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FrequencyAnalysisof Signalsand Systems
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Moti vation: complexexponentialsareeigenfunctions

Why frequenc y analysis?
� Complex exponentialsignals,whicharedescribedby a frequency value,areeigenfunctionsor eigensignalsof LTI systems.
� Periodsignals,whichareimportantin signalprocessing,aresumsof complex exponentialsignals.

Eigenfunctionsof LTI Systems

Complex exponentialsignalsplayanimportantanduniquerole in theanalysisof LTI systemsbothin continuousanddiscretetime.

Complex exponentialsignalsaretheeigenfunctionsof LTI systems.

Theeigenvaluecorrespondingto thecomplex exponentialsignalwith frequency ! 0 is H (! 0),
whereH(! ) is theFourier transform of theimpulseresponseh(�).

Thisstatementis truein bothCT andDT andin both1D and2D (andhigher).
Theonly differenceis thenotationfor frequency andthede�nition of complex exponentialsignalandFouriertransform.

Continuous-Time

x(t) = e| 2� F0 t ! LTI, h(t) ! y(t) = h(t) � e| 2� F0 t = Ha(F0) e| 2� F0 t :

Proof: (skip )

y(t) = h(t) � x(t) = h(t) � e| 2� F0 t =
Z 1

�1
h(� ) e| 2� F0 ( t � � ) d� = e| 2� F0 t

Z 1

�1
h(� ) e� | 2� F0 � d� = Ha(F0) e| 2� F0 t ;

where

Ha(F ) =
Z 1

�1
h(� ) e� | 2� F � d� =

Z 1

�1
h(t) e� | 2� F t dt :

Discrete-Time

x[n] = e|! 0 n ! LTI, h[n] ! y[n] = h[n] � e|! 0 n = H(! 0) e|! 0 n = jH (! 0)j e| ( ! 0 n + \ H( ! 0 ))

Could you show this using the z-transform? No, becausez-transformof e|! 0 n doesnotexist!
Proofof eigenfunctionproperty:

y[n] = h[n] � x[n] = h[n] � e|! 0 n =
1X

k= �1

h[k] e|! 0 (n � k ) =

"
1X

k= �1

h[k] e� |! 0 k

#

e|! 0 n = H(! 0) e|! 0 n ;

wherefor any ! 2 R:

H(! ) =
1X

k= �1

h[k] e� |! k =
1X

n = �1

h[n] e� |! n :

In the context of LTI systems,H(! ) is calledthe fr equencyresponseof the system,sinceit describes“how muchthe system
respondsto aninputwith frequency ! .”

ThispropertyalonesuggeststhequantitiesH a(F ) (CT) andH(! ) (DT) areworthstudying.

Similar in 2D!

Mostpropertiesof CTFTandDTFT arethesame.Onehugedifference:

TheDTFT H(! ) is alwaysperiodic:H (! + 2� ) = H(! ); 8! ;

whereastheCTFT is periodiconly if x(t) is trainof uniformly spacedDiracdeltafunctions.

Why periodic? (Preview.) DT frequenciesuniqueonly on [� � ; � ). Also H(! ) = H (z)jz=e |! sothefrequency responsefor any
! is oneof thevaluesof thez-transformalongtheunit circle,so2� periodic.(Only usefulif ROCof H (z) includesunit circle.)
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Why is frequency analysis so important?
What does Fourier offer over the z-transform?

Problem:thez-transformdoesnotexist for eternalperiodicsignals.

Example: x[n] = (� 1)n . Whatis X (z)?

x[n] = x1[n] + x2[n] = (� 1)n u[n] +( � 1)n u[� n � 1]
Fromtable:X 1(z) = 1=(1 + z� 1) andX 2(z) = � 1=(1 + z� 1) soby linearity: X (z) = X 1(z) + X 2(z) = 0.
But whatis theROC?ROC1 : jzj > 1 ROC2 : jzj < 1 ROC1 \ ROC2 = � .
In fact,thez-transformsummationdoesnotconvergefor anyz for thissignal.
In fact,X (z) doesnotexist for anyeternal periodicsignalotherthanx[n] = 0. (All “causalperiodic” signalsare�ne though.)

Yet,periodicsignalsarequiteimportantin DSPpractice.
Examples: networking over homepower lines. Or, a practicalissuein audiorecordingsystemsis eliminating“60 cycle hum,” a
60Hzperiodicsignalcontaminatingtheaudio.Wedonotyethavethetoolsto designadigital �lter thatwouldeliminate,or reduce,
thisperiodiccontamination.

Needthebackgroundin Ch. 4 (DTFT) and5 (DFT) to beableto design�lters in Ch. 8.

Roadmap (SeeTable4.27)

Signal
Signal Transform ContinuousTime DiscreteTime

Aperiodic ContinuousFrequency FourierTransform(306) DTFT (Ch. 4)
(4.1) (periodicin frequency)

Periodic DiscreteFrequency FourierSeries(306) DTFS(Ch. 4) or DFT (Ch. 5)
(periodicin time) (periodicin timeandfrequency)
(4.1) FFT (Ch. 6)

Overview
� TheDTFSis thediscrete-timeanalogof thecontinuous-timeFourierseries:asimpledecompositionof periodicDT signals.
� TheDTFT is thediscrete-timeanalogof thecontinuous-timeFT studiedin 316.
� Ch. 5, theDFT addssamplingin Fourierdomainaswell assamplingin timedomain.
� Ch. 6, theFFT, is justa fastway to implementtheDFT onacomputer.
� Ch. 7 is �lter design.

Familiarity with thepropertiesis not just theoretical,but practicaltoo; e.g., afterdesigninga notch�lter for 60Hz,canusescaling
propertyto applydesignto anothercountrywith differentAC frequency.
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FrequencyAnalysisof Continuous-Time Signals Skim / Review

4.1.1
The Fourier seriesfor continuous-timesignals

If a continuous-timesignal xa(t) is periodic with fundamental period T0, then it hasfundamental fr equencyF0 = 1=T0.
AssumingtheDirichlet conditionshold(seetext), wecanrepresentxa(t) usingasumof harmonicallyrelatedcomplex exponential
signals

�
e| 2� kF0 t

	
. Thecomponentfrequencies(kF0) areintegermultiplesof thefundamentalfrequency. In generaloneneedsan

in�nite seriesof suchcomponents.This representationis calledtheFourierseriessynthesisequation:

xa(t) =
1X

k= �1

ck e| 2� kF0 t ;

wheretheFourier seriescoef�cients aregivenby thefollowing analysisequation:

ck =
1
T0

Z

<T 0 >
xa(t) e� | 2� kF0 t dt; k 2 Z:

If xa(t) is a realsignal,thenthecoef�cients areHermitian symmetric: c� k = c�
k .

4.1.2Power densityspectrumof periodic signals

TheFourierseriesrepresentationilluminateshow muchpower thereis in eachfrequency componentdueto Parseval's theorem:

Power =
1
T0

Z

<T 0 >
jxa(t)j2 dt =

1X

k= �1

jck j2 :

Wedisplaythisspectralinformationgraphicallyasfollows.
� powerdensityspectrum:kF0 vs jck j2

� magnitudespectrum:kF0 vs jck j
� phasespectrum:kF0 vs \ ck

Example. Considerthefollowing periodictriangle wave signal,having periodT0 = 4ms,shown heregraphically.

-
t [ms]

6
xa(t)

-2 0 2 4 6 8 10

2
� � �

A pictureis �ne, but wealsoneedmathematicalformulasfor analysis.
Oneuseful“time-domain”formulais anin�nite sumof shiftedtrianglepulsesignalsasfollows:

xa(t) =
1X

k= �1

~xa(t � kT0); where ~xa(t) =
�

t=2 + 1; jt j < 2
0; otherwise:

-
t

6
~xa(t)

-2 0 2

2

TheFourierseriesrepresentationhascoef�cients

ck =
1
4

Z 2

� 2
(t=2 + 1) e� | 2� (k=4) t dt =

(
1; k = 0

e|� =2 ( � 1) k

� k ; k 6= 0;
=

8
><

>:

1; k = 0
e|� =2 1

� k ; k 6= 0; even

e� |� =2 1
� k ; k 6= 0; odd;

whichcanbefoundusingthefollowing line of MATLAB andsimplifying:
syms t, pretty(int('1/4 * (1+t/2) * exp(-i*2*pi*k/4*t)', -2, 2))
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Soin termsof complex exponentials(or sinusoids),wewrite xa(t) asfollows:

xa(t) =
1X

k= �1

ck e| 2� (k=4) t = 1 +
X

k6=0

e|� =2 (� 1)k

� k
e| 2� (k=4) t = 1 +

1X

k=2
even

2
� k

cos
�

2�
k
4

t +
�
2

�
+

1X

k=1
odd

2
� k

cos
�

2�
k
4

t �
�
2

�
:

-
F [kHz]0 0.25 0.50 0.75

1

: : :

6

PowerDensitySpectrumof xa(t)

1
� 2

1
4� 2 1

9� 2

Notethatanin�nite numberof complex exponentialcomponentsarerequiredto representthisperiodicsignal.

For practicalapplications,often a truncated seriesexpansionconsistingof a �nite numberof sinusoidaltermsmay be suf�-
cient. For example,for additive musicsynthesis(basedon addingsine-wave generators),we only needto includethetermswith
frequencieswithin theaudiblerangeof humanears.

4.1.3
The Fourier transform for continuous-timeaperiodic signals

Analysisequation:X a(F ) =
R1
�1 xa(t) e� | 2� F t dt

Synthesisequation:xa(t) =
R1
�1 X a(F ) e| 2� F t dF

Example.

xa(t) = rect(t) CTFT$ X a(F ) = sinc(F ) =

(
1; F = 0
sin(� F )

� F
; F 6= 0:

Caution: this de�nition of sinc is consistentwith MATLAB andmostDSPbooks. However, a differentde�nition (without the �
terms)is usedin somesignalsandsystemsbooks.

4.1.4Energy densityspectrumof aperiodic signals

Parseval's relationfor theenergy of asignal:

Energy =
Z 1

�1
jxa(t)j2 dt =

Z 1

�1
jX a(F )j2 dF

SojX a(F )j2 representstheenergy densityspectrumof thesignalxa(t).
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Propertiesof theContinuous-TimeFourierTransform
Domain Time Fourier

Synthesis,Analysis xa(t) =
R1
�1 X a(F ) e| 2� F t dF X a(F ) =

R1
�1 xa(t) e� | 2� F t dt

Eigenfunction h(t) � e| 2� F0t = Ha(F0) e| 2� F0t H (F ) � (F � F0)

= H(F0) � (F � F0)
Linearity � x1(t) + � x2(t) � X 1(F ) + � X 2(F )

Timeshift xa(t � � ) X a(F ) e� | 2� F �

Timereversal xa(� t) X a(� F )

Convolution x1(t) � x2(t) X 1(F ) � X 2(F )

Cross-Correlation x1(t) ?x2(t) = x1(t) � x �
2(� t) X 1(F ) � X �

2(F )

Frequency shift xa(t) e| 2� F0t X a(F � F0)

Modulation(cosine) xa(t) cos(2� F0t)
X a(F � F0) + X a(F + F0)

2
Multiplication x1(t) � x2(t) X 1(F ) � X 2(F )

Freq.differentiation t xa(t)
|

2�
d

dF
X a(F )

Timedifferentiation d
dt xa(t) |2� F X a(F )

Conjugation x �
a(t) X �

a(� F )

Scaling xa(at)
1
a

X a

�
F
a

�

Symmetryproperties xa(t) real X a(F ) = X �
a(� F )

... xa(t) = x �
a(� t) X a(F ) real

Duality X �
a(t) x �

a(F )

Relationto Laplace X a(F ) = X (s)
�
�
�
s= |2� F

Parseval'sTheorem
R1
�1 x1(t) x �

2(t) dt =
R1
�1 X 1(F ) X �

2(F ) dF

Rayleigh'sTheorem
R1
�1 jxa(t)j

2 dt =
R1
�1 jX a(F )j2 dF

DC Value
R1
�1 xa(t) dt = X a(0)

A functionthatsatis�esxa(t) = x �
a(� t) is saidto have Hermitian symmetry.
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4.1.3Existenceof the Continuous-Time Fourier Transform skim

Suf�cient conditionsfor xa(t) thatensurethattheFouriertransformexists:
� xa(t) is absolutelyintegrable(over all of R).
� xa(t) hasonly a �nite numberof discontinuitiesanda �nite numberof maximaandminimain any �nite region.
� xa(t) hasno in�nite discontinuities.

