Chapter 4

FrequencyAnalysis of Signalsand Systems
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Motivation: complexexponentialsare eigenfunctions

Why frequenc y analysis?
Comple exponentialsignals which aredescribedy afrequeng value,areeigenfunctionsor eigensignalof LTI systems.
Periodsignals which areimportantin signalprocessingaresumsof comple exponentialsignals.

Eigenfunctionsof LTI Systems

Comple exponentiakignalsplay animportantanduniquerole in theanalysisof LTI systemsothin continuousanddiscreteime.

Comple exponentialsignalsarethe eigenfunction®f LTI systems. ‘

Theeigervaluecorrespondindgo the comple exponentialsignalwith frequeng ! g isH(! o),
whereH (! ) is theFourier transform of theimpulseresponsé( ).

This statements truein bothCT andDT andin both1D and2D (andhigher).
Theonly differenceis the notationfor frequeng andthede nition of comple exponentialsignalandFouriertransform.

X(t) = e|2 Fot | | y(t) = h(t) e|2 Fot — Ha(Fo)e'Z Fot:

Z, Z,

YO = h(t) x()=h(t) &2Ft=  h()d2Felt I =2 Rt h()el2Fo d = Ho(Fo)d? ot
1 1

Continuous-Time

Proof: (skip )

where 5 5
~ 1 ~

Ha(F)=  h()e!?F d =  h()e 2 Fldt:
1 1

Discrete-Time

x[n] = &' o 1 ! y[n]= hin] &' o = H(1 o) oM = jH (! o)j& o+ HC o)

Could you show this using the z-transform? No, because-transformof el' °" doesnot exist!

Proofof eigenfunctiomroperty: i} 4

X R
y[n] = h[n] x[n]= h[n] €' °" = hlk]e' o™ 1) = hlk]e I' ok €' o" = H(l ) €' o";
k=1 k=1
whereforary ! 2 R:

% %
H(!) = hikle I' = hln]e " ":
k=1 n=1

In the context of LTI systemsH (! ) is calledthe frequencyresponseof the system,sinceit describeshow muchthe system
respondgo aninputwith frequeng !

This propertyalonesuggestshe quantitiesH 5(F) (CT) andH (! ) (DT) areworth studying.

Similar in 2D!

Most propertieof CTFT andDTFT arethe same.Onehugedifference:

‘ TheDTFTH(! ) is alwaysperiodic:H(! + 2 )= H(!); 8!; ‘

whereaghe CTFT is periodiconly if x(t) is train of uniformly spacedirac deltafunctions.

Why periodic? (Preview.) DT frequenciesiniqueonlyon[ ; ). AlsoH(!) = H(2)j,..» sothefrequeng responsdor ary
I is oneof thevaluesof the z-transformalongtheunit circle,so2 periodic.(Only usefulif ROC of H (z) includesunit circle.)
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Why is frequency analysis so important?
What does Fourier offer over the z-transform?

Problem:the z-transformdoesnot exist for eternalperiodicsignals.
Example x[n] = ( 1)". Whatis X (z)?

x[n] = xa[n]+ xz[n] = ( )" ulp]+( 1)"u[ n 1]

Fromtable:X1(z) = 1=(1+ z ') andX,(z) = 1=(1+ z 1) sobylinearity: X (z) = X 1(z) + X2(2) = 0.

But whatis theROC?ROC,; : jzj > 1ROG; : jzj < 1ROC;\ ROG,; =

In fact, the z-transformsummatiordoesnot corverge for anyz for this signal.

In fact, X (z) doesnot exist for anyetemal periodicsignalotherthanx[n] = 0. (All “causalperiodic” signalsare ne though.)

Yet, periodicsignalsarequiteimportantin DSPpractice.

Examples: networking over homepower lines. Or, a practicalissuein audiorecordingsystemss eliminating“60 cycle hum? a
60Hzperiodicsignalcontaminatingheaudio.We do notyet have thetoolsto designadigital Iter thatwould eliminate,or reduce,
this periodiccontamination.

Needthebackgroundn Ch. 4 (DTFT) and5 (DFT) to beableto design Iters in Ch. 8.

Roadmap (SeeTable4.27)
Signal
Signal Transform ContinuousTime DiscreteTime
Aperiodic || Continuougrequeng || Fourier Transform(306) | DTFT (Ch. 4)
4.1 (periodicin frequeng)
Periodic DiscreteFrequenyg Fourier Seriey(306) DTFS(Ch. 4) or DFT (Ch.5)
(periodicin time) (periodicin time andfrequeny)
4.2) FFT(Ch.6)
Overview

TheDTFSis thediscrete-timeanalogof the continuous-timd-ourier series:a simpledecompositiorof periodicDT signals.
TheDTFT is thediscrete-timeanalogof the continuous-timé-T studiedin 316.

Ch. 5, the DFT addssamplingin Fourierdomainaswell assamplingin time domain.

Ch. 6, the FFT, is justafastway to implementthe DFT on a computer

Ch.7is lter design.

Familiarity with the propertieds not justtheoretical put practicaltoo; e.g., afterdesigninga notch Iter for 60Hz,canusescaling
propertyto apply designto anothercountrywith differentAC frequeng.
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FrequencyAnalysis of Continuous-Time Signals Skim / Review

4.1.1
The Fourier seriesfor continuous-timesignals

If a continuous-timesignal x,(t) is periodic with fundamental period Ty, thenit hasfundamental frequencyFy = 1=T,.
AssumingtheDirichlet conditionshold (seetext), wecanrepresenxk ,(t) usingasumof harmonicallyrelatedcomple exponential
signals €2 XFot  ThecomponenfrequenciegkF) areintegermultiplesof thefundamentafrequeng. In generabneneedsan
in nite seriesof suchcomponentsThis representatiors calledthe Fourierseriessynthesisequation:

X
Xa(t) — Ck e|2 kFot ;
k=1

wherethe Fourier seriescoef cients aregivenby thefollowing analysisequation:

1
G = — Xa(t) e 12 kFot gt k2Z:
To <T o>

If xa(t) is arealsignal,thenthecoefcients areHermitian symmetric: ¢ ¢ = .

4.1.2Power density spectrum of periodic signals

The Fourierseriesrepresentatioilluminateshow muchpower thereis in eachfrequeng componentiueto Parseval'stheorem:
z

%
Pover= — Xa(D)j% dt = jcj?:
TO <T o> K= 1

We displaythis spectrainformationgraphicallyasfollows.
power densityspectrumkFg vsjcyj?
magnitudespectrumkFq vsjcyj
phasespectrumkFq vs\ ¢

Example Considerthefollowing periodictriangle wave signal,having periodTo = 4ms,shovn heregraphically

/‘ Zw‘
-2 6 2 ]

4 6 8 10 t[ms]

A pictureis ne, but we alsoneedmathematicatormulasfor analysis.
Oneuseful“time-domain”formulais anin nite sumof shiftedtrianglepulsesignalsasfollows:

X t=2+ 1; jtj
_ . N ;<2 2 0 2t
Xa(t) = . ¥a(t  KkTp); wherex,(t) = 0 otherwise
TheFourierseriesrepresentatiohascoefcients
8
z, ( 2 1L =0
_ 1 k=20 =2 1. .
G = % (t=2+ 1)e 12 k=t gt = d (0 o T s e =21, k60 even
2 ko " el 1 k60 odd

which canbefoundusingthefollowing line of MATLAB andsimplifying:
syms t, pretty(int('1/4 * (1+1/2) *exp(-i*2*pi*k/4*t)", -2, 2))
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Soin termsof complex exponentialgor sinusoids)we write X, (t) asfollows:

3 X 1)K X o Kk X 9 Kk
Xa(t) = €2 k=t=14+ ¢ zz%e'z k=t = 7+ “C0s 2 gt+ o+ Scos2 ot o
o 2 @

Paver DensitySpectrumof x4 (t)

6
1

1
: 1
9 2

0 025 050 0.75 F [kHz]

Notethatanin nite numberof comple exponentialcomponentsrerequiredto representhis periodicsignal.

For practicalapplications,often a truncated seriesexpansionconsistingof a nite numberof sinusoidaltermsmay be suf-
cient. For example,for additive musicsynthesigbasedon addingsine-wave generators)ywe only needto includethe termswith
frequenciesvithin theaudiblerangeof humanears.

4.1.3
The Fourier transform for continuous-timeaperiodic signals

- . Rl

Analysisequation:X o(F) = | Xa(t)e |2 Fldt

. _ R,

Synthesiequationxa(t) = ;| Xa(F)€?2 FtdF
Example

CTET ( 11 F=0

Xa(t) = rect(t) ¥ Xa(F) = sinc(F) = sin( F) .

F '

Caution: this de nition of sinc is consistentvith MATLAB andmostDSP books. However, a differentde nition (without the
terms)is usedin somesignalsandsystem$ooks.

4.1.4Energy density spectrum of aperiodic signals

Parseval's relationfor theenegy of a signal:
z 1 z 1
Enegy= jxa(t)i°dt= jXa(F)j*dF
1 1

SojXa(F )j2 representshe enemy density spectrum of the signalx(t).
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Propertieof the Continuous-ime Fourier Transform

Domain Time Fourier
SynthesisAnalysis || xa(t) = Rll Xa(F)€? FtdF | X4(F) = Rll Xa(t) e 12 Fidt
Eigenfunction h(t) €2 Fot= Hy(Fo)e? Pt [H(F) (F Fo)
= H(Fo) (F  Fo)

Linearity X1(t) +  Xot) Xi(F)+ XaF)
Time shift Xa(t ) Xa(F)e 12 F
Time reversal Xa( 1) Xa( F)
Convolution X1(t)  X2(t) X1(F) X2(F)
Cross-Correlation | x1(t) ?Xx2(t) = x1(t) Xo( t) | X1(F) X,(F)
Frequeng shift Xa(t) €2 Fot Xa(F  Fo)
Modulation(cosine) || xa(t) cog2 Fqt) Xa(F FO);Xa(F + Fo)
Multiplication X1(t) X2(t) X1(F) Xo(F)
Freq.differentiation | t xa(t) 2'—% Xa(F)
Time differentiation | 4 xa(t) |2 F Xa(F)
Conjugation X 4(t) Xa( F)

_ 1 F
Scaling Xa(at) axa a
Symmetryproperties| x,(t) real Xa(F) =X, F)

Xa(t) = X4( 1) Xa(F) real

Duality X (1) Xa(F)
Relationto Laplace Xa(F) = X(s) )
Parseval's Theorem 11 X1(t) x,(t) dt = ! XS;(llzz)FXZ(F)dF
Rayleighs Theorem L ixa(D)jfdt = jXa(F)j?dF
DC Value L Xa(t) dt = X,4(0)

A functionthatsatis esx,(t) = x,( t) is saidto have Hermitian symmetry.
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4.1.3Existenceof the Continuous-Time Fourier Transform skim

Sufcient conditionsfor x,(t) thatensurehatthe Fouriertransformexists:
Xa(t) is absolutelyintegrable(over all of R).
Xa(t) hasonly a nite numberof discontinuitiesanda nite numberof maximaandminimain ary nite region.
Xa(t) hasnoin nite discontinuities.

