(q) = R"} = [a,B]. For allq € Q, we assume thaf{q) is an interval

in R, that is,«(q) = [uL(q),uy(q)]. Also, the functionsu,(-) anduy(-) are order preserving ig with
Dom(q) = R™;

(iii) We assume thaff is order preserving in all of its arguments, that is,»f,(.., x}) < (xib,..., x2) then
fi(x@, ... Q) < (P, ..., xH) fori < n, and f, (3@, g, u) < fo(X0, 0, u). Also, fy : Qligeq | Dome)=rn X R X
Ic — Risorder preserving in all of its arguments. Additionallyis one-one and onto ix, that is, fixed
Xi+1, --» ¥n, 0, U, for anyx’ there is one and only ongsuch thatfi(x;, ..., X)) = X if i <nor fi(x,qg,u) = X
if i = n. We denote the first one blYl(Xi’, Xi+1, ..., Xn) @nd the second one Idyl(xi’, g, u);

(iv) The mapsf; are non-decreasingi(X, ..., Xn) = X, fori < nand f,(x,, g, uy(Q)) > X, for all g;
(v) Forally € Y, the sety(y) € R"is an interval inR", <), that is,y(y) = [A ¥(¥), VV ¥(Y)].

Example 1. A practical motivation for the structure of the dynamics iafldition 2 is given by the longitu-
dinal dynamics of vehicles along their lanes or paths. X etR represent the coordinate of a vehicle along its
lane, then

X = R2/(Jw + mRz)(fw — forake — %CDAf uz- Crrmg— mgsir¥road)). 4)

in which J,, is the wheel inertiam is the mass of the vehicl& is the tire radius,fyrake IS the brake force,
fw = Tw/Rwherery, is the drive shaft output torqu¥), is the longitudinal vehicle velocityy; is the air density,
Cp isthe drag coféicient, A; is the projected front area of the vehicl; is the rolling resistance céiient,R

is the tire radius, ané .4 is the road gradient. For more details on this model, theariadeferred to [27] and
to the references therein. For automatic drivifigand fyrake are control inputs to the longitudinal dynamics of
the vehicle. Let the total forc€ = fi, — forake 6 = R?/(Jw + MR)(—CpA;U2 - Crrmg), b = R?/(Jy + MR),
andfroaqg = 0. Assuming that all the parameters are exactly known, dhealso known as the vehicle measures



on-board its own longitudinal velocity). Thus, one can sé&t = (u — §)/b so that the resulting discrete time
model can be written as
X1 = X1+ XAT, X, = Xo + UAT, (5)

in which x; = X, X2 = X;, andAT > 0 is the discretization time. Such a model not only has adri&ar
structure, but the update map is order preserving and incpkat the f; are invertible with respect to the.
Also, condition (iv) of Definition 2 is always satisfied besatthe vehicles cannot move in reverse along their
lane and ifuis large € is a suficiently large positive force), then the vehicle will acceale.

The parallel composition of a number of triangular orderspreing hybrid automata generates a block-
triangular order preserving hybrid automaton. This is madee precise by defining the parallel composition
of hybrid automata in a way similar to [9].

Definition 3. Let H1 = (Q1, X1, 71,1, Y1, f1, Domy, Ry, 1) andHz = (Qo2, X2, 12,12, Y>, T2, Doy, Ry, v2) be
two hybrid automata. The parallel composition, dendted H4||H>, is givenbyH = (Q, X, 7,., Y, f, DomR v),
in WhIChQ= Q1XQ2, X = X]_XXQ,I:I(; XIDWithIC = IQ]_XIQQ andID :_Z-D’]_XID’Z; L. Q—> IC is
given byt = (11,12); Y = Y1 xYo; T . QxXxTc — Xisgiven byf = (f1, f2); Dom(q) = Domy(qp)x Domp(ay);
R(X,0) = (Ru(X1, 071), Ra(X2, 02)); ¥ = (y1, ¥2)-

Definition 4. A block triangular order preserving hybrid automat@ithe parallel composition dfl triangular
order preserving hybrid automaith, ..., Hy.

Letx = (X, ---» Xni) € R", g € Qi Ui € (), o € Ip;i represent the continuous state, the discrete state, the
continuous input, and the discrete input of the triangujdaridl automatorH;, respectively. Then, in each mode
g = (01, ..., gn) of the hybrid automatori = Hy||...||Hy, the continuous state update map has the following form

Xj,i fj’i(Xj,i, ceey Xﬂ,i)a j <n, i e {1, ceey N}

Xni = fri(Xni, G, W), 1€ {1,...,N}, (6)

in which primed variables denote updated variables. In¢ogel, we will use the notation

fi(ai, Xi, W) = (fLi(Xwi, oo Xni)s oos T (Clis Xnji, Ui)).

