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. INTRODUCTION

This documents a usersguidefor the 3D imagereconstructiorsubsetof the ASPIRE software suite. Whenthis
documentvas rst writtenin 1997 theonly 3D reconstructionmmethodavailablewasPWLSwith avery limited choice
of systemmodels.Now maximum-likelihoodandpenalized-liklihoodimagereconstructiorior the Poissoremission
andtransmissiomproblemsarealsoavailable,which will probablybe of moreinterestto mostusersaswell asalarger
setof systemmodelsandregularizationmethods.

Readershould rst befamiliar with the ASPIREdocumentatioriior 2D reconstructiorl].

This documentations certainlyincomplete. The bestway to nd out whatthe “latestandgreatest’optionsareis
to executethe programswith too few aguments,andto examinethe built-in documentatiorthat is displayed. For
example,runningi with no agumentswill shav all of the iterative methodsthat are available,both 2d and 3d, and
severalotherutilities. This documentatioiocuseson the following threereconstructioomethods

i empl3

Emissiontomograply (PETandSPECT)underthe usualPoissormodelandsomevariationsthereof.

i trpl3

Transmissiortomograply (X-ray CT or radionuclidetransmissiorscansunderthe usualPoissormodelandsome

variationsthereof.

i pwls3

penalizedveightedleast-squarePWLS) imagereconstruction Appropriatefor non-PoissormeasurementsNot

recommended eitherof the precedingwo methodsaresuitable.

A. CommonrConsideations

Roughlyspeakingall of the 3D reconstructiomethodsarebasedn variationsof the model
y = G X + noise

where

X is theunknavn image(volume)to be determined,

y is themeasuregbrojectiondata,and

G is thesystemmatrix, whichis speci ed asdescribedn xVI.
In all of ASPIRE's 3D reconstructiormethodsx correspond$o alexicographicallyorderedny ny n; arraywith
thex dimension(imagecolumnindex) varyingfastestindthen, dimension(slices)varyingslowest,asis standardn
imaging. Thedimensionof thedatay areimaging-systendependentFor mostof the 3D systemmodelsin ASPIRE,
theprojectiondatais organizedasa setof nyjew Viewsof sizen, n, soy correspond$o alexicographicallyordered
Ny Ny Nyiew arrayi.e. astackof projectionsviews likein corventionalSPECTimaging.

Thegoalis to estimatex fromy for the userspeci ed systemmodelG. All threereconstructiormethod§EMPL,
TRPL, PWLS)arebasedn minimizing a costfunctionof thegeneraform

R =argmin ( x); ( x)=data_t (y;Gx) + R(X); ()

wheredata_t is afunctionalthatquanti es how well a given“guess”x ts themeasurementgndR(X) is a regu-
larizing penaltyfunctionthatdiscouragesxcessve imageroughnesstherebycontrollingnoise.By minimizing ( x),
one nds animagethat” ts thedata”(wheret is measuredby the rst term)butis alsonottoonoisy(whereroughness
is measuredy the penaltyterm).

B. Raularizationmethods

Currently all the“3D” penaltyfunctionsimplementedn ASPIREpenalizelst-ordempixel differenceof thefollow-
ing form:
1 Xp R
2 j=1 k=1

R(x) = Wik (Xj  Xg): (2)

(The% is becaus@achpairis countedwice.) Thecurrentchoicesfor (t) are
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the quadratidunctiont?=2
theHuberfunction (
m= U= it]
o =2 jtj>

As partof thecommand-lineargumentdo theiterative reconstructiorprogrami , the userchooseghetype of penalty
desired.

For emissiorimagereconstruction, recommendfor now) aquadratigpenaltyfunctionusingthe4 nearesheighbors
to eachpixel within a plane,andthe pixelsabose andbelow in the adjacenslices.For this penaltyfunction,

8 .

2 x; j=k 1
Wik = y J::k Ny

" zv ] =Kk ongny;

roughly speaking.(I ignoreedgeconditionshere;the codedoesconsiderthemappropriately For this penaltywith
x= y=2 6and , = 2 7, thecorrespondingenaltystringlookslike

3d,-6,-7,quad,5,-

For transmissiontomograply, 1 recommendfor now) a nonquadraticedge-preservingenalty function suchas
Huber's potential,usingall 8 neighborsn planeandat leastthe pixelsabose andbelow in the adjacenslices.For the
Huberpotential,onecanset to avaluethatis well below theimportantboundarydifferencesn the attenuatiormap
(but nottoo smallor it canslow down corvergenceandmalke “block” attenuatiormaps).For thechoice x = 26 and

;=2 and = 0:002mm (assumingll unitsarein mm), the penaltystringwould be

3d,16,11,huber,6,-,0.002,ih,3

Reyularizationis anactive researclareain my group,soexpectmoreoptionsin the future, particularlywith regards
to helpin choosingthe 'sto specifythe desiredresolution,a 3D extensionanalogougo thatin [2], ratherthantrial
anderrorto determine x and ;. In themeantime, it maybe easiesfustto useafairly smallvaluefor the 'sanddo
somepost- Itering if additionalnoisereductionis desired.

