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I. INTRODUCTION

This documentis a usersguidefor the 3D imagereconstructionsubsetof the ASPIREsoftwaresuite. Whenthis
documentwas�rst written in 1997,theonly3D reconstructionmethodavailablewasPWLSwith avery limited choice
of systemmodels.Now maximum-likelihoodandpenalized-likelihoodimagereconstructionfor thePoissonemission
andtransmissionproblemsarealsoavailable,whichwill probablybeof moreinterestto mostusers,aswell asa larger
setof systemmodelsandregularizationmethods.

Readersshould�rst befamiliarwith theASPIREdocumentationfor 2D reconstruction[1].
This documentationis certainlyincomplete.Thebestway to �nd out what the “latestandgreatest”optionsareis

to executethe programswith too few arguments,and to examinethe built-in documentationthat is displayed. For
example,runningi with no argumentswill show all of the iterative methodsthatareavailable,both2d and3d, and
severalotherutilities. Thisdocumentationfocuseson thefollowing threereconstructionmethods
� i empl3

Emissiontomography (PETandSPECT)undertheusualPoissonmodelandsomevariationsthereof.
� i trpl3

Transmissiontomography (X-ray CT or radionuclidetransmissionscans)undertheusualPoissonmodelandsome
variationsthereof.

� i pwls3
penalizedweightedleast-squares(PWLS) imagereconstruction.Appropriatefor non-Poissonmeasurements.Not
recommendedif eitherof theprecedingtwo methodsaresuitable.

A. CommonConsiderations

Roughlyspeaking,all of the3D reconstructionmethodsarebasedonvariationsof themodel

y = G x + noise;

where
� x is theunknown image(volume)to bedetermined,
� y is themeasuredprojectiondata,and
� G is thesystemmatrix,which is speci�edasdescribedin xVI.

In all of ASPIRE's 3D reconstructionmethods,x correspondsto a lexicographicallyorderednx � ny � nz arraywith
thex dimension(imagecolumnindex) varyingfastestandthenz dimension(slices)varyingslowest,asis standardin
imaging.Thedimensionsof thedatay areimaging-systemdependent.For mostof the3D systemmodelsin ASPIRE,
theprojectiondatais organizedasasetof nview viewsof sizenu � nv , soy correspondsto a lexicographicallyordered
nu � nv � nview array, i.e., astackof projectionsviews like in conventionalSPECTimaging.

Thegoal is to estimatex from y for theuser-speci�edsystemmodelG. All threereconstructionmethods(EMPL,
TRPL,PWLS)arebasedonminimizingacostfunctionof thegeneralform

x̂ = argmin
x

	( x ) ; 	( x ) = data �t (y ; G x ) + R(x ); (1)

wheredata �t is a functionalthatquanti�es how well a given“guess”x �ts themeasurements,andR(x ) is a regu-
larizingpenaltyfunctionthatdiscouragesexcessive imageroughness,therebycontrollingnoise.By minimizing 	( x ),
one�nds animagethat“�ts thedata”(where�t is measuredby the�rst term)but is alsonottoonoisy(whereroughness
is measuredby thepenaltyterm).

B. Regularizationmethods

Currently, all the“3D” penaltyfunctionsimplementedin ASPIREpenalize1st-orderpixel differencesof thefollow-
ing form:

R(x ) =
1
2

npX

j =1

npX

k=1

wj k  (x j � xk ) : (2)

(The 1
2 is becauseeachpair is countedtwice.) Thecurrentchoicesfor  (t) are
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� thequadraticfunctiont2=2
� theHuberfunction

 (t) =

(
t2=2; jt j � �
� jt j � � 2=2; jt j > � :

As partof thecommand-lineargumentsto theiterative reconstructionprogrami , theuserchoosesthetypeof penalty
desired.

For emissionimagereconstruction,I recommend(for now) aquadraticpenaltyfunctionusingthe4 nearestneighbors
to eachpixel within aplane,andthepixelsaboveandbelow in theadjacentslices.For thispenaltyfunction,

wj k =

8
><

>:

� x ; j = k � 1
� y ; j = k � nx

� z; j = k � nxny ;

roughlyspeaking.(I ignoreedgeconditionshere;the codedoesconsiderthemappropriately.) For this penaltywith
� x = � y = 2� 6 and� z = 2� 7, thecorrespondingpenaltystringlookslike

3d,-6,-7,quad,5,-

For transmissiontomography, I recommend(for now) a nonquadraticedge-preservingpenalty function suchas
Huber's potential,usingall 8 neighborsin planeandat leastthepixelsabove andbelow in theadjacentslices.For the
Huberpotential,onecanset� to a valuethat is well below theimportantboundarydifferencesin theattenuationmap
(but not too smallor it canslow down convergenceandmake “block” attenuationmaps).For thechoice� x = 216 and
� z = 211 and� = 0:002/mm(assumingall unitsarein mm), thepenaltystringwouldbe

3d,16,11,huber,6,-,0.002,ih,3

Regularizationis anactive researchareain my group,soexpectmoreoptionsin thefuture,particularlywith regards
to help in choosingthe � 's to specifythedesiredresolution,a 3D extensionanalogousto that in [2], ratherthantrial
anderrorto determine� x and� z. In themeantime, it maybeeasiestjust to usea fairly smallvaluefor the� 's anddo
somepost-�ltering if additionalnoisereductionis desired.

C. Moreonquadratic penalties

Hereis anotherway to write the1st-ordersmoothnesspenalty:

R(x ) = � x
X

f j : i x > 0g

wx
j

1
2

(x j � x j � 1)2 + � y
X

f j : i y > 0g

wy
j

1
2

(x j � x j � nx )2 + � z
X

f j : i z > 0g

wz
j
1
2

(x j � x j � nx ny )2; (3)

wherej = i x + i ynx + i znxny , andall indicescountfrom zeroasin theC programminglanguage.Theparameters
� x ; � y ; � z controltheresolution-noisetradeoff.