For systemH = H;||...||Hn, we model the safety requirement by requesting that the sta¢ver enters the bad
set

B

B

(X015 oes XLy -0r XUN» oo X)) | (X225 -» X1N) € B},
[L1,Uq] X ... x [Ln, Un], with Lj, Uj € R. (7

In the sequel, we denote= (L4, ..., Ly) andU = (U4, ..., Uy). This choice of the safety requirement to involve
only the variablesx; 1, ..., Xa.n) iS motivated by applications, such as collision avoidamtavhich a collision
occurs whenever the positions of the agents are too closacto @her independently of the values of their
speeds, accelerations, jerks, etc.

In the next two sections, we address first the case in whiclwbizde state is measured (perfect information
case). Then we consider the case in which the continuowesd@tasubject to uncertainty (imperfect information
case). In such a case, the control map is the same as thetpeidemation case, but it is evaluated on the state
estimates as opposed to being evaluated on the state.

3 The Case of Perfect Information

In this section, we construct the control map by computinglaprgximationf of the capture se€. To
explain the idea of the algorithm that computes the over@apmationC of the capture set, we introduce first
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a very simple example.

Example 2. Consider the system

Xy = X1+ U, Up € [Um, Uv]
X5 = Xo+ U, Uz € [Um,Uwm] (8)

with bad setB = [L,U] x [L,U], with L,U € R andL < U. In this case, the exact capture §etan be
computed by employing the following very simple reasonifidne set of all ki, xo) that are mapped by (8)
inside B for all inputs (11, Up) € [Um, Um] X [Um, Um] iS given by{(Xs, X2) | X1 € [L —u;,U —u] and % €
[L —up,U — ] forall (up,us) € [Um,Um] X [Um, Um]}, Which is simply given byB! := {(x1, %) ;%1 €
[L=Um, U—-um] andx, € [L —um, U —um]}. One can then compute the set of all,(x») that are mapped by (8)
inside B! for all inputs (i1, Up) € [Um, Um] X [Um, Um], to obtain L — 2um, U — 2upm] x [L = 2um, U — 2up] := B2.
As a consequence, one obtains that

C= UBk, BX = [L — Kum, U — kum] % [L = Ktm, U — kum],
k>0

which is depicted in Figure 1. Let us denote the endBoby LK := L — kuy, andUX := U — kuy. Once the
capture se€C is computed this way, the control mam (up) = g(X1, X2) is simply determined by leaving the
input arbitrary if this input does not map through (8) thees(®;, x2) in C. Otherwise, setl; = Uy andup = Uy
if x; < LXandx, > UX1 for somek (that is, i, xo) is “above”C), or setu; = uy anduy = Un, if x; > UX and
x> < UL for somek (that is, (i, xo) is “below” C). One can check that such an input map will keep any state
(%1, X2) outsideC still outsideC. This is pictorially shown in Figure 1.

In this example, the computation 6f has been ob-
tained by back propagating only the lower and upper
bounds ofB, which is possible because the dynamics
preserves the ordering on the state. Also, the exploita-
tion of the order preserving property of the dynamics
with respect to the input allows to easily compute the
control map by comparingx(, x;) with the lower and v =y
upper bounds oB.

L—(k}— Dum

We next generalize the reasoning of this simple ex-
ample to the class of systems given in Definition 4 in
the case of perfect state information, that is, in the case
in whichy(y) = {x}. Let thusB be as given in equations
(7). Denote

Fi(X2,is oo Xnis O W) = (F2i(X2i, oes Xni)s ooos i (Xes G W),
G ni- G U) 1= (f2ixei ni) ni (X Gis Ui)) Figure 1:Example of capture s& (given by the union

X = (Xai, s Xni), @nd of the intervals) for the simple system in equations (8).
S If a state (the dot) is “above” the capture €:tthe con-
trol (ug, u2) = (um, Uym) guarantees that it is mapped still

F g u) = F(EXY(x. g u). a. u).
(% G, u) ( (%, G, 1), G, i) “above” the capture set.

_ LetX = (X1,...Xn). Then we have thal = {(X11, s X1 s XLNs - XN | (X115 --» X1n) € C*(X)), in which
C*(x) is given by the following algorithm.



