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BOTTLENECK PATHS

 Here “Bottleneck Paths” between s and t is the 

path with maximum flow from s to t.

 For a graph G=(V,E), and the capacity function 
for every edge: w: E→R, the maximum flow is 

defined as:



BOTTLENECK PATHS

In this graph, the bottleneck path from s  to t is:

The maximum flow is 5



PREVIOUS RESULTS

0 ω≈2.376 3(3+ω)/2 2+ω/3

Algorithms for 

bottleneck paths

Running Time Source

Edge-

weighted

Single-source O(m+nlogn)

Single-source, single-

destination

O(m log*n) Gabow, Tarjan

All-pair (trivial) O(mn)

All-pair (2007) O(n2+ω/3)≈O(n2.792) Vassilevska,

Williams and Yuster

All-pair (2009) O(n(3+ω)/2)≈O(n2.688) This paper

Vertex-

weighted

All-pair(2007) O(nμ)≈O(n2.575) Shapira, Yuster

and Zwick



MAX-MIN PRODUCT

 Max-Min Product C=A○B

 Ci,j=maxk min{Ai,k,Bk,j}

A              B



MAX-MIN PRODUCT AND ALL-PAIR

BOTTLENECK PATHS

 Since a path can at most be composed of n edges, 

so the flows of the all-pair bottleneck paths is 

equal to

 G○G ○… ○G = Gn = ((G2)2…)2

n times square about log n times

 In fact, the time complexity for APBP is the same 

as the max-min product.



DOMINANCE PRODUCT (♦)

 Dominance Product

 Mi,j=(AB)i,j = |{k|Ai,k≤Bk,j}|

 [Matoušek 1991] Dominance Product for any two 

n×n matrices can be computed in O(n(3+ω)/2) time 

 [Vassilevska et al 2007] for two sparse matrices, 

with m1 and m2 valid elements respectively, the 

running time will be 
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ANOTHER WAY TO THINK OF MAX-MIN

 Since in the result, 

 Ci,j=max1≤k≤n{min{Ai,k,Bk,j}}

 So if Ai,k≤Bk,j, min{Ai,k,Bk,j}=Ai,k, otherwise it is Bk,j.

 Thus, we just need to compute:

 Di,j=max{Ai,k| Ai,k≤Bk,j}

 D’i,j=max{Bk,j| Ai,k>Bk,j}

 And, Ci,j=max{Di,j,D’i,j}

 We only consider the algorithm for Di,j here.



A EXAMPLE TO SHOW DOMINANCE AND

MAX-MIN PRODUCT

 Consider the following example:

A B



A EXAMPLE TO SHOW DOMINANCE AND

MAX-MIN PRODUCT

Mi,j=3 (Dominance Product) Di,j=7



ALGORITHM FOR MAX-MIN PRODUCT

 We sort all the entries of the two matrices, and 

the partition them into p parts by the order.

Increasing



PARTITION A

 The matrix A is then partitioned into 

submatrices A1,A2,A3,…Ap

Compute the dominance products

A1♦B,   A2♦B,   A3♦B,  …,   Ap♦B



FOR A “BALANCED” LINE IN A

 Just as in this graph:

For any (i,j), we intend to 

find:

Di,j=max{Ai,k|Ai,k≤Bk,j}

First, we find which part Di,j is in. 



FROM THE DOMINANCE PRODUCTS:

 If (Ap♦B)i,j > 0,

 Then there exists a Ai,k in Ap such that Ai,k≤Bk,j, so 

Di,j is in Ap.



FROM THE DOMINANCE PRODUCTS:

 If (Ap♦B)i,j = 0 and (Ap-1♦B)i,j > 0

 Then there exists a Ai,k in Ap-1 such that Ai,k≤Bk,j, so 

Di,j is in Ap-1.



FROM THE DOMINANCE PRODUCTS:

 So in general we just find the maximum part q in 

which (Aq♦B)i,j > 0, which means Di,j is in part q

 Then check the elements of part q in line i of A one by 

one.



FOR AN “UNBALANCED” LINE IN A

 Like:

 Even we know which part Di,j is in, it will still 

take O(n) time to check the elements one by one.



ROW-BALANCING

 Consider the graph:



ROW-BALANCING

 Re-arrange the edges:



A “ROW-BALANCING” OF AI

 For any Ai, sort the elements in each line, then 

partition them into parts of 2n/p.

2n/p 2n/p                      2n/p ≤ 2n/p

i-th line

i-th vertex

Decreasing



ROW-BALANCING
 We delete all the 

elements except the 

last part of each line, 

then each line has at 

most 2n/p elements.

The submatrix:

A’i



ROW-BALANCING
 Now all parts has 2n/p 

elements, since Ai has 

at most 2n2/p elemets, 

there are at most n 

parts left.

 We move them to 

separate lines

The submatrix:

A’’i



FIND THE MAX-MIN

 So by computing A’i♦B and A’’i♦B, we can find 

which part of the line Di,j is in.

Ai

A’i

A’’i



FIND THE MAX-MIN

 Checking inside the part will take O(n/p) for 

every Di,j, so in total the time needed is O(n3/p).

Ai

A’i

A’’i



COMPUTING AI♦B

 The dominance product of Ai and B (Ai♦B) is 

equal to the sum of:

 Ai♦Bi

 Ai♦(Bi+1+Bi+2+…+Bp) 

 Can be achieved by matrix multiplication

 By assigning 1 to the elements in Ai, Bi+1, Bi+2, …, Bp and 0 

to all other elements 



COMPUTING AI♦B

 Time:     O(nω) O(n3/p2+nω)

Ai B



RUNNING TIME

 Finally we balance O(p·nω) and O(n3/p)

 Let p=n(3-ω)/2

 And the running time will be O(n(3+ω)/2)



BOTTLENECK SHORTEST PATHS

 D(u,v) = unweighted distance from u to v

 We want to find path with maximum flow among these 

shortest paths with length D(u,v)



HYBRID PRODUCTS

 Distance-Max-Min Product

 C is the distance product of A and B

 When given the “Bottleneck matrices” A* and B*, 

define their distance-max-min product to be:

 Similar as before, partition A* into some parts 

and compute the dominance-distance product of 

each part and B*.
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OTHER RESULTS

 For edge-capacitated graphs, our APBSP 

algorithm runs in O(n(3+ω)/2) ≈O(n2.688) time.

 For vertex-capacitated graphs, our APBSP 

algorithm runs in O(n2.657) time.



MATRIX OPERATIONS

 Standard Matrix Multiplication

 O(nω) ≈O(n2.376)

 Dominance Product

 O(n(3+ω)/2) ≈O(n2.688)

 Max-Min Product

 O(n(3+ω)/2)

 W(n) (generalization of Boolean matrix mult.)

 Real Distance Product

 No real sub-cubic algorithm now

R. Yuster has improved this to O(n2.684).



OPEN QUESTIONS

 Maximum Witness

 O(nμ)≈O(n2.575)

 APSP in unweighted graphs

 O(nμ) 

 APBP for vertex-capacitated graphs

 O(nμ) 

 Dominance Product

 O(n2.684)

 APBP for edge-capacitated graphs

 O(n(3+ω)/2) ≈O(n2.688)

 Distance Product

 No real sub-cubic algorithm now

Are these 

problems 

equivalent?

Major unsolved problem



THANK YOU!