If D n denotesthen � 1 � n 1st-orderdifferencingmatrix:

D n =

2

6
6
6
6
4

1 � 1 0 0 0
0 1 � 1 0 0

... ...
0 0 0 1 � 1

3

7
7
7
7
5

andwede�ne

Cx = I nz 
 I ny 
 D nx ; Cy = I nz 
 D ny 
 I nx ; Cz = D nz 
 I ny 
 I nx ;

thenonecanwrite
R = � x Cx

0D (wx
j ) Cx + � y Cy

0D (wy
j ) Cy + � z Cy

0D (wy
j ) Cy ;

whereD (wj ) is a diagonalmatrix with diagonalelementsw1; w2; : : :. This form is useful for analysis,but it does
clearlydescribehow thecodeis implemented.I forgetwhy I put this in herein 1997,but I left it in sincemaybeit was
important.
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II . UTILITY OPERATIONS

A. Forward projections

To generatea simulatednoisefreedata,�rst createanimage�le (really a 3D volume)that is nx � ny � nz. If you
have Matlab,andif your versionof thesoftwarewascompiledwith theMatlab library and�ags, thenyou cancreate
the imageusingany function andthenusethe Matlab save commandto write it to a �le. Otherwise,usean AVS
.fld �le asdescribedin theASPIREmanual[1].

Beforeproceeding,try op range image.�d to checkif your �le hastheright sizeandvalues.
Now youneedto createtheprojectionsof your image,i.e., to computep = G x . Thecommandfor this is

i proj3 proj.out image.in systype

Obviously image.in shouldbe your image.fld �le, andproj.out shouldbe the nameof the output �le wherethe
(noiseless)projectionsp will bestored.Themostimportantparameteris systype, which is describedin xVI.

B. Backprojection

Sometimesyoumayalsoneedto compute
b = G0W y:

Thismultiplicationis performedby i back3 , whichhasusage:

i back3 backimage.outnx ny nz views.inwi- systypemask

whereviews.inis y , andshouldhavedimensionsna � nb � nz or nu � nv � nview dependingonwhichsystemmodel
youareusing.Theargumentbackimage.out is the�le to whichb will bewritten,andwill havesizenx � ny � nz. And
thesystypeargumentis thesameasdescribedin xVI.

If W 6= I , i.e., if youwantaweightedbackprojection,thentheargumentwi shouldbethe�le containingthediagonal
elementsof W , arrangedin thesamewayasviews.in. Thedefaulthyphenwill giveanunweightedbackprojectionwith
W = I .

C. NonuniformChangattenuationcorrectionfactors

To improve theaccuracy of SPECTFBPreconstruction,e.g., to getabetterinitial imagefor iterativeSPECTrecon-
struction,onecanapplyChang'sapproximatecorrectionmethod[3, 4]. Hereis how to computethosefactors

i back3 t0 nx ny nz - - sys type -
op div0 chang.out - t0 na

The�rst line doesabackprojectionof asetof uniformprojectionswith unity value,storingtheresultin theintermediate
�le t0 . (Thesystypeshouldbeof thetype3s andmustspecifytheattenationmapasdescribedin xVI.) Thesecond
line divides the intermediateresult of the backprojectioninto the scalarna, the numberof projectionviews. The
resulting�le chang.outcontainstherequiredfactors.
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II I . EMPL3: 3D EMISSION RECONSTRUCTION

For emissiontomography, ASPIREis basedon thefollowing measurementmodel:

Yi � Poisson

8
<

:
ci

npX

j =1

gij x j + r i

9
=

;
;

wherer i is additivebackgroundthatincludesrandomcoincidencesandpossiblyscatter, andci includesray-dependent
termssuchasdetectoref�ciencies andsurvival probabilitiescomputedfrom anattenuationmap.ThearrayYi , ci , and
r i mustall have thesamesize,typically nu � nv � nview .

Thecorrespondinglog-likelihoodis

L(x ) =
ndX

i =1

hi ([G x ]i );

where
hi (l ) = Yi log(ci l + r i ) � (ci l + r i );

andits negative is the “data �t” term in (1) for maximumlikelihood(ML) andpenalized-likelihoodemissionimage
reconstruction.

Typing i empl3 will print thesyntaxof how to perform3D emissionimagereconstructionundertheabovemodel.
Theoutputshouldincludesomethinglike:

Usage: empl3 file_out {init|-nx,ny,nz,value} file_yi
file_ci- ci_scale file_ri- ri_factor
sys_type file_mask- method
[saver- flag_obj(0) flag_nonneg(1) pix_max scale_init(0) slices-]
method: @niter@alg@penalty...

(Theargumentorderis �x ed.)
Theargumentsfollowedby ahyphen“- ” areoptional;usingthehyphenwill givesensibledefaults.
Hereis whateachargumentmeans.

� �le out is thenameof theoutputimage�le, dimensionsnx � ny � nz.

� init is thenameof theinitial image�le, dimensionsnx � ny � nz.

For auniform initial imageof value13 (within mask),use- nx , ny , nz,13 .

For regularizedalgorithmsI recommendanFBPinitial image(correctedby Changfor SPECT),for convergence
ratereasonsdetailedin [5, 6].

� �le yi is thenu � nv � nview �le containingy .

� �le ci containstheci 's,whicharescaledby theci scaleargumentbeforeuse.

If �le ci is thedefault hyphen,thentheprogramsetstheci 's to beuniformly thevalueci scale.

� �le ri andri factor control themodelfor ther i 's. As explainedin thebuilt-in documentation(typei empl3 ),
therearea few possiblewaysto use�le ri andri factor.

1. Theusualandrecommenedway is to supplya data-sized�le for �le ri andsetri factor to 1. The �le ri
shouldincludetheeffectsof randoms,scatter, crosstalk,roombackground,etc.