Algorithm 1. o B B
C' (%) = Uics LA UM, L= 1L, U%=U, L¥= (L., L§), Uk = (UX,... UY) with

L) = fHL.%)
Ulx) = fHUP ),
while fork > 1, we have
LK) = L) v LFP(x) (9)
L) =\ f ORI, o un@)). %) (10)
gieQ
L) = fHUNFI(K @i, ui (@), X) (11)
UK = USA(%) A UFP(%) (12)
Ufeen) = \/ ORI, 6 uo (@), %) (13)
qi€Qi
UrPx) = fHURHFiI(R, Bi. uu (8))). %) (14)

with (removing the dependence apfor shortness of notation)

LK = inf(LK, LD (15)
supUK, LK1, if 3 j such thatuk > L¥-2,

Ul = |<p¢JI > - lj Gy (16)
Uy, if Uk <LV,

with k* the smallesk such that
UK < LF! viand3 j such thatU¥ < L*,

For a fixedx, the se(f*(@ is the union ok* intervals inRN. The expressions (9) and (12) of the extremes of
such intervals depend on the values of the variablgs (., X,;) for all i. For computation, one carffeine sym-
bolically compute the iterative expressions (9) and (12) ewaluate them only when the value @&, ..., Xn;i)
becomes available on-line. The $etis obtained by computing at each iteratian{ 1)N computations for
evaluatingfj; for j > 1 and fori € [2,N]. This procedure has thus linear complexity with the numdfer
continuous state variables. _

We next show that Algorithm 1 computes an over-approximmatbC, that is,C > C, by showing that
for all x ¢ C, there is always an input such thais mapped outsid€. We show this in two parts. First,
we demonstrate that whenever¢ C (and thus Xi1,.... xin) ¢ C*(X) € RN) there is a two-dimensional
prolectlon ofC*(>6 and of (g1, ..., X1 n) along coordinate axig,(j) in RN, such that Xy, X j) is not contained
in UKGHLEC), UKGQ)] x [Lk(x,) Uk(xj)] (Proposition 1). From a geometric point of view, the sitoa, in
such a plane, becomes then S|m|Iar to the one in Figure 1lnatefor the simple example. Secondly, we
consider such two-dimensional projection @f(x) and of {1, ..., X, ) to compute an input that maps the
two-dimensional projection ofx{ 1, ..., X3.n) outside the two-dimensional projection ©f(X) (Proposition 2).
Let us denote by Ing) the interior of a set for a s& in a metric space.

Proposition 1. Given Algorithm 1, the following are equivalent:
() (a1, Xan) € INEC (X);

(ii) there is a pair of coordinategi, j) with i # j and ak < k* such that either % < L¥(x) for k < k and
X1j > U'j‘(ij) for k > k, or xj < LK71(X).



Proof. We omit here the dependence ©f, of L¥, and of UX on x. The proof that i{) implies () follows
directly by the fact thati() implies that &; 1, ..., Xo,n) iS not contained in any of the intervals compos({®g
We thus prove thai Y implies (i). If (Xy1, ..., X1,N) € Int(C*), then 1.1, ..., X1.n) IS not in any of the component
rectangles o€C*, that is, 1.1, ..., XL.n) ¢ Int([Lk, k]>< - x[LK, UK]) for all k. This, in turn, implies that for all
k there is at least onig such that either (a1, < L or (b) X, > U . Letk be the smallest integer less than

k* such that there isig with xq;, > U"k If it does not exist, it means that therdjs.; such thaixyj,. , < L:‘k i

If it exists, it implies thatxy;, > Jk and that there is &-1 such thatxg;, , < L ‘i_ Here, we can have two
cases: (1)x.1 # ik and (2)ix.1 = |k In case (1), we have thus that;, > Uk > Uk+1 > .. > Uk and that
XL L < Lk 1< Lk 2<..< [o _ because the sequendéd} and{U} are non- mcreasmg In case (2), we have
thatU < X1|k < L ‘1 ThIS |n turn is possible |Uk < I:k 1 which by equations (16) is pos,S|bIeU1k <L —k 1

for all J Then, elther there is g+ iy such thatxlJ > Uk or for all j # ix we have thak, j < Uk that |mpI|es
Xyj < I:k 1. The relationxy j; > Uk with j # iy and WIthX1|k < —k 1 falls back into case (1). Slmllarly, having

that x| < Lk Lforall j # ik andU < X1, also falls back into case (2).
O

Proposition 2. Let LX(x) and UX(x) be as in Algorithm 1. If 5 < LK(X), (x;i > UK(X)) then there exists a
continuougiscrete control law such that,x < Li"%(X) (x;; = Uf~*(X)). In particular, such a control law is
as follows:

if x5 < LX(X), then

Rei(0) = e, U = ui(ar) ifLEP(X) < L) a”)
Roi(%) = G, Ui = ui(a)  if LX) = LP(x)
if xqi > UK(%),
Rui(oi) = i Ui = uy(8) i UFA(%) > UFO(%) 18)
Roi(x) = ai, U = uy(q)  if UF3(%) < UFP(x).