Do these conditions guarantee that taking a FT of a function xa(t) and then taking the inverse FT will give you back
exactly the same function xa(t)? No! Considerthefunction

xa(t) =
�

1; t = 0
0; otherwise:

Sincethis function(calleda“null function”) hasno“area,” X a(F ) = 0, sotheinverseFT ~x = F � 1[X ] is simply ~xa(t) = 0, which
doesnot equalxa(t) exactly! However, x and~x areequivalentin theL 2(R2) sensethatkx � ~xk2 =

R
jxa(t) � ~xa(t)j2 dt = 0;

which is morethanadequatefor any practicalproblem.

If we restrictattentionto continuousfunctionsxa(t), thenit will betruethatx = F � 1[F [x]].
Most physical functionsarecontinuous,or at leastdo not have type of isolatedpointsthat the function xa(t) above has,so the
above mathematicalsubtletiesneednotdeterouruseof transformmethods.
Wecansafelyrestrictattentionto functionsxa(t) for whichx = F � 1[F [x]] in thiscourse.

Lerch's theorem:if f andg have thesameFouriertransform,thenf � g is anull function,i.e.,
R1
�1 jf (t) � g(t)j dt :

4.2
FrequencyAnalysisof Discrete-Time Signals

In Ch. 2, weanalyzedLTI systemsusingsuperposition.Wedecomposedtheinputsignalx[n] into atrainof shifteddeltafunctions:

x[n] =
1X

k= �1

ck xk [n] =
1X

k= �1

x[k] � [n � k];

determinedtheresponseto eachshifteddeltafunction � [n � k] T! hk [n]; andthenusedlinearity andtime-invarianceto �nd the
overall outputsignal:y[n] =

P 1
k= �1 x[k] h[n � k] :

The“shifteddelta”decompositionis not theonly usefulchoicefor the“elementary”functionsx k [n]. Anotherusefulchoiceis the
collectionof complex-exponentialsignalsf e|! n g for various! .

We have alreadyseenthat theresponseof anLTI systemto theinput e|! n is H (! ) e|! n ; whereH(! ) is thefr equencyresponse
of thesystem.

� Ch2: xk [n] = � [n � k] T! yk [n] = h[n � k]

� Ch4: xk [n] = e|! k n T! yk [n] = H(! k ) e|! k n

Sonow wejustneedto �gure outhow to dothedecompositionof x[n] into aweightedcombinationof complex-exponentialsignals.

Webegin with thecasewherex[n] is periodic.
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4.2.1
The Fourier seriesfor discrete-timeperiodic signals

For a DT periodic signal, should an in�nite set of frequency components be required? No, becauseDT frequenciesalias
to theinterval [� � ; � ].

Fact: if x[n] is periodic with periodN , thenx[n] hasthefollowing seriesrepresentation:(synthesis,inverseDTFS):

x[n] =
N � 1X

k=0

ck e|! k n ; where ! k =
2�
N

k: pictur e of ! k ' s on [0; 2� ) (4-1)

Intuition: if x[n] hasperiodN , thenx[n] hasN degreesof fr eedom. TheN ck 's in theabovedecompositionexpressthosedegrees
of freedomin anothercoordinatesystem.

Linear algebra / matrix perspective Undergrads: skim. Grads: study.

To prove (4-1),onecanusethefactthattheN � N matrixW with n; kth elementWn;k = e| 2 �
N kn is invertible,wherewenumber

theelementsfrom 0 to N � 1. In fact,thecolumnsof W areorthogonal.

To show thatthecolumnsareorthogonal,we �rst needthefollowing simpleproperty:

1
N

N � 1X

n =0

e| 2 �
N nm =

�
1; m = 0; � N ; � 2N ; : : :
0; otherwise

=
1X

k= �1

� [m � kN ] :

Thecasewherem is a multipleof N is trivial, sinceclearlye| 2� n (kN )=N = e| 2� nk = 1 so 1
N

P N � 1
n =0 1 = 1: For thecasewherem

is not amultipleof N , wecanapplythe�nite geometricseriesformula:

1
N

N � 1X

n =0

e| 2 �
N nm =

1
N

N � 1X

n =0

�
e| 2 �

N m
� n

=
1
N

1 �
�

e| 2 �
N m

� N

1 �
�

e| 2 �
N m

� =
1
N

1 � 1

1 �
�

e| 2 �
N m

� = 0:

Now let w k andw l betwo columnsof thematrixW , for k; l = 0; : : : ; N � 1. Thentheinnerproductof thesetwo columnsis

hw k ; w l i =
N � 1X

n =0

w k
n (w l

n ) � =
N � 1X

n =0

e| 2 �
N kn e� | 2 �

N l n =
N � 1X

n =0

e| 2 �
N (k � l )n = N � [k � l ];

proving thatthecolumnsof W areorthogonal.ThisalsoprovesthatW 0 = 1p
N

W is anorthonormal matrix,soits inverseis just

its Hermitiantranspose:W � 1
0 = W 0

0 = 1p
N

W 0; where“0” denotesHermitiantranspose.Furthermore,

W � 1 = (
p

N W 0) � 1 =
1

p
N

W � 1
0 =

1
p

N

1
p

N
W 0 =

1
N

W 0:

Thuswecanrewrite (4-1)as
2

6
6
6
4

x[0]
x[1]

...
x[N � 1]

3

7
7
7
5

= W

2

6
6
6
4

c0

c1
...

cN � 1

3

7
7
7
5

; so

2

6
6
6
4

c0

c1
...

cN � 1

3

7
7
7
5

=
1
N

W 0

2

6
6
6
4

x[0]
x[1]

...
x[N � 1]

3

7
7
7
5

:
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The DTFS analysisequation

How can we �nd the coef�cients ck in (4-1), without using linear algebra?

Read.Multiply bothsidesof (4-1)by 1
N e� | 2 �

N l n andsumover n:

N � 1X

n =0

1
N

e� | 2 �
N l n x[n] =

N � 1X

n =0

1
N

e� | 2 �
N l n

"
N � 1X

k=0

ck e| 2 �
N kn

#

=
N � 1X

k=0

ck

"
1
N

N � 1X

k=0

e| 2 �
N (k � l )n

#

=
N � 1X

k=0

ck � [k � l ] = cl :

Therefore,replacingl with k, theDTFScoef�cients aregivenby thefollowing analysisequation:

ck =
1
N

N � 1X

n =0

x[n] e� | 2 �
N kn : (4-2)

Theabove expressionis de�ned for all k, but we reallyonly needto evaluateit for k = 0; : : : ; N � 1, because:

Theck 's areperiodicwith periodN .

Proof(usesasimpli�cation methodwe'll seerepeatedly):

ck+ N =
1
N

N � 1X

n =0

x[n] e� | 2 �
N (k+ N )n =

1
N

N � 1X

n =0

x[n] e� | 2 �
N kn e� | 2 �

N N n =
1
N

N � 1X

n =0

x[n] e� | 2 �
N kn = ck :

Equations(4-1)and(4-2)aresometimescalledthediscrete-timeFourier seriesor DTFS.
In Ch.6 wewill discussthediscreteFourier transform (DFT), which is similarexceptfor scalefactors.

Example. Skill: ComputeDTFS representationof DT periodicsignals.

Considertheperiodicsignalx[n] = f 4; 4; 0; 0g4, aDT square wave. NoteN = 4.

ck =
1
4

3X

n =0

x[n] e� | 2 �
4 kn =

1
4

h
4 + 4e� | 2 �

4 k1
i

= 1 + e� |� k=2 ;

sof c0; c1; c2; c3g = f 2; 1 � j ; 0; 1 + j g and

x[n] = 2 + (1 � | ) e| 2 �
4 n + (1 + | ) e| 2 �

4 3n = 2 + (1 � | ) e| 2 �
4 n + (1 + | ) e� | 2 �

4 n = 2 + 2
p

2cos
� �

2
n �

�
4

�
:

This “squarewave” is representedby aDC termplusasinglesinusoidwith frequency ! 1 = � =2.

FromFourierseriesanalysis,we know thata CT squarewave hasanin�nite numberof frequency components.Theabove signal
x[n] couldhavearisenfrom samplingaparticularCT squarewavexa(t). pictur e. But ourDT squarewaveonly hastwo frequency
components:DC and! 1 = � =2. Where did the extra frequency components go? They aliasedto DC, � � =2, and� � .

Hermitian symmetry

If x[n] is real,thentheDTFScoef�cients areHermitiansymmetric,i.e., c� k = c�
k .

But weusuallyonly evaluateck for k = 0; : : : ; N � 1, dueto periodicity.
Soamoreusefulexpressionis: c0 is real,andcN � k = c�

k for k = 1; : : : ; N � 1. Theprecedingexampleillustratesthis.
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4.2.2Power densityspectrumof periodic signals

Thepower densityspectrumof aperiodicsignalis aplot thatshowshow muchpowerthesignalhasin eachfrequency component
! k . For pureDT signals,we canplot vs k or vs ! k . For a DT signalformedby samplinga CT signalat rateFs, it is morenatural
to plot powervscorrespondingcontinuousfrequenciesFk = (k0=N )Fs, where

k0 =
�

k; k = 0; : : : ; N=2 � 1
k � N ; k = N=2; N=2 + 1; : : : ; N � 1

sothatk0 2 f� N=2; : : : ; N=2 � 1g andFk 2 [� Fs=2; Fs=2).

Whatis thepower in theperiodicsignalxk [n] = ck e|! k n ? Recallpower for periodicsignalis

Pk =
1
N

N � 1X

n =0

jxk [n]j2 = jck j2 :

Sothepowerdensityspectrumis justaplot of jck j2 vsk or ! k or Fk .

Parseval's relation expressestheaveragesignalpower in termsof thesumof thepowerof eachspectralcomponent:

Power =
1
N

N � 1X

n =0

jx[n]j2 =
N � 1X

k=0

jck j2 :

Read.Proofvia matrixapproach.Sincex = W c, kx k2 = kW ck2 = k
p

N W 0ck2 = N kW 0ck2 = N kck2:

Example. (Continuingabove.)

Timedomain 1
N

P N � 1
n =0 jx[n]j2 = (1=4)[42 + 42] = 8:

Frequency domain:
P N � 1

k=0 jck j2 = 22 + j1 � j j2 + j1 + j j2 = 4 + 2 + 2 = 8:
Picture of powerspectrumof x[n].

Relationshipof DTFS to z-transform

Eventhoughwecannottake thez-transformof aperiodicsignalx[n], thereis still a (somewhat)usefulrelationship.

Let ~x[n] denoteoneperiodof x[n], i.e., ~x[n] = x[n] (u[n] � u[n � N ]). Let ~X (z) denotethez-transformof ~x[n]. Then

ck =
1
N

~X (z)

�
�
�
�
z=e |! k =e | 2 �

N k
:

Pictureof unit circlewith ck ' s.

Clearlyonly valid if z-transformincludestheunit circle. Is this a problem? No problem,because~x[n] is a �nite durationsignal,
soROCof ~X (z) is C (except0), soROCincludesunit circle.

Example. (Continuingabove.) ~x[n] = f 4; 4; 0; 0g, so ~X (z) = 4 + 4z� 1.

ck =
1
4

~X (z)

�
�
�
�
z=e | 2 � k = 4

= 1 + z� 1
�
�
z=e |� k = 2 = 1 + e� |� k=2 ;

which is thesameequationfor thecoef�cients asbefore.

Now wehave seenhow to decomposeaDT periodicsignalinto asumof complex exponentialsignals.
� Thiscanhelpusunderstandthesignalbetter(signalanalysis).