Do these conditions guarantee that taking a FT of a function x,(t) and then taking the inverse FT will give you back
exactly the same function x,(t)? No! Considerthefunction

_ 1, t=0
Xa(t) = 0; otherwise

Sincethis function(calleda“null function”) hasno“area’ X o(F) = 0, sotheinverseFTx = F 1[X] iﬁsimplyxa(t) = 0, which
doesnot equalx,(t) exactly! However, x andx areequivalentin the L ,(R?) sensethatkx  xk? =  jxa(t) )&z,l(t)j2 dt = 0
whichis morethanadequatdor ary practicalproblem.

If we restrictattentionto continuousfunctionsx,(t), thenit will betruethatx = F 1[F[x]].

Most physical functionsare continuousor at leastdo not have type of isolatedpointsthat the function x;(t) above has,sothe
above mathematicasubtletiemeednot deterour useof transformmethods.

We cansafelyrestrictattentionto functionsx,(t) for whichx = F [F [x]] in this course.

R
Lerch'stheorem:if f andg have thesameFouriertransformthenf  gisanull function,i.e., 11 if () g()jdt:

4.2
FrequencyAnalysis of Discrete-Time Signals

In Ch. 2, weanalyzed.T| systemsisingsuperpositionWe decomposetheinputsignalx[n] into atrain of shifteddeltafunctions:

X x
x[n] = Cc Xk [n] = X[K] [n KI;
k=1 k=1

determinedhe responseo eg,chshifteddeltafunction [n K] " hg[n]; andthenusedlinearity andtime-irvarianceto nd the
overall outputsignal:y[n] = ,i: 1 X[KIh[n K]:

The“shifted delta” decompositioris not the only usefulchoicefor the “elementary”functionsxy [n]. Anotherusefulchoiceis the
collectionof complex-exponentialsignalsf el' " g for various! .
We have alreadyseerthatthe respons@f an LTI systemto theinpute " isH(! ) &' " ; whereH (! ) is thefrequencyresponse
of thesystem.

ch2:xin]= [n K" w[n]=h[n K]

Cha:x[n] = & <" 1Ty [n]= H(l ) e «n

Sonow wejustneedo gure outhow to dothedecompositiomf x[n] into aweightedcombinatiorof complex-exponentiakignals.

We begin with the casewherex[n] is periodic.
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421
The Fourier seriesfor discrete-timeperiodic signals

For a DT periodic signal, should an in nite set of frequency components be required? No, becausdT frequencieslias
totheintenal[ ; ].

Fact: if x[n] is periodic with periodN , thenx[n] hasthefollowing seriesrepresentation(synthesisinverseDTFS):

X 1 2
x[n] = o € <" |wherg! | = Wk: pictureof! ¢ 'son|0;2 ) (4-1)
k=0

Intuition: if x[n] hasperiodN , thenx[n] hasN degreesof freedom TheN ci'sin theabore decompositiorexpresshosedegrees
of freedomin anothercoordinatesystem.

Linear algebra/ matrix perspectve Undergrads: skim. Grads: study.

To prove (4-1), onecanusethefactthattheN N matrix W with n; kth elementW,, = € 7" isinvertible,wherewe number
theelementdromOtoN 1. In fact,thecolumnsof W areorthogonal.

To shaw thatthe columnsareorthogonalwe rst needthefollowing simpleproperty:

1’5(1e|2N_nm_ 1, m=0 N; 2N;::: X

N ~0; otherwise = [m KkN]J:
n=0 e 1

P
Thecasewherem is amultiple of N is trivial, sinceclearlyel? "(KN)=N = g2 nk = 1591~ N 11 = 1: For thecasewherem
is notamultiple of N, we canapplythe nite geometricseriesformula:

1 dEm

1 1
X g 2 L% g 2 L S S RS
N n=0 N n=0 N 1 eIZN_m N 1 eIZN_m
ow letw® andw' betwo columnsof thematrixW , for k;1 = 0;:::; . entheinnerproductof thesetwo columnsis
Now letw andw' b lumnsof thematrixW , for k;1 = 0;:::;N 1. Thentheinnerproductof th lumnsi
X X 1 X 1
wwli= wkw)) = dirkne lvin= divhn= N [k )
n=0 n=0 n=0

proving thatthecolumnsof W areorthogonal This alsoprovesthatW o = plﬁw is anorthonormal matrix, soits inverseis just
its HermitiantransposeW o = W § = p%w % where“® denotedHermitiantransposeFurthermore,
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The DTFS analysisequation

How can we nd the coef cients ¢ in (4-1), without using linear algebra?

Read. Multiply bothsidesof (4-1)by & e | '™ andsumovern:
" # " #
X1, X 14 X 1 XL LK L, X -
= N = Ck = C|:
n=0 n=0 k=0 k=0 k=0 k=0

Thereforereplacingl with k, the DTFS coefcients aregivenby thefollowing analysisequation:

1 X!

N n=0

G = x[n]e wkn. (4-2)

Theabove expressioris de nedfor all k, but we really only needto evaluateit fork = 0;:::;N 1, because:

Thecy'sareperiodicwith periodN .

Proof(usesa simpli cation methodwe'll seerepeatedly):

1%t K 1 27’\”‘_11’(1
N

1
Ck+N = — x[n]e'er('”N)”:W x[n]e |Tkng I5Nn - x[n]e &k = ¢
n=0 n=0 n=0

N

Equationg4-1) and(4-2) aresometimegalledthe discrete-time Fourier seriesor DTFS.
In Ch. 6 wewill discusghediscreteFourier transform (DFT), whichis similar exceptfor scalefactors.

Example Skill: ComputeDTFS representatiorof DT periodicsignals.

Considerthe periodicsignalx[n] = f4;4; 0;0g,, aDT square wave. NoteN = 4.

i
ck:% x[n]e'sz”:%1 4+ 4e 15K = 14 e | =2,
n=0

sofco;C15C;039= 2,1 j;0;1+ jgand

xinj= 2+ (1 i@+ e =20 @ e+ @+ e la]= |2+ 2" 2c0s on 3

This “squarewave” is representetly a DC termplusasinglesinusoidwith frequeng ! ; = =2.

From Fourier seriesanalysiswe know thata CT squarewave hasanin nite numberof frequeny componentsThe above signal
x[n] couldhave arisenfrom samplinga particularCT squarevave x5 (t). picture. Butour DT squarevave only hastwo frequeny
componentsDC and! ; = =2. Where did the extra frequency components go? They aliasedo DC, =2, and

Hermitian symmetry

If x[n] is real,thenthe DTFS coefcients areHermitiansymmetricj.e, c ¢ = C,.

But we usuallyonly evaluatec, fork = 0;:::;N 1, dueto periodicity
Soamoreusefulexpressioris: ¢ isreal,andcy ¢ = ¢ fork = 1;:::;N 1. Theprecedingexampleillustratesthis.
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4.2.2Power density spectrum of periodic signals

Thepower density spectrumof aperiodicsignalis a plot thatshavs hov muchpowerthesignalhasin eachfrequeny component
I «. For pureDT signals,we canplotvsk orvs! x. ForaDT signalformedby samplinga CT signalatrateFs, it is morenatural
to plot power vs correspondingontinuoudrequencies, = (k°N)Fs, where

sothatk®2 f N=2;:::;N=2 1gandFy 2 [ Fs=2;Fs=2).
Whatis the power in the periodicsignalx,[n] = ¢ €' " ? Recallpower for periodicsignalis

K 1

1 . . L.
Pe= ixe[nli® = joj®:
n=0

Sothe power densityspectrumis justaplot ofjckj2 vsk or!  orFy.

Parseval' s relation expresseshe averagesignal power in termsof the sumof the power of eachspectracomponent:

Xt Xt
Power = N Jx[n]J2 = Jcka:
n=0 k=0

Read. Proofvia matrix approachSincex = W ¢, kxk? = kW ck? = kp NW ogck? = NKW ock? = N kck?:

Example (Continuingabore.)

Time domainz:- wlaoljx[n]j2 = (1=4)[4 + 4] = &
Frequeng domain: . 'joj®= 22+ j1 jj2+jl+jj2=4+2+2=8

Picture of power spectrunmof x[n].

Relationship of DTFS to z-transform
Eventhoughwe cannottake the z-transformof a periodicsignalx[n], thereis still a (somavhat) usefulrelationship.

Let x[n] denoteoneperiodof x[n], i.e, ¥[n] = x[n](u[n] u[n NJ). Let X(z) denotethe z-transformof x[n]. Then

6= X

2
z=e! k:e| Nk

Picture of unit circle with ¢, 's.

Clearlyonly valid if z-transformincludesthe unit circle. Is this a problem? No problem,becausesn] is a nite durationsignal,
soROC of X'(z) is C (except0), soROC includesunit circle.

Example (Continuingabove.) x[n] = f4;4;0;0g9, soX (z) = 4+ 4z L.

1 -
G = 7X() =1+2z1 =1+el k2,

z=el k=2
z=el2 k=4

whichis the sameequatiorfor the coefcients asbefore.

Now we have seerhow to decompos@ DT periodicsignalinto a sumof comple exponentialsignals.
This canhelpusunderstandhe signalbetter(signalanalysis).
Example looking for interference/harmoniasn a 60Hz AC power line.
It is alsoveryusefulfor understandinghe effectof LTI systemson suchsignals(soon).
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Preview of 4.4.3 analysisof LTI systems
Time domaininput/output:x[n]! [h[n]|! y[n]= h[n] x[n]:

If x[n] is periodic,we cannotusez-transformsput by (4-1) we candecompos&[n] into aweightedsumof N complex exponen-

tials:
I’( 1
x[n] = c Xk[n]; wherexy[n] = €
k=0

2
k.

We alreadyshavedthatthe responsef the systemto theinput x, [n] is justyx[n] = H(! ) € 2N—k”,whereH(! ) is thefrequeng
responseorrespondingo h[n].

Therefore by superpositionthe overall outputsignalis
M= = d irkn
y[n] = Ck Yk[n] = Lyev i
L

k=0 multiply

For a periodicinput signal,therespons®f anLTI| systemis periodic(with samefrequeng components). ‘

The DTFScoefcients of the outputsignalarethe productof the DTFS coefcients of the
input signalwith certainsamplef thefrequeng responseé (! ) of thesystem.

This is the “convolution property”for the DTFS, sincethe time-domainconvolutiony[n] = h[n] x[n] becomesimply multipli-
cationof DTFScoefcients.