2. For simulationsof randoms-precorrectedPETdatawith a simpleconstantshift, use' -shift ' for �le ri
andsetri factor to thedesiredshift. 'The factorof 2' neededfor 2r i mustbeprovidedby theuseraspart
of theinputshift argumtent.Thecodejustaddsri factor to theyi 's andsetsther i 's to ri factor too.
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3. For simulationshaving constantrandoms,use' - ' for �le ri andsetri factor to be themeanrandomsper
ray.
See[1] for morediscussionof theshiftedPoissonmodel!

4. Ask meif youareinterestedin saddlepointapproximations.(Not recommended.)

� systypeis asdescribedin xVI.

� �le maskis a nx � ny � nz �le of zerosandonesindicatingthesupportof theobject. Usershouldsupplythis
if possible;thedefault hyphenvarieswith projectortype. For 2z thedefault maskis thesupportreadfrom the
.wtf . For 3a thedefaultmaskis abig circle.

� methodspeci�eshow many iterationsof whatalgorithmsusingwhichpenalties.Seebelow.

� savershouldusuallybea hyphen.Otheroptionsaresupportedto let you write out intermediateiterations.See
thebuilt-in documentationthatappearswheni empl3 is typed.

� �a g obj: if 1, will compute� 	
�
x (0)

�
initially and	

�
x (0)

�
� 	 (x (n ) ) every iterationandprint. Use0 except

for debuggingsincethis is verycomputationallyexpensive.

� �a g nonneg: if 1, enforcenonnegativity constraintx � 0. If 0, unconstrained.

� pix max: maximumallowablepixel value,which canbeusefulfor transmissionimagesif you know themaxi-
mumattenuationcoef�cient. Useabig numberlike1e9 otherwise.

� scaleinit: If you aresure that the initial imageis properlyscaled,thenuse0. Otherwise,use1, andASPIRE
will scaleyour initial imageto best�t the datebeforeiterating. This requiresan extra projectionoperation,
so it is bestto matchscalingof FBP with the G matrix by carefulbookkeeping(i.e., preservingcountsin the
emissioncase).ASPIREwill print out the scalefactor it appliedto the initial image. If your initial imageis
scaledcorrectly, it shouldprint avaluewithin a few percentof 1.

Thismaynotbeimplemented;pleaseuse0 andgettheinitial scalingcorrect!

� slices: Use,say, 7,12 to only reconstructslices7 through12 (numberedfrom 0). Thedefault hyphenis to do
all slices.

A. Themethodstring

As in 2D reconstruction[1], thegenericsyntaxof themethodargumentlookslike

@niter1@algorithm1@penalty1@niter2@algorithm2@penalty2...

Thisallowsyouto runniter1 iterationsusingalgorithm1 for anobjectivewith penalty1, followedby niter2 iterations
usingalgorithm2 for anobjective with penalty2, etc. Usuallyyou will just have onealgorithm. For example,setting
methodto

@9@osemc,fast,6,60,1.0@-

means9 iterationsof (unregularized)OSEMwith 6 subsetsoutof 60projectionviews,whereas

@9@ospsc,pc,6,60,0.99,0.1@3d,-6,-7,quad,5,-

means9 iterationsof relaxedOSPS[7] with 6 subsetsout of 60 projectionviews,usingthequadraticpenaltyfunction
describedin xI-B andtherelaxationfactor

� n = 0:99
1

1 + 0:1 � n
whichsatis�estheglobalconvergenceconditionsdescribedin [8]. Thegeneralform is

� n = relax scale
1

1 + relax rate� n
(4)



III EMPL3: 3D EMISSIONRECONSTRUCTION 7

whereI recommendusingrelax scale=1 andrelax rate between0 and0.5, andcloserto 0, like 0.1 althoughgood
valuesarea subjectof ongoingresearch.Usingrelax rate=0 correspondsto “classic” OSPSwhich will not converge
but usuallyworks �ne enoughandsavesyou the troubleof picking yet anotherparameter. Using a small valuelike
0.01for relax ratewill give you behavior nearlyidenticalto classicOSPSfor the �rst 50 iterationsor so,yet let you
sleepbetterat night knowing that if you actuallyran hundredsof iterationsthe theoryensuresthat it will eventually
converge.

Caution:OSPSmayhaveproblemswhenther i 'sarecloseto zero.(Thisnevershouldhappenin PETsincerandom
coincidencesareubiquitousandthe“shifted Poisson”approachusuallyensuresthatther i 's arenot too small. Scatter
estimatesshouldfurther increasethe r i 's.) If your r i 's arecloseto zeroor zero,thenyou probablyneedthe OSDP
algorithmwhich is onmy “to do” list. Bugme!



IV TRPL3: 3D TRANSMISSIONRECONSTRUCTION 8

IV. TRPL3: 3D TRANSMISSION RECONSTRUCTION

For transmissiontomography, ASPIREis basedon thefollowing measurementmodel:

Yi � Poisson

8
<

:
bi exp

0

@�
npX

j =1

gij x j

1

A + r i

9
=

;
;

wherer i is additive backgroundthat includesrandomcoincidencesand possiblyscatter, and bi is the blank scan
(appropriatelyscaledfor therelative durationsof theblankandtransmissionscans).ThearraysYi , bi , andr i mustall
have thesamesize,typically nu � nv � nview .

Thecorrespondinglog-likelihoodis

L(x ) =
ndX

i =1

hi ([G x ]i );

where
hi (l ) = Yi log

�
bi e� l + r i

�
� (bi e� l + r i );

andits negative is the “data �t” term in (1) for maximumlikelihood(ML) andpenalized-likelihoodemissionimage
reconstruction.