Example: looking for interference/harmonicsona60HzAC power line.
� It is alsoveryusefulfor understandingtheeffectof LTI systemsonsuchsignals(soon).
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Preview of 4.4.3, analysisof LTI systems

Timedomaininput/output:x[n] ! h[n] ! y[n] = h[n] � x[n] :

If x[n] is periodic,we cannotusez-transforms,but by (4-1) we candecomposex[n] into a weightedsumof N complex exponen-
tials:

x[n] =
N � 1X

k=0

ck xk [n]; wherexk [n] = e| 2 �
N kn :

We alreadyshowedthattheresponseof thesystemto theinput xk [n] is just yk [n] = H(! k ) e| 2 �
N kn , whereH(! ) is thefrequency

responsecorrespondingto h[n].

Therefore,by superposition,theoverall outputsignalis

y[n] =
N � 1X

k=0

ck yk [n] =
N � 1X

k=0

ck H(! k )
| {z }
multiply

e| 2 �
N kn :

For aperiodicinput signal,theresponseof anLTI systemis periodic(with samefrequency components).

TheDTFScoef�cients of theoutputsignalaretheproductof theDTFScoef�cients of the
inputsignalwith certainsamplesof thefrequency responseH (! k ) of thesystem.

This is the“convolution property”for theDTFS,sincethetime-domainconvolution y[n] = h[n] � x[n] becomessimply multipli-
cationof DTFScoef�cients.

Theresultsareveryusefulbecauseprior to thisanalysiswewouldhavehadto do thisby time-domainconvolution.

Could we have used the z-transform to avoid convolution here? No, sinceX (z) doesnotexist for eternalperiodicsignals!

Example. Makingviolin soundlike �ute. skip : donein 206.

F0 = 1000Hz sawtoothviolin signal. T0 = 1=F0 = 1msec.
Fs = 8000Hz, soN = 8 samplesperperiod.
Ts = 1=Fs = 0:125msec

Want lowpass�lter to remove all but fundamentaland�rst harmonic. Cutoff frequency: Fc = 2500Hz, so in digital domain:
f c = Fc=Fs = 2500=8000= 5=16, so! c = 2� (5=16) = 5� =8.

pictur e of x[n], y[n], H (! ), power densityspectrumbefore and after �ltering



4.12 c
 J.Fessler, May 27,2004,13:11(studentversion)

TheDTFSallowsusto analyzeDT periodicsignalsby decomposinginto asumof N complex exponentials,whereN is theperiod.
Whataboutaperiodicsignals?(Likespeechor music.)

Notein DTFS! k = 2� k=N . Let N ! 1 thenthe! k 's becomecloserandclosertogetherandapproachacontinuum.

4.2.3
The Fourier transform of discrete-timeaperiodic signals

Now weneedacontinuumof frequencies,sowede�ne thefollowing analysisequation:

X (! ) =
1X

n = �1

x[n] e� |! n andwrite x[n] DTFT$ X (! ) : (4-3)

This is calledthediscrete-timeFourier transform or DTFT of x[n]. (Thebookjust callsit theFourier transform.)

Wehave alreadyseenthatthisde�nition is motivatedin theanalysisof LTI systems.
TheDTFT is alsousefulfor analyzingthespectralcontentof samplescontinuous-timesignals,whichwewill discusslater.

Periodicity

TheDTFT X (! ) is de�ned for all ! . However, theDTFT is periodicwith period2� , so we often just mention� � � ! � � .
Proof:

X (! + 2� ) =
1X

n = �1

x[n] e� | ( ! +2 � )n =
1X

n = �1

x[n] e� |! n e� | 2� n =
1X

n = �1

x[n] e� |! n = X (! ) :

In fact,whenyouseeaDTFT pictureor expressionlike thefollowing

X (! ) =
�

1; j! j � ! c

0; ! c < j! j � � ;

we reallyarejust specifyingoneperiodof X (! ), andtheremainderis implicitly de�ned by theperiodic extension.

Somebookswrite X (e|! ) to remindusthattheDTFT is periodicandto solidify theconnectionwith thez-transform.

The InverseDTFT (synthesis)

If theDTFT is to beveryuseful,wemustbeableto recover x[n] from X (! ).

First ausefulfact:
1

2�

Z �

� �
e|! m d! = � [m] =

�
1; m = 0
0; m 6= 0;

for m 2 Z:

Multiplying bothsidesof 4-3by e|! n

2� andintegratingover ! (noteusek notn inside!):

Z �

� �

e|! n

2�
X (! ) d! =

Z �

� �

e|! n

2�

"
1X

k= �1

x[k] e� |! k

#

d! =
1X

k= �1

x[k]
�

1
2�

Z �

� �
e|! (n � k ) d!

�
=

1X

k= �1

x[k] � [n � k] = x[n] :

Theexchangeof orderis ok if XN (! ) convergesto X (! ) pointwise(seebelow).

Thuswehave theinverseDTFT:

x[n] =
1

2�

Z �

� �
X (! ) e|! n d! : (4-4)

Becausebothe|! n andX (! ) areperiodicin ! with period2� , any 2� interval will suf�ce for theintegral.

Lotsof DTFT properties,mostlyparallelthoseof CTFT. More later.
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4.2.6
Relationshipof the Fourier transform to the z-transform

X (! ) = X (z)jz=e |! ;

if ROCof z-transformincludestheunit circle. (Follows directly from expressions.)HencesomebooksusethenotationX (e|! ).

Example: x[n] = (1=2)n u[n] with ROCjzj > 1=2 which includesunit circle. SoX (z) = 1
1� 1

2 z � 1 soX (! ) = 1
1� 1

2 e� |! .

If theROCdoesnot includetheunit circle, thenstrictly speakingtheFT doesnotexist!

An “exception”is theDTFT of periodicsignals,whichwewill “de�ne” by usingDirac impulses(later).

4.2.4Convergenceof the DTFT

TheDTFT hasanin�nite sum,soweshouldconsiderwhendoesthissum“exist,” i.e., whenis it well de�ned?

A suf�cient conditionfor existenceis thatthesignalbeabsolutelysummable:

1X

n = �1

jx[n]j < 1 :

Any signalthatis absolutelysummablewill haveanROCof X (z) thatincludestheunit circle,andhencewill haveawell-de�ned
DTFT for all ! , andtheinverseDTFT will give backexactly thesamesignalthatyoustartedwith.

In particular, undertheabove condition,onecanshow thatthe�nite sum(whichalwaysexists)

XN (! ) =
NX

n = � N

x[n] e� |! n

convergespointwise to X (! ) for all ! :
sup

!
jXN (! ) � X (! )j ! 0 as N ! 1 ;

or in particular:
XN (! ) ! X (! ) as N ! 1 8! :

Unfortunatelytheabsolutesummabilityconditionprecludesperiodicsignals,whichwerepartof ourmotivation!

To handleperiodicsignalswith theDTFT, onemustallow Dirac deltafunctionsin X (! ). Thebookavoidsthis, soI will alsofor
now. For DT periodicsignals,wecanusetheDTFSinstead.

However, therearesomesignalsthatarenotabsolutelysummable,but neverthelessdosatisfytheweaker �nite-energy condition

Ex =
1X

n = �1

jx[n]j2 < 1 :

For suchsignals,theDTFT convergesin amean-square sense:
Z �

� �
jXN (! ) � X (! )j2 d! ! 0 as N ! 1 :

This is theoreticallyweaker than pointwiseconvergence,but it meansthat the error energy diminisheswith increasingN , so
practicallythetwo functionsbecomephysically indistinguishable.

Fact.Any absolutelysummablesignalhas�nite energy:

1X

n = �1

jx[n]j < 1 =)

 
1X

n = �1

jx[n]j

!  
1X

m = �1

jx[m]j

!

< 1 =)
1X

n = �1

jx[n]j2 +
X

m 6= n

jx[n]j jx[m]j < 1 =)
1X

n = �1

jx[n]j2 < 1 :
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Gibb's phenomenon(anexampleof mean-squareconvergence)

Our �rst �lter design.

Supposewewould like to designadiscrete-timelow-pass�lter , with cutoff frequency 0 < ! c < � , having frequency response:

H(! ) =
�

1; 0 � j! j � ! c

0; ! c < j! j � �
(periodic):

Find theimpulseresponseh[n] of sucha �lter . Carefulwith n = 0!

h[n] =
1

2�

Z �

� �
H(! ) e|! n d! =

1
2�

Z ! c

� ! c

e|! n d! =
1

2� |n
e|! n

�
�
�
�

! c

! = � ! c

=
e|! c n � e� |! c n

2� |n
=

sin(! cn)
� n

=
! c

�
sinc

� ! c

�
n

�
:

Is h[n] an FIR or IIR �lter? This is IIR. (Neverthelessit couldstill bepracticalif it hada rationalsystemfunction.)

Is it stable? Dependson ! c. If ! c = � , thenh[n] = � [n] which is stable.

But consider! = � =2. Then
P 1

n = �1 jh[n]j = 1=2 + 2
P 1

n =1

�
�
� sin n� =2

� n

�
�
� = 1=2 + (2=� )

P 1
k=1

1
2k+1 = 1 ; soit is unstable.
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-20 -15 -10 -5 0 5 10 15 20
-0.2

-0.1

0

0.1

0.2

0.3

0.4

0.5

n

h(
n)

Impulse response of ideal low-pass filter
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Can we implement h[n] with a �nite number of adds, multiplies, delays? Only if H (z) is in rationalform, which it is not! It
doesnothave anexact(�nite) recursive implementation.

How to make a practical implementation? A simple,but suboptimalapproach:just truncateimpulseresponse,sinceh[n] � 0
for largen. But how closewill bethefrequency responseof thisFIR approximationto idealthen?Let

hN [n] =
�

h[n]; jnj � N
0; otherwise;

andlet H N (! ) bethecorrespondingfrequency response:

H N (! ) =
NX

n = � N

hN [n] e� |! n =
NX

n = � N

sin ! cn
� n

e� |! n :

No closedform for H N (! ). UseMATLAB to computeH N (! ) anddisplay.

-80 -60 -40 -20 0 20 40 60 80
-0.2

-0.1

0

0.1

0.2

0.3

0.4

0.5

h 10
(n

)

Truncated Sinc Filters

�80 �60 �40 �20 0 20 40 60 80
�0.2

�0.1

0

0.1

0.2

0.3

0.4

0.5

h 20
(n

)

�80 �60 �40 �20 0 20 40 60 80
�0.2

�0.1

0

0.1

0.2

0.3

0.4

0.5

h 80
(n

)

n

�5 0 5

0

0.5

1

1.5

H
N

(w)

N=10

�5 0 5

0

0.1

0.2

0.3

0.4

0.5

|H
N

(w) � H( w)|

�5 0 5

0

0.5

1

1.5

N=20

�5 0 5

0

0.1

0.2

0.3

0.4

0.5

�5 0 5

0

0.5

1

1.5

w

N=80

�5 0 5

0

0.1

0.2

0.3

0.4

0.5

w

As N increases,hN [n] ! h[n]. But H N (! ) doesnot convergeto H(! ) for every ! . But theenergy differenceof thetwo spectra
decreasesto 0 with increasingN . Practically, this is goodenough.

Thiseffect,wheretruncatingasumin onedomainleadsto ringing in theotherdomainis calledGibbsphenomenon.

We have just doneour �rst �lter design.It is a poordesignthough.Lots of taps,no recursive form, suboptimalapproximationto
ideallowpassfor any givennumberof multiplies.
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4.2.5
Energy densityspectrumof aperiodic signalsor Parseval's relation

E =
1X

n = �1

jx[n]j2 =
1X

n = �1

x[n] x � [n] =
1X

n = �1

x[n]
�

1
2�

Z �

� �
X (! ) e|! n d!

� �

=
1

2�

Z �

� �
X � (! )

"
1X

n = �1

x[n] e� |! n

#

d! =
1

2�

Z �

� �
X � (! ) X (! ) d! =

1
2�

Z �

� �
jX (! )j2 d! :

1X

n = �1

jx[n]j2 =
1

2�

Z �

� �
jX (! )j2 d! :

LHS: total energy of signal.
RHS:integral of energy densityoverall frequencies.

