
Deformable Registration Using Regularization that
Accommo dates Lo cal Tissue Rigidit y

1. SUMMARY

Deformablemedical imageregistrationaims at retrieving the transformationT that brings the homologousimageg's
coordinatespaceinto alignmentinto thatof thereferenceimagef , suchthatf � g � T .

Deformableregistrationproblemsaremostinterestingdueto its high �e xibility but they areat thesametime highly
under-determineddue to the extremely high dimensionalityof transformation�eld, and this resultsin ill-conditioning
aswell as instability of solutionsand local optima issues. Regularizationsare introducedto alleviate theseissuesand
also to incorporateprior physiological and anatomicknowledgeinto the problemformulation. Therefore,regularized
deformableregistrationalgorithmsareusuallysetupto useacostfunction,consistingof asimilarity measureandapenalty
termthatdiscouragesundesirabletransformations.Conventionalregistrationmethodsusehomogeneousregularizationfor
smoothnessor othertopologicalproperties.

However, ignoring theelasticitydifferencebetweentissuetypescanresultin non-physiologicalresults,suchasbone
warping.Existingwork addressingthis issueeithertreatsdifferentregionsof animageindependentlyor post-�ltering.

We proposea methodto accountfor tissue-typedependentrigidity informationby regularizationdesignin nonrigid
registrationproblem.Experimentswith clinical datajusti�es that theproposedregularizationdesignyieldsmorephysio-
logically sounddeformation.As aadditivepenalty, it actsasa“soft” correctingforcein high intensityregions,which tend
to correspondto rigid structurestowardslocally rigid transformations,andrelaxeswithin low intensityregionsthat tends
to correspondto moreelastictissuetypes.

By designingthe local stiffnessfactorasan implicit function via compositionwith an intensitymap,our approach
avoidsexplicit segmentationandis especiallyrobust to partialvolumeeffect, which is importantwhena multi-resolution
techniqueis to beapplied.

Moreover, thedesignof local rigidity penaltyis basedontheFrobeniusnorm,andeachterminvolvedin evaluatingthis
functionandits derivative (which is usedin optimizationstep)is easilyavailablefrom previouscomputationof thedata
�delity metric.Therefore,theproposedapproachhardlyincursany extracomputationrequirement.

2. OPTIMIZA TION PROBLEM FORMULA TION AND REGULARIZA TION DESIGN

The goal of nonrigid registrationis to �nd the transformationT � suchthat the transformedhomologousimageg best
matchesthereferenceimagef . We use
 to denotethephysicalregion of interestfor registration.Let T : 
 ! 
 bethe
transformation.Let x 2 
 denotethecoordinate(in vectorform) of aspeci�c location.Ourgoalis to �nd:

T � = argmin
T 2 �

�( T ; f ; g)

= argmin
T 2 �

f C(f ; g � T ) + R(T )g; (1)

where� is the classof allowabletransformations.Here,the overall objective function � consistsof two parts: data
dis-similaritymetricC(f ; g � T ) andtheregularizationtermR(T ) to penalizeundesirabletransformations.

2.1.L 2 norm for data (in)�delity measure

Interestedin deformableregistrationof helicalandcone-beamCT imagesin particular, we usesumof squareddifference
(L 2 norm)to measuredatain�delity i.e.,

C(f ; g � T ) =
X

x 2 


(f (x) � g(T (x))) 2:

Notethattheregularizationdesignmethodappliesgenerallyto otherdatasimilarity metricssuchasmutualinformationor
correlationbasedmetric.
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2.2.Regularization Design

TheregularizationR(T ) is composedof two parts:a homogeneousspatialroughnesspenaltyfor deformation�eld, and
a spatialvarying (inhomogeneous)penaltythat accountsfor local tissuerigidity. The homogeneoussmoothnesspenalty
is de�ned askr D k2

F r ob andwe designlocal tissuerigidity basedpenaltyas
P

x 
 (x)r (Tx ). The overall regularization
becomes:

R(T ) = 
 s kr D k2
F r ob +

X

x 2 



 (x)r (Tx ):

wherer (Tx ) measuresthedeviation of thelocal transformationfrom beingrigid, and
 (x) is a spatialvaryingweight
thatre�ects local tissuerigidity properties.In particular, 
 (x) canbelookedon asthelocal “trade-off ” betweenintensity
matchandtissuerigidity condition.It shouldbelargewherebonestructureliesandsmallwithin moreelasticregions.We
alsocall it “local stiffnessfactor” to illustrateits physicalmeaning.

2.2.1.Non-Rigidity Index for Local Deformation

Wedesignnonrigidity index for localdeformationbasedon thefollowing claims:

CLAIM 2.1. A necessaryandsuf�cient conditionfor a mapT to berigid at x is that its JacobianmatrixJ T (x) = r T (x)
beorthogonal.

LEMMA 2.2. A necessaryandsuf�cient conditionfor a matrix M 2 Rd� d to beorthogonal is that



 M M T � I d




 = 0,

wherek�k denotesanymatrixnorm.