C. Moreonquaduatic penalties
Hereis anothemway to write the 1st-ordersmoothnespenalty:
X xl 2 X y 2 X
R(x) = « Wi X )Ty W S(Xp o X a2 W,
fj :ix>0g fj:iy>0g fj:iz>0g

21

(Xj Xj nxny)z; (3)

wherej = iy + iyny + izNxny, andall indicescountfrom zeroasin the C programminganguage.The parameters
x; y: z controltheresolution-noiseradeof.
If D, denotegshen 1 n 1st-ordedifferencingmatrix:

2
1 1 0 0 O

andwe de ne

Cx=1In, In, Dn; Cy=1n, Dn, In; Cz=Dn, In, Ing

y

thenonecanwrite
R= xCDW)Cx+ yCy’D(W)Cy+ ,Cy°D (W) Cy;
whereD (w; ) is a diagonalmatrix with diagonalelementswy;wy;:::. This form is usefulfor analysis,but it does

clearlydescribehow the codeis implemented! forgetwhy | putthisin herein 1997,but | left it in sincemaybeit was
important.
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[I. UTILITY OPERATIONS
A. Forward projections

To generatea simulatednoisefreedata, rst createanimage le (reallya3D volume)thatisny ny n;. If you
have Matlab,andif your versionof the softwarewascompiledwith the Matlab library and ags, thenyou cancreate
the imageusingary function andthenusethe Matlab save commandto write it to a le. Otherwise,usean AVS
fld le asdescribedn the ASPIREmanual[1].

Beforeproceedingiry op range image. d to checkif your le hastheright sizeandvalues.

Now you needto createthe projectionsof yourimage,i.e., to computep = G x. Thecommandor thisis

i proj3 proj.outimage.in systype

Obviously image.in shouldbe your image.fld le, and proj.out shouldbe the nameof the output le wherethe
(noiselessprojectiongp will be stored. Themostimportantparameters systype whichis describedn xVI.

B. Badprojection

Sometimeyou mayalsoneedto compute
b= G'W y:

This multiplicationis performedoy i back3 , which hasusage:
i back3 badkimage.outny ny n, views.inwi- systypemask

whereviews.inisy, andshouldhave dimensionsi; np hzorny ny Nyew dependingnwhich systemmodel
youareusing. Theargumentbadkimege.outis the le towhichb will bewritten,andwill havesizeny ny n,. And
thesystypeargumentis the sameasdescribedn xVI.

IfW 6 |,i.e,if youwantaweightedbackprojectionthentheargumeniwi shouldbethe le containinghediagonal
elementof W , arrangedn thesameway asviews.in Thedefaulthyphenwill give anunweightedackprojectiorwith
W =1.

C. NonuniformChangattenuationcorrectionfactors

To improve theaccurag of SPECTFBP reconstructione.g., to getabetterinitial imagefor iterative SPECTrecon-
struction,onecanapply Changs approximatecorrectionmethod[3, 4]. Hereis how to computethosefactors

i back3 t0 ny ny n, - - sys _type -
op div0 chang.out - t0O nj

The rst line doesabackprojectiorof asetof uniform projectionswith unity value,storingtheresultin theintermediate

le t0 . (Thesystypeshouldbe of thetype 3s andmustspecifythe attenatiormapasdescribedn xVI.) Thesecond
line divides the intermediateresult of the backprojectioninto the scalarn,, the numberof projectionviews. The
resulting le changoutcontaingherequiredfactors.
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I11. EMPL3: 3D EMISSION RECONSTRUCTION

For emissiontomograply, ASPIREis basedn thefollowing measuremennodel:

8 9
< X =

Y; Poisson ¢ gijXj +ri. ;
. J:l 1

wherer; is additive backgroundhatincludesrandomcoincidencesndpossiblyscatterandc; includesray-dependent
termssuchasdetectoref ciencies andsurvival probabilitiescomputedrom anattenuatiormap. ThearrayY;, ¢, and
ri mustall have thesamesize,typicallyn, ny  Nyjew-
The correspondindog-likelihoodis .
d
L(x) = hi ([G x1i);

i=1

where
hi(l) = Yilog(cl + ri)  (cil + ri);

andits nggative is the “data t” termin (1) for maximumlikelihood (ML) andpenalized-liklihood emissionimage
reconstruction.

Typingi empl3 will printthesyntaxof how to perform3D emissiorimagereconstructiomndertheabose model.
Theoutputshouldincludesomethindike:

Usage: empl3 file_out {init]-nx,ny,nz,value} file i
file_ci- ci_scale file_ri- ri_factor
sys_type file_mask- method
[saver-  flag_obj(0) flag_nonneg(1) pix_max scale_init(0) slices-]

method: @niter@alg@penalty...

(Theamgumentorderis x ed.)
Theamgumentdollowedby a hyphen®- " areoptional;usingthe hyphenwill give sensibledefaults.
Hereis whateachagumentmeans.

le _outis thenameof theoutputimage le, dimensionsyx, ny n,.

init is thenameof theinitial image le, dimensionsiy ny n,.

For auniforminitial imageof value13 (within mask),use- ny, ny, n;,13 .

For regularizedalgorithmsl recommendnFBPinitial image(correctedoy Changfor SPECT) for corvergence
ratereasongletailedin [5, 6].

le yiisthen, ny nyiew le containingy.

le _ci containghec¢;'s, which arescaledby the ci_scaleargumentbeforeuse.
If le _ciisthedefaulthyphen thentheprogramsetsthec;'sto beuniformly thevalueci_scale

le _ri andri_factor controlthe modelfor ther;'s. As explainedin the built-in documentatiorftypei empl3),
thereareafew possiblewaysto use le _ri andri_factor.