Proof. In the case in whichx; < E!‘()?i), we also have by expressions (16) that < L}((Z). If also L:"""(Z) >
L!"b(%), we will have thatx;; < L!"a(%). Applying f1; both sides and taking into account tHat preserves
the ordering, we obtain that j(x1;, X) < fl,i(L!"a(%), X). By equation (10) and by the order isomorphism
property of f, in its first argument, we have theﬁi,i(L:"a(%), %) = Nged Ifl!“l(Fi(%,qi,uL(qi))). Also, we
have that/\q g L (Fi(X, 0 uc(a))) < L(Fi(X, o, uL(@))). As a consequence, if we choose the control
action such thaty = Ry;(x) andu; = u(q;), we obtain thaf;(x, q;, u_(q)) = (x’2’i, e X)) = X, and therefore
thatxy; = fui(xwi, %) < Ifik‘l(ii’). If L:"a(%) < Lik’b(%). We can proceed similarly to obtain that; < L:"b(%)
implies by the order preserving property faf; that f1;(xgi, i) < f1; (Lk’ (%), %). By equation (11), we also
have thatfl.(LK (%), %) = Lk L(Fi(%, @i, u_(a))), which by choosingRy (o) = @i andu; = ui(a;) is equal

to Lk Y0 X) = Lk 1(X|) As a consequence, we have again tgt=f1;(x.;, %) < Lk Y00 X)) =
Lk 1(X|) If X1 > U (x,) it follows from expressions (16) that; > Uk(x,) and the proof proceeds in a way
S|m|Iar as performed above. m|

When the measurememtbecomes available, the extremdgx) and UX(x) can be evaluated. Then, one
checks whether maintaining the current input will cause (b‘?r---- ’lN) will enter any of the intervals

[LX(X), UXGR)] x ... x [LK(X,), UK (%,)] for all k. If not, the input is maintained constant. Otherwise, the
input is changed accordlng to the following algorithm.

Algorithm 2.



(i) If there is ak € [0,k* — 1] and a pair of coordinates, () such thatx;; > Jik+1 andxgj < LX then set

(Ri(xi, i), ui) as in equation (18) witk + 1 in place ofk, and setR;(x;, o), u;) as in equation (17);

(i) If instead (i1, ..., xn1) < (LX72(x0), ..., LK ~2(Xn)), select {, j) such thatxg; < LK~Y(%) and xqj <
L'j‘*‘l(ij) with Ur(ij) < L‘f()?j). If x1j > L‘f()?j) then (. j > U'j‘*(ij)), set Rj(xj, oj), uj) as in equation
(18) and setRi(xi, o), Ui) as in equation (17). Ikyj < L‘fj, set R(Xj, o), u;j) as in equation (17) and set

(Ri(xi, o), ) arbitrarily (if Ri(x, o) = Rz (), then set; € «(q)).

Algorithm 2 thus provides switching control laws= gc(X,q) ando = gp(X) with g = R(x, o) such that if
X & Cwith C = {(X1,1, ey X015 s XLNs -0 Xn,N) | (X115 ..., Xn) € C*(X)} andC*(X) as computed by Algorithm 1,
thenx’ ¢ C.

4 The Case of Imperfect Information

Consider the class of systems given in Definition 4, in whiotv rr(y) returns a set of possible continuous
states compatible with the output measurementn order to proceed, we construct a state estimator and a
controller is then determined on the basis of the state attisn

4.0.1 State Estimator

Consider hybrid automatoH and letX € X. A set valued state estimator fér of the type of the one in
equation (1) can take, for example, the form

X = £(8, % U) 1 ¥(y), with § = R o), (19)
andR(%. o) = 4 (o) o #0
Ro(X) if o=0,

in whichRx(X) = {g € Q| 3 x € & with, x e Dom(g)} andX? = y(y°). One can verify thak¥ e £ for all k.

This type of estimator is impractical for implementatiorc@ese the setsdre in general infinite sets. However,
sinceH is the parallel composition of order preserving triangiligbrid automata;, the update map§ are
order preserving angl(y;) = [y (i), vy(Yi)]. As a consequence, one can keep track of the lower and upper
bounds ofxas follows. LetyX = (VX1, ..., VRN) and X = (AX4, ..., AXn), denote the upper and lower boundsxpf ~
respectively. Then, we have tha = (\VXij, ..., \VXni) € R"anda% = (A%, ..., AXni) € R" are the lower and the
upper bounds o%;; respectively, in whichg"C R" is the state estimate of the component autométorrhen,

the bounds ok;*for all i are updated according to the following equations

if o # 0 {A)i(i’ = f, (A>:<i, Ryi(omi), u) v av(yy) o0
VR = i (V& Rui(omi), ui) A vy (Y))
X = ~ fl ".’ ., Ui /
o0 15T Naeg, %G1 Y () o
VK= Vg 0K 6w A v,

in whichy; is the output observation &f;, a is the set of possible modes that are compatible with thevialte
of states j%;, VXi], that is,

Qi =10 € Q 3% e [A\%, /%], such that; e Dom(q)}, (22)

A= D) VR =\, (23)



Proposition 3. Let {uK}yc be an input sequence for the block triangular order presegvybrid automaton
H = Ha|l...]IHx, and let{X}xen and {y<}xenr be the corresponding execution and output sequencel\Kte
and {V&)ken With VX = (V&g ..., V&) and AX = (AR, ..., AXn) be generated by equations (20-23). Thehex
[ARK, VXX for all k.