Typing i trpl3 will print the syntaxof how to perform3D transmissionimagereconstructionunderthe above
model.Theoutputshouldincludesomethinglike:

Usage: trpl3
file_out init|-nx,ny,nz,value} file_yi

file_bi- bi_scale file_ri- ri_scale
sys_type file_mask- method

file_ci- ci_scale file_ri- ri_scale
sys_type file_mask- method
[saver- flag_obj(0) flag_nonneg(1) pix_max scale_init(0) slices-]
method: @niter@alg@penalty...

(Theargumentorderis �x ed.)
Theargumentsfollowedby ahyphen“- ” areoptional;usingthehyphenwill givesensibledefaults.
Virtually all of theseargumentshavetheidenticalmeaningsasin i empl3 , exceptthatof course�le bi andbi scale

correspondto thebi 's.
Theprincipaldifferencesarein termsof whatalgorithmsareavailableto includein themethodstring.
Basedon thework of Erdo�gan[9], I recommendusingtheordered-subsetsparaboloidal surrogates(OSPS)algo-

rithm for transmissionreconstruction.(Unliketheemissioncase,thereis noproblemwith smallr i 's in thetransmission
case.)

Settingmethodto

@9@ospsc,pc,6,60,1.0,0.1@-3d,-6,-7,huber,6,-,0.002,ih,3

means9 iterationsof OSPSwith 6 subsetsout of 60 projectionviews, with the edge-preservingpenalty function
describedin xI-B, andwith thesamerelaxationparametersdescribedin (4).
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V. PWLS3: 3D PENALIZED WEIGHTED LEAST-SQUARES

The (quadratically)penalizedweightedleast-squares(PWLS) approachto imagereconstructioncomputesan esti-
mateof theimageby minimizing thefollowing costfunction:

x̂ = argmin
x

	( x ) ; 	( x ) =
1
2

(y � G x )0W (y � G x ) � n 0(y � G x ) +
1
2

x 0R x (5)

where
� x is theunknown image(volume),
� y is (typically aprocessedversionof) themeasuredprojectiondata,
� G is thesystemmatrix,
� W is adiagonalweightingmatrixwith nonnegativeentries,
� R is anonnegativede�nite regularizationmatrix,and
� n is currentlyundocumented(assumeit is 0).

By minimizing 	( x ), one�nds animagethat“�ts thedata”(where�t is measuredby the�rst term)but is alsonot too
noisy/rough(whereroughnessis measuredby thepenaltyterm).

As notedin xI-C, aquadraticpenaltycanbewrittenas

R(x ) =
1
2

x 0R x :

Currentlyonly quadraticpenaltiesaredocumentedfor PWLSin 3D.
Onecanverify thatthe(column)gradientof 	( x ) is givenby

r 	( x ) = G0W (G x � y ) + G0n + R x

= H x � b

where
H = r 2 	( x ) = G0W G + R

is theHessianof theobjective function,and
b = G0(W y � n )

is aweightedbackprojectionof thedata.
Thus, in the absenceof nonnegativity constraints,the reconstructionalgorithm must solve the linear systemof

equations
H x = b:

Theanalyticalsolutionis
x̂ = H � 1 b = [G0W G + R ]� 1 G0(W y � n );

but this cannotbecomputeddirectly exceptfor smallproblems,soiterative methodsarerequired.Thepreconditioned
conjugategradient(PCG)algorithm[10] is well-suitedto theaboveminimizationproblem(5).

Notethatif W = I andR = 0, then
x̂ = [G0G]� 1 G0y ;

which is theordinaryleast-squaressolutionto thelinearmodel

y = G x + noise:

Ordinaryleast-squaresis suboptimalfor tomography.
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A. Executionof PWLS

Typing i pwls3 will print thesyntaxof how to performPWLS-basedreconstruction.Theoutputshouldinclude
somethinglike:

Usage: pwls3 out {init|-nx,ny,nz,value} data
sys_type wi- mask- method
[saver- flag_obj(0) flag_nonneg(1) pix_max scale_init(0) slices-]

Mostof theargumentsareidenticalto thosefor i empl3 .
Theargumentsthatdiffer areasfollows.

� init is thenameof theinitial image�le, dimensionsnx � ny � nz, or a string� nx ; ny ; nz; valuethatgivesthe
sizeandvalueof auniform initial image.For PCGI amlesssureabouttheimportanceof initializing with FBP.

� datais eitherthenx � ny � nz �le containingb, or theprojectiondatay . Thelatteris recommendednow.

� systypeis asdescribedin xVI. If b is usedfor data, thenmake surethatexactly thesamesystypeargumentis
usedhereandwhenb is computedusingi back3 , or thereconstructionresultswill begarbage!

� wi is the(usually)nu � nv � nview �le containingthewi 's (diagonalof W ).

� �a g nonneg This is not implementedfor PCG.

� pix max: maximumallowablepixel value.This is not implementedfor PCG.

For themethodstring,consider

@9@cg,none@3d,-6,-7,quad,5,-

which means9 iterationsof conjugategradientwith no preconditionerfor the quadraticpenaltydescribedin xI-B.
(Otherpreconditionersmaybedocumentedlater.)

B. ApplyingPWLSto PoissonEmissionData

Poissonemissiondatahasa non-quadraticlog-likelihood,but we canmake a quadraticapproximation.At onetime
I thoughtthis would be handyfor speedingthingsup. But orderedsubsetsalgorithmsareso fastnow even for the
Poissonlikelihoodsthat I doubt that thesequadraticapproximationswill be important. Here they are for historical
interest.