1. Theusualandrecommenedvay is to supplya data-sizedle for le ri andsetri_factorto 1. The le ri
shouldincludethe effectsof randomsscattercrosstalkyoombackgroundetc.

2. For simulationsof randoms-precorrectd@ET datawith a simpleconstantshift, use'-shift ' for le i
andsetri _factor to the desiredshift. 'The factorof 2' neededor 2r; mustbe provided by the useraspart
of theinput shift agumtent.The codejust addsri _factor to they;'s andsetsther;'sto ri _factor too.
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3. For simulationshaving constantrandomsyuse'- ' for le _ri andsetri _factor to bethe meanrandomsper
ray.
Seg[1] for morediscussiorof the shiftedPoissomrmodel!

4. Ask meif youareinterestedn saddlepoinapproximations(Not recommended.)

systypeis asdescribedn xVI.

le_maskisany ny n; le of zerosandonesindicatingthe supportof the object. Usershouldsupplythis
if possiblejthe default hyphenvarieswith projectortype. For 2z the default maskis the supportreadfrom the
witf . For 3a thedefault maskis a big circle.

methodspeci eshow mary iterationsof whatalgorithmsusingwhich penalties Seebelow.

savershouldusuallybe a hyphen. Otheroptionsaresupportedo let you write out intermediatéterations.See
thebuilt-in documentatiothatappearsvheni empl3 istyped.

ag.obj: if 1, will compute x(© initially and  x© (x(M) every iterationandprint. Use0 except
for deluggingsincethisis very computationallyexpensve.

ag-nonn@: if 1, enforcenonngativity constraintx 0. If O, unconstrained.

pix_-max maximumallowable pixel value,which canbe usefulfor transmissiorimagesif you know the maxi-
mumattenuatiorcoefcient. Useabig numberike 1e9 otherwise.

scaleinit: If you aresure thattheinitial imageis properlyscaledthenuse0. Otherwise,usel, andASPIRE
will scaleyour initial imageto best t the datebeforeiterating. This requiresan extra projectionoperation,
soit is bestto matchscalingof FBP with the G matrix by carefulbookkeeping(i.e., preservingcountsin the
emissioncase). ASPIREwill print out the scalefactorit appliedto theinitial image. If your initial imageis
scaledcorrectly it shouldprint avaluewithin afew percentof 1.

This maynotbeimplementedpleasause0 andgettheinitial scalingcorrect!

slices Use,say 7,12 to only reconstrucslices7 through12 (humberedrom 0). The default hyphenis to do
all slices.
A. Themethodstring
As in 2D reconstructiornl], the genericsyntaxof the methodargumentiookslike
@iter; @lgorithm, @enalty @riter, @lgorithm, @enalty...

Thisallows youto runniter; iterationsusingalgorithmy, for anobjective with penaltyi, followedby niter; iterations
usingalgorithm, for an objective with penalty, etc. Usually you will just have onealgorithm. For example,setting
methodto

@9@osemc,fast,6,60,1.0@-
meang iterationsof (unregularized)OSEMwith 6 subset®ut of 60 projectionviews, whereas
@9@ospsc,pc,6,60,0.99,0.1@3d,-6,-7,quad,5,-

means9 iterationsof relaxed OSPH 7] with 6 subset®ut of 60 projectionviews, usingthe quadratigpenaltyfunction
describedn xI-B andtherelaxationfactor

1
n = 0997 0:1 n
which satis esthe globalconvergenceconditionsdescribedn [8]. Thegeneraform is
1
n = relaxscale 4)

1+ relaxrate n
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wherel recommendusing relax.scale=1 andrelaxrate between0 and 0.5, and closerto 0, like 0.1 althoughgood
valuesarea subjectof ongoingresearchUsing relax rate=0 correspondso “classic” OSPSwhich will not corverge
but usuallyworks ne enoughandsaresyou the trouble of picking yet anothemparameter Using a smallvaluelike
0.01for relaxratewill give you behaior nearlyidenticalto classicOSPSfor the rst 50 iterationsor so, yetlet you
sleepbetterat night knowing thatif you actuallyran hundredsof iterationsthe theoryensureghatit will eventually
converge.

Caution:OSPSmayhave problemswhenther;'s arecloseto zero. (This never shouldhappernn PET sincerandom
coincidencesreubiquitousandthe “shifted Poisson”approactusuallyensureghatther;'s arenottoo small. Scatter

estimatesshouldfurtherincreaseher;'s.) If yourr;'s arecloseto zeroor zero,thenyou probablyneedthe OSDP
algorithmwhichis onmy “to do” list. Bug me!
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IV. TRPL3: 3D TRANSMISSION RECONSTRUCTION

For transmissioiomograply, ASPIREis basedn thefollowing measurememnmhodel:

8 0 1 9
< )Qp =

Y, Poisson b exp@ gi XA +ri.
. j:l 1

wherer; is additive backgroundthat includesrandomcoincidencesand possibly scatter and by is the blank scan
(appropriatelyscaledfor therelative durationsof the blankandtransmissiorscans).ThearraysY;, Iy, andr; mustall
havethesamesize,typicallyny, ny  Nyjew.
Thecorrespondindpg-likelihoodis .
d
L(x) = hi ([G x]i);

i=1

where
hi(l) = Yilog be '+ r;  (be '+r);

andits nggative is the “data t” termin (1) for maximumlikelihood (ML) andpenalized-likelihoodemissionimage
reconstruction.