The proof of this proposition is a consequence of the ordesgwing property ofi and of the interval
structure ofy(y;). For more details on these types of estimators and for cgamee conditions, the reader is
referred to [7, 6].

4.0.2 Dynamic feedback

Once the set of all possible current states is know=
we can design a control input that maps such a set as L—(k—1um i E (U)
a whole forward in such a way that it will never inter- Y
sect the bad sdB. Consider again Example 2. We il-
lustrate how in such a case it is not necessary to com-,  _
pute the capture set for the imperfect information case<"2=’w >\ [
as defined in equation (2). Instead, the same capturg ‘
set as computed in the perfect information case is em= ~ ~“M-
ployed. AT

Example 3. Consider again the system in equations
(8) and consider the capture $&tomputed earlier and
shown in Figure 2. Consider now also a state uncertair%:

as given by the state estimator. This uncertainty is an i 9Ure 2: Capture seC for the system in Example 3.
e state estimate is given by the intervak,[\X]. A

tervaIAx = [ VX as shown Figure 2. Sincex, > U_k control input (1, U2) = (uy, Uy) guarantees that the state
and\Xy < L**, one can setiy = Um anduz = Um (85 IN  egtimate is kept “above” the capture set.

the perfect information case) so that the state estimate ~

is mapped still outside the capture €eas shown in Figure 2. A similar reasoning would have lead te uy
andu, = up, if the state estimat& Wwere “ below” the capture s&l.

This example exploits the computation©fobtained in the perfect information case and exploits tleior
preserving property of the dynamics in order to determinapuat that maps a setriot intersectindgC to a set
that still does not interse@. This problem can be generally formulated as follows.

Problem 1. (State estimator-based safety control problem) Givensitam systent = (S, 7,Y,r,vy) with
bad set BC S, determine the smallest set€ S with B C C, if it exists, and a dynamic feedback law
uk = g(&), with & = 7(81 uk1 y¥), with &€ = y(y°) and with {y<}xey Output sequence & such that if
¥nC=0thendnC=0forall k.

Instead of computing the capture €t 25 as defined in equation (2), we seek to compute £setS such
that if the information stats does not intersect it, then there is a control input that m#lp such information
state still outsideC. This, if possible, simplifies the computation Gf In particular, we show that a good
over-approximation of such a sgtfor the general class of block triangular order preserviglgridl automata is
provided by the following algorithm, which provides a sliyraugmented set with respect to the one computed
by Algorithm 1. Then we have th& = {(X1.1, ---» X1, - XLNs - Xa.N) | (X1.1, ---» Xa.n) € C*(X)}, in which C*(X)
is given by the following algorithm.

Algorithm 3.
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C'(X) = Ukeo[ L UKL, LO= L, U%=U, Lr=(LX, ..., LK), Uk = (UK ... ,UK) with

L) = L0 %)
Ulx) = 11U %),
while fork > 1, we have
LK) = L) v LFP(x) (24)
L) =\ f ORI, 6 un@))). ) (25)
gieQ
L) = fHLUNFI(K @i Ui (@), X) (26)
UK = USA(%) A UFP(%) (27)
U = \/ ORI, 6 uo (@) %) (28)
qi€Qi
UFP) = FEHURNFIRL B uu (B)), %) (29)

with (removing the dependence anfor shortness of notation)

inf(LY, LK - -1 uk) (30)
Jik SUp@Jl, i |) (31)

The following proposition provides an easy check for esshiig whether the state estimate set [/X] does
not intersectC.