Sxx (! )
4
= jX (! )j2 is calledtheenergy densityspectrum.

Whenx[n] is aperiodic,theenergy in any particularfrequency is zero.But

1
2�

Z ! 2

! 1

jX (! )j2 d!

quanti�eshow muchenergy thesignalhasin thefrequency band[! 1; ! 2] for � � � ! 1 < ! 2 � �

Example. x[n] = an u[n] for a real.X (z) =
1

1 � az� 1 soX (! ) =
1

1 � ae� |! , so

Sxx (! ) = jX (! )j2 =

�
�
�
�

1
1 � ae� |!

�
�
�
�

2

=
1

1 � 2acos! + a2 :

�5 0 5
0
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2
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4

w

S
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(w
)
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Why is there greater energy density at high frequencies when a < 0? Recallan = (�j aj)n = (� 1)n jajn whichalternates.

Note: for a = 0 wehave x[n] = � [n].
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4.2.7The Cepstrum
skip

4.2.8The Fourier transform of signalswith poleson the unit circle
Skim

A complex exponentialsignalhasall its power concentratedin a singlefrequency component.So we expect that the DTFT of
e|! 0 n wouldbesomethinglike “ � (! � ! 0).”

-
!0 ! 0

6 ?

What is wrong with the above picture and the formula in quotes? Not explicitly periodic.

Consider(usingDiracdeltanow):

X (! ) = “2� � (! � ! 0) ” = 2�
1X

k= �1

� (! � ! 0 � k2� )

Assume! 0 2 [� � ; � ]

Find inverseDTFT:

x[n] =
1

2�

Z �

� �
X (! ) e|! n d! =

Z �

� �

1X

k= �1

� (! � ! 0 � k2� ) e|! n d! = e|! 0 n ;

sinceintegralover [� � ; � ] hitsexactlyoneof theDiracdeltafunctions.

Thus

e|! 0 n DTFT$ 2�
1X

k= �1

� (! � ! 0 � k2� ) = “2� � (! � ! 0) ” :

Thestepfunctionhasapoleon theunit circle,yet sometextbooksalsostate:

u[n] DTFT$ U(! ) =
1

1 � e� |! +
1X

k= �1

� � (! � 2� k) :

Thestepfunctionis not squaresummable,sothis transformpairmustbeusedwith care.Rarelyis it needed.

4.2.9Sampling
Will bedonelater!

4.2.10Frequency-domainclassi�cation of signals: the conceptof bandwidth
Read

4.2.11The fr equencyrangesof somenatural sounds
Skim

4.2.12Physical and mathematicaldualities
Read

discrete-time$ periodicspectrum(DTFT, DTFS)
periodictime$ discretespectra(CTFS,DTFS)
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4.3
Propertiesof the DTFT

X (! ) =
1X

n = �1

x[n] e� |! n

Mostpropertiesanalogousto thoseof CTFT. Mostcanbederiveddirectly from correspondingz-transformproperties,by usingthe
factthatX (! ) = X (z)jz=e |! . Caution:reuseof X (�) notation.

Periodicity:X (! ) = X (! + 2� )

4.3.1Symmetry propertiesof the DTFT

Time reversal
Recallx[� n] Z$ X

�
z� 1

�
. Thusx[� n] DTFT$ X

�
z� 1

� �
�
z=e |! = X (e� |! ) = X (z)jz=e � |! = X (� ! ).

So x[� n] DTFT$ X (� ! ) :

Soif x[n] is even, i.e., x[n] = x[� n], thenX (! ) = X (� ! ) (alsoeven).

Conjugation

Recallthatx � [n] Z$ X � (z� ). Thusx � [n] DTFT$ X � (z� )jz=e |! = X � (e� |! ) = X � (z)jz=e � |! = X � (� ! ).

So x � [n] DTFT$ X � (� ! ) :

Real signals

If x[n] is real, i.e., x[n] = x � [n], thenX (! ) = X � (� ! ) (aHermitian symmetric spectrum).

In particular, writing X (! ) = XR (! ) + | XI (! ) wehave
� XR (� ! ) = XR (! )
� XI (� ! ) = � XI (! )

Combining: if x[n] is realandeven,thenX (! ) is alsorealandeven i.e., X (! ) = X (� ! ) = X � (! ) = X � (� ! ) :

Therearemany suchrelationships,assummarizedin thefollowing diagram.

x[n] = xe
R [n] + | xe

I [n] + xo
R [n] + | xo

I [n]

l l %-&.

X (! ) = X e
R (! ) + | X e

I (! ) + X o
R (! ) + | X o

I (! )



c
 J.Fessler, May 27,2004,13:11(studentversion) 4.19

4.3.2DTFT properties

Again,onemotivationis to avoid PFEfor inverseDTFT.

Linearity

a1 x1[n] + a2 x2[n] DTFT$ a1 X1(! ) + a2 X2(! )

Time-shift
Sincex[n � k] Z$ z� k X (z)

x[n � k] DTFT$ e� |! k X (! ) “phaseshift”

Time-reversal (earlier)x[� n] DTFT$ X (� ! )

Conjugation (earlier)x � [n] DTFT$ X � (� ! )

Convolution (particularlyusefor LTI systems)

h[n] � x[n] Z$ H (z) X (z) so

h[n] � x[n] DTFT$ H(! ) X (! )

CrossCorr elation
r xy [n] = x[n] � y� [� n] DTFT$ Sxy (! ) = X (! ) Y � (! )

If x[n] andy[n] real,then

r xy [n] = x[n] � y[� n] DTFT$ Sxy (! ) = X (! ) Y(� ! ) :

Autocorrelation (Wiener-Khintchine theorem)

r xx [n] DTFT$ Sxx (! ) = jX (! )j2

Frequencyshift (complexmodulation)

e|! 0 n x[n] DTFT$ X (! � ! 0)

Example. Let y[n] = e| 3 �
4 n x[n],

-
!

6X (! )

0� � =2 � =2� � �

1

=)

-
!

6Y(! ) = X (! � 3� =4)

0� � =2 � =2� � �

1

Modulation

x[n] cos(! 0n) DTFT$
1
2

[X (! � ! 0) + X (! + ! 0)]

sincecos(! 0n) = (e|! 0 n + e� |! 0 n )=2. Now what? Apply frequency shift property.

Parseval's Theorem(earlier)
P 1

n = �1 jx[n]j2 = 1
2�

R�
� � jX (! )j2 d!

Frequencydiffer entiation

n x[n] DTFT$ |
d

d!
X (! ) = |

d
d!

1X

n = �1

x[n] e� |! n = |
1X

n = �1

x[n](� |n ) e� |! n =
1X

n = �1

(n x[n]) e� |! n

carefulwith n = 0!
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Example. Findx[n] whenX (! ) = 1 for a � ! � b (periodic)with � � � a < b � � , i.e., X (! ) = rect
�

! � (b+ a)=2
b� a

�
(periodic)

pictur e Wederivedearlierthat(! c=� ) sinc((! c=� )n) DTFT$ rect(! =(2! c)) .

Let ! c = (b� a)=2, theny[n] = b� a
2� sinc

�
b� a
2� n

� DTFT$ Y(! ) = rect
�

!
b� a

�
(periodic).

How does X (! ) relate to Y(! )? By a frequency shift: X (! ) = Y(! � (b+ a)=2) sox[n] = e| (b+ a)=2n y[n]

x[n] = e| b+ a
2 n

�
b� a
2�

�
sinc

�
b� a
2�

n
�

:

Signalmultiplication (time domain)

Should it correspond to convolution in frequency domain? Yes,but DTFT is periodic.

x[n] = x1[n] x2[n] DTFT$ X (! ) =
1

2�

Z �

� �
X1(� ) X2(! � � ) d� :

Proof:

X (! ) =
1X

n = �1

x[n] e� |! n =
1X

n = �1

x1[n] x2[n] e� |! n =
1X

n = �1

�
1

2�

Z �

� �
X1(� ) e|�n d�

�
x2[n] e� |! n

=
1

2�

Z �

� �
X1(� )

"
1X

n = �1

x2[n] e� | ( ! � � )n

#

d� =
1

2�

Z �

� �
X1(� ) X2(! � � ) d�

which is calledperiodic convolution.

Similar to ordinaryconvolution (�ip andslide)but weonly integratefrom � � to � .

Compare:
� Convolution in timedomaincorrespondsto multiplicationin frequency domain.
� Multiplication in timedomaincorrespondsto periodicconvolutionin frequency domain(becauseDTFT is periodic).

Intuition: x[n] = x1[n] � x2[n] wherex1[n] = e|! 1 n andx2[n] = e|! 2 n . Obviously x[n] = e| ( ! 1 + ! 2 )n , but if j! 1 + ! 2j > � then
the! 1 + ! 2 will aliasto somefrequency componentwithin theinterval [� � ; � ].
The“periodicconvolution” takescareof thisaliasing.

Parseval generalized
P 1

n = �1 x[n] y� [n] = 1
2�

R�
� � X (! ) Y � (! ) d!

! = 0 (DC value)

X (0) =
1X

n = �1

x[n]

n = 0 value

x[0] =
1

2�

Z �

� �
X (! ) d!

Other “missing” properties cf. CT? noduality, no timedifferentiation,no timescaling.

Upsampling, Downsampling
Seehomework - derive fr om z-transform
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4.2.9
The sampling theoremrevisited

xa(t)
sampling

!
x[n]

CTFT l DTFT l

X a(F )
?

!
X (! )

Basicrelationships:

DTFT
� X (! ) =

P 1
n = �1 x[n] e� |! n

� x[n] = 1
2�

R�
� � X (! ) e|! n d!

(CT)FT
� X a(F ) =

R
xa(t) e� | 2� F t dt

� xa(t) =
R

X a(F ) e| 2� F t dF

Sampling:
x[n] = xa(nTs)

whereTs = 1=Fs.

Questions
I. How does X (! ) relate to X a(F )? Sumof shiftedreplicates.

What analog frequencies F relate to digital frequencies ! ? ! = 2� F=Fs.
II. When can we recover xa(t) from x[n] exactly? Suf�cient to have xa(t) bandlimitedandNyquistsampling.
III. How to recover xa(t) from x[n]? Sincinterpolation.

Therehadbetterbea simplerelationshipbetweenX (! ) andX a(F ), otherwisedigital processingof sampledCT signalscouldbe
impractical!
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SpectralReplication (ResultI)

Intuition / ingredients:

� If xa(t) = cos(2� F t) thenx[n] = cos(2� F nTs) = cos
�

2� F
F s

n
�

so! = 2� F=Fs.

� DTFT X (! ) is periodic
� CTFTX a(F ) is notperiodic(for energy signals)

Fact. If x[n] = xa(nTs) wherexa(t) CTFT$ X a(F ) then

X (! ) =
1
Ts

1X

k= �1

X a

�
! =(2� ) � k

Ts

�
:

Sothereis adirectrelationshipbetweentheDTFT of thesamplesof ananalogsignalandtheFT of thatanalogsignal:X (! ) is the
sumof shiftedandscaledreplicatesof the(CT)FTof theanalogsignal.

Eachdigital frequency ! hascontribution from many analogfrequencies:F 2
�

Fs
!
2� ; Fs

!
2� � Fs; Fs

!
2� � 2Fs; : : :

	
:

Eachanalogfrequency F appearsasdigital frequencies! = 2� F=Fs � 2� k:
� Theargumentof X a(�) is logical consideringthe! = 2� F=Fs relation.
� The1=Ts factorout front is naturalbecauseX (! ) hasthesameunitsasx[n], whereasX a(F ) hasx[n]'sunitstimestimeunits.

Example. ConsidertheCT signalxa(t) = 100sinc2(100t) whichhasthefollowing spectrum.

-
F

6X a(F )

-100 0 100

1

If x[n] = xa(nTs) where1=Ts = Fs = 400Hz, thenthespectrumof x[n] is thefollowing, where! c = 2� 100=400= � =2.