Typingi trpl3  will print the syntaxof how to perform 3D transmissiorimagereconstructiorunderthe above
model. Theoutputshouldincludesomethindik e:

Usage: trpl3
file_out init|-nx,ny,nz,value} file_yi
file_bi- bi_scale file_ri- r_scale
sys_type file_mask- method
file_ci- ci_scale file_ri- ri_scale
sys_type file_mask- method
[saver-  flag_obj(0) flag_nonneg(1) pix_max scale_init(0) slices-]

method: @niter@alg@penalty...

(Theamgumentorderis x ed.)

Theamgumentdollowedby ahyphen®- " areoptional;usingthe hyphenwill give sensibledefaults.

Virtually all of theseagumentshavetheidenticalmeaningsasini  empl3 , exceptthatof coursele _bi andbi_scale
correspondo thely's.

Theprincipaldifferencesarein termsof whatalgorithmsareavailableto includein the methodstring.

Basedon the work of Erdogan[9], | recommendisingthe ordered-subsetparaboloidal surrogates(OSPS)algo-
rithm for transmissiomeconstruction(Unlike theemissiorncasethereis no problemwith smallr;'sin thetransmission
case.)

Settingmethodto

@9@ospsc,pc,6,60,1.0,0.1@-3d,-6,-7,huber,6,-,0.002,ih,3

means9 iterationsof OSPSwith 6 subsetsout of 60 projectionviews, with the edge-preservingenalty function
describedn xI-B, andwith the samerelaxationparameterslescribedn (4).
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V. PWLS3: 3D PENALIZED WEIGHTED LEAST-SQUARES

The (quadratically)penalizedweightedleast-square@PWLS) approacho imagereconstructiorcomputesan esti-
mateof theimageby minimizing thefollowing costfunction:

R = argmin ( x); (x):%(y GxX)°W(y Gx) n9y Gx)+%x°Rx (5)

where

X is theunknavn image(volume),

y is (typically a processedersionof) the measuregbrojectiondata,

G is thesystenmatrix,

W is adiagonalweightingmatrix with nonngative entries,

R is anonngative de nite regularizationmatrix, and

n is currentlyundocumente@assumat is 0).
By minimizing ( X), one nds animagethat” ts thedata”(wheret is measuredby the rst term)butis alsonottoo
noisy/rough(whereroughnesss measuredby the penaltyterm).

As notedin xI-C, aquadratigpenaltycanbewritten as

1
R(x) = EXOR X

Currentlyonly quadraticpenaltiesaredocumentedor PWLSin 3D.
Onecanverify thatthe (column)gradientof ( x) is givenby

n(x) = GW(@Gx y)+G°n+Rx
= Hx b

where
H=r?(x)=GWG+R
is the Hessiarof the objective function,and
b=GYWy n)

is aweightedbackprojectiorof the data.
Thus, in the absenceof nonn@ativity constraints.the reconstructioralgorithm must solve the linear systemof
equations
Hx=h:

Theanalyticalsolutionis
2=H b=[G'W G+R]IGYW Yy n);

but this cannotbe computedirectly exceptfor smallproblems soiterative methodsarerequired.The preconditioned
conjucategradient(PCG)algorithm[10] is well-suitedto the abore minimizationproblem(5).
Notethatif W = | andR = 0, then
% = [G°G] *GY;

whichis theordinaryleast-squaresolutionto thelinearmodel
y = G X + noise

Ordinaryleast-squareis suboptimalfor tomograply.
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A. Executionof PWLS

Typingi pwlis3 will print the syntaxof how to perform PWLS-basedeconstruction.The outputshouldinclude
somethindike:

Usage: pwlis3 out ({init|-nx,ny,nzvalue} data
sys_type wi- mask- method
[saver-  flag_obj(0) flag_nonneg(1) pix_max scale_init(0) slices-]

Most of theamgumentsareidenticalto thosefori empl3 .
Theargumentghatdiffer areasfollows.

init is the nameof theinitial image le, dimensionsyy, ny ng, orastring ny;ny;n;; valuethatgivesthe
sizeandvalueof auniforminitial image.For PCGIl amlesssureabouttheimportanceof initializing with FBRP.

datais eithertheny, ny n, le containingb, or theprojectiondatay . Thelatteris recommendedow.

systypeis asdescribedn xVI. If b is usedfor data thenmake surethatexactly the samesystypeargumentis
usedhereandwhenb is computedusingi back3 , or thereconstructiomesultswill begarbage!

wiisthe(usually)n, ny nyiew le containingthew;'s (diagonalof W ).
ag_nonng Thisis notimplementedor PCG.
pix_max maximumallowablepixel value.Thisis notimplementedor PCG.