Theresultsarevery usefulbecauserior to this analysiswe would have hadto do this by time-domaincornvolution.

Could we have used the z-transform to avoid convolution here? No, sinceX (z) doesnotexist for eternalperiodicsignals!

Example Making violin soundlike ute. skip : donein 206.

Fo = 100(Hz sawtoothviolin signal. To = 1=Fy = 1msec.

Fs = 800Hz,soN = 8 samplegerperiod.

Ts = 1=F; = 0:125msec

Wantlowpass Iter to remove all but fundamentabnd rst harmonic. Cutof frequeng: F. = 2500Hz, soin digital domain:
fc = Fe=Fs = 2500-8000= 5=16,s0! . = 2 (5=16)= 5 =8.

picture of x[n], y[n], H(! ), power density spectrum before and after Itering
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TheDTFSallowsusto analyzeDT periodicsignalsby decomposingnto asumof N complex exponentialswhereN is theperiod.
Whataboutaperiodicsignals?Lik e speector music.)

Notein DTFS! ¢y = 2 k=N. LetN ! 1 thenthe! \'sbecomecloserandclosertogetherandapproacta continuum.

4.2.3
The Fourier transform of discrete-timeaperiodic signals

Now we needa continuumof frequenciessowe de ne thefollowing analysisequation:

R
X(1)= x[n]e ' " |andwrite x[n] °§" X (!): (4-3)

n=1

Thisis calledthediscrete-time Fourier transform or DTFT of x[n]. (Thebookjust callsit the Fourier transform.)

We have alreadyseerthatthis de nition is motivatedin theanalysisof LTI systems.
TheDTFT is alsousefulfor analyzingthe spectrakontentof samplesontinuous-timesignals which we will discusdater.

Periodicity

The DTFT X (! ) is de ned for all ! . However, ‘theDTFT is periodicwith period2 , ’sowe often just mention !
Proof:

p3 X X
X('+2)= x[n]e 1¢+2 )n = x[nle ' "e 121 = x[nle ' "= X(1):
n=1 n=1 n=1

In fact,whenyou seea DTFT pictureor expressiorik e thefollowing

- Loty te
XM= Pe<ij'i
we really arejust specifyingoneperiodof X (! ), andtheremaindeiis implicitly de ned by the periodic extension

Somebookswrite X (€' ) to remindusthatthe DTFT is periodicandto solidify the connectiorwith the z-transform.

The InverseDTFT (synthesis)
If theDTFT is to bevery useful,we mustbeableto recover x[n] from X (! ).
Firstausefulfact: L d
1, m=20
— 'myq = = ! :
5 e mdl [m] o me o for m2 Z:

Multiplying bothsidesof 4-3 by 6'2— andintegratingover! (noteusek notn inside!):

z I'n z !n" ){- id X Z
Cxa= C e a = xS d 0

k=1 k=1 k=1

x[k] [n k] = x[n]:

Theexchangeof orderis ok if Xy (! ) corvergesto X (! ) pointwise(seebelow).

Thuswe have theinverseDTFT:

-
A

x[n] = zi X()€e "dt : (4-4)

Becausdothd' " andX (! ) areperiodicin ! with period2 , ary 2 interval will sufce for theintegral.

Lots of DTFT propertiesmostly parallelthoseof CTFT. More later.
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4.2.6
Relationship of the Fourier transform to the z-transform

X(1) = X(Djgzer

if ROC of z-transformincludesthe unit circle. (Follows directly from expressions.Hencesomebooksusethe notationX (el' ).

Example x[n] = (1=2)" u[n] with ROCjzj > 1=2 whichincludesunit circle. SoX (z) = &+ sOX(!) = .
If the ROC doesnotincludetheunit circle, thenstrictly speakinghe FT doesnot exist!

An “exception”is the DTFT of periodicsignals whichwe will “de ne” by usingDirac impulses(later).

4.2.4Convergenceof the DTFT

TheDTFT hasanin nite sum,sowe shouldconsidemwhendoesthis sum“exist,” i.e., whenis it well de ned?

A sufcient conditionfor existenceis thatthe signalbe absolutelysummable:

R
X[nli<1:

n=1
Any signalthatis absolutelysummablewill have anROC of X (z) thatincludesthe unit circle,andhencewill have awell-de ned
DTFT for all ! , andtheinverseDTFT will give backexactly the samesignalthatyou startedwith.

In particular underthe above condition,onecanshaw thatthe nite sum(which alwaysexists)

X
Xn(1) = x[n]e ' "
n= N

corvergespointwiseto X (! ) forall ! :
supjXn (1) X()j! 0OasN! 1;

orin particular:
Xn(1)! X(1) asN! 1 8

Unfortunatelythe absolutesummabilityconditionprecludegeriodicsignals which werepartof our motivation!

To handleperiodicsignalswith the DTFT, onemustallow Dirac deltafunctionsin X (! ). Thebookavoidsthis, sol will alsofor
now. For DT periodicsignalswe canusethe DTFSinstead.

However, therearesomesignalsthatarenot absolutelysummablebut neverthelesslo satisfythewealer nite-energy condition

X . .2
Ex = jx[nji“< 1:
n=1
For suchsignalsthe DTFT corvergesin amean-squae sense:
z
Xn(t) X(1)jiPd! 0 asN! 1:

This is theoreticallywealer than pointwise corvergence,but it meansthat the error enegy diminisheswith increasingN, so
practicallythe two functionsbecomephysically indistinguishable.

Fact. Any absolutelysummablesignalhas nite enepgy:

x x..!x..! L S x o
x[nli<1 =) ix[nlj Xmlj <1 =) iX[n]j© + iX[nljjxmlj< 1 =) X[l < 1:

n=1 n=1 m=1 n=1 mén n=1
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Gibb's phenomenon(anexampleof mean-squareorvergence)
Our rst Iter design

Supposeve would like to designa discrete-timdow-pass lter , with cutoff frequeng 0 < ! . < | having frequeng response:

1, 0 j'j ! -
H(!) = o 'c<lj!Jj ¢ (periodic)

Find theimpulseresponsdi[n] of sucha lIter. Carefulwith n = 0!

Z Z, | .

1 | 17, 1 ,,° ghen e lten sin(ten) [Te . T¢

= — | hdr = — g = ——_ ' N = = == L
hin] = 2 H()ée "dt > e ndt > e . 5 In . sinc —<n

'e ‘e

Is h[n] an FIR or IR lter? ThisisIIR. (Neverthelesst couldstill be practicalif it hadarationalsystemfunction.)

Is it stable? Dependn! . If ! ¢ , thenh[n] = [anhmh is stable.

l

Butconsidedr = =2.Then ,_, jh[n]j =1=2+2 ., M2 = 1=+ (2=) il st = 1 ;soitis unstable.

Frequency response of ideal low-pass filter

Impulse response of ideal low-pass filter
0.5 T T T T

0.4f

0.3f

0.2}

h(n)

0.1f

QL

)éo‘?od)O?OéOTOJ)OTolO OlOTOJ)O?OéO?ObO?Od)(

-01F
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Can we implement h[n] with a nite number of adds, multiplies, delays? Only if H (z) is in rationalform, whichit is not! It
doesnot have anexact( nite) recursveimplementation.

How to make a practical implementation? A simple,but suboptimalapproachjusttruncateimpulseresponsesinceh[n] 0
for largen. But how closewill bethefrequeng responsef this FIR approximatiorto idealthen?Let
hin]; jnj N

hw [n] = 0; otherwise

andletHy (! ) bethecorrespondindgrequeng response:

X in!
sSin! ¢n
Ha (1) = hy[n]e ' M = T°e“”:
n= N n= N
No closedform for Hy (! ). UseMATLAB to computeH y (! ) anddisplay
o Hy () H\@®) H(w)
‘ Truncated ‘Slnc Filters ‘ 15
05} ]
N=10 0.5
04t R 1
0.3 il 0.4
€ o2 i 05 0.3
< o01f E ' 0.2
or b 0.1
0
01t R 0
0% w0 s 20 0 20 2 % 80 5 0 5 5 0 5
15
o8 i N=20 05
04t 4 1
0.4
03} E
€ o2 J 05 0.3
< o01f 1 ' 0.2
r R 0.1
° 0
01 — 0
%0 % ™ 2 0 20 2 % 80 5 0 5 5 0 5
15
N=80 0.5
1 0.4
0.3
0.5 0.2
0.1
0
0
0'280 6[‘) 4(; 26 c‘) 2‘0 4‘0 e;o 80 5 0 5 5 0 5
n w w

As N increaseshy [n] ! h[n]. ButHy (! ) doesnotcorvergeto H(! ) for every! . But the enepy differenceof thetwo spectra
decreasew 0 with increasingN . Practically thisis goodenough.

This effect, wheretruncatinga sumin onedomainleadsto ringing in the otherdomainis calledGibbs phenomenon

We have justdoneour rst lter design.It is a poordesignthough. Lots of taps,no recursve form, suboptimalapproximatiorto
ideallowpassfor ary givennumberof multiplies.
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4.16
425
Energy density spectrum of aperiodic signalsor Parseval's relation

% , % % 12 ,

E = iX[n)i© = x[n]x [n] = x[n] > X()e "d
n=1 Wn=1 n=1
z 2 # z z
= — X (1) x[n]e d = — X ()X()d = — X()jcdr
2 he 1 2 2
X L

. 1 . :
X = o X ()t

LHS: totalenegy of signal.
RHS:integral of enegy densityover all frequencies.

S (1) £ X )j2 is calledtheenermy density spectrum.
Whenx[n] is aperiodictheenegy in ary particularfrequeng is zero.But

Z
L pa
2 . ! !
guanti eshow muchenegy the signalhasin thefrequeng band[! 1;! ,] for i<ty
1 1
Example x[n] = a" u[n] forareal. X (z) = ————— soX(! )= —————,so0
ple x[n] = a" un] (2)= ;7 SOX(1) = 7=
2
1 1
S (1) = jX ()%= = :
o (1) = IX(H)] 1 ael 1 2acos! + a2
Energy density spectrum ofa " u(n)
ar I a=05
A3- T
5
£ 8 ]
@ a=0.2
1F aEO 1
=
o )
5 0 5
w
1
_08 a=0.5
;50.6
%0.4
}/02 T
fic ? Q QD O
5 0 5 10
n
1 T
a=0.5
§ 0.5f
éqaoooo ?éooooooe
0.5
5 0 5 10

Why is there greater energy density at high frequencies when a < 0? Recalla" = (j aj)" = ( 1)"jaj" whichalternates.

Note:fora= Owehavex[n] = [n].
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4.2.7The Cepstrum
skip

4.2.8The Fourier transform of signalswith poleson the unit circle
Skim

A comple exponentialsignalhasall its power concentratedn a singlefrequengy component.So we expectthatthe DTFT of
' o" would besomethingike* (I ! ).

