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Motivating Example

Ã Flight route map between cities. We want to travel 

from Seattle to San Antonio.



Motivating Example

Ã For a helicopter with range ~500km, there is no 

path from Seattle to San Antonio any more: 



Our Aim

Ã Build a structure such that given:

ÄStarting place A, Destination B

ÄLeg bound L (Maximum range for one edge)

Ã We can find the following immediately

ÄReachability (Whether B is reachable from A)

ÄDistance

ÄShortest Path



Definition

Ã In a weighted graph G, L-Bounded Leg Shortest 

Pathis the shortest path in the subgraph of G 

restricted to edges with length ÒL.

ÄA (1+ )ʁ-approximation of d means: dÒD ÒόмҌʶύd

From A to B, L=9

Distance=20

From A to B, L=8

Distance=21

We can use the right 

path to approximate 

the left path  when

ŮÓ0.05 



Work Summary - BLSP

Algorithms Running Time Space Approximation

Forarbitrary graph:

Rodittyand Segal [2007] O(n4) O(n2.5) (during

construction)

1+ʶ

Trivial O(n4) O(ʁ -1n2logn) 1+ʶ

Trivial O(n4) O(n4) 1

Our algorithm O(ʁ -1n3log3n) O(ʁ -1n2logn) 1+ʶ

Only for graphs in d-dimensionallp metric space:

Rodittyand Segal [2007] O(n3(log3n+ʶ-dlog2n)) O(ʁ -1n2logn) 1+ʶ

Lower bounds if no 

addition in query

n- number of vertices,  m- number of edges, Ů>0

BLSP Oracles:



Work Summary - BLSP

Algorithms Running Time Space Approximati

on

Our algorithm O(ʁ -1n3log3n) O(ʁ -1n2logn) 1+ʶ

Our algorithm (For sparsegraphs): Õ(ʁ -1n2m1/2 ) O(ʁ -1n2logn) 1+ʶ

For theoriginal APSP problem:

T.M.Chan[2007] O(n3log3log n/log2n) O(n2) 1

Comparison of the complexity of algorithms



Work Summary - Reachability

ÃBounded-leg Reachability Oracles for planar 

digraphs:

Oracles Bounded-

Leg?

Space 

Complexity

Query Time

Our Structure Yes O(kn1+1/k ) Õ(n(k-1)/2k)

Nonbounded-leg:

Thorup[2004] No O(nlogn) O(1) 

Klein [2002]

(undirected distance)

No O(ʁ -1nlog n) O(ʁ -1) 



BLSP Oracles

Ã Two Facts:

ÄWhen L decreases, the distance will increase.

ÄAll BLSPs between a pair of vertices are in the 

range [d,(n-1)d]

Âd- the distance in the whole graph



Why Only Õ(n2) Space?

Ã For a (1+ʁ )-approximation for any L, only 

log(1+ )ʁ(n-1) entries needed for a pair of 

vertices. Total space: O(ʶ-1n2logn).



Trivial Algorithm

Ã Trivial Algorithm :

Ä Insert all edges to G0=(V,Ø) in increasing order

Ä For every pair, check if distance changes when inserting e:

Â if ŭ(u,x) + length(x,y) + ŭ(y,v) < ŭ(u,v) then

ŭ(u,v) Ŷŭ(u,x) + length(x,y) + ŭ(y,v)

ÄRunning time: O(n4)



Precise BLSP Oracle?

Ã How much space needed for exactBLSP oracles?

Ã There can be up to Ū(n2) pairs of vertices having 

Ū(n2) different BLSP, so the total space can be Ū(n4) 

if no additions or subtractions performed in a query



An Example

Consider the distance from a to b under different leg bound



An Example



An Example

The distances from any x in X to any y in Y will change k2 times

|X|=|Y|=|A|=k

A



Notations

Ã Sort all the edges in G=(V, E) by length in 

increasing order

ÄE={e1,e2,é,em}

ÄThe subgraph Ga contains the first a edges: 

{e1,e2,é,ea}

ÄDefine ŭa(u,v) to be real distance from u to v in Ga.

Ã Define da(u,v) to be an approximation of ŭa(u,v).



Our Work-Fundamental

Ã A simplified algorithm with running time O(ʶ-1n3log3n) 

generating an (1+ )ʁ-approximate BLSP oracles.

Ã For a pair (u,v)ïVĬV, we merely compute log(1+ )ʁ(n-1) 

BLSPs to approximate others, call them representative 

entries.

Ä Reason: If a<b and da(u,v)Ò(1+)ʁdb(u,v), then we can use da(u,v) 

to estimate any dx(u,v) for aÒxÒb.

db(u,v)~da(u,v)/(1+ )ʁ dc(u,v)~db(u,v)/(1+ )ʁ



High-level Description

Ã Binary Search to find representative entries

Ã Modified-Floyd algorithm

ÄMerely compute selected pairs of vertices

ÄWith the input of approximate distances of other pairs

Ã Recursive Binary Search to find the paths



Main Sketch



An Example(ʁ  =0.2)

A B C D E

A 0 Ð 11 7 13

B Ð 0 Ð Ð Ð

C Ð Ð 0 Ð Ð

D Ð Ð 4 0 6

E Ð Ð Ð Ð 0

For G3 For G6

A B C D E

A 0 19 10 7 13

B Ð 0 Ð Ð Ð

C Ð 9 0 Ð Ð

D Ð 14 4 0 6

E Ð 8 Ð Ð 0



Main Sketch

Ã For each pair of vertices:

ÅP: P={pairs of vertices whose distances reduced by 

>1+Ůô factor}

ÅHow to compute the distances in P using the 

approximate distances of other pairs?