For the methodstring,consider
@9@cg,none@3d,-6,-7,quad,5,-

which means9 iterationsof conjugate gradientwith no preconditionerfor the quadraticpenaltydescribedn xI-B.
(Otherpreconditionersnay be documentedater)

B. ApplyingPWLSto PoissonEmissionData

Poissoremissiondatahasa non-quadratidog-likelihood,but we canmake a quadraticapproximation At onetime
I thoughtthis would be handyfor speedinghingsup. But orderedsubsetsalgorithmsare so fastnow even for the
Poissonlikelihoodsthat | doubtthat thesequadraticapproximationswill be important. Herethey arefor historical
interest.
Someof thismaybeimplementedn op lin,em
If themeasurementsave independenPoissordistributions:
8 9
< X =
Y; Poisson ¢ gj Xj +ri.
j=1 '

thenthelog-likelihoodis

L0 =" WG X
where -
hi(1) = Yilog(cl+ry) (gl+r;)
R
hi(l) = cﬁ(qll(—‘ri)z:
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Letf; beanestimateof [G x]i, obtainedsomehav (andcalledpivot ). Onenaturalchoicefor f; is

_Yi Tri
fi = c (6)

whichis afairly standardcchoice(“precorrecthedata”),but thisis notthe only logical choice.In particular since
Itrue - G Xtrue 0

anotheilogical choiceis

It mayalsobesensibleo smooththef;'s[6].
Regardlesof which choiceonemalesfor f}, for | f

ORI G R O (I R (N,
= ) om0 f) 40 By

m+mh ) Jad 12
2l 2 md

where v
4 .
o= mf)=d
(cfi + r1)2
is callednder2 (sinceit is the negative of the secondderivative) and
" y 4
4 .
n= hf)=a 1 :
afi + i

is callednderl (sinceit is thenggative of the rst deriative). Notethatif we use(6), thenn; = 0, sothelinearterm
disappearandwe areleft with the quadraticermdiscussedn [6].
Renamind justy;, we canmaximizethe quadraticobjective function

Xd

Lq(x) iy [GxI) Sa0 [Gx])?
i=1

"y Gx) S0 Gy Gx)

or equivalentlyminimizeits negative

(x) = Lqo(x)+ R(X)=%(y Gx)’D(y Gx) nly Gx)+R(x):
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V1. SYSTEM MODELS (PROJECTOR/BACKPROJECTORS)

ASPIREincludesimplementation®f several differenttomographicsystemmodels. Usersspecifythe choiceand
parametersf thesemodelswith the systypeargumentwhich, not surprisingly describeshe systentype?. This string
tells the softwarewhattypeof systemmodel(i.e., projector/backprojectotp use.

Not all of the systemmodelsaredocumentedhere. To seewhatchoicesareimplementedtypei proj3 andthe
outputwill includesomethindik e thefollowing.

sys_type (imaging system model) choices:

2dsc@... separable  block 2d system matrix on the fly
22@... separable block 2d system matrix precomputed
3a@... forward/back projector

3b@... forward/back projector (improved)

3c@... forward/back projector for cylindrical geom
3@... cone-beam line integrals

3s@... SPECT with  depth-dependent response

3u@... user-defined forward/back projector

Additional usageinformationis printedfor eachsystemmodelchoice,andby comparingthe examplesdetailedhere
to the built-in documentationyou shouldbe ableto gure outhow to usesomeof the undocumentednes.Ask meif
interested!

A. Userde nedprojector/ badkprojector

If you needa different projector/ backprojectorthan thosedescribedbelav, you canwrite your own projector
/ backprojectorand compileit asa dynamiclibrary, thencall it usingthe 3u option for systype The detailsare
explainedin a separatelocumenthatcanbe downloadedfrom the web pagewherethe ASPIREbinariesarelocated,
includingaworking example.If youwantto attemptthis, | recommendhatyou discusst with me rst.

B. Sepaable 2D projector

Thesimplest‘'3D” projectoris the separabldlock-2D projectorhaving the form:

ZGZD 0 3

ng gzlnz Gop;
0 Gop

wherel isthen, n; identity matrix, denotesKronecler matrix product,and G ,p is ary of the 2D projectors
thatonecangeneratausingASPIRE.In this caseG ;p hasdimensiongnan,)  (nxny) andthusG hasdimensions
(nanpnz)  (Nxnynz).

To usethis systemmodel,the systypeargumentis

2z@le .wtf@-

where le .witf is thenameof the.wtf generatedisingASPIREcorrespondingo G op.
Sincethis modelusesthe sameG ,p for eachslice, it is inappropriatefor SPECTproblemsthat requiredifferent
attenuatiormapsfor eachslice. Usethe 3s modelfor suchproblems.
Thismodelrequireshatthe databeorganizedasasetof n, sinagramseachof sizen, ng,, ratherthanasprojection
views. If necessaryapplyop transpose toyourdata.

2Priorto Sep. 2001,1 usedthestringfi _type insteadof systype asanabbreiation for “Fisher InformationType” | calledit the Fisher
Informationbecause&s °W G is the Fisherinformationfor estimatingx fromy underthe Gaussiarmodel

y N Gx;w ' :

This madesomesensdor PWLS, but lesssenseor Poissormodels.If you have codethatsays‘fi _type ” in thebuilt-in documentationthen
you have anold version.
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Thethird agument(hyphen)is work in progresghatmayleadto somavhatreducedccomputetime in the future.
The only reasonto do “3D” reconstructiorwith a separablesystemmodelis to obtainthe bene t of 3D regular-
ization CorventionalPET and SPECTreconstructiorusing FBP usually involves 3D post- Itering. So for fair
comparisondetweerregularizediterative reconstructiorand FBR, oneshouldalsouse3D regularizationevenif a
slice-by-slicesystemmodelis used(whichis reasonablappropriatdor “2D” multi-slice PET scans).
In large problems(suchas X-ray CT), it canbe impracticalto precompuat@ndstorea le .wtf. In suchcasespne
caninsteadusethefollowing systype

2dsc@ le .dsaq@-
where le .dscis the ASCII systemgeometrydescriptionle describedn [1]. With the systemmodel,the nonzero
element®f G op arecomputednthe y duringeachforwardandbackprojectionThisrequiresmuchmorecompute
time, but muchlessmemorythanusinga le .wtf. The 2dsc projector/backprojectas threadedsoit canexploit
dual-processomachineg1].