0 o !

What is wrong with the above picture and the formula in quotes? Not explicitly periodic.

Consider(usingDirac deltanow):

P
X()y=*2 (¢ 'o"=2 (1 1o k2)
k=1
Assumel g2 [ ; ]
FindinverseDTFT:
17 , Z % | |
X[n]:z_ X(!)e|.nd!: (! o k2)e"”d!=e|-0”;
k=1
sinceintegralover[ ; ] hitsexactly oneof the Dirac deltafunctions.
Thus
1 DRET X
d! on § 2 (! lo k2)=%2 (! o)™
k=1

Thestepfunctionhasa pole ontheunit circle, yet sometextbooksalsostate:

1 x

uin] 8T Uy =

- (¢ 2K):

k=1
The stepfunctionis not squaresummablesothis transformpair mustbe usedwith care.Rarelyis it needed.

4.2.9Sampling
Will bedonelater!

4.2.10Frequency-domainclassi cation of signals: the conceptof bandwidth
Read

4.2.11The frequencyrangesof somenatural sounds
Skim

4.2.12Physical and mathematical dualities
Read

discrete-time$ periodicspectrum(DTFT, DTFS)
periodictime $ discretespectrad CTFS,DTFS)
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4.3
Propertiesof the DTFT

*
X(1)= x[n]e " "
n=1

Most propertiesanalogouso thoseof CTFT. Mostcanbederiveddirectly from corresponding-transformpropertieshy usingthe
factthatX (! ) = X (2)j,- . Caution:reuseof X () notation.

Periodicity: X (1 ) = X(! +2)
4.3.1Symmetry propertiesof the DTFT

Time reversal
Recallx| n]€ X z ! .Thusx[ n]°¥" X z1!

So| X[ n]DgT X(1):

=X ")= X(@iye v = X( 1)

z=el

Soif x[n] iseven, i.e, x[n] = X[ n],thenX (! )= X( !) (alsoeven).

Conjugation

Recallthatx [n]$ X (z ). Thusx [N]°8" X (2 )j,cer =X (€ ") = X @yee v =X ( !).
So| x [n]DET X (1):

Realsignals
If x[n]isreal i.e,x[n] = x [n],thenX (! )= X ( !) (aHermitian symmetric spectrum).

In particularwriting X (! ) = Xg (') +] X, (! ) we have
Xr( 1) = Xr(l)
X ()= X()

Combining:‘ if X[n] is realandeven,thenX (! ) is alsorealandeven‘i.e., XM)y=X(N)=xXx")=x(1):

Therearemary suchrelationshipsassummarizedn thefollowing diagram.

x[n] = xg[] + [xf[] + xg[] + |xP[n]
I I &
X() = Xg() + [X() + Xg() + [X°(1)
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4.3.2DTFT properties

Again, onemotivationis to avoid PFEfor inverseDTFT.
Linearity
DT | |
ay X1[n] +az X2[n] ay X1(!) +az Xa(!)
Time-shift
sincexn k] $ z XX (2)
xin  k]1°¥" e I kx (1) “phaseshift”

Time-reversal (earlier)x[ n] °KT X( ")
Conjugation (earlier)x [n] °ET X (")
Convolution (particularlyusefor LTI systems)
hin] x[n]$ H(z)X (z) so
hin] x[n]°8" H()X()

CrossCorr elation

hyl=xM] y [ n]°8" sy (1) = X()Y (1)
If x[n] andy[n] real,then

Ny 1= ] y[ n°8T Sq (1) = X(1)Y( 1):

Autocorrelation (Wiener-Khintchine theorem)

N P87 S (1) = X (1)

Frequencyshift (complexmodulation)

donxin] P87 X1 1)

Example Lety[n] = &n x[n],

X (! Y(!)= X{(! 3| =4
16() 16() ( )

Modulation

x[nlcost on) "8T ZIX( 1a)* X (1 + 1)

sincecos( on) = (e °" + e I' °")=2. Now what? Apply frequeng shift property

R
foa Xt = A X()iPd

N
Parseval's Theorem (earlier) - _

Frequencydiffer entiation

% * *
nxin] 8T 1 X =10 T xnle Pr=1 T i) e tt= T (nxinpe "

n=1 n=1 n=1

carefulwithn = 0!
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Example Findx[n] whenX (! ) = 1fora !  b(periodic)with a<b e, X (1) = rect % (periodic)

picture We dervedearlierthat(! ;= ) sinc((! ¢= )n) °¥T rect(! =(2! ).

Let! ¢ = (b a)=2 theny[n] = %2 sinc 5-2n °FT v(1) = rect 5 (periodic).

How does X (! ) relate to Y (! )? By afrequeng shift: X (! ) = Y(!  (b+ a)=2) sox[n] = el(P*3)=2n y[n]

_ Jeag ba b a
x[n] = €& —— sinc ——n

Signal multiplication (time domain)

Should it correspond to convolution in frequency domain? Yes,but DTFT is periodic.

Z
x[n] = xa[n]x2[n] % X (1) = Zi Xi()X2(! )d
Proof: 2 2 . 7
X() = x[ne I' " = xi[n]xz[n]e ' " = R X1( )" d xgnle "

n=1 "n= 1 4 n=1

1 Z N ‘ 1 Z
= — X1( ) Xa[nle I " d = = Xq( ) Xo(! )d

2 ne 1 2

whichis calledperiodic corvolution.
Similarto ordinaryconvolution (ip andslide)but we only integratefrom to

Compare:
Corvolutionin time domaincorrespond$o multiplicationin frequeng domain.
Multiplication in time domaincorrespond$o periodic corvolutionin frequeng domain(becaus®TFT is periodic).

Intuition: x[n] = x1[n] xo[n] wherex;[n] = &' :" andx,[n] = €' 2". Obviouslyx[n] = e +**2)" putif jl ; + 1 ,j > then
the! 1 + !, will aliasto somefrequeny componentvithin theintenal [ ; ].
The“periodic corvolution” takescareof this aliasing.

P . R
Parseval generalized ,_, Xx[n]y [n]= 5 XMy (H)d
I = 0(DC value)
R
X(0) = x[n]
n=1
n = Ovalue
1 4

x[0]= >~ X(1)d

Other “missing” properties cf. CT? noduality, notime differentiation,no time scaling.

Upsampling, Downsampling
Seehomework - derive from z-transform
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4.21

4.2.9
The sampling theoremrevisited
samplin
Xa(t) P9 ]
CTFTI DTFTI
2
Xa(F) X(1)
Basicrelationships:
DTFT L
X(1)= gy xnle '
xin]= LX) na
(CTFT
Xa(F) R Xa(t)e |2 Ftdt
Xa(t) = Xa(F)e? FtdF
Sampling:
X[n] = Xa(nTs)
whereTs = 1=Fs.
Questions
I. How does X (!) relate to X 5(F)? Sumof shiftedreplicates.
What analog frequencies F relate to digital frequencies! ?! = 2 F=F.

II. When can we recover x,(t) from x[n] exactly? Sufcient to have x,(t) bandlimitedandNyquistsampling.

[ll. How to recover x,(t) from x[n]? Sincinterpolation.

Therehadbetterbe a simplerelationshipbetweenX (! ) andX 4(F ), otherwisedigital processingf sampledCT signalscouldbe

impractical!
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Spectral Replication (Resultl)

Intuition / ingredients:
If Xa(t) = cos@ Ft) thenx[n] = cog2 FnTs) = cos 2 £n so! =2 F=F.
DTFT X (! ) is periodic
CTFT X 4(F) is not periodic(for enegy signals)

Fact.If x[n] = xa(nTs) wherexx(t) °gT Xa(F) then

1 R =2 ) k
k=1

Sothereis adirectrelationshipbetweerthe DTFT of thesamplesf ananalogsignalandthe FT of thatanalogsignal: X (! ) is the
sumof shiftedandscaledreplicatesof the (CT)FT of theanalogsignal.

Eachdigital frequeng ! hascontritution from mary analogfrequenciesF 2 FSZE—;FSZ!— FS;FSZ!— 2Fg;

Eachanalogfrequeng F appearsasdigital frequencie%;! =2 F=F; 2 k:‘

Theargumentof X 4( ) is logical consideringhe! = 2 F=F relation.
The 1=Tj factoroutfrontis naturalbecauseX (! ) hasthe sameunitsasx[n], whereas< 5(F) hasx[n]'s unitstimestimeunits

Example Considerthe CT signalx,(t) = 100sinc?(100t) which hasthefollowing spectrum.

L gXa(F)

-100 6 100 F

If x[n] = Xa(nTs) wherel=Ts = Fs = 400Hz, thenthespectrunof x[n] is thefollowing, where! . = 2 100=400= =2.

X (1)
4008
2 =2 6 =2 2 !
Of coursewereally only needto shav ! becauseX (! ) is2 periodic.

Ontheotherhand,if Fg = 150Hz, then2 100=150= % andtherewill bealiasingasfollows.

eX(!)
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Proofsof Spectral Replication
Proof1. (No Dirac Impulses!)
x[n] = éagnTs) sampling
= X o(F) e? F'Ts) gF inverse(CT)FT
)a YA 2 (k+1=2)=Ts
= X a(F)e? FTsndF rewrite integral
e 1 o2 (k 1=2)=T,
X o 1F2) Tk (e, d let! =2 FT 2k
o o 2 Ts " 2 Ty soF = ‘21«
1 1 X =2 )+ k o
= > - Xa % d ndt simplifying exp.
S k= 1 S

Thebracletedexpressiommustbe X (! ) sincetheintegralis theinverseDTFT formula:

x[n] = —

X (1) ndr :

Thus,whenx[n] = x4(nTs) (regardlesof whetherx,(t) is bandlimited)we have:

1 R 1=(2 )+ k
X(1)= = X4 =
Sk=1 s
Proof2. p
Firstde ne thetrain of Dlracmpulses,akathecom!gfunctlon comb(t) = ﬁ: . (t n):

Thecontinuous-timé=T of comb(t) iscomb(F) =  ,_ ,

(F

If x[n] = xa(nTs), then(usingthesifting propertyandthe time-domainmultiplication property):

k):

Z 4 Z, 2 #
X() = x[n]e I' " = Xa(t) (t nTe ! =Tedt= xu(t) (t nTs) e ! =T=dt
n=1 " n=1 1 4 1 n=1
Z, s t Z . 1 ¢
= Xa(t) = =— n el'FTedt= Xa(t) = comb — e 12 '@ T)tqy
1 - Ts s Ts Ts
n=1
#
1
= [Xa(F) comb(TsF)] = Xa(F) = (F  k=Ty)
F=1=2 Ty Ts
# L F=1=2 Tq)
R X _
= = Xa(F  k=Tg) = Ti Xa (2_'_) k
k=1 F=1=(2 To) k=1 °
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Proof3.