-
!

6X (! )

0� � =2 � =2� � �� 2� 2�

...400

Of course,we reallyonly needto show � � � ! � � becauseX (! ) is 2� periodic.

On theotherhand,if Fs = 150Hz, then2� 100=150= 4
3 � andtherewill bealiasingasfollows.

-
!

6X (! )
...

0� �2� 2�2�
3

4�
3

150
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Proofsof SpectralReplication

Proof1. (No Dirac Impulses!)

x[n] = xa(nTs) sampling

=
Z 1

�1
X a(F ) e| 2� F (nTs) dF inverse(CT)FT

=
1X

k= �1

Z 2� (k+1=2)=Ts

2� (k� 1=2)=Ts

X a(F ) e| 2� F Tsn dF rewrite integral

=
1X

k= �1

Z �

� �
X a

�
! =(2� ) + k

Ts

�
e| 2� ( ! =(2 � )+ k

Ts )Tsn d!
2� Ts

let ! = 2� F Ts � 2� k
soF = ! =(2� )+ k

Ts

=
1

2�

Z �

� �

"
1
Ts

1X

k= �1

X a

�
! =(2� ) + k

Ts

� #

e|! n d! simplifying exp.

ThebracketedexpressionmustbeX (! ) sincetheintegral is theinverseDTFT formula:

x[n] =
1

2�

Z �

� �
X (! ) e|! n d! :

Thus,whenx[n] = xa(nTs) (regardlessof whetherxa(t) is bandlimited)wehave:

X (! ) =
1
Ts

1X

k= �1

X a

�
! =(2� ) + k

Ts

�
:

Proof2.
First de�ne thetrainof Dirac impulses,akathecomb function: comb(t) =

P 1
n = �1 � (t � n) :

Thecontinuous-timeFT of comb(t) is comb(F ) =
P 1

k= �1 � (F � k) :

If x[n] = xa(nTs), then(usingthesifting propertyandthetime-domainmultiplicationproperty):

X (! ) =
1X

n = �1

x[n] e� |! n =
1X

n = �1

Z 1

�1
xa(t) � (t � nTs) e� |! t=T s dt =

Z 1

�1
xa(t)

"
1X

n = �1

� (t � nTs)

#

e� |! t=T s dt

=
Z 1

�1
xa(t)

"
1X

n = �1

1
Ts

�
�

t
Ts

� n
� #

e� |! t=T s dt =
Z 1

�1
xa(t)

1
Ts

comb
�

t
Ts

�
e� | 2� ! =(2 � Ts ) t dt

= [X a(F ) � comb(TsF )]
�
�
�
F = ! =(2 � Ts )

=

"

X a(F ) �
1
Ts

1X

k= �1

� (F � k=Ts)

#�
�
�
�
�
F = ! =(2 � Ts )

=

"
1
Ts

1X

k= �1

X a(F � k=Ts)

#�
�
�
�
�
F = ! =(2 � Ts )

=
1
Ts

1X

k= �1

X a

�
! =(2� ) � k

Ts

�
:
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Proof3.

Engineer's fact: theimpulsetrain functionis periodic,soit hasa (generalized)Fourierseriesrepresentationasfollows:

1X

k= �1

� (F � k) =
1X

n = �1

e| 2� F n :

(Thiscanbeshown morerigorouslyusinglimits.)

ThuswecanrelateX (! ) andX a(F ) asfollows:

X (! ) =
1X

n = �1

x[n] e� |! n

=
1X

n = �1

xa(nTs) e� |! n

=
1X

n = �1

� Z 1

�1
X a(F ) e| 2� F (nT s ) dF

�
e� |! n

=
Z

X a(F )

"
1X

n = �1

e| (2 � F Ts � ! )n

#

dF

=
Z

X a(F )

"
1X

k= �1

� (F Ts � ! =(2� ) � k)

#

dF

=
Z

X a(F )

"
1X

k= �1

1
Ts

�
�

F �
! =(2� ) + k

Ts

� #

dF

=
1
Ts

1X

k= �1

X a

�
! =(2� ) + k

Ts

�
:

Note� (at) = 1
jaj � (t) for a 6= 0.

A mathematicianwould beuneasywith all of these“proofs.” Exchangingin�nite sumsandintegralsreally shouldbedonewith
careby makingappropriateassumptionsaboutthefunctions(signals)considered.Practicallythough,theconclusionsare�ne since
real-world signalsgenerallyhave �nite energy andarecontinuous,whicharethetypesof regularity conditionsusuallyneeded.
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Example. Considerthesignal(for t0 > 0)

xa(t) =
1
�

1
1 + (t=t0)2 :

Thenfrom FT table

X a(F ) = t0 e�j 2� F t 0 j

�20 0 20
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

t

x(
t)

CT "Cauchy" Signal

t
0
 = 1

�1 0 1
0

0.2

0.4

0.6

0.8

1

F
X

(F
)

CT Fourier Transform

t
0
 = 1

Bandlimited? No. Supposewesampleit anyway. DoesDTFT of sampledsignalstill look similar to X a(F ) (but replicated)?

Note that sinceX a(F ) is real andsymmetric,so is X (! ). Sincethe math is messy, we apply the spectralreplicationformula
focusingon ! 2 [0; � ]:

X (! ) =� =
1
�

1
Ts

1X

k= �1

X a

�
! =(2� ) � k

Ts

�

=
1

Ts�

1X

k= �1

t0 e� t 0 j ! � 2 � k
T s j =

1X

k= �1

e� � j ! +2 � k j

= e� � j ! j +
� 1X

k= �1

e� � j ! +2 � k j +
1X

k=1

e� � j ! +2 � k j

= e� � j ! j +
� 1X

k= �1

e� ( ! +2 � k ) +
1X

k=1

e� � ( ! +2 � k ) (for ! 2 [0; � ])

= e� � j ! j + e�!
1X

k 0=1

e� � 2� k 0
+ e� �!

1X

k=1

e� � 2� k

= e� � j ! j +
�
e�! + e� �! � e� � 2�

1 � e� � 2�

= e� � j ! j +
e� � (2 � � ! ) + e� � (2 � + ! )

1 � e� � 2�

where� = t0=Ts. Thusfor ! 2 [0; � ] we have the following relationshipbetweenthe spectrumof the sampledsignalandthe
spectrumof theoriginal signal:

X (! ) = �
�
e� � j ! j +

e� � (2 � � ! ) + e� � (2 � + ! )

1 � e� � 2�

�
:

Ideally we would have X (! ) = 1
Ts

X a(! =(2� Ts)) = � e�j �! j for ! 2 [0; � ]. Thesecondtermabove is dueto aliasing.Notethat
asTs ! 0, � ! 1 andthesecondtermgoesto 0.

The following �gure shows xa(t), its samplesx[n], andtheDTFT X (! ) for two samplingrates.For Ts = 1 thereis signi�cant
aliasingwhereasfor Ts = 0:5 thealiasingis smaller.
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�10 0 10
0

0.1

0.2

0.3

t

x(
t)

 a
nd

 x
[n

] t
0
 = 1

T = 1

Cauchy signal

-2p  0  2p
0

1

2

X
(w

)

DTFT of samples

�10 0 10
0

0.1

0.2

0.3

t

x(
t)

 a
nd

 x
[n

] t
0
 = 1

T = 0.5

-2p  0  2p
0

1

2

X
(w

)
w

Notethatfor smallersamplespacingTs, theX a(F ) replicatedbecomemorecompressed,solessaliasingoverlap.

Canwe recover xa(t) from x[n], i.e., X a(F ) from X (! ) in this case?Well, yes,if we knew that thesignalis Cauchy but just do
notknow t0; just �gure out t0 from thesamples.But in generaltherearemultipleanalogspectrathatmake thesameDTFT.

Pictureof rectangularand trapezoid spectra,both yielding X (! ) = 1
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Bandlimited Analog Signals

(Answersquestion:whencanwerecover X a(F ) from X (! ), andhencexa(t) from x[n].)

Supposethereis amaximumfrequency Fmax > 0 for whichX a(F ) = 0 for jF j � Fmax , asillustratedbelow.

-
F

6X a(F )

-Fmax 0 Fmax

1

-
!

6X (! )

0 ! max � 2� � ! max 2�

...1=Ts

Where! max = 2� Fmax Ts = 2� Fmax =Fs:

Clearlytherewill benooverlapiff ! max < 2� � ! max if f ! max < � iff 2� Fmax =Fs < � iff Fs > 2Fmax :

ResultII.

If thesamplingfrequency Fs is at leasttwice thehighestanalogsignalfrequency Fmax ,
thenthereis nooverlapof theshiftedscaledreplicatesof X a(F ) in X (! ).

2Fmax is calledtheNyquist sampling rate.

Recovering the spectrum

Whenthereis nospectraloverlap(noaliasing),wecanrecover X a(F ) from thecentral(or any) replicatein theDTFT X (! ).

Let ! 0 beanyfrequency between! max and� . Equivalently, let F0 = ! 0
2� Fs beany frequency betweenFmax andFs=2.

Thenthecenterreplicateof thespectrumis

rect
�

!
2! 0

�
X (! ) =

1
Ts

X a

�
!

2� Ts

�

or equivalently(still in bandlimited case):

X a(F ) = Ts rect
�

F
2F0

�
X (2� F Ts); if 0 < Fmax � F0 � Fs=2

=
�

Ts X (2� F Ts); jF j � F0 � Fs=2
0; otherwise:

SotheTs-scaledrectangular-windowedDTFT givesusbacktheoriginal signalspectrum.
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ResultIII.
How dowerecover theoriginalanalogsignalxa(t) from its samplesx[n] = xa(nTs).

Convert centralreplicatebackto thetimedomain:

xa(t) =
Z 1

�1
X a(F ) e| 2� F t dF

=
Z 1

�1
Ts rect

�
F

2F0

�
X (2� F Ts)

| {z }
centralreplicate

e| 2� F t dF

= Ts

Z
rect

�
F

2F0

� "
1X

n= �1

x[n] e� | (2� F Ts)n

#

| {z }
DTFT

e| 2� F t dF

=
1X

n= �1

x[n]

2

6
6
6
4

Ts

Z
rect

�
F

2F0

�
e| 2� F (t� nTs) dF

| {z }
FT of rect

3

7
7
7
5

=
1X

n= �1

x[n] (2F0Ts) sinc(2F0(t � nTs)) :

This is thegeneral sincinterpolationformulafor bandlimitedsignalrecovery.

Theusualcaseis touse! 0 = � (thebiggestrectpossible),in whichcaseF0 =
! 0

2� Ts
=

1
2Ts

.

In thiscase,thereconstructionformulasimpli�es to thefollowing.

xa(t) =
1X

n= �1

x[n] sinc
�

t � nTs

Ts

�

wheresinc(x) =
sin(� x)

� x
: Calledsinc interpolation.

Thesincinterpolationformulaworksperfectlyif xa(t) is bandlimitedto � Fs=2 whereFs = 1=Ts, but it is impracticalbecauseof
the in�nite summation.Also, real signalsarenever exactlybandlimited,sincebandlimitedsignalsareeternalin time. However,
afterpassingthroughananti-aliasing�lter , mostrealsignalscanbemadeto bealmostbandlimited.Therearepracticalinterpolation
methods,e.g., basedonsplines,thatwork quitewell with a �nite summation.
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Example. Sincrecovery from non-bandlimitedCauchy signal.