Proposition 4. We have thaf&, \X] N C = 0 if

[\ \Raal % x DAL e 0 (TR, TAR] =

k>0

Proof. We show that if jX 1, \VX1.1] X ... X [/\XlN VXNl N Uk>O[L (vx) U (Ax)] = 0, then P&, \&] N C = 0.
This derives directly from the fact thﬁl {X ] (X112, s X1N) € c (X}, in whichC’ (X) is given by Algorithm

1, and by the fact that the functlom.s(xl) andU:((Tq) are order reversing functions of their arguments.
i

By virtue of this proposition, if we can guarantee thet[1, \Xq 1]X...X[AX1.N, \/f(l,N]mUkzo[Ek(\&), Uk(ﬁ()] =
0 at all time trough a suitable choice of a control map, then uarantee also thatf, vX] N C = 0. The follow-
ing proposition provides an intermediate result (analsgmuProposition 1 for the perfect information case)
that plays a central role for establishing such a control.map

Proposition 5. The following are equivalent:

(i) [A%e1 V&eal X . X [A82ne VRL] N Useol L (). G0 = 0

(i) There is a pair of coordinated, ) with i # jand an indexk such thatyXy j < Lk(vxj) for all k < k and
M = U k(%) for all k > k.

Proof. The fact that if) implies () follows becauseii() implies that the two-dimensional projection of the
interval [AXg.1, VX11] X ... X [AXN, VXn] ON the {, j) plane does not intersect any of the projections of the

intervals that compos@kzo[fk(\&),Uk(Ai)]. We thus focus on proving that) (mplies (i). This proof exploits

11



the following properties of Algorithm 3. The sequen¢e&(X)} and{L¥(X)} for a fixedxare non-increasing and
they tend to-co. Furthermore, the sétjo[L (vX), U (;%)] is connected for any fixed. T [ %11, &e1] X ... X

[A%e- VRN N Ukeol L (v®), TX(/X)] = 0, then, neglecting the dependence band ofU on their arguments,
for all k there is arix such that\k, > Uikk or L!‘k > \X,. Letk be the smallest integdrsuch that\k, > Ui"k.

This index is finite because the sequemﬁé@} for a fixedx tends to—co. As a consequence, because the
sequencgUX(x)} for a fixedx; is also non-increasing, we have th&f > Ui‘; forallk > k. Fork = k-1 we

thus have thaflij > \Xi.,, and since the sequen(:lEk(X)} for a fixedx is non-increasing, we also have that
Ifl!‘k1 > V&, forallk < k- 1. This provesi() because the s@kzo_[fk(v%),Uk(ﬁ()] is a cionnected set. In fact,
it must be thatj; # ij_. If insteadii = ij_y, we would have that™* > \& > A%, > UK. This in turn would
imply that L% > UK, which contradicts the connectedness of the seb[L (v%), T ().

o

Assumption 1. We assume thaf), .5 [uL(ch), uu ()] # 0.

This assumption guarantees that if there are a number oibp@ssirrent discrete states there is at least an
input that is enabled by all of the possible current discstdges.

Proposition 6. LetL}(X) andUL(%) be as in Algorithm 3 and let Assumption 1 hold. L&t /% € R" and let
V&, \X € R" be the updated values according to equations (20) and (21X} < E:((\ﬁq), (MR > U:((A%))

. . . N —k, »~r n —k, 2~ .
then there exists a continugdsscrete control law such thagk;; < L (\X), (AX}; > U;(/X)). In particular,
such a control law is as follows:

it \/%wi < LH(\/X), then

Rei(oi) = i, Ui = upai)  if LB < LIP(v)
. kas < kb, = (32)
U =V,z5 ) if Lo (vx) = L (Vi)
it \kwi > T (/).
Rei(oi) = Bi, U = uy(Bi) if UFA(s%) > UFP(ix)
ckay S kb, 2 (33)
Ui = Ay U () it U (i) < Ui (h%).

Proof. We show that ifAXg; > Uik(Niq) then there exists a continugdiscrete controld;, uj) such thai;AX’Li >
Uik(A%) (the other case can be shown in a similar way).

If A%y > UL (/%), then alsopk > UK(%) and UK < UKP, we will have thatakyi > USP(/%).
Applying f1; both sides and taking into account thia} preserves the ordering, we obtain tHat( %) >
f1i(UK%(5). 1%). By expression (13), we have thea (UK2(%). %) = Vg g Ut (Fi(/%. o, Uu (). By the
fact thatU;(-) are order reversing functions of their arguments, we hhaevqieéi Uik_l(Fi(A?q,qi, uy(q)) =

Uik_l(/\qieq Fi(ﬁq,qi,uu (G))). As a consequence, if we choose= /\qief_gi uy (g), we obtain tha‘r/\f(’Li >

U:(_l(A%) by virtue of Assumption 1. If insteatiik’a > Uik’b, we will have thatx7; > Uik’b(A):q). Applying fy;
both sides and taking into account tHat preserves the ordering, we obtain thigt(/\X) > fl,i(Uik’b(A?q), A?q).
By expression (13), we have théti(U°(/%), %) = U (Fi(/%. Bi, uu (8)). Therefore, choosingyi(o) =
fi andu; = uy(8), we obtain thang; > U5~ (/X).