Someof thismaybeimplementedin op lin,em .
If themeasurementshave independentPoissondistributions:

Yi � Poisson

8
<

:
ci

npX

j =1

gij x j + r i

9
=

;
;

thenthelog-likelihoodis

L(x ) =
ndX

i =1

hi ([G x ]i );

where

hi (l ) = Yi log(ci l + r i ) � (ci l + r i )

_hi (l ) = ci

�
Yi

ci l + r i
� 1

�

•hi (l ) = � c2
i

Yi

(ci l + r i )2 :
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Let l̂ i beanestimateof [G x ]i , obtainedsomehow (andcalledpivot ). Onenaturalchoicefor l̂ i is

l̂ i =
Yi � r i

ci
; (6)

which is a fairly standardchoice(“precorrectthedata”),but this is not theonly logical choice.In particular, since

l true = G x true � 0;

anotherlogical choiceis

l̂ i =
�

Yi � r i

ci

�

+
:

It mayalsobesensibleto smooththe l̂ i 's [6].
Regardlessof whichchoiceonemakesfor l̂ i , for l � l̂ i ,

hi (l ) � hi (l̂ i ) + _hi (l̂ i )( l � l̂ i ) +
1
2

•hi (l̂ i )( l � l̂ i )2

= hi (l̂ i ) � ni (l � l̂ i ) �
1
2

di (l � l̂ i )2

= hi (l̂ i ) + ni (l̂ i � l ) �
1
2

di (l̂ i � l )2

= �
�

1
2

di (l̂ i � l )2 � ni (l̂ i � l ) � hi (l̂ i )
�

where

di
4
= � •hi (l̂ i ) = c2

i
Yi

(ci l̂ i + r i )2

is callednder2 (sinceit is thenegativeof thesecondderivative)and

ni
4
= � _hi (l̂ i ) = ci

"

1 �
Yi

ci l̂ i + r i

#

is callednder1 (sinceit is thenegative of the�rst derivative). Notethatif we use(6), thenn i = 0, sothelinearterm
disappearsandweareleft with thequadratictermdiscussedin [6].

Renaminĝl i just yi , wecanmaximizethequadraticobjective function

L q(x ) =
ndX

i =1

ni (yi � [G x ]i ) �
1
2

di (yi � [G x ]i )2

= n 0(y � G x ) �
1
2

(y � G x )0D (y � G x )

or equivalentlyminimizeits negative

	 (x ) = � L q(x ) + R(x ) =
1
2

(y � G x )0D (y � G x ) � n 0(y � G x ) + R(x ):
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VI. SYSTEM MODELS (PROJECTOR/BACKPROJECTORS)

ASPIREincludesimplementationsof several differenttomographicsystemmodels. Usersspecifythe choiceand
parametersof thesemodelswith thesystypeargumentwhich,notsurprisingly, describesthesystemtype2. Thisstring
tells thesoftwarewhattypeof systemmodel(i.e., projector/backprojector)to use.

Not all of thesystemmodelsaredocumentedhere.To seewhatchoicesareimplemented,type i proj3 andthe
outputwill includesomethinglike thefollowing.

sys_type (imaging system model) choices:
2dsc@... separable block 2d system matrix on the fly
2z@... separable block 2d system matrix precomputed
3a@... forward/back projector
3b@... forward/back projector (improved)
3c@... forward/back projector for cylindrical geom
3l@... cone-beam line integrals
3s@... SPECT with depth-dependent response
3u@... user-defined forward/back projector

...

Additional usageinformationis printedfor eachsystemmodelchoice,andby comparingtheexamplesdetailedhere
to thebuilt-in documentation,you shouldbeableto �gure out how to usesomeof theundocumentedones.Ask meif
interested!

A. User-de�nedprojector/ backprojector

If you needa different projector / backprojectorthan thosedescribedbelow, you can write your own projector
/ backprojectorand compile it as a dynamiclibrary, then call it using the 3u option for systype. The detailsare
explainedin a separatedocumentthatcanbedownloadedfrom thewebpagewheretheASPIREbinariesarelocated,
includingaworkingexample.If youwantto attemptthis, I recommendthatyoudiscussit with me�rst.

B. Separable2D projector

Thesimplest“3D” projectoris theseparableblock-2Dprojectorhaving theform:

G =

2

6
4

G2D 0
...

0 G2D

3

7
5 = I nz 
 G2D ;

whereI is the nz � nz identity matrix, 
 denotesKronecker matrix product,andG 2D is any of the 2D projectors
thatonecangenerateusingASPIRE.In this caseG 2D hasdimensions(nanb) � (nxny) andthusG hasdimensions
(nanbnz) � (nxnynz).

To usethissystemmodel,thesystypeargumentis

2z@�le .wtf@-

where�le .wtf is thenameof the.wtf generatedusingASPIREcorrespondingto G 2D .
� Sincethis modelusesthe sameG 2D for eachslice, it is inappropriatefor SPECTproblemsthat requiredifferent

attenuationmapsfor eachslice.Usethe3s modelfor suchproblems.
� Thismodelrequiresthatthedatabeorganizedasasetof nz sinogramseachof sizenb� na, ratherthanasprojection

views. If necessary, applyop transpose to yourdata.

2Prior to Sep.2001,I usedthestring fi type insteadof systype, asanabbreviation for “Fisher InformationType.” I calledit theFisher
InformationbecauseG 0W G is theFisherinformationfor estimatingx from y undertheGaussianmodel

y � N
�
G x ; W � 1

�
:

This madesomesensefor PWLS,but lesssensefor Poissonmodels.If you have codethatsays“ fi type ” in thebuilt-in documentation,then
youhaveanold version.
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� Thethird argument(hyphen)is work in progressthatmayleadto somewhatreducedcomputetime in thefuture.
� The only reasonto do “3D” reconstructionwith a separablesystemmodelis to obtainthe bene�t of 3D regular-

ization. ConventionalPET andSPECTreconstructionusingFBP usually involves3D post-�ltering. So for fair
comparisonsbetweenregularizediterative reconstructionandFBP, oneshouldalsouse3D regularizationevenif a
slice-by-slicesystemmodelis used(which is reasonablyappropriatefor “2D” multi-slicePETscans).