�10 �5 0 5 10
0

0.1

0.2

0.3

0.4

n

x(
n)

Samples of Cauchy signal x(n)=x
a
(nT)

t
0
=1, T=1

�10 �5 0 5 10
�0.1

0

0.1

0.2

0.3

0.4

t

x si
nc

(t
)

Sinc interpolation

�10 �5 0 5 10
0

0.1

0.2

0.3

0.4

t

x
a
(t)     

x
sinc

(t)

�20 �15 �10 �5 0 5 10 15 20
0

0.1

0.2

0.3

0.4

n

x(
n)

Samples of Cauchy signal x(n)=x
a
(nT)

t
0
=1, T=0.5

�10 �5 0 5 10
�0.1

0

0.1

0.2

0.3

0.4

t

x si
nc

(t
)

Sinc interpolation

�10 �5 0 5 10
0

0.1

0.2

0.3

0.4

t

x
a
(t)     

x
sinc

(t)

�15 �10 �5 0 5 10 15

�0.01

�0.005

0

0.005

0.01
t
0
=1, T=1

x
sinc

(t) � x
a
(t)

�15 �10 �5 0 5 10 15

�0.01

�0.005

0

0.005

0.01
t
0
=1, T=0.5

�15 �10 �5 0 5 10 15

�0.01

�0.005

0

0.005

0.01
t
0
=1, T=0.25

t

Errorsignalsxsinc (t) � xa(t) go to zeroasTs ! 0.

Why use a non-bandlimited signal here? Realsignalsarenever perfectlybandlimited,evenafterpassingthroughananti-alias
�lter . But they canbe“practically” bandlimited,in thesensethat theenergy above thefolding frequency canbevery small. The
above resultsshow thatwith suitablyhigh samplingrates,sinc interpolationis “robust” to thesmallaliasingthat resultsfrom the
signalnotbeingperfectlybandlimited.

Summary:answeredquestionsI, II, III.
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4.4
Frequency-domaincharacteristicsof LTI systems

Wehaveseensignalsarecharacterizedby their frequency content.Thusit is naturalto designLTI systems(�lter s) fromfrequency-
domainspeci�cations, ratherthanin termsof theimpulseresponse.

4.4.1Responseto complex-exponentialand sinusoidalsignals: The fr equencyresponsefunction

Wehave seenthefollowing input/outputrelationshipsfor LTI systemsthusfar:
x[n] ! h[n] ! y[n] = h[n] � x[n]

X (z) ! H (z) ! Y (z) = H (z) X (z)

x[n] = e|! 0 n ! h[n] ! y[n] = H(! 0) e|! 0 n = jH (! 0)j e|! 0 n e| \ H( ! 0 ) (eigenfunction)

Now asaconsequenceof convolutionproperty:X (! ) ! h[n] ! Y(! ) = H(! ) X (! )

H (! ) is thefr equencyresponsefunctionof thesystem.

Before: A LTI systemis completelycharacterizedby its impulseresponseh[n].

Now: A LTI systemis completelycharacterizedby its frequency responseH(! ), if it exists.

Recallthatthefrequency responseis z-transformalongunit circle.
When does a system function include the unit circle? Whensystemis BIBO stable.Thus

Thefrequency responseH(! ) alwaysexistsfor BIBO stablesystems.

Note: h[n] = sinc(n) is theimpulseresponseof anunstablesystem,but neverthelessH(! ) canbeconsideredin aMS sense.

Notation:
� jH (! )j magnitude responseof system
� �( ! ) = \ H (! ) phaseresponseof system

Thebooksays:\ H (! ) ?= tan � 1 H I (! ) =H R (! )
Be very carefulwith this expression.It is not rigorous. In MATLAB, usetheatan2 functionor angle function,not theatan
functionto �nd phaseresponse.Phaseis de�ned over [0; 2� ] or [� � ; � ], whereasatan only returnsvaluesover [� � =2; � =2].

Example. ConsiderH(! ) = � 3. What is \ H (! )?
It is � � . But H R (! ) = � 3 andH I (! ) = 0 sotan � 1 H I (! ) =H R (! ) = tan � 1 0 = 0 which is incorrect.
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Responseof a real LTI systemto (eternal) sinusoidalsignal

If h[n] is real,thenH(! ) = H � (� ! ) sojH (! )j = jH (� ! )j and�( ! ) = � �( � ! ).
Sox[n] = e� |! 0 n ! h[n] ! y[n] = H(� ! 0) e� |! 0 n = jH (� ! 0)j e� |! 0 n e| \ H( � ! 0 ) = jH(! 0)j e� |! 0 n e� | \ H( ! 0 ) :
Addingshows that:

x[n] = cos(! 0n + � ) ! h[n] ! y[n] = jH (! 0)j cos(! 0n + � + \ H(! 0)) :

This is calledthe“sine in, sineout” property, andit shouldbememorized!

Prove in lectureusingY(! ) = H(! ) X (! ) with picturesof impulsivespectrum,asfollows.

x[n] = cos(! 0n + � ) DTFT$ X (! ) = 1
2 e|� 2� � (! � ! 0) + 1

2 e� |� 2� � (! + ! 0)

Y(! ) = H(! ) X (! ) = H(! )
�

1
2

e|� 2� � (! � ! 0) +
1
2

e� |� 2� � (! + ! 0)
�

=
1
2

e|� 2� � (! � ! 0) H (! 0) +
1
2

e� |� 2� � (! + ! 0) H (� ! 0) samplingproperty

=
1
2

e|� 2� � (! � ! 0) H (! 0) +
1
2

e� |� 2� � (! + ! 0) H � (! 0) realh[n] =) HermitianH(! )

=
1
2

e|� 2� � (! � ! 0) jH (! 0)j e| \ H( ! 0 ) +
1
2

e� |� 2� � (! + ! 0) jH (! 0)j e� | \ H( ! 0 ) polar

=) y[n] =
1
2

e| ( � + \ H( ! 0 )) e|! 0 n jH (! 0)j +
1
2

e� | ( � + \ H( ! 0 )) e� |! 0 n jH (! 0)j

= jH (! 0)j cos(! 0n + � + \ H(! 0)) :

Filter designexample

Example. A simpletrebleboost�lter (cf., Exam1,W04).

Re(z)

Im(z)

gain= 1

H (z) = z� 1
z = 1 � z� 1 =) h[n] = � [n] � � [n � 1] =) y[n] = x[n] � x[n � 1] :

Frequency response:

H(! ) = 1 � e� |! = e� |! =2
h
e|! =2 � e� |! =2

i
= e� |! =2 2| sin(! =2) :

Magnituderesponse:jH (! )j = 2 jsin(! =2)j : Picture

Phaseresponse:for ! � 0: \ H (! ) = \ | e� |! =2 = � =2 � ! =2:

-
!

6\ H (! )

� � �

� =2

� � =2

This is anexampleof a linear phase�lter .
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A �rst attempt at �lter design(notch)

Equippedwith theconceptsdevelopedthusfar, wecan�nally attemptour �rst �lter design.

Goal: eliminateFc = 60Hz sinusoidalcomponentfrom DT signalsampledatFs = 480Hz.
Find impulseresponseandblockdiagram.

What digital frequency to remove? ! c = 2� Fc=Fs = � =4.

Pictureof ideal H(! ). This is calledanotch �lter .

First designattempt. Re(z)

Im(z)
p = e|� =4

p = e� |� =4

Why? BecauseH(! ) = H (z)jz=e |! .

Practical problems? Noncausal.Soaddtwo polesatorigin. Re(z)

Im(z)

2

Analyze:H (z) = (z� p)( z� p� )
z2 = z2 � 2z cos ! c +1

z2 = 1 � z� 12cos! c + z� 2 =) h[n] = f 1; � 2cos! c; 1g:

FIR block diagram
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 p
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Ð
 H

(w
)

w

Thesepicturesshow the responseto eternal60Hz sampledsinusoidalsignals. But what abouta causalsinusoid,or e|! c n u[n]
(appliedaftersystem�rst started)?

4.4.5
Relationshipbetweensystemfunction and fr equencyresponse

If h[n] is real,thenH � (! ) = H(� ! ), so

H(! ) = H (z)jz=e |! ; jH (! )j2 = H(! ) H � (! ) = H (z) H
�
z� 1� �

�
z=e |! :

diffeq diagram. main remaining thing is pole-zero to and fr om H(! )
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4.4.6
Computing the fr equencyresponsefunction

Skill: pole-zero(or H (z) or h[n] etc.) to H(! )

Focusondiffeqsystemswith rationalsystemfunctionsandrealcoef�cients.

H (z) =
P

k bk z� k
P

k ak z� k = G
Q M

k=1 (z � zk )
Q N

k=1 (z � pk )

=) H(! ) = H (z)jz=e |! = G
Q M

k=1 (e|! � zk )
Q N

k=1 (e|! � pk )

SoH(! ) determinedby gain,poles,andzeros.

SeeMATLAB functionfreqz , usage:H = freqz(b, a, w) wherew is vectorof ! valuesof interest,usuallycreatedusing
linspace .

For sketchingthemagnitude response:

jH (! )j = jGj
Q M

k=1 je|! � zk j
Q N

k=1 je|! � pk j

Productof contribution from eachpoleandeachzero.(Ona log scalethesecontributionswouldadd).

Geometricinterpretation:closerto zeros,H(! ) decreases,closerto poles,H(! ) increases.

Example: 60Hznotch�lter earlier.
Is H(0) or H(� ) bigger? H(� ) sincefurtherfrom zeros.

Phaseresponse

\ H(! ) = \ G +
MX

k=1

\ (e|! � zk ) �
NX

k=1

\ (e|! � pk )

phasesadd(zeros)or subtract(poles)sincephaseof aproductis sumof phases.

Example:
How to improve our notch �lter for 60Hz rejection? Move polesfrom origin to nearthezeros.
pole-zero diagram with polesat z = r exp(� |! c). For r = 0:9:

H (z) =
(z � e|! c )(z � e� |! c )

(z � r e|! c )(z � r e� |! c )
=

z2 � 2z cos! c + 1
z2 � 2r z cos! c + r 2

�1 0 1

�1
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1
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Im
(z

)

zplane
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Why jH(! )j > 1 for ! � � ? Slightly closerto poles.
Is �lter FIR or IIR now? IIR. Needto look at transientresponse.

Practical�a w: whatif disturbancenotexactly60Hz?Needbandcut �lter . How to design?
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Mor ephaseexamples
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4.4.2
Steady-stateand transient responsefor sinusoidalinputs

Therelationx[n] = e|! 0 n ! h[n] ! y[n] = H(! 0) e|! 0 n only holdsfor eternal complexexponentialsignals.Sotheoutput
H(! 0) e|! 0 n is just thesteady-stateresponseof thesystem.

In practice(cf. 60Hzrejection)thereis alsoaninitial transientresponse,whenacausalsinusoidalsignalis appliedto thesystem.

Example. Considerthesimple�rst-order (stable,causal)diffeqsystem:

y[n] = py[n � 1]+ x[n] wherejpj < 1:

Find responseto causalcomplex-exponentialsignal:x[n] = e|! 0 n u[n] = qn u[n] whereq = e|! 0 .

Y (z) = H (z) X (z) =
1

1 � pz� 1

1
1 � qz� 1 =

p
p� q

1 � pz� 1 +
q

q� p

1 � qz� 1

Could p = q? No, sinceq is onunit circle,but p is inside.

y[n] =
p

p � q
pn u[n] +

q
q � p

qn u[n] =
�

p
p � q

�
pn u[n]

| {z }
transient

+ H(! 0) e|! 0 n u[n]
| {z }

steady-state

:

Transientbecause(causaland)polewithin unit circle,sonaturalresponsegoesto 0 asn ! 1 .

Thispropertyholdmoregenerally, i.e., for any stableLTI systemtheresponseto acausalsinusoidalsignalhasatransientresponse
(thatdecays)andasteady-stateresponsewhoseamplitudeandphasearedeterminedby the“usual” eigenfunctionproperties.What
determines the duration of the transient response? Proximityof thepolesto theunit circle.

Example. What about our 60Hz notch �lter? First designis FIR (only polesat z = 0). Sotransientresponsedurationis �nite.

