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Properties of up-sampling and down-sampling
Impulse train function

Define

Z S[n — kM) = 1, man 1nt§ger multiple of M
& 0, otherwise.
=—o00

By the DTFS (or by direct evaluation):

Example. For M = 2:
so[n) = {1,0}, ={...,1,0,1,0,1,0,1,0,1,...} =

Upsampling with zero insertion

] = xz[n/M], mn aninteger multiple of M
Yol = 0, otherwise.

z-transform:
o]

Yo(z) = Z xlk] 2 M = X (M)

k=—oc0
Fourier transform:
Yo(w) = X(Mw)

Example. For M = 2:
yoln] ={...,0,2[-2],0,2[-1],0,2[0],0,2[1],0,2[2] ,0,...}

Yo(z) = X (&%)
Yo(w) = X (2w) .

Upsampling with replication

— dM
i [n] :x[%} —zll], n=IM,IM+1,....1+1)M—1
z-transform:
M-1 MX(1), z=1
Yi(z) = XM= 1-2M M
;} T X(z ), z#1
Fourier transform:
M—1 M X(0), w=2rk, keZ
) _ 7‘]ka M — 1— —JwM
1) 2 (M) %X(Mw), w2k, k€T
= —e w

Example. For M = 2:

[
Yi(z) =1+ 27X (&%)
Vi(w) =[1+e ] X(2w).

Relationship between “replication” and ‘‘zero insertion” upsampling forms

yi1[n] = yoln] * {1,...,1} <Z5n— >:>Y1 (Zeﬂ“">Yo <Zejk‘”> (Mw).
M ones

Instead of “replication” one can (and often will) use other interpolators.
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“Downsampling” by zeroing

x|n|], n aninteger multiple of M
il ={ 5" gor multip — afn] syl

1 0, otherwise.

This is not really downsampling, since the zeros are retained, but it illustrates the analysis techniques.

z-transform:

1 M—1
Y(z) = i Z X(e_“_ﬂ“z>
k=0
Fourier transform:
1 M-1
Y(w)=— > X(w-2rk/M)
k=0

Example. For M = 2:

1
V(@) = 5 [X(@) + X )
Downsampling by removing
yln] = x[nM]
z-transform: - -
Y(z) = Z z[kM] 27" = Z z[n) spr[n) 2™ (note: not simply n = kM !)
k=—oc0 n=-—oo
oo 1 M—1 , 1 M-1 o0 )
_ _ 9127 kn -n/M _ -~ 122 kn —n/M
- E g ey i | B et

M—1
Yy _1 X (e 055k 1/M
(2) i E e z

k=0

Fourier transform:
M-1

V=5 X x(55)

Example for M = 2:

=3 [r(5) + x5 4)]

The X (% + 7r) term is a form of aliasing. In practice one usually would filter x[n] before downsampling to reduce this aliasing.