� In largeproblems(suchasX-ray CT), it canbeimpracticalto precompuateandstorea �le .wtf. In suchcases,one
caninsteadusethefollowing systype

2dsc@�le .dsc@-
where�le .dscis theASCII systemgeometrydescription�le describedin [1]. With thesystemmodel,thenonzero
elementsof G2D arecomputedonthe�y duringeachforwardandbackprojection.Thisrequiresmuchmorecompute
time, but muchlessmemorythanusinga �le .wtf. The2dsc projector/backprojectoris threadedso it canexploit
dual-processormachines[1].

C. Point-based3D projector/backprojector

A simple3D forwardprojectionmethodis to treateachpixel asapoint in 3D space,andprojectits valueby bilinear
interpolationontoa 2D projectionview at someangle� ; � , where� is theaxial “tilt” and� is the transaxialrotation
angle.A 3D datasetconsistsof nview suchprojectionviews,whereeachview correspondsto aunique(� ; � ) pair. Each
view hasnu � nv samples.I assumethe imagevolumehasunit samplingin x andy, andlet sz denotethe(relative)
slicespacing(in thez direction),andsu andsv thesamplespacingin theprojectionviews. Thesizeof G in this case
is essentially(nunvnview ) � (nxnynz). Thesystypefor thisprojectoris

3a@nu , nv , su , sv , sz@iv.�le @angles.�le

Theoutputprojectionwill havedimension(nu � nv � nview ).
The�le iv.�le musthavedimension2 � nview andshouldconsistof thepairs

(i min
1 ; i max

1 ); (i min
2 ; i max

2 ); : : : ; (i min
nview

; i max
nview

);

wherei is an integer index in thev-dimensionof projectionviews. Whenprocessingprojectionview k, theprogram
will only projectto andbackprojectfrom rows iv for which i min

k � iv < i max
k . If thedefault hyphen- is used,then

all rows of eachview areused.In mostgeometries,not all rows arevalid data,sotherangesalmostsurelyshouldbe
providedby theuser.

The�le angles.�lemusthavedimension2 � nview andshouldconsistof thepairs

(� 1; � 1); (� 2; � 2); : : : ; (� nview ; � nview );

wheretheanglesarein radians.Theprojectiondatawill bearrangedin thesameorder. Typically nview = n� n� , in
which caseI recommendmaking� vary fastest.Thereasonfor this recommendationis thefollowing. After creating
theprojectiondatausingi pwls3 , it mayusefulto displaythedatain sinogramformatratherthanprojectionformat.
Thecommand

op transpose sino.outproj.in 1,2

will switchthe2ndand3rddimensionsof proj.in, sotheoutputsizewill be(nu � nview � nv) = (nu � n� � n� � nv),
whichmaybemoreintuitive to view, at leastfor smalln � .

The 3a projector is now obsoletedue to impr oved3b projector. Ask me if you want documentationfor it.
A concretesimpleexamplefor systypeis

3a@128,64,1,1,1@-@angles.fld

D. GE3D projector

If (andonly if) you areassociatedwith GE (e.g., UW), thenyou shouldalsohave accessto the3D projectorwritten
by ChuckStearns,whichhasthesamesetupasthe3a projectorabove,exceptyoureplace3a with 3ge . However, the
GEprojectorandbackprojectorarenot transposesof eachother, whichmaybe�ne for FBPreconstruction,but causes
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problemswith iterative reconstructionsincethey areusedrepeatedlyandthereforeany discrepancieswill accumulate.
I recommendthe3a projectorinstead,sincethecorrespondingbackprojectoris thetransposeof theforwardprojector.

TheGEprojectoralsodoesnothave theiv.file argumentor capability, whichmaycauseproblems.

E. Cylindrical PETsystems

The 3c systemmodel is designedfor cylindrical PET systemswith septaremoved. It is still somewhat under
development.Bugmeif interested.

Typei proj3 to seebrief documentation.

F. SPECTsystemmodel

The3s systemmodelincludesbothnonuniformattenuationanduser-speci�eddepth-dependentdetectorresponse.
The implementationis basedon a rotate,attenuate,depth-dependent�lter , then sum approach. The projectorand
backprojectorareadjointoperators.

Thesystypestringfor SPECTis

3s@sx , sy , sz, orbit , orbit start , spline filter @mumap.file @filter.file @-nu , nv , nview

� (sx ,sy ,sz) arethevoxel sizes(typically in mmor cm)
� Currentlymusthavesx =sy , nx =ny , nu =nx , nv =nz

� orbit andorbit start arein degrees
� spline �lter mustbe0 (nearestneighbor),or 1 (for B1, linearinterpolation),or 3 (for B3, cubicB-splineinterpola-

tion). I recommendusing1 or possibly3.
� The �lter .�le must be [n1 psf,n2psf,ny], with n1 psf and n2 psf odd. This �le must containthe user-speci�ed

depth-dependentPSFfor eachof theny planesparallelto thedetector.
� Optionally, �lter .�le canbe[n1 psf,n2psf,ny,nview] for angle-dependentblurs,suchasin noncircularorbits.
� The�nal argument- nu,nv,nview is required.