O
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The idea of this proposition is that all points that have jtilecoordinate larger thaﬁlj(+1 can be mapped to
points with jth coordinate larger thaﬁT by suitable choice of input; (or oj). Similarly, all points with theth

. —k . . . —k-1 . .
coordinate smaller thal; can be mapped to points wiitih coordinate smaller thal, ~ by a suitable choice
of inputy; (or o).

Algorithm 4.
(i) Evaluate alll(vX) andU, (/%) for alli and allk until & > U (/%) for all i

(i) If there is ak and a pair of coordinates, () such that\X;; > U:(Jrl(A)iq) and\Xyj < ET(\/&,-) then set
(oi, u) as in equation (33) witk + 1 in place ofk, and set;, u;) as in equation (32);

Theorem 1. The control law of Algorithm 4 guarantees that if initiallyXs 1, VX1.1] X ... X [AXL.ns VRLN] N
Uieo L0, T“(R)] = 0, then[1%, v&] N C = 0 at all time. Furthermore, Algorithm 4 terminates.

The fact that Algorithm 4 keepsigy1. V1] X ... X [Af1n. V&) N Uieol L (VX), T(R)] = 0 at all time is
a consequence of Proposition 5 and Proposition 6. Therdigreirtue of Proposition 4, alsgk, VXl N C = 0
at all time. Algorithm 4 terminates if and only if (i) of Algithm 4 terminates. Termination of step (i) is

guaranteed by the fact that the seque{rt_d;lé(N:(i)}keN tends to—co for a fixedA):q.

Summarizing, the overall dynamic control strategy is dithbd as follows. Based on the current values of
Axand of\X, the predicted values gfk and of\X at the next step, denote®preq and\Xpred, are determined by
the equations

~

if o # 0 Npred = fi (/\):(u, Ryi(o), up)
VXpred = i (V&i, Rei(om), u)
Gi€Q;

VXpred =V, 5 fi (VX Gis ),

. A)A(pred = A = fi(p%, q,u)
ifoi=0

with a as in equation (22), withy;, and o the inputs applied at the previous step. Thus, the intervals

—k, ~ —k, ~ ~ ~ — . ..

[L (VXpred), U (AXpred)] are computed to check whethetXpred, VXpred] N C = 0 using Proposition 4. If the
intersection is empty, then the current input is set to ievious value. If the intersection is not empty, we use
Algorithm 4 to compute the new current input.

5 Simulation Results

We consider two examples: one example involves the calliprediction and avoidance of vehicles at a traf-
fic intersection and it involves only autonomous discretigesransitions. The second example instead considers
a similar problem but with two trains at a railway merging dtridvolves only controlled mode transitions.

Vehicles at a traffic intersection Let us consider two vehicles converging to afitaintersection (rep-
resented in Figure 3). Each vehicle longitudinal dynamiags be modeled by the second order system in
equations (5), that is,

X?L,i = X1+ X2iAT
X’2,i = Xoi+ UAT,ie€{1,2}, (34)

in which xy; represents the position of vehidlevith respect to a coordinate axis along its path, whie
represents the longitudinal velocity of vehi¢lalong the same path (Figure 3). When a vehicle is inside the

13



L 1 ;
"""""""""""""""" L2 1

and vehicle to I

. . %22
infrastructure ™| ™’
communication {2

Position uncertainty - 2§

Figure 3: Vehicles converging at a tffac intersection. The bad set is defined to be the set of all iehieehicle 2
configurations in which the vehicles are both in the ball eezd at b.

intersection, it cannot stop as it has to free the interse@s soon as possible, while it can stop before entering
the intersection. In addition, a vehicle cannot move bacl@/a its lane. These constraints can be modeled by
requiring that (for a suitablxﬁi) for xu; < xﬁi thenxz; > 0, while for x; > xﬁi we must havex; > Vi, with

Vi > 0. Letuy, < 0 < uy be lower and upper bounds for eagh To enforce this requirement, we assume that
u; satisfy

[O,um], ifx,;<0

whenxgj < X}, U € _
’ [Um,um], if X2; > 0,

whenxgi > X7, U €

[0,um],  if Xoi <V
[Um, um],  if Xoi > Vim,

in which v, > 0 is a lower bound on the speed. Thus, each vehicle can balstry a hybrid automaton
with two modes:qg; = qy; if (xgj < xﬁi andxzj < 0) or (xgj > xﬁi andxzj < Vim); G = O if (Xgj < xﬁi and

X2 > 0) or (X1 > xﬁi andxz; > Viy). In each one of these modes, the update riepgiven by equations (34),

in which ¢«(qyi) = [0,um], «(d2;) = [Um,um]. Sincelp = 0, the hybrid automaton admits only autonomous
mode transitions. We assume that all continuous stateblesiaare subject to bounded uncertainty, that is,
y:RZ > oR? andy(y;) = [yi — A, Y; + A], for someA > 0. The safety requirement is modeled by requesting that
the two vehicles are never in the ball centered at b of FiguaetBe same time. This is encoded by a bad set
B = {X] (X1, X1.2) € B}, in whichB = [Lj, U1] x [L2, U] for suitableL;, U1, Lo, U2 € R. The results obtained
by applying Algorithms 3 and 4 are shown in Figure 4. In all giationsAT = 1.