C. Point-based3D projector/ba&projector

A simple3D forward projectionmethodis to treateachpixel asa pointin 3D spaceandprojectits valueby bilinear
interpolationonto a 2D projectionview at someangle ; , where istheaxial “tilt” and is thetransaxialrotation
angle.A 3D datasetconsist®f nyiew Suchprojectionviews, whereeachview correspondso aunique( ; ) pair. Each
view hasn, ny samples.| assumaheimagevolumehasunit samplingin x andy, andlet s, denotethe (relative)
slice spacing(in the z direction),ands, ands, the samplespacingn the projectionviews. Thesizeof G in this case
is essentiallynynvnview) (NxnNyn;). Thesystypefor this projectoris

3a@ny, Ny, Su, Sv, S;@V. le @ngles. le
Theoutputprojectionwill have dimension(ny, Ny Nyjew)-
The le iv. le musthavedimension2 n.ew andshouldconsistof thepairs

(irlnin;irlnaX); (irznin;irznaX); SRS smin . :max

! Nview ' " Nview 7’

wherei is anintegerindex in the v-dimensionof projectionviews. Whenprocessingprojectionview k, the program
will only projectto andbackprojecfrom rowsiv for whichiE‘in iv < if®. If thedefaulthyphen- is usedthen
all rows of eachview areused.In mostgeometriesnot all rows arevalid data,sothe rangesalmostsurelyshouldbe
providedby theuser

The le angles. lemusthave dimension2  ny;ew andshouldconsistof the pairs

wherethe anglesarein radians.The projectiondatawill be arrangedn the sameorder Typically nyiew = n n ,in
which casel recommendnaking vary fastest.The reasorfor this recommendatiois the following. After creating
theprojectiondatausingi  pwlis3 , it mayusefulto displaythedatain sinogramformatratherthanprojectionformat.
Thecommand

op transpose sino.outproj.in 1,2

will switchthe2ndand3rd dimensionf proj.in, sotheoutputsizewill be(ny  Nyiew Ny)=(My N n ny),
which maybe moreintuitive to view, atleastfor smalln .

The 3a projector is now obsoletedue to impr oved 3b projector. Ask meif you want documentationfor it.

A concretesimpleexamplefor systypeis

3a@128,64,1,1,1@-@angles.fld

D. GE 3D projector

If (andonly if) you areassociatedavith GE (e.g., UW), thenyou shouldalsohave accesgo the 3D projectorwritten
by ChuckStearnswhich hasthe samesetupasthe 3a projectorabove, exceptyoureplace3a with 3ge . However, the
GE projectorandbackprojectoarenottransposesf eachother which maybe ne for FBPreconstructionbut causes
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problemswith iterative reconstructiorsincethey areusedrepeatediyandthereforeary discrepanciewill accumulate.
I recommendhe 3a projectorinstead sincethe correspondindpackprojectois thetransposef the forwardprojector
The GE projectoralsodoesnot have theiv.file argumentor capability which may causeproblems.

E. Cylindrical PET systems

The 3c systemmodelis designedfor cylindrical PET systemswith septaremoved. It is still somevhat under
development.Bug meif interested.
Typei proj3 toseebrief documentation.

F. SPECTsystenmodel

The 3s systemmodelincludesboth nonuniformattenuatioranduserspeci ed depth-dependerttetectorresponse.
The implementationis basedon a rotate, attenuate depth-dependentter , then sum approach. The projectorand
backprojectoareadjointoperators.

Thesystypestringfor SPECTis

3s@y, Sy, Sz, orbit , orbit _start , spline filter @numap.file @ilter.file @1y, Ny, Nview

(sx.Sy.sz) arethevoxel sizes(typically in mmor cm)

Currentlymusthave sy =sy, Ny =ny, Ny =Ny, Ny =N,

orbit andorbit_startarein degrees

spline_Iter mustbeO (nearestheighbor),or 1 (for B1, linearinterpolation),or 3 (for B3, cubicB-splineinterpola-

tion). | recommendisingl or possibly3.

The Iter. le mustbe [n1_psf,n2psf,ry], with n1_psfandn2_psfodd. This le mustcontainthe userspecied

depth-dependeSFfor eachof theny planesparallelto thedetector

Optionally, Iter. le canbe[nl1_psf,n2psf,ry,nview] for angle-dependeitiurs,suchasin noncircularorbits.

The nal agument- nu,nv,nview is required.