Wehavethusfoundamathematicallyrigorouswayto describethedeviationof thelocal transformationTvx from being
rigid. For simplicity, wechooseto usethesquaredFrobeniusnorm,anddesigntherigidity regularizationfunctionto be:

r (Tx ) ,



 J (Tx )J (Tx )T � I d




 2

Frob:

or equivalently,

2.2.2.Local StiffnessFactor

We designthespatialvaryinglocal stiffnessfactor
 (x) to re�ect differencein elasticityamongtissuetypes,which deter-
minestherelativeweightingbetweendatain�delity anddeviation from rigidity.

FACT 1. In calibratedX-ray CT images,pixel intensity(CT number)is highly correlatedwith tissuetypeinformation,
hencea goodinferencesourcefor local rigidity.

Therefore,we de�ne the local stiffnessfactorimplicitly asthecompositionof a monotoneincreasingfunctionh and
theimageintensitymapf :


 (x) = h(f (x)) :

In particular, we usea scaledandshiftedhyperbolictangentfunctiondueto its simplicity, sharprising edgefor dis-
tinguishingdifferent tissuetypesanddesirablesatuationbehavior intra tissuetype. We choosethe locationandshape
parametersfor thehyperbolicfunctionsuchthattherigidity penaltybecomesstrongandmoredominantwhenin thebony
structure,while muchrelaxedwithin elastictissues.

In Fig. 1, we illustratethederivedstiffnessmapfrom referenceimageon therightmostcolumn.

2.2.3.Optimization

WeadoptthecommonlyusedB-splinebasisto parameterizethedeformation�eld andsolvetheoptimizationproblemwith
themulti-resolutionscheme.

� (x � i ) = � (
x

� x
� i )� (

y
� y

� j )� (
z

� z
� k);

wherei = [i; j ; k]T denotesthe B-splineknot location,� x ; � y ; � z determinesthe scaleof B-splinein eachdirection,
x = [x; y; z]T , andN (�) is determinedby thesupportof theB-splinebasis.

In eachresolutionlevel, we useconjugategradientmethodto iteratively solve for theB-splinecoef�cients until con-
vergence.
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3. EXPERIMENT SETUP

We testedour approachwith two thoraxCT scansof the samepatient: oneat 80% of the vital capacityinhalebreath
hold (deepinhalebreathhold, tidal breathinggenerallypeaksat 40%also)andoneat exhale. Thescansarebothof size
512� 512� 148with voxel size0:2� 0:2� 0:5cm3. Weusethedeepinhalebreath-holdthoraxCT imageasthereference
andfurthercropit to size259� 175� 107to re�ect theregionof interest.Fig. 1 showstypicaldataslices(differentviews)
of thereferenceimage,homologousimageandtheinferredstiffnessmap(h � f ).
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Figure1. Differentviewsof theoriginaldataandtissueinformationinferredfrom it. Toprow [X(1)]: coronalslices;middlerow [X(2)]:
sagittalslices;bottomrow [X(3)]: axial slices. Left column[a(#)]: slicesfrom referenceimage;middle column[b(#)]: slicesfrom
homologousimage;right column[c(#)]: slicesfrom inferredstiffnessmap.

4. TEST RESULTS

We show the registrationresultsin slice views by superimposingthe deformedhomologousimagewith referenceim-
age;andobserve that including the proposedregularizationterm yields comparableintensitymatchasthe the casewith
roughnesspenaltyonly in Fig. 2.

Notice that CT numberis a very good indicatorof tissuetype, andbonestructurescorrespondsto high count,we
extractthebony structureby thresholdingtheCT numberto checkphysiologicalsoundnessof theresults.We overlaythe
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Figure2.Deformedhomologousimage(green)overlaidwith referenceimage(darkblue).:[bs(�)] B-Splineregistrationwith smoothness
penaltyonly; [bs reg(�)] B-Splineregistrationwith bothproposedregularization.

extractthegeometryfrom thereferenceimagevolume(white)andthedeformedhomologousimage(light blue)in Fig. 3to
comparetheperformancein bonestructurealignment.

We canclearlyobserve a nonphysicalwarpingof bonesin thedeformedhomologousgeometryusingB-splinebased
nonrigid registrationmethodwithout the proposedregularization. This is dueto the under-determinednessof B-Spline
registration,i.e., many local minimayield similar intensitymatc.Inspectingcloselywhere“bonewarping” occur, we can
seelocal minimaof thedatain�delity metricaremostlycausedby the“pseudo-periodic”structureof theribs. Moreover,
the local smoothnesspropertyof B-Spline togetherwith homogeneoussmoothnessregularizationmakes the bonesto
deformsimilarly asdiaphragmwherethemotion is large,AKA, physical soundnessis compromisedto resembleelastic
deformationin thoseregions.

Whentheproposedregularizationis introduced,thedeformationonthebonestructuresi givenanadditional“force” to
conformto rigid transformation.Weobserve in Fig. 3 anobviousimprovementasfarasbone-warpingissueis concerned.

(a) (b)

Figure3. Geometryextractedfrom registrationresults:(a)B-Splinebasednonrigidregistrationwith no local rigidity regularization;(b)
B-Splinebasednonrigidregistrationresultwith proposedlocal tissuetypedependentregularization.
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