If youplanonusingthissystemmodel,youprobablywantto askmefor anexamplescriptincludingaMatlabm-�le
for generatingthePSFs.
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VII . 3D PROJECTION COORDINATE SYSTEM - 3A

Thissectiondescribesthecoordinatesystemfor the3a projector.
Image-volumephysicalcoordinatesarex; y; z, with

x = cx + (i x � (nx � 1)=2)sx = (i x � wx )sx where wx = (nx � 1)=2 � cx=sx

y = cy + (i y � (ny � 1)=2)sy = (i y � wy)sy where wy = (ny � 1)=2 � cy=sy

z = cz + (i z � (nz � 1)=2)sz = (i z � wz)sz where wz = (nz � 1)=2 � cz=sz:

Pixel coordinatei x goesfrom 0 to nx etc.
Projectionview coordinatesareu; v, with

u = cu + (i u � (nu � 1)=2)su = (i u � wu)su where wu = (nu � 1)=2 � cu=su

v = cv + (i v � (nv � 1)=2)sv = (i v � wv)sv where wv = (nv � 1)=2 � cv=sv :

For aparallelprojectionatpolarangle� andazimuthalangle� :

u = x cos� + y sin �

v = (� x sin � + y cos� ) sin � + z cos� :

Usefulrelationship:

i u =
u
su

+ wu

=
x cos� + y sin �

su
+ wu

=
(i x � wx )sx cos� + (i y � wy) sin �

su
+ wu

= i x
sx

su
cos� + i y

sy

su
sin � +

�
wu �

wxsx cos� + wysy sin �
su

�
:

Similarly

i v =
v
sv

+ wv

=
(� x sin � + y cos� ) sin � + z cos�

sv
+ wv

=
[� (i x � wx )sx sin � + (i y � wy)sy cos� ] sin � + (i z � wz)sz cos�

sv
+ wv

= � i x
sx

sv
sin � sin � + i y

sy

sv
cos� sin � + i z

sz

sv
cos� +

�
[wxsx sin � � wysy cos� ] sin � � wzsz cos�

sv
+ wv

�
:
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VII I . 3D PROJECTION COORDINATE SYSTEM - 3B

Thissectiondescribesthecoordinatesystemfor the3b projector.
Image-volumephysicalcoordinatesare(x; y; z), with

x = [i x � (nx � 1)=2 � cx ]sx = (i x � wx )sx where wx
4
= (nx � 1)=2 + cx

y = [i y � (ny � 1)=2 � cy ]sy = (i y � wy)sy where wy
4
= (ny � 1)=2 + cy

z = [i z � (nz � 1)=2 � cz]sz = (i z � wz)sz where wz
4
= (nz � 1)=2 + cz:

Pixel coordinatei x goesfrom 0 to nx � 1 etc.,andthevoxel “centers”(cx ,cy ,cz) arein unitsof voxels(not mm) since
themostlikely shiftswill be0 or 0.5voxels.

Projectionview coordinatesare(u; v), with

u = [i u � (nu � 1)=2 � cu ]su = (i u � wu)su where wu
4
= (nu � 1)=2 + cu

v = [i v � (nv � 1)=2 � cv ]sv = (i v � wv)sv where wv
4
= (nv � 1)=2 + cv :

Weassumeprojectionsare“sampled”at thecenterof eachprojectionview bin. If cu = 0 andsu = 1, thenasi u ranges
from 0 to nu-1, u rangesfrom � nu � 1

2 to nu � 1
2 .

For aparallelprojectionatpolarangle� andazimuthalangle� :

u = x cos� + y sin �

v = (� x sin � + y cos� ) sin � + z cos� :

Usefulrelationship:

i u =
u
su

+ wu

=
x cos� + y sin �

su
+ wu

=
(i x � wx )sx cos� + y sin �

su
+ wu

= i x

�
sx

su
cos�

�
+

�
� wxsx cos� + y sin �

su
+ wu

�
:

Thesecondtermis uu factor .
Similarly

i v =
v
sv

+ wv

=
(� x sin � + y cos� ) sin � + z cos�

sv
+ wv

=
[� (i x � wx )sx sin � + y cos� ] sin � + (i z � wz)sz cos�

sv
+ wv

= � i x

�
sx

sv
sin � sin �

�
+ i z

�
sz

sv
cos�

�
+

�
[wxsx sin � + y cos� ] sin � � wzsz cos�

sv
+ wv

�
:

The last term is calledvv factor . Themiddle termis callediv inc , andis essentiallydi v=diz: thechangein i v

perslice.Thesumof the�rst andlasttermis ivd . Wewrite:

i v = v0 + i z � :

If � = 0 andsx = sy = sz = su = sv andwz = wv , thenv0 = 0 and� = 1, asexpected.
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Usefulfactsaboutd�eandb�c:

x � dxe < 1 + x; x � 1 < bxc � x:

For bilinearinterpolationin theu direction,wemusthave

0 � bi uc � di ue � nu � 1:

Sothereis aproblemif bi uc < 0 or if di ue � nu . Thiscanbeveri�ed by the3b check routine.
For bilinearinterpolationin thev direction,to havebothpointsinsidethevalid rangewemusthave

i min � bi vc � di ve � i max � 1;

or equivalentlydi ve < i max for thelastterm.Sowerequire

i min � bv0 + i z � c :

Supposewechooseasthestartingslice:

k0
4
=

&
i min � v0

�

'

;

thensincex � dxewehave
i min � v0

�
� k0

so(providedof coursethat� > 0)
i min � v0 + k0 � :

If m � x for integerm, thenm � bxc, soasrequired

i min � bv0 + k0 � c :

Wealsorequirethat
dv0 + i z � e � i max � 1:

Supposewechooseastheendingslice:

k1
4
=

�
i max � 1 � v0

�

�
:

Sincebxc � x,

k1 �
i max � 1 � v0

�
so(for � > 0 again)

v0 + k1 � � i max � 1:

If x � n for integern, thendxe � n. Soasrequired

dv0 + k1 � e � i max � 1:
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IX. 3D PROJECTION COORDINATE SYSTEM - 3C (CYLINDER PET)

Thissectiondescribesthecoordinatesystemfor the3c projector.
Image-volumephysicalcoordinatesare(x; y; z), with

x = [i x � (nx � 1)=2 � cx ]sx = (i x � wx )sx where wx
4
= (nx � 1)=2 + cx

y = [i y � (ny � 1)=2 � cy ]sy = (i y � wy)sy where wy
4
= (ny � 1)=2 + cy

z = [i z � (nz � 1)=2 � cz]sz = (i z � wz)sz where wz
4
= (nz � 1)=2 + cz:

Pixel coordinatei x goesfrom 0 to nx � 1 etc.,andthevoxel “centers”(cx ,cy ,cz) arein unitsof voxels(not mm) since
themostlikely shiftswill be0 or 0.5voxels.