If you planon usingthis systemmodel,you probablywantto askmefor anexamplescriptincludinga Matlabm- le
for generatinghe PSFs.
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VII. 3D PROJECTION COORDINATE SYSTEM - 3A
This sectiondescribeshe coordinatesystemfor the 3a projector
Image-wlumephysicalcoordinatesrex; y; z, with
= o+ (ix (ny 1)=2)sx = (ix Wyx)Sx Wherewy = (ny 1)=2 =5
= ¢+ (iy (ny 1)=2)sy=(iy wy)sy wherewy=(ny 1)=2 c¢=s
Z = C+(iz (ny 1D=2)s;=(iz wWz)s; wherew; = (n, 1)=2 ;=%
Pixel coordinaté x goesfrom 0to ny etc.
Projectionview coordinatesreu; v, with
= ¢+ (iy (Nnu 1)=2)sy = (iu wy)sy wherewy = (ny 1)=2 c=xy
o+ (iv (ny 1)=2)sy = (iv wy)sy wherew, = (ny 1)=2 c,=s,:

\Y

For aparallelprojectionatpolarangle andazimuthalangle :

Xcos + ysin

v = ( xsin +ycos )sin + zcos :
Usefulrelationship:
iy = Uy W,
u Su u
XCcos + ysin
= -+ Wu
Su
_ (ix wy)sxcos + (iy wy)sin
- u
Su
.S . . Wy Syx COS + Wy Sy Sin
= iy2cos +|yism + Wy XX y=y
Su Su Su
Similarly
v = Vi W
v SV \
( xsin +ycos )sin + zcos
= + WV
Sv
[ (ix wx)sxsin + (iy wy)sycos ]sin + (i; W;)S;cos

Sy v

[Wy Sy Sin Wy Sy COS ]sin W,S; COS N

- sy . s,
= iy Xsin sin +iy-Ycos sin +i,—-cos +
Sy Sy Sy Sy

Wy
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VIll. 3D PROJECTION COORDINATE SYSTEM - 3B

This sectiondescribeshe coordinatesystemfor the 3b projector
Image-wlumephysicalcoordinatesre(x; y; z), with

X = Jix (nx 1)=2 cxlsx = (ix Wx)Sx where wy 2 (nx 1)=2+ ¢
. . 4

y = [iy (ny 1)=2 c¢ylsy= (iy wy)sy wherewy = (ny 1)=2+ ¢,

z = [i; (n; 1=2 cs;=(i, w;)s, wherew, 2 (n; 1)=2+ ¢;:

Pixel coordinateéx goesfromOtony 1 etc.,andthevoxel “centers”(cy,cy,C,) arein unitsof voxels (notmm) since
themostlikely shiftswill be0 or 0.5voxels.
Projectionview coordinatesare(u; v), with

u iv (D=2 clsu= (iu Wy)sy wherewy 2 (ny, 1)=2+ g,

v = iy (v D=2 alsv=(iv w)s, wherewy, = (ny, 1)=2+ o

We assumeprojectionsare“sampled’atthecenterof eachprojectionview bin. If ¢, = 0ands, = 1, thenasi, ranges
fromOton,-1,u rangefrom Mt to Mot
For aparallelprojectionatpolarangle andazimuthalangle :

XCcos + ysin

( xsin +ycos )sin + zcos :

Usefulrelationship:

iy = u + W
u Su u
_ Xcos +ysin
Su .
i Wy )Sy COS + Yy Sin
- (ix ) Sx y + Wy
Su
.S Wy Sy COS + ySin
= iy, ZXcos + XX y + Wy
Su SU
Thesecondermis uu _factor
Similarly
iy = v + W
\" SV \%

_( xsin +ycos )sin + zcos W

Sy v
_ [ (ix wy)sxsin +ycos ]sin + (i; Ww;)s;cos

Sy v
-V . .S Wy Sy SIn + ycos ]sin W5S; COS
= iy Xsin sin +i, “2cos + (W Sx y ] 222 + Wy
Sy Sy Sy

Thelasttermis calledvv factor . Themiddletermis callediv _inc , andis essentiallydi,=di,: thechangen iy
perslice. Thesumof the rst andlasttermisivd . We write:

iV: VQ+ iz

If = 0andsy =sy=s,=s,=syandw, = wy, thenvg = Oand = 1, asexpected.
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Usefulfactsaboutd eandb ¢
X dxe< 1+ x; x 1l<bxc x
For bilinearinterpolationin theu direction,we musthave
O biyc dyge n, I

Sothereis aproblemif biyc< Oorif diye ny. Thiscanbeveri ed by the3b _check routine.
For bilinearinterpolationin thev direction,to have bothpointsinsidethevalid rangewe musthave

i™  biyc dye i™ 1
or equivalentlydi,e < i™m® for thelastterm. Sowe require
imn g+ i, co

Supposeve chooseasthe startingslice:

Q [}

u'min
i v
ko2 YO .
thensincex dxewe have
imin vV,
Vo Ko
so(providedof coursethat > 0) '
jmin Vo + ko

If m x forintegerm, thenm bxc, soasrequired
imMN bvg+ ko C:

We alsorequirethat
dvo+i, e i™ L

Supposeve chooseasthe endingslice:

imax 1 V
K2 L= Vo
Sincebxc X,
imax 1 V
kpk ———2
so(for > Oagain)
Vo + kg jmax- 1.