Y (z) = H (z) X (z) =
H (z)

1 � qz� 1 =
H (z) � H (q)

1 � qz� 1 +
H (q)

1 � qz� 1 :

The�rst termhasa rootat z = q in bothnumeratoranddenominatorthatcancelasfollows:

H (z) � H (q)
1 � qz� 1 =

(1 � z� 12cos! c + z� 2) � (1 � q� 12cos! c + q� 2)
1 � qz� 1 =

(z� 1 � q� 1)2 cos! c + (z� 2 � q� 2)
q(q� 1 � z� 1)

=
� 2cos! c � q� 1 � z� 1

q
=

� 2cos! c � q� 1

q
�

1
q

z� 1;

whereq = e|� =4. Soby thisPFEwesee:

Y (z) =
� 2cos! c � q� 1

q
�

1
q

z� 1 +
H (q)

1 � qz� 1 ;

=) y[n] =
� 2cos! c � q� 1

q
� [n] �

1
q

� [n � 1]
| {z }

transient

+ H(! 0) e|! 0 n u[n]
| {z }

steady-state

:

Ourseconddesignis IIR. Closerthepolesareto unit circle,thecloserwegetto theidealnotch�lter magnituderesponse.But then
thelongerthetransientresponse.
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4.4.3Steady-stateresponseto periodic inputs

Coveredearlier.

4.4.4Responseto aperiodic input signals

y[n] = h[n] � x[n] soY(! ) = H(! ) X (! ).

If X (! ) = 0, then what is Y(! )? Y(! ) = 0.

Theoutputof anLTI systemwill only containfrequency componentspresentin theinput signal.

Frequency componentspresentin theinput signalcanbeampli�ed (jH (! )j > 1) or attenuated(jH (! )j < 1).

energy densityspectrum,outputvs input:

Syy (! ) = jY (! )j2 = jH(! ) X (! )j2 = jH (! )j2 Sxx (! ):

4.4.7Input-output correlation functions and spectra

skim

4.4.8Corr elation functions and power spectrafor random input signals

skim

Summary of LTI in fr equencydomain

Thereareseveralcasesto considerdependingon thetypeof input signal.

Eternalperiodicinput. UseDTFS.

x[n] =
N � 1X

k=0

ck e| 2 �
N kn ! H (! ) ! y[n] =

N � 1X

k=0

ck H
�

2�
N

k
�

e| 2 �
N kn

Eternalsumof sinusoids,notnecessarilyperiodic.Usesine-in/ sine-out.

x[n] =
X

k

Ak cos(! k n + � k ) ! H (! ) ! y[n] =
X

k

Ak jH (! k )j cos(! k n + � k + \ H(! k ))

Causal“periodic” signal:

x[n] = e|! 0 n u[n] ! H (! ) ! y[n] = ytransien t [n] + H(! 0) e|! 0 n u[n]
| {z }

steady-state

Generalaperiodicinput signal:

x[n] ! H (! ) ! y[n] DTFT$ Y(! ) = H(! ) X (! ) :
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4.5
LTI systemsasfr equency-selective �lters

Filter design: choosingthestructureof aLTI system(e.g., recursive)andthesystemparameters(f ak g andf bk g) to yield adesired
frequency responseH(! ).

SinceY(! ) = H(! ) X (! ), theLTI systemcanboost(or leave unchanged)somefrequency componentswhile attenuatingothers.

4.5.1Ideal �lter characteristics

Types:lowpass,highpass,bandpass,bandstop,notch,resonator, all-pass. Picturesof jH (! )j in book.

ideal �lter means
� unity gain in passband, gain is jH (! )j,
� zerogain in stopband.

Themagnituderesponseis only half of thespeci�cationof thefrequency response.Theotherhalf is thephaseresponse.

An ideal�lter hasa linear phaseresponsein thepassband.

Thephaseresponsein thestopbandis irrelevantsincethosefrequency componentswill beeliminated.

Considerthefollowing linear-phasebandpassresponse:H(! ) =
�

C e� |! n 0 ; ! 1 < ! < ! 2

0; otherwise:
SupposethespectrumX (! ) of theinputsignalx[n] liesentirelywithin thepassband.pictur e Thentheoutputsignalspectrumis

Y(! ) = H(! ) X (! ) = C e� |! n 0 X (! ) :

What is y[n]? By the frequency-shift propertyy[n] = C x[n � n0] : For a linear-phase�lter , the outputis simply a scaledand
shiftedversionof theinput (whichwasin thepassband).A (small)shift is usuallyconsidereda tolerable“distortion” of thesignal.
If thephasewerenonlinear, thentheoutputsignalwould bea distortedversionof theinput,evenif theinput is entirelycontained
in thepassband.

Thegroup delay1

� g(! ) = �
d

d!
�( ! )

is thesamefor all frequency componentswhenthe�lter haslinearphase�( ! ) = � ! n0.

MATLAB hasacommandgrpdelay for diffeqsystems.

Theseidealfrequency responsesarephysicallyunrealizable,sincethey arenoncausal,non-rational,andunstable(impulseresponse
is notabsolutelysummable).

Wewantto approximatetheseidealresponseswith rationalandstablesystems(andusuallycausaltoo).

Basicguidingprinciplesof �lter design:
� All polesinsideunit circlesocausalform is stable.(Zeroscangoanywhere).
� All complex polesandzerosin complex-conjugatepairsso�lter coef�cients arereal.
� # poles� # zerossocausal.(In real-timeapplications,notnecessaryfor post-processingsignalsin MATLAB.)

1Thereasonfor this termis that it speci�esthedelayexperiencedby a narrow-band“group” of sinusoidalcomponentsthathave frequencieswithin a narrow
frequency interval about! . Thewidth of this interval is limited to thatoverwhich thegroupdelayis approximatelyconstant.
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Relationshipbetweena phaseshift and a time shift for sinusoidalsignals.

Supposex[n] = cos(! 0n) andy[n] = x[n � m0] is a time-shiftedversionof x[n]. Then

y[n] = cos(! 0(n � m0)) = cos(! 0n + � ) where� = � m0! 0:

Notethatthephaseshift dependsonboththetime-shiftm0 andthefrequency ! 0.
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x
1
(n) = cos(n 2p/16)
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(n) = cos(n 2p/8)

0 5 10 15 20
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x
2
(n�4) = cos(n 2 p/16 � p)

n

To time-shiftasinusoidalsignalby m0 samples,therequiredphaseshift is proportionalto thefrequency.

A morecomplicatedsignalwill becomposedof a multitudeof frequency components.To time-shifteachcomponentby a certain
amountm0, thephase-shiftfor eachcomponentshouldbeproportionalto thefrequency of thatcomponent,hencelinearphase:

�( ! ) = � ! m0:

Sincex[n] = 1
2�

R�
� � X (! ) e|! n d! ;

y[n] = x[n � m0] =
1

2�

Z �

� �
X (! ) e|! (n � m 0 ) d! =

1
2�

Z �

� �
X (! ) e| ( ! n +�( ! )) d!

where�( ! ) = � ! m0.



c
 J.Fessler, May 27,2004,13:11(studentversion) 4.39

4.5.2Lowpass,highpass,bandpass�lters

For a lowpass�lter , thepolesshouldbenearlow frequencies(! = 0) andthezerosshouldbenearhigh frequencies(! = � ).

Example. Simplelowpass�lter , apoleat z = a 2 (0; 1) andazeroaz = 0.

H1(z) = G
z

z � a
= G

1
1 � az� 1 sowith G = 1 � a for unity gainatDC: H 1(! ) =

1 � a
1 � ae� |! :
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Moving thezeroto z = � 1 furthercutsout thehigh frequencies.

H2(z) = G
(z + 1)
z � a

= G
1 + z� 1

1 � az� 1 sowith G = (1 � a)=2 for unity gainatDC (z = 1): H 2(! ) =
1 � a

2
1 + e� |!

1 � ae� |! :

To makeahighpass�lter , simply re�ect thepolesandzerosaroundtheimaginaryaxis.
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Explanation:Hhp (z) = H lp (� z) sosincez = e|! , wehave � z = e| ( ! � � ) , so H hp (! ) = H lp (! � � ) :

Soby thefr equency-shiftproperty of theDTFT: hhp [n] = e|� n hlp [n] = (� 1)n hlp [n] :
Soto makeahighpass�lter from a lowpass�lter design,just reversethesignof everyothersampleof theimpulseresponse.

Wewill dobetterlowpass�lter designslater, from whichwecaneasilygethighpass�lters.

What about bandpass �lters?
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4.5.3Digital resonators (“opposite”of notch�lter)

Pair of polesnearunit circleat thedesiredpassfrequency or resonantfr equency.

Exampleapplication:detectingspeci�c frequency componentsin touch-tonesignalsusinga �lter bank.

How many zeros can we choose? Two. If weusemore,thennoncausal.

Puttingtwo zerosatorigin andpolesat z = p = r exp(� |! 0), wehave

H (z) = G
z2

(z � p)(z � p� )
= G

1
(1 � pz� 1)(1 � p� z� 1)

= G
1

1 � (2r cos! 0)z� 1 + r 2z� 2

H(! ) = G
1

(1 � r e|! 0 e� |! )(1 � r e� |! 0 e� |! )

sofor unity gainat ! = ! 0, 1 = G
�
�
� 1

(1 � r )(1 � r e� | 2 ! 0 )

�
�
� soG = (1 � r )

p
1 � 2r cos! 0 + r 2:

Sothemagnituderesponseis

jH (! )j =
G

U1(! )U2(! )

U1(! ) =
�
�1 � r e|! 0 e� |!

�
� =

p
1 � 2r cos(! 0 � ! ) + r 2

U2(! ) =
�
�1 � r e� |! 0 e� |!

�
� =

p
1 � 2r cos(! 0 + ! ) + r 2:

U1(! ) is distancefrom e|! to toppole,U2 is for bottompolepictur e.
Theminimumof U1(! ) is when! = ! 0. Where is the maximum of jH (! )j? UsingTaylorexpansionaroundr = 1, we �nd

� ! r = cos� 1
�

1 + r 2

2r
cos! 0

�
� ! 0 �

tan ! 0

2
(r � 1)2 for r � 1:

For r � 1, thepoleis closeto theunit circle,and! r � ! 0. Otherwisethepeakis notexactlyat theresonantfrequency.
Why not? Becauseof theeffectof theotherpole.

For ! 0 2 (0; � =2), ! r < ! 0, sothepeakis a little lower thanspeci�edresonantfrequency.

Since(1 � r )2 > 0, 1 � 2r + r 2 > 0 so(1 + r 2)=2r > 1:

�1 0 1

�1

�0.5

0

0.5

1

Real(z)

Im
ag

(z
)

H
0.8

(w)

0

0.2

0.4

0.6

0.8

1

p� p p/2� p/2 0w

|H
(w

)|

�1

0

1

p� p p/2� p/2 0w

Q
(w

)

�1 0 1

�1

�0.5

0

0.5

1

Real(z)

Im
ag

(z
)

H
0.95

(w)

0

0.2

0.4

0.6

0.8

1

p� p p/2� p/2 0w

|H
(w

)|

�1

0

1

p� p p/2� p/2 0w

Q
(w

)

What happens as poles approach unit circle?
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4.5.4Notch �lters

Alreadydiscussed60Hzrejection.

4.5.5Comb �lters

Multiple notchesatperiodiclocationsacrossfrequency band,e.g., to reject60,120,180,... Hz.

4.5.6All-pass �lters

jH (! )j = 1, soall frequenciespassed.However, phasemaybeaffected.

Example:puredelayH (z) = z� k , thenH(! ) = e� |! k sojH(! )j = 1.
Soadelayis anallpass�lter , sinceit passesall frequencieswith nochangein gain, justaphasechange.

Exampleapplication:phaseequalizers, cascadewith a systemthathasundesirablephaseresponse,linearizingtheoverall phase
response.

x[n] ! h0[n] ! hallpass [n] ! y[n] H (! ) = H 0(! ) H allpass (! )

NotejH (! )j = jH 0(! )j unchanged,but \ H (! ) = \ H 0(! ) + \ H allpass (! )

Generalform for allpass�lter (with realcoef�cients) uses bk = aN � k (reversethe�lter coef�cient order):

H (z) =
P N

k=0 aN � k z� k

P N
k=0 ak z� k

=
aN + aN � 1z� 1 + � � � + a0z� N

a0 + a1z� 1 + � � � + aN z� N = z� N

P N
k=0 ak zk

P N
k=0 ak z� k

= z� N A(z� 1)
A(z)

:

Fact. If z = p is a rootof thedenominator, thenz = 1=pis azero.Sothepolesandzeroscomein reciprocalpairs.