Engineers fact: theimpulsetrain functionis periodic,soit hasa (generalizedJourierseriesrepresentatioasfollows:

R *»
(F k)= g2 Fn.

k=1 n=1
(This canbe shovn morerigorouslyusinglimits.)

Thuswe canrelateX (! ) andX 5(F) asfollows:

X() = x[n]e ' "
n=1
= Xa(nTg)e ' N
n=1
x 21
= Xa(F)elz F(nTS) dF e |! n
n=1 1||
Z % #
= Xa(F) d@ FTs i gf
.n=1
z % #
= X a(F) (FTs !'=2 ) k) dF
k=1
z % #
| =
- e Lo ko
o1 Ts Ts
X’ | =
_ Ti X, (2 )+ k
Sk: 1 TS

Note (at) = J%] (t) fora 6 0.

A mathematiciarwould be uneasywith all of these"proofs” Exchangingn nite sumsandintegralsreally shouldbe donewith
careby makingappropriateassumptionaboutthefunctions(signals)consideredPracticallythough the conclusionsre ne since
real-world signalsgenerallyhave nite enegy andarecontinuouswhich arethetypesof regularity conditionsusuallyneeded.
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Example Considetthesignal(for to > 0)
1 1

%) = T )2

Thenfrom FT table
Xa(F) = tOej 2 Flo]

CT "Cauchy" Signal CT Fourier Transform
0.35 1
0.3
0.8
0.25 t,=1
0.2 0.6
= [
< <
0.15 0.4
0.1
0.2
0.05
0
200 0 20 1 0 1
t F

Bandlimited? No. Supposave sampleit anyway. DoesDTFT of sampledsignalstill look similarto X 4(F) (but replicated)?

Note that since X 5(F) is realand symmetric,sois X (! ). Sincethe mathis messywe apply the spectralreplicationformula
focusingon! 2 [0; I

p _
X(1)= 11 W« 1=2) K

T, O ° Ts
= i tge tojI Tzskj: e it +2 kj
TS k=1 k=1
Xl
= e I'ig4 e 11+2 kiy e 11+2 Ki
k=1 k=1
ooooxt R
= e M+ ey e (*2 0 (for1 2[0; ])
k=1 k=1
. b o p3
= e M+e e 2K +e e 2k
kO0=1 k=1
. e 2
= e "+ e v+t —
1 e 2
i, e 2 NNye @+
= e I+
1 e 2
where = to=Ts. Thusfor! 2 [0; ] we have thefollowing relationshipbetweernthe spectrumof the sampledsignalandthe

spectrunof the original signal:
e @ ie @+

X() = My

") e 1 e 2

Ideallywewouldhave X (1 ) = Tl—sxa(! =2 Ts)) = el 'lifor! 2[0; ]. Thesecondermaboveis dueto aliasing.Notethat
asTgs! 0, ! 1 andthesecondermgoestoO.

Thefollowing gure shaws x,(t), its sample[n], andthe DTFT X (! ) for two samplingrates.For Ts = 1 thereis signi cant
aliasingwhereador T = 0:5 thealiasingis smaller
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Cauchy signal DTFT of samples

2

—. 0.3

c

I;. ~

° 0.2 S 1

© X

£01

O 0 = = = =

0.3 = 2
=0 =1
3
- 0.2 T=05 S
C =1
© X
£0.1
X

0 0

10 0 10 -2p 0 2p

t %

Notethatfor smallersamplespacingTs, the X 4(F) replicatedbecomemorecompressedsolessaliasingoverlap.

Canwe recover X4(t) from x[n], i.e., X o(F) from X (! ) in this caseWell, yes,if we knew thatthe signalis Caucly but justdo
notknow tg; just gure outty from the samplesBut in generakherearemultiple analogspectrahatmake the sameDTFT.

Picture of rectangular and trapezoid spectra, both yielding X (! ) = 1
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Bandlimited Analog Signals

(Answersquestion.whencanwe recover X 4(F) from X (! ), andhencex,(t) from x[n].)

Supposéhereis amaximumfrequeny Fnax > 0for whichX 3(F) = Ofor jFj  Fmax, asillustratedbelow.

gXa(F)

- Fmax 0 Fmax F

X (!
1:T36()

0 ! max 2 lmax 2 !

Where! max = 2 Fmax Ts = 2 Fmax =Fs:

Clearlytherewill benooverlapiff ! max < 2 ! max iff | max < iff 2 Fax=Fs < iff | Fs > 2Fmay:|

Resultll.

If thesamplingfrequeng F; is atleasttwice the highestanalogsignalfrequeny Fmax ,
thenthereis no overlapof the shiftedscaledreplicatesof X 5(F) in X (!).

2F max is calledthe Nyquist sampling rate.

Recovering the spectrum

Whenthereis no spectraloverlap(no aliasing),we canrecover X 5(F ) from thecentral(or ary) replicatein theDTFT X (! ).

Let! o beanyfrequeny between ox and . Equivalently, letFq = ’2—0F.5 beary frequeng betweerF 5 andFs=2.
Thenthe centemreplicateof the spectrunis

! 1
t — X()= —X
rec M) T, %a

2, 2 T,

or equialently (still in bandlimited case):

F .
Xa(F) Tsrect 2_Fo X2 FTg); if0< Fnax Fo Fs=

TsX(2 FTs); jFj Fo Fs=2
0; otherwise

SotheTs-scaledrectangulaswindowed DTFT givesusbackthe original signalspectrum.
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Resultlll.
How do we recover theoriginalanalogsignalx;(t) fromits samplex[n] = x4(nTy).

Corvertcentralreplicatebackto thetime domain:
YA 1

Xa(t) Xa(F)€? FtdF
z, -
= Terect — X (2 FTe)€e? FtdF
1 2F
| {z— }
centralrgplicate
7 #
F b3
Ts rect —— x[n]e 1@ FTaIn g2 Ftgp
0 -
== {2 }
DTFT 3

2
X z F
= x[n]§Ts rect — €2 FU I gF

2F
n=1 | 2 {z }
FT of rect
X
= X[n] (2FoTs) Sing2Fo(t  NnTy)) :
n=1

Thisis thegeneal sincinterpolationformulafor bandlimitedsignalrecovery.

: : s . ! 1
Theusualcasdstouse! o = (thebiggestectpossible)jn whichcase~q = 5 f:_ = o7
In this casethereconstructiorformulasimpli es to thefollowing. > >

X t nT
Xa(t) = x[n]sinc ———
_ Ts
n=1
wheresinc(x) = &XX) Calledsincinter polation.

Thesincinterpolationformulaworks perfectlyif x,(t) is bandlimitedto Fs=2 whereFs = 1=Tg, but it is impracticalbecaus®f
thein nite summation.Also, real signalsare never exactly bandlimited,sincebandlimitedsignalsare eternalin time. However,
afterpassinghroughananti-aliasinglter , mostrealsignalscanbemadeto bealmostbandlimited.Therearepracticalinterpolation
methodsge.g., basedn splines thatwork quitewell with a nite summation.
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Example Sincrecorery from non-bandlimitedCaucly signal.

Samples of Cauchy signal x(n)=x a(nT)

0.4
03} =1, T=1
£0.2
o c000? CF ? Pooaqg
10 5 0 5
Sinc inteppolation
0.4 T

Xsinc ®

Xsinc ®

4.29

Samples of Cauchy signal x(n)=x a(nT)

d-vmmmnmmoo@@??ﬂ TT?CPCPQOOOFYYYYNYYY\;

t,=1, T=0.5

20 15 10

5 0 5 10 15 20
Sinc inteppolation

0.4

0.3F

0.1 p) :.\ "
\
A e X
0 "‘f)'%l‘\’/“; C:ﬁ\
0.1 L L L
10 5 0 5 10
t
0.4 0.4
0.3fF 0.3f
0.2F 0.2}
0.1f 0.1f
0 0
10 10 10 10
Koo ® X o0

0.01f

0.005f

0.005

0.01f
0.005f

0.005 |
0.01 |

5 10

0.01f

0.005f

T T

tO=l, T=0.25

0.005 |

0.01

15

Errorsignalsxginc (t)  Xa(t) goto zeroasTs !

10

-

15

Why use a non-bandlimited signal here? Realsignalsarenever perfectlybandlimited,evenafterpassinghroughananti-alias
Iter . But they canbe “practically” bandlimited,in the sensethatthe enegy above the folding frequeng canbe very small. The
above resultsshawv thatwith suitablyhigh samplingrates,sincinterpolationis “robust” to the small aliasingthat resultsfrom the

signalnot beingperfectlybandlimited.

Summary:answeredjuestiond, Il, 11l



4.30 ¢ J.FesslerMay 27,2004,13:11(studentversion)

4.4
Frequency-domaincharacteristicsof LTI systems

We have seensignalsarecharacterizetby their frequeny content. Thusit is naturalto designLTI systemg lter s) fromfrequency-
domainspeci cations ratherthanin termsof theimpulseresponse.

4.4.1Responsedo complex-exponentialand sinusoidalsignals: The frequencyresponsdunction
We have seenthefollowing input/outputrelationshipgor LTI systemghusfar:

x[n]! [h[n]|t y[n]= hin] x[n]

X(@)! H@|' Y@ =H@X@)

x[n] = el o1 ! y[n] = H(! o) € oM = jH(! o)j & o &' H( o) (eigenfunction)

Now asaconsequencef convolution property:X (! ) ! ‘h[n] ‘! ‘Y(! )=H()X() ‘

H (! ) is thefrequencyresponsdunctionof thesystem.

Before:| A LTI systemis completelycharacterizetby its impulseresponséa[n].

Now: ‘A LTI systemis completelycharacterizedby its frequeng responseéd (! ), ‘if it exists.

Recallthatthe frequeng responsés z-transformalongunit circle.
When does a system function include the unit circle? Whensystemis BIBO stable.Thus

‘ Thefrequeng responsé (! ) alwaysexistsfor BIBO stablesystems.

Note: h[n] = sinc(n) is theimpulseresponsef anunstablesystemput neverthelesdd (! ) canbe consideredn aMS sense.

Notation:
jH (! )j magnitude responseof system
(!')=\ H(!) phaseresponsef system

Thebooksays\ H(!) £ tan *H, (! ) =Hgr(!)
Be very carefulwith this expression.It is notrigorous. In MATLAB, usetheatan2 functionor angle function,nottheatan
functionto nd phaseesponsePhasds de nedover[0;2 Jor[ ; ], whereasatan onlyreturnsvaluesover[ =2; =2].

Example ConsideH (! ) = 3. Whatis\ H(!)?
Itis .ButHgr(!)= 3andH,(!)= 0sotan *H,; (! )=Hg(!) = tan 1 0= Owhichisincorrect.
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Responseof areal LTI systemto (etemal) sinusoidalsignal
If h[n]isreal,thenH(! )=H ( !)sojH(!)j=jH( Yjand(')= ( ).

Sox[n]=e "™t [h[n]|t yln]= H( !o)e "= jH( lo)je ! ond' H 1) = jH(Ig)je I'one IV Hto):
Adding shavs that:

X[n] = cost on+ ) ! [hin]|! yIn]= jH(! o)icost on+ +\ H(!o)):

Thisis calledthe“sinein, sineout” property andit shouldbe memorized!

Provein lectureusingY (! ) = H(! ) X (! ) with picturesof impulsive spectrumasfollows.
x[n]=coston+ ) 8" X(1)=1d 2 (I 1g+lel 2 (1 +1g)

Y(!) H()X ()= H(!) %e‘ 2 ( !o)+%e| 2 (1 +1)

= %é 2 (1 1oH( 0)+%e| 2 (! +1o)H( !,) samplingproperty

= %é 2 (1 loH( 0)+%e| 2 (1 +10)H (1) realh[n] =) HermitianH (! )
= %e' 2 (1 1o jH(o)je H(!°)+%e| 2 (! +10)jH( o)je " " o) polar

o)y = %eu 1 HO) dl o (1 )] + %e CHVHE o) @ 1o (1 o)
=jH( o)jcost on+ +\ H(!o)):

Filter designexample

Example A simpletrebleboost Iter (cf., Exam1,W04).

Im(z)

(]
N s

H(z)=%+=1 z*'=) hin]= [n] [n 1]=) y[n]=x[n] x[n 1]

z

Frequeng response: i

2 = e 722 sin(! =2):

h
H()=1 el =el == el
MagnituderesponsejH (! )j = 2jsin(! =2)j: Picture

Phasaesponsefor! 0:\ H(!)=\|e "®2= =2 1=

6\ H(!)

\ |

Thisis anexampleof alinear phase lter.
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A rst attemptat Iter design(notch)
Equippedwith the conceptdevelopedthusfar, we can nally attemptour rst Iter design.

Goal: eliminateF, = 60Hz sinusoidaktomponentrom DT signalsampledatFs = 480Hz.
Findimpulseresponsandblock diagram.

What digital frequency to remove? ! = 2 F=Fs = =4

Picture of idealH (! ). Thisis calledanotch lter .

Firstdesignattempt.

Why? BecauseH (! ) = H(2)j,-1 - m)

Practical problems? NoncausalSoaddtwo polesatorigin. Ref)

Analyze:H (z) = & p)Z(ZZ P) - 2% 22¢0slctl = 1 7 1pcosl o+ z 2=) hin]=fl 2cos! ;1g:

z
FIR block diagram

zplane Magnitude Response

0 1 0 p
Re() w

Impulse response Phase Response

05

hin)
B HW)
°

05

15

2 0 2 4 6 8 10 p 0 p
n w

Thesepicturesshav the responséo eternal60Hz sampledsinusoidalsignals. But what abouta causalsinusoid,or e <" u[n]
(appliedaftersystemrst started)?

4.45
Relationship betweensystemfunction and fr equencyresponse

If h[n]isreal,thenH ()= H( !),so

H() = H@jper  HOP=HO)H ()= H@H 2}

z=elt

diffeq diagram. main remaining thing is pole-zeio to and fromH (! )
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4.4.6
Computing the frequencyresponsegunction

Skill: pole-zero(or H(z) or h[n] etc.)toH(! )

Focuson diffeq systemswith rationalsystemfunctionsandreal coefcients.

P Q
rﬂazpkazk: Q&NZ Z)
az kea (2 )
QM |l
5) H() = H@Jper = GQIEE 2
k= (8" )
SoH(! ) determinedy gain, poles,andzeros.
SeeMATLAB functionfreqz , usageH = freqz(b, a, w) wherewis vectorof ! valuesof interest,usuallycreatedusing
linspace
For sketchingthe magnituderesponse
Qu id oz
H()j = Glegt—*
k=1 1€ Py

Productof contribution from eachpoleandeachzero.(On alog scalethesecontritutionswould add).

Geometridnterpretationcloserto zerosH (! ) decreasessloserto poles,H (! ) increases.

Example 60Hznotch lter earlier
Is H(O) or H( ) bigger? H( ) sincefurtherfrom zeros.

Phaseaesponse
hd ' X .
\VH()=\VG+ \ (' z) (@' )
k=1 k=1
phasesdd(zeros)or subtractpoles)sincephaseof a productis sumof phases.

Example
How to improve our notch lter for 60Hz rejection? Move polesfrom origin to nearthezeros.
pole-zemo diagram with polesatz = r exp( |! ¢). Forr = 0:9:

H(2) = (z é' <)z ele)y  z2 2zcosl .+ 1
(z ré' <)z relte) z2 2rzcosl +r2
_ ! o EX ot
1 Reom 1 P x »
" T
I s )
Why jH(! )j > 1for! ? Slightly closerto poles.

Is lter FIR or IR now? IIR. Needto look attransientesponse.

Practical aw: whatif disturbancenotexactly 60Hz?Needbandcut Iter . How to design?
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Mor e phaseexamples
zplane Phase Response
p zplane Phase Response
1 T P
3 N 1 T -
/’ N\ 7 N
/ \ 05 / \
o ! 0 I \
\ I oy \ o
\ / \ !
N \ /
) N . 4 05 N ,
|- N P
] 1 ~_|l_-
1 0 1 B 0 E
P P 1 0 1 p_p 0 P
P
1 - T = p
7 BN 1 ot
/ N\ 7 N
/ \ 05|/ A\
ol \ 0 / \
\ I o1 ! 0
\ / ‘\ /
/
N N P 7/ 0.5 N /7
~_|-- ~ .
1 . < |-
1 0 1 i ) P
P P 1 0 1 -p 0 p
1 1 g P
PR BN 1 %
’ N L N
/ N\
05 4 \
‘/ \y , N
0 0 L |
\ | 0 . ! 0
\ /
\ / 05 \ /
Se -7 AN L7
1 1 ~_|_-
1 0 1 P 0 p 1 0 1 P 0 P
P p
1 ST~ 1 P N
, N ; N
/’ \ 0.5 7’ \
_ / \ = / \ =
Oy | ) 2 = 0 \ B
E T o E O o
E \ I @ E \ | @
\ / \ ’
N , 05 . ,
N - ~ .
N < - 1 ~_|_ -

1 ° 1 o 0 p 1 0 1 P 0 b
Re(z) w Re(z) w
zplane Phase Response zplane Phase Response

P P
1 -7 N 1 -7 RN
s N , N
0.5 / \ 05 ’ \
/ \ / \
oL & 0 oy & 0
\ i \ /
\ 7 \ /
051 , 05N ’
N P ~ .
. - 1 ~_| -
1 0 1 “p 0 p 1 0 1 " 0 p
P P
1 1 - 1 T~
- ~ - ~
, N 4 ©
0.5 / \ 05 ’ \
/ \ / \
oot 0 \/\ ot 0
! | ! |
05 / o5l /
N Y N Y
~ - ~ -
i <~ _|_- i <~ _|_-
1 0 1 " 0 p 1 0 1 T 0 b
P P
1 T = 1 PR N
s N , N
0.5 / \ 05 ’ \
/ \ / \
oL \ o \/\ i \ o
\ i \ !
\ / \ /
05| ' , 051 ,
N P N -
" ~_|_- N |-
1 0 1 P 0 p 1 0 1 P 0 p
P P
1 -7 N 1 -7 N
, N , N
o5 \ osl 7 \
/ \ = / \ =
— S = S
£ o ! ) g oo ) =l
= \ ! @ = \ ! @
\ / \ /
05 ‘. , 051 ,
~ - ~ -
. - 1 ~_| -
1 0 1 “p 0 p 1 0 1 " 0 p
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4.4.2
Steady-stateand transient responsdor sinusoidalinputs

Therelationx[n] = €' o" | I y[n] = H(! ) €' °" only holdsfor etemal complex exponential signals. Sothe output
H(! o) €' °" isjustthe steady-stateresponsf the system.

In practice(cf. 60Hzrejection)thereis alsoaninitial transientresponsewhena causakinusoidakignalis appliedto the system.

Example Considerthesimple rst-order (stable causaldiffeqsystem:
y[n] = py[n 1]+ x[n] wherejpj < 1:

Find responséo causacomple-exponentialsignal:x[n] = €' " u[n] = g" u[n] whereq = €' ©

P q
1 1
- _Pad 4, _ap

Y(Z):H(Z)X(Z):l pz11 ! 1 pz! 1 @zt

Could p = g? No, sinceq s onunit circle, but p is inside.

P = P ! on
yln] = P’ U[Iﬂ]JfOI p u[n] = P Du[n]+|'|(‘ )?' U[F?

tranS|ent

steady-state

Transientbecausécausakind)polewithin unit circle, sonaturalresponsgoesto0asn! 1 .

This propertyhold moregenerallyi.e., for ary stableLT| systentheresponseo a causakinusoidakignalhasatransientresponse
(thatdecayspndasteady-stateesponsevhoseamplitudeandphasearedeterminedy the“usual” eigenfunctiorpropertiesWhat
determines the duration of the transient response? Proximity of the polesto the unit circle.

Example What about our 60Hz notch Iter? Firstdesignis FIR (only polesatz = 0). Sotransientresponselurationis nite.

Y(2) = H(2) X (2) = 1“5122)1 - H(lz) qZHl(q) 4 1H$)1'

The rst termhasarootatz = qin bothnumeratolanddenominatothatcancelasfollows:

H(z) H(Q _ (1 z2coslc+z2) (1 ql2costc+q?) _ (z' glH2coslc+(z2 q?

1 gt 1 gt B aat z?
_ 2cosl, qt z?! 2cosl, gt }z 1
q q q
whereq = € . Soby this PFEwe see:
_ 2cosle gq' 1, H(g .
Y(z) = —q qz + T @t
2cos! 1 1
=) yinl= e ) D 11+r|(' o) ¢, " ulny:
| {Z. steady-state
transient

Oursecondlesignis IIR. Closerthe polesareto unit circle, thecloserwe getto theidealnotch lter magnitudeesponseBut then
thelongerthetransientesponse.
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4.4.3Steady-stateresponseo periodic inputs

Coveredearlier

4.4.4Responsdo aperiodic input signals
y[n] = h[n] x[n]soY(!)=H()X().
IfX(')=0,thenwhatisY(!)? Y(!)=0.

‘ Theoutputof anLTI systemwill only containfrequeng componentgresenin theinputsignal. ‘

Frequeng componentpresenin theinputsignalcanbeamplied (jH (! )j > 1) or attenuated(jH (! )j < 1).

enegy densityspectrumputputvs input:

Syy (1) = JY(1)i* = JH()X(1)i*= H()i* Sk (! ):

4.4.7Input-output correlation functions and spectra

skim

4.4.8Corr elation functions and power spectrafor random input signals

skim

Summary of LTI in frequencydomain

Thereareseveralcasego considerdependingn thetype of input signal.
Eternalperiodicinput. UseDTFS.
= adi D] = ek 2k di
k=0 . : Y k=0 N

Eternalsumof sinusoidsnot necessarilyeriodic. Usesine-in/ sine-out.

X X
X(n]= " Accostkn+ )1 [H)[! yinl= " AcH( icostn+ «+\ H( )
k k

Causal‘periodic” signal:

x[n] = e on u[n] ! ! Y[N] = Yuwansien t[N] + r'(' 0) ?”ZOH U[rQ

steady-state

Generabperiodicinputsignal:

Xt [HO) | yin P87 v() = H()X():
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45
LTI systemsasfrequency-selectie lters

Filter design choosinghestructureof aL Tl system(e.g., recursve) andthesystenparametergf ax g andf b, g) to yield adesired
frequeng responseé (! ).

SinceY (! ) = H(! ) X(!), theLTI systemcanboost(or leave unchanged¥omefrequeng componentsvhile attenuatingthers.

4.5.11deal Iter characteristics

Types:lowpasshighpassbandpassyandstopnotch,resonatarall-pass Picturesof jH (! )j in book.

ideal Iter means
unity gain in passband gainis jH (! )j,
zerogainin stopband

Themagnituderesponsés only half of the speci cationof thefrequeng responseTheotherhalf is the phaseresponse.

An ideal Iter hasalinear phaseresponsén the passband.

Thephasaesponsén the stopbands irrelevantsincethosefrequeny componentsvill be eliminated.

Celtno;, 1,<1 <1,
0; otherwise
SupposehespectrumX (! ) of theinput signalx[n] lies entirelywithin the passbandpictur e Thenthe outputsignalspectrums

Considetthefollowing linearphaseébandpassesponseH (! ) =

Y()=H()X()=Ce "Mox():

What is y[n]? By the frequeng-shift propertyy[n] = Cx[n ng]: For alinearphaselter, the outputis simply a scaledand
shiftedversionof theinput (whichwasin the passband)A (small)shift is usuallyconsidered tolerable“distortion” of the signal.
If the phasewerenonlinearthenthe outputsignalwould be a distortedversionof theinput, evenif theinputis entirely contained
in the passband.

Thegroup delay!
d
o(t) = ar ()
is thesamefor all frequeny componentsvhenthe Iter haslinearphase( ! )= ! ng.
MATLAB hasacommandgrpdelay for diffeqsystems.

Thesddealfrequeng responsearephysically unrealizablesincethey arenoncausalnon-rationalandunstablgimpulseresponse
is notabsolutelysummable).

We wantto approximateheseidealresponsewith rationalandstablesystemgandusuallycausatoo).

Basicguidingprinciplesof Iter design:
All polesinsideunit circle socausaform is stable.(Zeroscango arywhere).
All comple polesandzerosin comple-conjugatepairsso lter coefcients arereal.
#poles # zerossocausal.(In real-timeapplicationsnotnecessarjor post-processingignalsin MATLAB.)

1Thereasorfor this termis thatit speci esthe delayexperiencedy a narrov-band“group” of sinusoidalcomponentshat have frequencieswithin a narrav
frequeng interval about! . Thewidth of thisintenal is limited to thatover which the groupdelayis approximatelyconstant.
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Relationship betweena phaseshift and a time shift for sinusoidalsignals.

Suppos&[n] = cos( on) andy[n] = X[n mg] is atime-shiftedversionof x[n]. Then
y[n] = cos o(n  mg)) = cosl opn + ) where = mg! ¢:

Notethatthe phaseshift depend®n boththetime-shiftmg andthefrequeng ! .

xl(n) = cos(n 2p/16) x2(n) = cos(n 2p/8)
1@ T " . 1@ . .
0.5} 1 0.5}
Or T [ ] i i [ ] T 1 or'e® [ ] [ [ ]
05 1 057t
1 1 : - -
0 5 10 15 20 0 5 10 15 20
xl(n 4) =cos(n 2 p/16 p/2) x2(n 4)=cos(n 2 p/16 p)
1 1
0.5} 1 0.5}
0® T T [ ] l l [ J 1 0 [ ] [ ] [ ] [
05 ¢ 1 05t
1 . 1@ .
0 5 10 15 20 0 5 10 15 20
n n

To time-shifta sinusoidakignalby my samplestherequiredphaseshift is proportionalto the frequeng.

A morecomplicatedsignalwill becomposedf a multitudeof frequeng componentsTo time-shifteachcomponenby a certain
amountmg, the phase-shiffor eachcomponenshouldbe proportionalto thefrequeng of thatcomponenthencdinearphase:

(!): I ' mp:

Sincex[n] = R X()d ndt;

17 17
ylnl=xin mol= —  X(1)e " Mdt = = X()dtmrt

where (1) = I my.
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4.5.2Lowpass,highpass,bandpass lters

For alowpasslter , the polesshouldbe nearlow frequencieg! = 0) andthezerosshouldbenearhighfrequencieg! = ).

Example Simplelowpasslter, apoleatz = a2 (0;1) andazeroaz = 0.
z 1 . . . 1 a
= = = . 'Y= — -
H1(2) GZ a Gl S 1 sowithG =1 aforunitygainatDC: H(!) T ael "

H, W) H,(w)

s
-

O

Imaginary part
=)

H
Imaginary part
o
le}

x

-

N
~

0 0
Real part Real part

P p2  w pl2 [} p pl2  w pr2

©

Qw)
o
Qw)
o

05 1

1

P p2  w p/2 P p pl2 w pi2

°

Moving thezeroto z = 1 furthercutsoutthe high frequencies.

1
(z+ 1) = 1+ 2 a)=2 for unity gainatDC (z = 1): H,(! ) =

. 1 al+el
H2(z)—GZ a 1 leownhG—(l

2 1 ael’:

‘ To male a highpassilter , simply re ect the polesandzerosaroundtheimaginaryaxis.

H W)

H,(w)

Imaginary part
o e

,_.

X

e}

Imaginary part

-

-

=3

x

N

0
Real part

N

N

0
Real part

IHW)|

P p2 w p/2 P p pl2  w pi2 [

P p2  w pl2 P p pl2  w A [

Explanation:Hpy (z) = Hip( z) sosincez = €' ,wehave z= € ),so‘ Hnp(!) = Hyp(!

):|

Soby thefrequency-shiftproperty of the DTFT: ‘ hhp[n] = € "hp[n]= ( 1)" hp[n]: ‘
Soto make a highpasslter from alowpassiter design justreversethesignof every othersampleof theimpulseresponse.

We will do betterlowpasslter designdater, from whichwe caneasilygethighpassiters.

What about bandpass lters?
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4.5.3Digital resonators (“opposite”of notch Iter)
Pair of polesnearunit circle atthedesiredpassfrequeng or resonantfr equency

Exampleapplication:detectingspeci ¢ frequeng componentsn touch-tonesignalsusinga Iter bank.

How many zeros can we choose? Two. If we usemore,thennoncausal.

Puttingtwo zerosat origin andpolesatz = p= rexp( |! o), we have

z? 1 1
H = = =
D=6z - %T moad pzH 1T @cosgzirrz?
1
1) =
H() G(1 rloel' )1 reltoel')
sofor unity gainat! = 14,1=G W‘Z—O) soG = (1 r)pl 2r cos! o + r2;
Sothemagnitudeesponsés
. . G
H()j= —————
AR VA (S VA
p
Ui(')=1 récel =" 1 2rcosfg !)+r2
| ] p
U(!)= 1 relteel =" 1 2rcoso+!)+r2:
U.(!) is distancdrom €' to top pole, U, is for bottompole picture.
Theminimumof Uy (! ) iswhen! =1 4. Where is the maximum of jH(! )j? Using Taylor expansionaroundr = 1, we nd
2 1
I, =cos? cos! o o mn—'o(r 1)? forr 1

2

Forr 1, thepoleis closeto theunitcircle,and! , ! o. Otherwisethe peakis notexactly attheresonanfrequeng.
Why not? Becausef the effect of the otherpole.

Forl o2 (0; =2),!, <!y, sothepeakis alittle lowerthanspeci edresonanfrequengy.
Since(1 r)?2>0,1 2r+r2>0so0(l+r?)=2r> 1.

HO B(W) HU.QS(W)

XN
\

Imag(z)
1)
Imag(z)
=)

/
x 7

0
Real(z)

°

) pi2 p p P2 Q [ p

pp2 @ p2 P pp2 @ p2 P

What happens as poles approach unit circle?
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4.5.4Notch lters

Alreadydiscusse@OHzrejection.
4.5.5Comb lIters

Multiple notchesat periodiclocationsacrosdrequeng band,e.g., to reject60,120,180,... Hz.

4.5.6All-pass lters

jH(!)j = 1, soall frequenciepassedHowever, phasemay beaffected.

Example:puredelayH (z) = z ¥, thenH(! ) = e I K sojH(! )j = 1.
Soadelayis anallpasslter, sinceit passesll frequenciesvith no changdn gain, justaphasechange.

Examplapplication:phaseequalizers cascadevith a systemthat hasundesirablgphaseresponselinearizingthe overall phase
response.

X[l o] | | aipass [n] |1 yIn] H(!) = Ho(! ) Haipass (! )
NotejH (! )j = jHo(! )j unchangedbut\ H(!) =\ Ho(! ) +\ Hajpass (! )

Generaform for allpasslter (with realcoefcients) use (reversethe lter coefcient order):
P N P N

k 1 N k 1
Hz)= g0 @8 k2 0 _ @ tay a2+ +az 7 _ v o &2 _ ) nARZ D),
Mo akz K a+azt+ +ayz N Mo akz K A(2)

Fact.If z = pisarootof thedenominatgrthenz = 1=pis azero.Sothepolesandzeroscomein reciprocalpairs.

Frequeng response:
! Ael')
| = I'N .
soH (1)=¢ A T)

v Al )
1) = = " N
HO=HE@ =" 25
Thusit is allpasssince:

HO)Z= HO)H ()= etnAC T gy Alh)

Ael') A ')
Alternative proof. Sinceh[n] is real:jH (! )j* = H(z)H z ! = zN Aﬁfz;) N 2, =1
z=el z=el
Example A pairof polesandzerowith ! = =4 andr = 4=5, with gaing = r? yieldsthefollowing phaseresponse.
Ho W)
1 ; .o
_os| x
e w
2T ]
0.5 N x
1 ) ‘o
0 1
Real(z)
1
0.8
o6
£0,4
0.2
%% pr2 W P2
2
Zo
2
p prZ ) [
1d! l1allo 2 1 2
o z Ldoyz 1le r2 2rcosloz '+ z
The systemfunctionis H(z) = r2( L X L ) - 0

z rd o)z relo) 1 2rcosloz 1+ 12z 5 from which the feed-back Iter

coefcients areseento bethereversalof thefeed-forward coefcients.
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457
Digital sinusoidaloscillators

Whatif we wantto generata sinusoidakignalcos( ¢n), e.g., for digital speechor musicsynthesisA brute-forcemplementation
would requirecalculatingthe cosfunctionfor eachn. Thisis expensve. Canwe doit with afew delays,adds,andmultiplies?

Solution: createl Tl systemwith polesontheunit circle. Thisis calledmarginally unstable, becausdlows up for certaininputs,
but notfor all inputs.We do notuseit asa Iter; we only considetthe unitimpulseinput.

Singlepole complexoscillator
H(z) = -2 = lp% thush[n] = p" u[n] = €' °" u[n].

z
zZp

If theinputis aunitimpulsesignal,thenthe outputis a complex exponentialsignall
Differenceequationy[n] = py[n 1]+ x[n]

This systemis marginally unstable becausehe outputwould blow up for certaininput signals,but for theinputx[n] = [n] the
outputis aniceboundeccausakcomple exponentialsignal.

Very simpledigital “waveform” generatar
Im(z)

p= dl o x[n] = [n] %® y[n] = gl on u[n]

e
N

Two poles

What if only a real sinusoidal is desired? Naive way: addanothempoleatz=p = e I'o

ot
l/—e.e
Im(z) Im(z) C
p=¢éo _
= — y[n] = 2coq! ¢n) u[n]
\\ ret) /\ Re(Z'S x[n] [n] @% 0

-~
NI NA Ay

1, 1 1 cosloz!
1 pz? 1 pz? 1 2coslgz 1+ 2z 2’

Two systemsn parallel,soaddtheir systemfunctions.

H(z) =

sofrom earlierz-transformtablesh[n] = 2cog! gn) u[n]:

2 compl delays,3 complex adds,2 complex multiplies
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Can we eliminate the complex multiply / add / delay?

Goal: synthesizey[n] = cos( on + ) u[n]
y[n] = %e“ ong 4+ %e Fome I y[n]

so
d =2 el =2 cos cos(g )Zl=X(z)H(z)

Y(z) = + =
(2) 1 ozl 1 eltoz? 1 2coslgzl+z 2

where 1
_ 1. -
X(z)=cos costo )z H@)= 155 zZ 1tz 2

x[n]=(cos ) [n] coslo ) [n 1] @ y[n] = cos{ on + ) uln]
me @ 2cos! g

2 adds,2 delays,1 multiply, all real
cf. 2ndorderdiffeqrequiredto generateeal sinusoidakignals
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4.6
Inversesystemsand decorvolution

Exampleapplication:DSPcompensatioffior effectsof pooraudiomicrophone.

4.6.1Invertibility of LTI systems

De nition: A systemT is calledinvertible iff each(possible)outputsignalis theresponséo only oneinputsignal.
OtherwiseT is notinvertible.

Example y[n] = x2[n]. notinvertible,sincex[n] and x[n] producethe sameresponse.
Exampley[n] = 2x[n 7] 4isinvertible,sincex|[n] = %y[n + 7]+2.

If asystenT isinvertible,thenthereexistsasystemT ! suchthat

x[n]! ! y[n]! ! x[n]:

Designof T 1! isimportantin mary signalprocessingapplications.

Fact:If T is
LTI with impulseresponsédi[n], and
invertible,

thenT ?!isalsoLTI (andinvertible).

An LTI systemis completelycharacterizedy its impulseresponseso T ! hassomeimpulseresponsén, [n] underthe abore
conditions.In thiscasewe call T ! theinverse lter . We call theuseof T ! decorvolution sinceT doescorvolution.

x[n]! [h[][! yIn]= xin] hi]! [h[]]t hi[] yinl= hiin] hin] x[n] = x[n]:

In particular

1

[iinl hinl= [} so Hi(2)H(2) = 1 and|Hi (@) = v

Example h[n] = f 1; 1=2g (FIR). Findinverse lter.
H(z) = 1+ 0:5z *soH, (2) = 555~ sohi[n] = ( 1=2)" u[n]; whichis IIR.

Onecouldcheckthath; [n] h[n] = [n].

More generallysupposé[n] = f1;ag. ThenH (z) = 1+ az ' = 222 sopoleatz = O andzeroatz = a pole-zeo plot.

Hi(z) = 1=H(z) = ;{5 sozeroatz = Oandpoleatz= a

Is (causal form) of inverse Iter stable? Onlyif jaj < 1, i.e, only if thezeroof the original systemfunctionis within the unit
circle.

Generally:if H(z) = gig; thenH, (z2) = %Qg; soto form theinversesystenonejust swapsall polesandzeros(andreciprocates
thegain).

Thenwhenthe two systemsare cascadedonegetspole zerocancellation:H (z) H, (2) =
pole-zeracancellationandresultscanbevery noisesensitve!

B(2) A(2)
(

AZ) By - 1: In practice,imperfect

Whenis theinversesystemcausalndstable?Only if
zerosof H (z) arewithin unit circle!
N M,i.e,#polesof H(z) # of zerosof H (z)

Recallthatfor H (z) to becausalveneedN M, sofor acausakystento have a causaktableinverseweneedN = M .
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4.6.3Systemidenti cation and decorvolution

In general, will the inverse system for a FIR system be FIR or IIR? lIR. Exception? h[n]= [n k].
Whatif we do notwantanlIR inversesystem?

Example In precedingexampleh, [n] = ( 1=2)" u[n].
Letusjusttry the FIR “approximation”g[n] = f1; 1=2;1=4g. Look atfrequeng andphaseresponse.

NoteH, (! )H(! ) = 1.
G(z)=1 1=2z 1+ 1=4z ° = Zzliﬂ which haszerosatq = 1=4 |p§:4: (1=2)exp( | =3).

Comparisorof ideallIR inverse Iter vs FIR approximation.

H(z) H (@) H@)H,(2)
1 -7 T~ 1 PR RN 1 -7 T~
’ N 7 N , N
0.5 / N 0.5 / \ 0.5 / \
= [ VR ! VR / \
:%{) 0 ! | \%l 0 ! | \g’ 0 L |
£ \ /l £ \ /l £ \ /l
0.5 \ , 0.5 \ , 0.5 \ ,
N N N\
~N > 4 ~N _ 4 N _ 4
1 e 1 I 1 ~ -
1 0 1 1 0 1 1 0 1
Real(z) Real(z) Real(z)
IH(w)| H W [H(w) H ()]
2 2 2
15 15 1.5
1 1 1
0.5 0.5 0.5
0 0 0
P 0 p P 0 P -P 0 p
w w w
H(z) G(2) H(2) G(2)
1 T 1 T 1 T
e N / N , AN
/ \ / \ / \
- / \ - / 20 \ . / ::) \
o | o | o |
£ 0 '\ [ £ 0 '\ 1 £ 0 '\ 1
\ ! \ o) ! \ o) !
N 4 N 4 N\ 4
~ > 4 ~ _ 4 ~ > 7/
1 i 1 e 1 ~ -
1 0 1 1 0 1 1 0 1
Re(z) Re(z) Re(z)
[H(w)| IGW)| [H(w) G(W)|
2 2 2
1.5 15 15
1 1 1 /\/\/\
0.5 0.5 0.5
0 0 0
P 0 P -P 0 P P 0 p
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Locations of zeros

For arealsystemmaoving zerosto reciprocallocationsleavesrelative magnituderesponse
unchangedxceptfor again constant.

But the phasds affected.

Brief explanation:
HMOPP=H@H z*

z=el'
Q Q

i(z  z) i(z 1=z)
AZ) andH,(z) = —A(z)

occurin comple conjugatepairs. Thensince

Elaboration:SupposéH4(z) = g1 ———= ; wherebothsystemsarerealsothe zerosarerealor

1 el 1 1 1
e“ - = — I = — I = — I = —e“ ,
q q (e 9 19 © a 19 (e 9 JqlJ a
we have Q '
Ha(t) _ Qé = Q .,llé ©Y 1
Ha(!) 0 0 el iz

becausehe zerosoccurin comple conjugatepairs.SojH (! )j andjH 1 (! )j differ only by a constant.

Example Herearetwo lowpassters; the magnituderesponsénasthe sameshapeanddiffersonly by a gain factorof two.
But notethedifferentphaseresponse.

0.5 0.5

0.5 0.5

Imaginary Part
o
o
X
Imaginary Part
o
o
X

Real Part Real Part

25 25

N
N

[HW)I
I =
m>n
[HW)I
=
= o

0.5
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4.6.2
Minimum-phase, maximum-phase,and mixed-phasesystems

A systemis calledminimum phaseif it has:
all polesinsideunit circle,
all zerosinsideunit circle.

What can we say about the inverse system for a minimum-phase system? It will alsobe minimum-phasandstable.
maximum phaseif all zerosoutsideunit circle.
mixed phaseotherwise

Exampleapplication:invertible Iter design.e.g., Dolby, with jH (! )j given.

Linear phase(preview of 8.2)

We have seenthata zeroontheunit circle contributeslinear phaseput this is not the only way to producdinearphaselters.

Example

Im(z)

w\bg

3
2

Ch -~ = E% 0o (e Dztez 2 = 10+ i

H()=1 (r+r})e“+e|2!:e“ ¢ (r+r})+e“ =e ! 2cos (r+r}):

Thebracletedexpressions real,sothis Iter haslinear phase Speci cally, the phasaesponsés:

2cos! >r +

I,
VH() = . 2cos! <r+

ST

Any pair of reciprocalrealzeroscontrikbutelinearphase.

Im(z)

@)
O
What about complex zeros? / N Re@)
1
@)

Considera complex valueq andthe systemfunction:

H(Z)=(Z a)(z 1:@(; q)(z 1:q)=1+blzl+bzz2+blz3+z4=z222+blz+b2+b121+22

whereby = (q+ 1=q+ q + 1=q) andb, = 2+ (q+ 1=0)(q + 1=q) = 2+ jg+ 1=G°=) h[n] = f1;b;; by by; 1g:
H(l)=e!? d? + e +hh+bhel +el? =el? b+ 2bcosl +2coq2!)]:

Againthebracletedexpressiornis real,sothis Iter haslinear phase

‘ Eachsetof 4 complex zerosatf g; 1=q q ; 1=q g contritutelinearphase. ‘
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4.6.4Homomorphic decorvolution
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4.7

skip

Summary
eigenfunctions
DTFSfor periodicDT signals
DTFT for aperiodicDT signals
Samplingtheorem
Frequeng responsef LTI systems
Pole-zermlotsvs magnitudeandphaseresponse

Filter designpreliminariesgspeciallyphase-responsonsiderations.