If x nforintegern, thendxe n. Soasrequired

dvo+ ky e iM* 1
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IX. 3D PROJECTION COORDINATE SYSTEM - 3C (CYLINDER PET)

This sectiondescribeshe coordinatesystemfor the 3c projector
Image-wlumephysicalcoordinatesre(x; y; z), with

ix (nx 1)=2 cxlsx = (ix Wx)Sx where wy 2 (ny 1)=2+ ¢

X =
y = [iy (ny 1)=2 c¢lsy= (iy wy)sy wherewy 2 (ny 1)=2+ ¢y
z = Jiz (nz 1=2 cls;= (i wz)s; wherew, 2 (n; 1)=2+ ¢;:

Pixel coordinatey goesfromOtony 1 etc.,andthevoxel “centers”(cy,cy,C,) arein unitsof voxels (notmm) since
themostlik ely shiftswill beO or 0.5voxels.
Projectionview coordinatesre(u; v), with

u = fiu (i D=2 clsu= (v WSy wherewy = (ny  1)=2+ gy
v = [iv (ny 1=2 csv=(iv Wy)Sy Wherewv4=(nv 1)=2+ cy:

We assumeprojectionsare“sampled”atthecenterof eachprojectionview bin. If ¢, = 0ands, = 1, thenasi, ranges
fromO0ton,-1,u rangefrom -t to ot
For aparallelprojectionat polarangle andazimuthalangle :

XC0s + ysin

( xsin +ycos )sin + zcos :

01 2 3 456 7 8 91011

Sy = S,C0S ,tan = % whereng is thespan,andd. is the crystalwidth, which for an Exactis 6.75mm.andr . is
thecrystalradius,which for anExactis 412.5mm.
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Usefulrelationship:

iy = u + W,
u Su u

X C0S + ysin

= + Wu

Su

i Wy )Sy COS + ysSin

_ (ix ) Sx y + W,

Su

. S Wy Sy COS + ysin

= ix Xcos + = Y + Wy

Su SU
Thesecondermis uu _factor
Similarly
iy = v + W
\% S\/ \
( xsin +ycos )sin + zcos
= + Wy
Sy
[ (ix wy)sxksin +ycos ]sin + (i; W;)S;C0S
- \"
Sy

. Sy . . Wy Sy SIN + ycos ]tan
= iy ZXsin tan +i,+ LW Sx y ]
SZ sZ

+ (W W)

Thelasttermis calledvv _factor . Themiddletermis callediv _inc , andis essentiallydi,=di,: thechangein iy
perslice. Thesumof the rst andlasttermisivd vg. We write:

If = 0andw,; = wy, thenvy = 0 asexpected.
Usefulfactsaboutd eandb ¢
X dxe< 1+ x; X 1< bxc x:

For bilinearinterpolationin theu directionwithoutcumbesomeendconditionchedking, we musthave
0 biyc dgyge ny 1L

Sothereis aproblemif biyc< Oorif diye ny. Thiscanbeveri ed by the3c check routine.
For bilinearinterpolationin thev directionit is reasonabl¢andnecessaryio checkendconditions.For agivenslice
i, to contritute somethingo thevalid v range we musthave:

imin 1< iv< jmax.
For theleft conditionwe require ‘
MmN 1< i, + Vo

sowe chooseasthe startingslice:

Sincex 1< bxc,wehavei™™ 1= (i™" vy 1)+ vg< i™ vy + vp= ko+ Vpasrequired.
For theright condition,we requirethat
i, + Vo< im¥:

sowe chooseastheendingslice:

klé dm>* 1 vpe:

Sincedxe< 1+ x,wehaveky + vo = d™* 1 vpe+ vg < i asrequired.
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X. COMPUTING THE OBJECTIVE FUNCTION

Computingthe objective functionin the codeis somavhatdifferentsinceonly b is availableandnoty etc.
From(5):

(x) = 2 GXW( Gx) nly Gx)+REX)

= %yow y x%G'Wy+ %XOGOW Gx n%+x°% + R(x)
= (%yOW y n%) x°%GYwy n)+ %XOGOW G x + R(x)
= (%yOW y n%) b%+ :—ZLXOF X + R(x):

whereF = G°W G. The rst termis a constantindependendf x, sois ignored. The secondterm is trivial to

compute.Thethird termis computedusingfi _inc . The nal termis computedusingr3 _penal .

A. Line Seach

Ignoringthe penaltyterm:

f()= (x+ d) (x) %(x+ d)°F (x + d) %onx bYx + d)+ b%

d{F x b)+ % 2d°F d;
SO

dif( y=d{F x b+ d°F d:

XI. INITIAL SCALE

Supposeave have aninitial guess< of theimage,but thatinitial guessmaybe “improperly” scaled.Thenwe would
liketo nd
argmin ( X):

Actually, we canjust considerthe likelihood term and ignore the penaltytermto nd , sincethis one-parameter
estimationproblemis (very) well-conditioned.

( x) bY x)+:—2L 2 OF x

S0
@@( x)= b%+ x°Fx
S0 o
~ xO0F x

is theWLS initial scalevalue.

XI11. PENALTY GRADIENT AND HESSIAN

We needto considerthez componentf the penaltyfunctionmorecarefully sincethe“borderof zeros”trick thatis

X 14
R(x) = E(Xj Xj 1)%
j=1
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Sothegradientis 8
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andtheHessiardiagonalis

z 1
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X1,
Xj 1)+ (X
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