Frequency response:

H(! ) = H (z)
�
�
�
z=e |!

= e� |! N A(e� |! )
A(e|! )

so H � (! ) = e|! N A(e|! )
A(e� |! )

:

Thusit is allpasssince:

jH (! )j2 = H(! ) H � (! ) =
�
e� |! N A(e� |! )

A(e|! )

� �
e|! N A(e|! )

A(e� |! )

�
= 1:

Alternative proof. Sinceh[n] is real: jH (! )j2 = H (z) H
�
z� 1

� �
�
�
z=e |!

=
�

z� N A (z � 1 )
A(z)

� �
zN A(z)

A (z � 1 )

� �
�
�
z=e |!

= 1:

Example. A pairof polesandzerowith ! 0 = � =4 andr = 4=5, with gaing = r 2 yieldsthefollowing phaseresponse.
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The systemfunction is H (z) = r 2 (z � 1
r e|! 0 )(z � 1

r e� |! 0 )
(z � r e|! 0 )(z � r e� |! 0 )

=
r 2 � 2r cos! 0z� 1 + z� 2

1 � 2r cos! 0z� 1 + r 2z� 2 ; from which the feed-back�lter

coef�cients areseento bethereversalof thefeed-forwardcoef�cients.
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4.5.7
Digital sinusoidaloscillators

Whatif wewantto generateasinusoidalsignalcos(! 0n), e.g., for digital speechor musicsynthesis.A brute-forceimplementation
would requirecalculatingthecosfunctionfor eachn. This is expensive. Canwedo it with a few delays,adds,andmultiplies?

Solution:createLTI systemwith poleson theunit circle. This is calledmarginally unstable, becauseblowsup for certaininputs,
but not for all inputs.Wedonotuseit asa �lter; weonly considertheunit impulseinput.

Singlepolecomplexoscillator

H (z) = z
z� p = 1

1� pz � 1 thush[n] = pn u[n] = e|! 0 n u[n].

If theinput is aunit impulsesignal,thentheoutputis acomplex exponentialsignal!

Differenceequation:y[n] = py[n � 1]+ x[n]

This systemis marginally unstablebecausetheoutputwould blow up for certaininput signals,but for theinput x[n] = � [n] the
outputis aniceboundedcausalcomplex exponentialsignal.

Verysimpledigital “waveform” generator.

Re(z)

Im(z)

p = e|! 0

z-1

p

PSfragreplacements

x[n] = � [n] y[n] = e|! 0 n u[n]

Two poles

What if only a real sinusoidal is desired? Naive way: addanotherpoleat z = p� = e� |! 0

Re(z)

Im(z)

p = e|! 0

Re(z)

Im(z)

p� = e� |! 0

+

z-1

z-1

p*

p

PSfragreplacements

x[n] = � [n] y[n] = 2cos(! 0n) u[n]

Two systemsin parallel,soaddtheir systemfunctions.

H (z) =
1

1 � pz� 1 +
1

1 � p� z� 1 = 2
1 � cos! 0z� 1

1 � 2cos! 0z� 1 + z� 2 ;

sofrom earlierz-transformtables,h[n] = 2cos(! 0n) u[n] :

2 complex delays,3 complex adds,2 complex multiplies
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Can we eliminate the complex multiply / add / delay?

Goal: synthesizey[n] = cos(! 0n + � ) u[n]

y[n] =
�

1
2

e|! 0 n e|� +
1
2

e� |! 0 n e� |�
�

u[n]

so

Y(z) =
e|� =2

1 � e|! 0 z� 1 +
e� |� =2

1 � e� |! 0 z� 1 =
cos� � cos(! 0 � � ) z� 1

1 � 2cos! 0z� 1 + z� 2 = X (z) H (z)

where
X (z) = cos� � cos(! 0 � � ) z� 1; H (z) =

1
1 � 2cos! 0z� 1 + z� 2

Re(z)

Im(z)

2

z�1

z�1

�1

PSfragreplacements

2cos! 0

x[n] = (cos� ) � [n] � cos(! 0 � � ) � [n � 1] y[n] = cos(! 0n + � ) u[n]

2 adds,2 delays,1 multiply, all real

cf. 2ndorderdiffeq requiredto generaterealsinusoidalsignals
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4.6
Inversesystemsand deconvolution

Exampleapplication:DSPcompensationfor effectsof pooraudiomicrophone.

4.6.1Invertibility of LTI systems

De�nition: A systemT is calledinvertible iff each(possible)outputsignalis theresponseto only oneinputsignal.
OtherwiseT is not invertible.

Example. y[n] = x2[n]. not invertible,sincex[n] and� x[n] producethesameresponse.

Example. y[n] = 2x[n � 7] � 4 is invertible,sincex[n] = 1
2 y[n + 7]+2 .

If asystemT is invertible,thenthereexistsasystemT � 1 suchthat

x[n] ! T ! y[n] ! T � 1 ! x[n] :

Designof T � 1 is importantin many signalprocessingapplications.

Fact: If T is
� LTI with impulseresponseh[n], and
� invertible,

thenT � 1 is alsoLTI (andinvertible).

An LTI systemis completelycharacterizedby its impulseresponse,so T � 1 hassomeimpulseresponsehI [n] underthe above
conditions.In this casewecall T � 1 theinverse�lter . Wecall theuseof T � 1 deconvolution sinceT doesconvolution.

x[n] ! h[n] ! y[n] = x[n] � h[n] ! hI [n] ! hI [n] � y[n] = hI [n] � h[n] � x[n] = x[n] :

In particular

hI [n] � h[n] = � [n] so H I (z) H (z) = 1 and H I (z) =
1

H (z)
:

Example: h[n] = f 1; 1=2g (FIR). Find inverse�lter .
H (z) = 1 + 0:5z� 1 soH I (z) = 1

1+0 :5z � 1 sohI [n] = (� 1=2)n u[n]; which is IIR.

OnecouldcheckthathI [n] � h[n] = � [n].

Moregenerally, supposeh[n] = f 1; ag. ThenH (z) = 1 + az� 1 = z+ a
z sopoleat z = 0 andzeroat z = � a pole-zero plot .

H I (z) = 1=H (z) = z
z+ a sozeroat z = 0 andpoleat z = � a

Is (causal form) of inverse �lter stable? Only if jaj < 1, i.e., only if thezeroof theoriginal systemfunctionis within theunit
circle.

Generally:if H (z) = gB(z)
A(z) thenH I (z) = 1

g
A(z)
B(z) soto form theinversesystemonejustswapsall polesandzeros(andreciprocates

thegain).

Thenwhenthe two systemsarecascaded,onegetspolezerocancellation:H (z) H I (z) = B(z)
A(z)

A(z)
B(z) = 1: In practice,imperfect

pole-zerocancellation,andresultscanbeverynoisesensitive!

Whenis theinversesystemcausalandstable?Only if
� zerosof H (z) arewithin unit circle!
� N � M , i.e., # polesof H (z) � # of zerosof H (z)

Recallthatfor H (z) to becausalweneedN � M , sofor acausalsystemto have acausalstableinverseweneedN = M .
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4.6.3Systemidenti�cation and deconvolution

In general, will the inverse system for a FIR system be FIR or IIR? IIR. Exception? h[n] = � [n � k].

Whatif wedonotwantanIIR inversesystem?

Example. In precedingexamplehI [n] = (� 1=2)n u[n].
Let usjust try theFIR “approximation”g[n] = f 1; � 1=2; 1=4g. Look at frequency andphaseresponse.

NoteH I (! ) H (! ) = 1.

G(z) = 1 � 1=2z� 1 + 1=4z� 2 = z2 � 1=2z+1 =4
z2 whichhaszerosatq = 1=4 � |

p
3=4 = (1=2) exp(� |� =3).

Comparisonof idealIIR inverse�lter vsFIR approximation.
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Locationsof zeros

For a realsystem,moving zerosto reciprocallocationsleavesrelative magnituderesponse
unchangedexceptfor againconstant.

But thephaseis affected.

Brief explanation:

jH (! )j2 = H (z) H
�
z� 1� �

�
�
z=e |!

Elaboration:SupposeH 1(z) = g1

Q
i (z � zi )
A(z)

andH2(z) = g2

Q
i (z � 1=zi )

A(z)
; wherebothsystemsarerealsothezerosarerealor

occurin complex conjugatepairs.Thensince
�
�
�
�e

|! �
1
q

�
�
�
� =

�
�
�
�
� e|!

q
(e� |! � q)

�
�
�
� =

1
jqj

�
�e� |! � q

�
� =

1
jqj

�
�(e� |! � q) �

�
� =

1
jqj

je|! � q� j ;

wehave �
�
�
�
H 2(! )
H 1(! )

�
�
�
� =

�
�
�
�
g2

g1

�
�
�
�

Q
i je|! � 1=zi jQ

i je|! � zi j
=

�
�
�
�
g2

g1

�
�
�
�

Q
i

1
jzi j je|! � z�

i j
Q

i je|! � zi j
=

�
�
�
�
g2

g1

�
�
�
�
Y

i

1
jzi j

;

becausethezerosoccurin complex conjugatepairs.SojH 2(! )j andjH 1(! )j differ only by aconstant.

Example. Herearetwo lowpass�lters; themagnituderesponsehasthesameshapeanddiffersonly by again factorof two.
But notethedifferentphaseresponse.
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4.6.2
Minimum-phase, maximum-phase,and mixed-phasesystems

A systemis calledminimum phaseif it has:
� all polesinsideunit circle,
� all zerosinsideunit circle.

What can we say about the inverse system for a minimum-phase system? It will alsobeminimum-phaseandstable.
� maximum phaseif all zerosoutsideunit circle.
� mixed phaseotherwise

Exampleapplication:invertible�lter design,e.g., Dolby, with jH (! )j given.

Linear phase(preview of 8.2)

Wehave seenthatazeroon theunit circlecontributeslinearphase,but this is not theonly way to producelinearphase�lters.

Example.

Re(z)

Im(z)

2
3
4

4
3

H (z) =
(z � r )(z � 1=r)

z2 = 1 � (r +
1
r

)z� 1 + z� 2 =) h[n] =
�

1; � (r +
1
r

); 1
�

:

H (! ) = 1 � (r +
1
r

) e� |! + e� | 2! = e� |!
�
e|! � (r +

1
r

) + e� |!
�

= e� |!
�
2cos! � (r +

1
r

)
�

:

Thebracketedexpressionis real,sothis �lter haslinear phase. Speci�cally, thephaseresponseis:

\ H (! ) =
�

� ! ; 2cos! > r + 1
r

� � ! ; 2cos! < r + 1
r :

Any pair of reciprocalrealzeroscontributelinearphase.

What about complex zeros?
Re(z)

Im(z)

4
1
2

Consideracomplex valueq andthesystemfunction:

H (z) =
(z � q)(z � 1=q)(z � q� )(z � 1=q� )

z4 = 1 + b1z� 1 + b2z� 2 + b1z� 3 + z� 4 = z� 2 �
z2 + b1z + b2 + b1z� 1 + z� 2�

whereb1 = � (q + 1=q+ q� + 1=q� ) andb2 = 2 + (q + 1=q)(q� + 1=q� ) = 2 + jq + 1=qj2 =) h[n] = f 1; b1; b2; b1; 1g:

H(! ) = e� | 2! �
e| 2! + b1 e|! + b2 + b1 e� |! + e� | 2! �

= e� | 2! [b2 + 2b1 cos! + 2cos(2! )] :

Again thebracketedexpressionis real,sothis �lter haslinear phase.

Eachsetof 4 complex zerosat f q; 1=q; q� ; 1=q� g contributelinearphase.
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4.6.4Homomorphic deconvolution skip

4.7
Summary
� eigenfunctions
� DTFSfor periodicDT signals
� DTFT for aperiodicDT signals
� Samplingtheorem
� Frequency responseof LTI systems
� Pole-zeroplotsvsmagnitudeandphaseresponse
� Filter designpreliminaries,especiallyphase-responseconsiderations.