Trains at a railway merging. Consider two trains in the proximity of a railway merging. siming a
second order dynamics along their rail, each train can besfaddagain as in equations (34). However, now
the input sets will be diierent from the previous example. In digital control mode][2Be inputuy; can
take four values corresponding to a “hard-brake” mode, radut” mode, a “constant-speed” mode, and an
“acceleration” mode. Let these 4 values be denoted by r@sebca, v, 6,8 so thate < y < 6§ < 8. Each
vehicle dynamics can thus be modeled by a hybrid automattnfair modes such thaj = qy; iff U = «,

g = iffu =7y, 0 = qg;iff y =0, andqg = qu; iff y = . There are no autonomous switches in this
system, so that for each tra(xy;, X2, o) = Ri2(oi) whereo; is the discrete input and can take four values,
each corresponding to one of the modes. Algorithms 1 and 2 wgplemented for the perfect information

case and results are in Figure 5. Algorithms 3 and 4 were imghéed for the imperfect information case and
results are in Figure 6. For the perfect information casgpAthms 1 and 2 provide a tight over-approximation
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Figure 4: Vehicles at a tréiic intersection (imperfect state information). On the lgfe show a sample trajectory in
the Xy 1, X312 plane with initial conditions;; = X2 = 1, andu; = u, = 0. The values ofi, anduy are chosen to be
Um = —0.2 anduy = 1. The dots represent the position of the vehicles and thangte surrounding them is given by the
state estimator (equations (21)). The measurement uinggrgA = 10. On the right, we show a slice of the &€t the
initial time for the initial values of velocitieg, 1, X2 2. The box with bold sides represents theBet

Sample vehicle trajectories
3007
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200f y
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Figure 5: Trains at a railway merging (perfect state information).e Thox represents the sBt The plot shows the
X1.1, X1.2 trajectories of trains at a railway merging. Each trajectmrresponds to a fierent choice of initial values for
X1.1, X1.2, X2.1, X2.2, U1, Uz. The trajectories pass very close to the bad set. This sh@atvg\tgorithms 1 and 2 are tight.

of the capture set as demonstrated by the fact that the twags of the system pass very close to the bad set
(Figure 5). For the imperfect information case, the resglilynamic control law still guarantees safety but
is more conservative (Figure 6). The reason is not in Algarit3, which is basically the same as Algorithm
1, but in Algorithm 4, in which the lower and upper bounds eggions of Algorithm 3 are evaluated on the
lower and upper bounds of the state estimate. In fact, Pittpogl gives only a sfiicient condition for the
non-intersection of the estimate set with the capture sefdt a necessary condition.
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time step 1 time step 5 time step 10 time step 15
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Figure 6:Trains at a railway merging (imperfect state informatiohiis figure shows a run of Algorithm 4 atftérent
time instants in the upper plots. The trajectory of the gamthex; 1, x;» plane and the setykzo[fk(\/i),Uk(N:()] are
both shown. The séB in each plot is the last up-right one in the @ﬁzo[fk(\&),Uk(/&)]. The lower left side plot
shows the control commands applied to each train. These emasnare left to their initial values until at time step

t = 25 it is predicted that leaving these commands constantaiike the trajectory to enter the sﬁgo[fk(\&),Uk(A%)].
As a consequence, one vehicle is slowed down by brakipg=( —0.2) and the other is accelerated; (= +1). The
corresponding train speeds are shown in the lower rightpdimte

6 Conclusion and Future Work

We have proposed a dynamic feedback law for safety contralalass of triangular order preserving hy-
brid automata with imperfect state information. The stiuetof the system allowed to compute a tight over-
approximation of the capture set and the dynamic control thiaqugh algorithms that have linear complexity
in the number of variables.

In our future work, we plan to extend these results to cowtisuime hybrid automata, relax the assumptions
to only require monotone flows, and state a separation plsbetween state estimation and control. We plan
to modify Algorithm 4 so to obtain a less conservative cdntnap for the imperfect state information case.
Also, we will consider the more general case in which therdiscstate needs also to be estimated and the
discrete state update map is not static. Unknown, boundgdrdances will also be considered to handle
modeling uncertainty.
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