Projectionview coordinatesare(u; v), with

u = [i u � (nu � 1)=2 � cu ]su = (i u � wu)su where wu
4
= (nu � 1)=2 + cu

v = [i v � (nv � 1)=2 � cv ]sv = (i v � wv)sv where wv
4
= (nv � 1)=2 + cv :

Weassumeprojectionsare“sampled”at thecenterof eachprojectionview bin. If cu = 0 andsu = 1, thenasi u ranges
from 0 to nu-1, u rangesfrom � nu � 1

2 to nu � 1
2 .

For aparallelprojectionatpolarangle� andazimuthalangle� :

u = x cos� + y sin �

v = (� x sin � + y cos� ) sin � + z cos� :

d

0 1 2 3 4 5 6 7 8 9 10 11

sv = sz cos� , tan � = ns dc
2r c

wherens is thespan,anddc is thecrystalwidth, which for anExactis 6.75mm,andr c is
thecrystalradius,which for anExactis 412.5mm.
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Usefulrelationship:

i u =
u
su

+ wu

=
x cos� + y sin �

su
+ wu

=
(i x � wx )sx cos� + y sin �

su
+ wu

= i x

�
sx

su
cos�

�
+

�
� wxsx cos� + y sin �

su
+ wu

�
:

Thesecondtermis uu factor .
Similarly

i v =
v
sv

+ wv

=
(� x sin � + y cos� ) sin � + z cos�

sv
+ wv

=
[� (i x � wx )sx sin � + y cos� ] sin � + (i z � wz)sz cos�

sv
+ wv

= � i x

�
sx

sz
sin � tan �

�
+ i z +

�
[wxsx sin � + y cos� ] tan �

sz
+ (wv � wz)

�
:

The last term is calledvv factor . Themiddle termis callediv inc , andis essentiallydi v=diz: thechangein i v

perslice.Thesumof the�rst andlasttermis ivd v0. Wewrite:

i v = i z + v0:

If � = 0 andwz = wv , thenv0 = 0 asexpected.
Usefulfactsaboutd�eandb�c:

x � dxe < 1 + x; x � 1 < bxc � x:

For bilinearinterpolationin theu directionwithoutcumbersomeendconditionchecking, wemusthave

0 � bi uc � di ue � nu � 1:

Sothereis aproblemif bi uc < 0 or if di ue � nu . Thiscanbeveri�ed by the3c check routine.
For bilinearinterpolationin thev directionit is reasonable(andnecessary)to checkendconditions.For agivenslice

i z to contributesomethingto thevalid v range,wemusthave:

i min � 1 < i v < i max :

For theleft conditionwerequire
i min � 1 < i z + v0;

sowechooseasthestartingslice:

k0
4
=

j
i min � v0

k
:

Sincex � 1 < bxc, wehave i min � 1 = (i min � v0 � 1) + v0 <
�
i min � v0

�
+ v0 = k0 + v0 asrequired.

For theright condition,we requirethat
i z + v0 < i max ;

sowechooseastheendingslice:

k1
4
= di max � 1 � v0e:

Sincedxe < 1 + x, wehavek1 + v0 = di max � 1 � v0e+ v0 < i max asrequired.
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X. COMPUTING THE OBJECTIVE FUNCTION

Computingtheobjective functionin thecodeis somewhatdifferentsinceonly b is availableandnoty etc.
From(5):

	( x ) =
1
2

(y � G x )0W (y � G x ) � n 0(y � G x ) + R(x )

=
1
2

y 0W y � x 0G0W y +
1
2

x 0G0W G x � n 0y + x 0G0n + R(x )

= (
1
2

y 0W y � n 0y ) � x 0G0(W y � n ) +
1
2

x 0G0W G x + R(x )

= (
1
2

y 0W y � n 0y ) � b0x +
1
2

x 0F x + R(x );

whereF = G0W G. The �rst term is a constantindependentof x , so is ignored. The secondterm is trivial to
compute.Thethird termis computedusingfi inc . The�nal termis computedusingr3 penal .

A. LineSearch

Ignoringthepenaltyterm:

f (� ) = 	( x + � d) � 	 (x ) =
1
2

(x + � d)0F (x + � d) �
1
2

x 0F x � b0(x + � d) + b0x

= � d0(F x � b) +
1
2

� 2d0F d;

so
d

d�
f (� ) = d0(F x � b) + � d0F d:

XI . INITIAL SCALE

Supposewe have aninitial guessx of theimage,but thatinitial guessmaybe“improperly” scaled.Thenwe would
like to �nd

argmin
�

	( � x ) :

Actually, we can just considerthe likelihood term and ignore the penaltyterm to �nd � , sincethis one-parameter
estimationproblemis (very)well-conditioned.

	( � x ) � � b0(� x ) +
1
2

� 2x 0F x

so
@

@�
	( � x ) = � b0x + � x 0F x

so

� =
b0x

x 0F x
is theWLS initial scalevalue.

XI I . PENALTY GRADIENT AND HESSIAN

Weneedto considerthez componentof thepenaltyfunctionmorecarefully, sincethe“borderof zeros”trick thatis
usedfor thein-planepenaltywill notwork for thez component.For x = [x0; x1; : : : ; xnz � 1] (in C notation):

R(x ) =
nz � 1X

j =1

1
2

(x j � x j � 1)2:
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Sothegradientis

@
@x j

=

8
><

>:

x0 � x1; j = 0
(x j � x j � 1) + (x j � x j +1 ); 1 � j � nz � 2
xnz � 1 � xnz � 2; j = nz � 1;

andtheHessiandiagonalis

@2

@x2
j

=

8
><

>:

1; j = 0
2; 1 � j � nz � 2
1; j = nz � 1:


