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Abstract— This paper addressesthe key problem of walking
with both fully actuated and underactuated phases. The
studied robot is planar, bipedal, and fully actuatedin the sense
that it has feet with revolute, actuated ankles. The desired
walking motion is assumed to consist of thr ee successive
phases: a fully-actuated phase where the stance foot is �at
on the ground, an underactuated phasewhere the stanceheel
lifts fr om the ground and the stance foot rotates about the
toe, and an instantaneous double support phase where leg
exchange takes place. The main contribution of the paper
is to provide a provably asymptotically stabilizing controller
that integrates the fully-actuated and underactuated phases
of walking. By comparison, existing humanoid robots, such
as Asimo and Qrio, use only the fully-actuated phase (i.e.,
they only execute�at-f ootedwalking), or RABBIT , which uses
only the underactuated phase(i.e., it has no feet, and hence
walks asif on stilts). The controller proposedhere is organized
around the hybrid zero dynamics of Westervelt et al. (2003)
in order that the stability analysis of the closed-loopsystem
may be reducedto a one-dimensionalPoincaré map that can
be computed in closedform.

I . INTRODUCTION

Over the past seven years,several remarkablyanthro-
pomorphicrobotshave beenconstructed.Speci�cally, we
have in mind the well known Honda Robot, Asimo [1],
[2], Sony's biped,SDR-4X [3], andJoggingJohnnieat the
University of Munich [4], [5]. The HondaandSony robots
areespeciallynoteworthy for theirautonomy, while Jogging
Johnnie's constructionappearsto be particularly light and
graceful(1.8 m tall, 40 Kg mass,which includessensors,
actuatorsand control hardware, thoughpower is supplied
through a cable). Each of theserobot's control systems
is organized around a high-level trajectory generatorfor
the individual joints of the robot, combined with low-
level servoing to ensuretrajectorytracking.Therearesome
differencesin how thelow-level servoing is implemented—
HondausesPD control [2], JoggingJohnnieusesfeedback
linearization[5], while Sony hasrevealedlittle abouttheir
algorithms—but thesedifferencesarefairly insigni�cant. In
eachcase,the overall “stability” of the robot's motion has
been“ensured”by the zeromomentpoint (ZMP) criterion
(seeFigure1), andconsequently, theserobotsliterally walk
�at footed.

A stability analysis of a �at-footed walking gait for
a � ve-link biped with an actuatedankle was carried out
numerically in [6], [7], using the Poincaŕe return map.
The control law used feedbacklinearization to maintain
the robot's postureand advancethe swing leg; trajectory
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Fig. 1. The ZMP (Zero MomentPoint) principle in a nutshell.Idealize
a robot in singlesupportasa planarinvertedpendulumattachedto a base
consistingof a foot with torqueappliedat the ankle and all other joints
are independentlyactuated.Assumeadequatefriction so that the foot is
not sliding. In (a), the robot's nominaltrajectoryhasbeenplannedso that
the centerof pressureof the forceson the foot, P; remainsstrictly within
the interior of the footprint. In this case,the foot will not rotate(i.e, the
foot is actingasa base,asin a normalrobotic manipulator),andthusthe
systemis fully actuated.It follows that small deviationsfrom the planned
trajectorycanbeattenuatedvia feedbackcontrol,proving stabilizabilityof
thewalking motion.In case(b), however, thecenterof pressurehasmoved
to the toe, allowing the foot to rotate.The systemis now underactuated
(two degreesof freedomand one actuator),and designinga stabilizing
controller is nontrivial, especially when impact events are taken into
account.The ZMP principle saysto designtrajectoriesso that case(a)
holds; i.e., walk �at footed.Humans,even with prostheticlegs, usefoot
rotation to decreaseenergy lossat impact.

tracking was only usedin the limited sensethat the hori-
zontal componentof the centerof masswas commanded
to advance at a constantrate. The unilateral constraints
dueto foot contactwerecarefully presented.Motivatedby
energy ef�ciency, elegant work in [8], [9] hasshown how
to realizea passive walking gait in a fully actuatedbiped
robot walking on a �at surface.Stability of the resulting
walking motion hasbeenrigorouslyestablished.The main
drawback,however, is that theassumptionof full actuation
onceagain restrictsthe foot motion to �at-footed walking.

For walking gaits that include foot rotation, variousad
hoc control solutionshave beenproposedin the literature
[10], [11], [12], [13], [14], [15], but none of them can
guaranteestability in the presenceof the underactuation
that occursduring heel roll or toe roll. Our previous work
on point feet [16], [17], [18], [19], [20] ideally positions
us to handle this underactuation;indeed,conceptually, a
point foot correspondsto continuousrotation about the
toe throughoutthe entire stancephase(e.g., walking like
a ballerina or as if on stilts). Work in [21] shows that
plantar�exion of the ankle, which initiates heel rise and
toe roll, is the mostef�cient methodto reduceenergy loss
at the subsequentimpact of the swing leg. This motion is
alsonecessaryfor the estheticsof mechanicalwalking.

In this paper, we extend our analysisof walking with
point feetto designacontrollerthatprovidesasymptotically



Fig. 2. Thethreephasesof walking modelledin this paper:fully-actuated
phasewhere the stancefoot is �at on the ground,underactuatedphase
where the stanceheel rises from the groundand the stancefoot rotates
aboutthe toe,anddoublesupportphasewheretheswing foot impactsthe
ground.

stablewalking with an anthropomorphicfoot motion. In
particular, the achieved walking motion consistsof three
successive phases1: a fully-actuatedphasewherethestance
foot is �at on the ground,an underactuatedphasewhere
the stanceheel lifts from the ground and the stancefoot
rotatesaboutthe toe, andan instantaneousdoublesupport
phasewhereleg exchangetakesplace,seeFigure2.

I I . ROBOT MODEL

The robot consideredin this paperis bipedalandplanar
with N ¸ 4 rigid links connectedby ideal (frictionless)
revolute joints to form a treestructure(no closedkinematic
chains).It is assumedto have two identical open chains
called“legs” thatareconnectedat a point calledthe“hips.”
The link at the extremity of eachleg is calleda “foot” and
the joint betweenthe foot and the remainderof the leg
is called an “ankle.” The feet are assumedto be “forward
facing.” The forward end of each foot is called a “toe”
and the back end is called a “heel.” Eachrevolute joint is
assumedto be independentlyactuated.It is assumedthat
walkingconsistsof threesuccessivephases,a fully-actuated
phase,anunderactuatedphase,anda doublesupportphase,
seeFigure2 and3. The detailedassumptionsfor the robot
andthegait arelistedin AppendixA. A representative robot
is shown in Figure4 alongwith a coordinateconvention.
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Fig. 3. Diagramof system.

1For simplicity, heelstrike with a subsequentheelroll is not addressed.
It canbe handledin the samemanneras toe roll.
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Fig. 4. Model of a 7-link robot with coordinateconvention.In general,
for N -link robot, it is assumedthat qN ¡ 1 is the anglebetweenthe foot
and the femur andqN is the anglebetweenthe groundand the foot.

A. Underactuatedphase

The underactuatedphaseis when the stanceheelof the
robot rises from the ground and the robot begins to roll
over the stancetoe; this condition is characterizedby the
foot rotation indicator (FRI) point of [22] beingstrictly in
front of thestancefoot. Thestancetoe is assumedto actas
a pivot; this condition is characterizedby the forcesat the
toe lying within the allowed friction cone.Both of these
conditions(i.e., foot rotation and non-slip) are constraints
that must be imposedin the �nal controller designphase,
as in [17, Sec.VI].

Since there is no actuationbetweenthe stancetoe and
the ground, the dynamicsof the robot in this phaseis
equivalent to an N -DOF robot with unactuatedpoint feet
andidenticallegs,astreatedin [17]. De�ne thegeneralized
coordinatesas qu = (q1; ¢¢¢; qN )T 2 Qu , whereQu is a
simply connectedopen subsetof IRN . The dynamicsare
obtainedusing the methodof Lagrange,yielding

Du Äqu + Cu _qu + Gu = Bu u; (1)

where u = (u1; ¢¢¢; uN ¡ 1)T is the vector of torques
appliedat thejoints.Thedynamicequationin state-variable
form is expressedas _xu = f u (xu ) + gu (xu )u.

B. Fully-actuatedphasemodel

During the fully-actuatedphase,the stancefoot is as-
sumedto remain�at on the groundwithout slipping. The
ankle of the stanceleg is assumedto act as an actuated
pivot. Sincethestancefoot is motionlessduring this phase,
the dynamicsof the robot during the fully-actuatedphase
is equivalent to an N ¡ 1 DOF robot without the stance
foot and with actuationat the stanceankle, as studiedin
[23]. Let qf = (q1; ¢¢¢; qN ¡ 1)T 2 Qf bethecon�guration
variables,whereq1; ¢¢¢; qN ¡ 2 denotetherelative anglesof
the joints except the stanceankle,qN ¡ 1 denotesthe angle
of theanklejoint, andQf is asimplyconnectedopensubset
of IRN ¡ 1, seeFigure 4. Note that becausethe stancefoot
remainson theground,qN ¡ 1 is now anabsoluteangle(i.e.,
it is referencedto the world frame).



The dynamicsfor the fully-actuatedphaseare derived
using the method of Lagrange,yielding a model of the
form

D f (qf )Äqf + Cf (qf ; _qf ) _qf + Gf (qf ) = B f 1uR + B f 2uA ;
(2)

where _qf are the velocities, uR = (u1; ¢¢¢; uN ¡ 2)T are
the inputs appliedat the joints except the ankle joint, and
uA = uN ¡ 1 is the input at the ankle joint. The state is
taken as x f = (qf ; _qf ) 2 TQf and the dynamicequation
is given by 2

_x f =
·

_qf

D ¡ 1
f (¡ Cf _qf ¡ Gf + B f 2uA )

¸

+
·

0
D ¡ 1

f B f 1uR

¸

=: f uA
f (x f ) + gf (x f )uR : (3)

Note that, to satisfy the condition that the stancefoot is
�at on the ground,the FRI point needsto be kept strictly
within thesupportregion. This constraintmustbe imposed
on designingthe controlleras in [17, Sec.V].

C. Doublesupportphase

During thedoublesupportphase,theswing foot impacts
the ground. It is assumedthat the swing foot is parallel
to the ground at impact. It is also assumedthat the feet
are arc shapedso that the only contact points with the
ground are the heel and the toe. Due to the impacts,
impulsive forcesareappliedat the toe andthe heel,which
causediscontinuouschangesin thevelocities;however, the
positionstatesareassumedto remaincontinuous[24].

Representingthe doublesupportphaserequiresan N+2
DOF model (e.g. N DOF for the joints and 2 DOF for
the position of the center of mass). Adding Cartesian
coordinates,(ph

c ; pv
c ), to the centerof massof the robot

givesqd = (qu ; ph
c ; pv

c ) and _qd = ( _qu ; _ph
c ; _pv

c ), seeFigure4.
Let ¨ h (qd) and¨ t (qd) denotetheCartesiancoordinatesof
theswingheelandtheswing toe,respectively. Themethod
of Lagrangeyields the dynamicsfor the double support
phaseas follows:

Dd(qd)Äqd + Cd(qd; _qd) _qd + Gd(qd)

= Bdu + E h
d ±Fh + E t

d±Ft ; (4)

where u = (uT
R ; uA )T , E h

d =
³

@̈ h (qd )
@qd

´ T
, E t

d =
³

@̈ t (qd )
@qd

´ T
, ±Fh denotesthe impulsive ground reaction

force at the swing heel, and ±Ft denotesthe impulsive
groundreactionforce at the swing toe.

Under the hypothesisIH6 (the actuatorsnot being im-
pulsive) andIH1 (which is thestancefoot neitherrebounds

2Note that theankletorqueis includedin f u A
Z f

(x f ); the reasonfor this
will be clear in SectionIII.

nor slips), following the procedurein [16] gives
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D. Foot Rotation, or Transition from Full Actuation to
Underactuation

The transitionfrom a �at foot to rotation aboutthe toe
can be initiated by causingthe angularaccelerationabout
the stancetoe to becomenegative. To characterizethe
motion of the stancefoot or equivalently, when the robot
transitionsfrom full actuation—foot�at on theground—to
underactuation—footrotatesaboutthetoe,thefoot rotation
indicator (FRI) point of Goswami is used[22, eq. (6)].

By enforcing that the FRI point is strictly in front of
the end of the foot, the transition is initiated. If torque
discontinuities3 are allowed—asthey are assumedto be
in this paper—when to allow foot rotation becomesa
control decision.Here, in view of simplifying the analysis
of periodic orbits in SectionIV, the transitionis assumed
to occurat a �x edpoint in the fully-actuatedphase.Hence,
H u

f = µf (qf ) ¡ µ¡
f f

, whereµf (q) is the angleof the hips
with respectto the stanceankle(seeFigure4) andµ¡

f is a
constantto be determined.

The positionsand the velocitiesare assumedto remain
continuousevenwith thediscontinuoustorque.Theensuing
initial valueof theunderactuatedphase,x+

u ; is de�ned soas
to achieve continuity in thepositionandvelocity variables:

x+
u =

·
q+

u
_q+
u

¸
=

2

6
6
4

q¡
f
¼
_q¡
f
0

3

7
7
5 =: ¢ u

f (x ¡
f ): (7)

Continuityof the torquesis not imposed,andhenceneither
is continuity of the accelerations.It is assumedthat the
control law in the underactuatedphasewill be designedto
achieve the FRI point in front of the toe.

E. Overall Hybrid Model

As in [25], the overall model can be expressedas a
nonlinear hybrid system containing two state manifolds

3This is a modelingdecision.In practice,the torqueis continuousdue
to actuatordynamics.It is assumedherethat the actuatortime constantis
small enoughthat it neednot be modeled.



(called“charts” in [26]):
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where,for example,F f is the �o w on statemanifold Xf ,
Su

f is the switching hyper-surface for transitionsbetween
Xf and Xu , T u

f : Su
f ! Xu is the transition function

appliedwhenx f 2 Ss
f .

The transitionfrom theunderactuatedphaseto the fully-
actuatedphaseoccurs when the swing foot impacts the
ground.Hence,H f

u (xu ) = ¨ v
h (xu ), where¨ v

h (xu ) denotes
the vertical coordinateof the swing heel.

I I I . CONTROL LAW DEVELOPMENT BASED ON THE

HYBRID ZERO DYNAMICS

In a certain sense,the basic idea of the control law
designis quite straightforward. The greatestdif�culties in
the control designand analysisinvolve the underactuated
phaseof the motion. Following the developmentin [17],
[19], we usethe methodof virtual constraintsto createa
two-dimensionalzero dynamicsmanifold Zu in the 2N -
dimensionalstatespaceof the underactuatedphase.This
requiresthe useof the full complementof N ¡ 1 actuators
on the robot. In the fully-actuatedphase,we have oneless
degree of freedombecausethe stancefoot is motionless
and �at on the ground. Consequently, we use N ¡ 2
actuators—allactuatorsexcept the ankle of the stance
foot—to createa two-dimensionalzerodynamicsmanifold
Z f —that is compatible with Zu —in the sensethat the
following invarianceconditionshold: ¢ u

f (Su
f \ Z f ) ½ Zu

and ¢ f
u (Sf

u \ Zu ) ½ Z f . The actuationauthority at the
ankleis subsequentlyemployed for stability andef�ciency
augmentation,and for enforcing the non-rotationof the
foot. The invarianceconditionsguaranteethe existenceof
a hybrid zero dynamicsfor the closed-loophybrid model.
The techniquesin [17] are then extendedto computethe
Poincaŕe map of the closed-loopsystemin closed form.
Precisestability conditionsthen follow.

In the following, the key elementsof this program
are outlined. Due to spacelimitations, a more complete
analysis,which is actuallya simpli�cation4 of [25], will be
presentedelsewhere.

4The analysisis similar to running becausethereare multiple phases.
The problemtreatedhereis simpler becausethe �ight phaseof running,
whichhasthreedegreesof underactuation,is replacedwith a fully-actuated
phase.

A. Control of the underactuatedphase

Since the stancefoot toe acts as a pivot and there is
no actuationat the stancefoot toe, the feedbackdesign
proceedsasin [17]. Let yu = hu (xu ) bea(N ¡ 1)£ 1 vector
of output functionssatisfyingthe following hypotheses:
HHU1) Theoutputfunctionhu (xu ) dependsonly thecon-

�guration variables;
HHU2) The decouplingmatrix L gu L f u hu is invertible for

an openset ~Qu ½ Qu ;
HHU3) Existenceof µu (qu ) such that [hu (qu ); µu (qu )] is

a diffeomorphism;
HHU4) Thereexists a point in ~Qu wherehu vanishes.
HHU5) There exists a unique point q¡

u 2 ~Qu such that
(hu (q¡

u ); ¨ v
h (q¡

u )) = (0; 0); ¨ h
h (q¡

u ) > 0 and the rank
of [hT

u ¨ v
h ]T at q¡

u equalsto N , where¨ h
h (xu ) denotes

the horizontalcoordinateof the swing heel.
Then there exists a smooth manifold Zu = f xu 2
TQu jhu (xu ) = 0; L f u hu (xu ) = 0g, called the zero
dynamicsmanifold, and Sf

u \ Zu is smooth.Sf
u \ Zu is

one-dimensionalif Sf
u \ Zu 6= ; . Differentiatingthe output

yu twice yields,

Äyu := vu (9)

= L 2
f u

hu (xu ) + L gu L f u hu (xu )u: (10)

Since the decoupling matrix L gu L f u hu (xu )
is invertible, the feedback control u¤ :=
¡ (L gu L f u hu (xu )) ¡ 1(L 2

f u
hu (xu )) renders the zero

dynamicsmanifold invariant.In additionto the hypotheses
HHU1–HHU5, if the hypothesisRH5 is also satis�ed,
then the fully-actuatedphasephasezero dynamicsin the
coordinatesof zu := (µu ; ¾u ) = (µu ; du (qu ) _qu ) can be
written as

_µu = · 1
u (µu )¾u (11)

_¾u = · 2
u (¾u ); (12)

whereuA is thetorqueappliedat thestanceankle,du is the
last row of Du , and¾u is theangularmomentumaboutthe
stancetoe during the underactuatedphase,[27]. Equations
(11) and(12) arewritten as _zu = f Z u (zu ).

The transitionmap from the fully-actuatedphaseto the
underactuatedphaseon the hybrid zerodynamicsbecomes

µ+
f = µf ±

£
R 0

¤
q¡

u ; (13)

¾+
f = ±f

u ¾¡
u ; (14)

where ±f
u is a constantthat can be calculatedusing the

propertiesstudiedin [27].

B. Control designfor fully-actuatedphase

Since the stance foot is motionlessand acting as a
baseduring this phase,the model only has N ¡ 1 DOF.
Consequently, the robot is fully actuated,openingup many
feedbackdesignpossibilities.For example, we could, in
principle, design for an empty zero dynamics,feedback
linearize the model, etc. —though we would run a high



risk of requiring so much ankle torquethat the foot would
rotate, therebycausingunderactuation.Instead,we follow
a designwhere,in principle,theankletorquecouldbeused
exclusively for ensuringthat the foot doesnot rotate,but
in mostcases,it canalsobe usedto augmentstability and
ef�ciency of the overall walking cycle.

N ¡ 2 virtual constraintsare used to create a two-
dimensionalzero dynamics for the fully-actuated phase
that is driven by the ankle torque. Let yf = hf (x f ) be
a (N ¡ 2) £ 1 vector of output functions.Let the output
function yf satisfy the following hypotheses:

HHF1) The output function hf (x f ) dependsonly on the
con�guration variablesof the fully-actuatedphase;

HHF2) There exists uA 2 IR such that the decoupling
matrix L gf L f

u A
f

hf is invertible for an openset ~Qf ½
Qf ;

HHF3) There exists µf (qf ) such that [hf (qf ); µf (qf )] is
diffeomorphism;

HHF4) Thereexists a point wherehf vanishes;
HHF5) There exists a unique point q¡

f 2 ~Qf such that
yf = hf (q¡

f ) = 0, H u
f (q¡

f ) = 0 and [hf ; H u
f ] hasfull

rank.

Then there exists a smooth manifold Z uA
f = f x f 2

TQf jhf (x f ) = 0; L f
u A
f

hf (x f ) = 0g, called the zero
dynamicsmanifold, and Su

f \ Z f is smooth.Su
f \ Z f is

one-dimensionalif Su
f \ Z f 6= ; .

Differentiatingtheoutputyf for the fully-actuatedphase
twice gives

Äyf := vf (15)

= L 2
f

u A
f

hf (x f ) + L gf L f
u A
f

hf (x f )uR : (16)

SinceL gf L f
u A
f

hf is invertible, the feedbackcontrol u¤
R =

¡ (L gf L f
u A
f

hf (x f )) ¡ 1(L 2
f

u A
f

hf (x f )) rendersthe zerody-
namicsmanifold for the fully-actuatedphaseinvariant.

In addition to the hypothesesHHF1–HHF5, if the hy-
pothesisRH5 is also satis�ed, then in the coordinatesof
zf := (µf ; ¾f ) = (µf ; df (qf ) _qf ) restricted to the zero
dynamicsmanifold,thefully-actuatedphasezerodynamics
canbe written as

_µf = · 1
f (µf )¾f (17)

_¾f = · 2
f (¾f ) + uA ; (18)

whereuA is thetorqueappliedat thestanceankle,df is the
last row of D f , and¾f is theangularmomentumaboutthe
stanceankleduringthefully-actuatedphase[27]. Equations
(17) and (18) are written as _zf = f uA

Z f
(zf ). The transition

map from the fully-actuatedphaseto the underactuated
phaseon the zerodynamicsbecomes

µ+
u = µu ±

·
q¡

f ;
¼

¸
(19)

¾+
u = ±u

f ¾¡
f ; (20)

where±u
f is a constantthat canbe calculatedusing [27].

C. Hybrid zero dynamics

Let Z f be the zero dynamics manifold of the fully-
actuatedphaseand _zf = f uA

f (zf ) be the associatedzero
dynamicsdrivenby uA . Let ¢ u

f bethetransitionmapfrom
thefully-actuatedphaseto theunderactuatedphase.Let Zu

be the zerodynamicsmanifold of the underactuatedphase
and _zu = f u (zu ) be the associatedzerodynamics.Let ¢ f

u
be the transitionmap from the underactuatedphaseto the
fully-actuatedphase.If 8zf 2 Su

f \ Z f , ¢ u
f (zf ) 2 Zu and

8zu 2 Sf
u \ Zu , ¢ f

u (zu ) 2 Z f , then

8
>><

>>:

_zf = f uA
Z f

(zf ); z¡
f 62Su

f \ Z f

z+
u = ¢ u

f (zf ); z¡
f 2 Su

f \ Z f

_zu = f Z u (zu ); z¡
u 62Sf

u \ Zu

z+
f = ¢ f

u (zu ); z¡
u 2 Sf

u \ Zu

(21)

is an invariant hybrid subsystemof the full-order hybrid
model.The system(21) is calledthe hybrid zero dynamics
andZ f andZu arehybrid zerodynamicsmanifolds.

Remark1: By de�nition, Z f and Zu are hybrid zero
dynamicsmanifoldsif, andonly if, 8z¡

f 2 Su
f \ Z f ,

hu ±¢ u
f (z¡

f ) = 0; (22)

L f u hu ±¢ u
f (z¡

f ) = 0; (23)

and8z¡
u 2 Sf

u \ Zu anduA = 0,

hf ± ¢ f
u (z¡

u ) = 0; (24)

L f
u A
f

hf ± ¢ f
u (z¡

u ) = 0: (25)

How to achieve theseconditionsis not developedherefor
reasonsof space.The requiredconditionsarea straightfor-
ward extensionof [17, Sec.V]. ¤

Remark2: Another very important result not proved
here is that asymptotically stable periodic orbits of the
hybrid zero dynamicsare asymptoticallystabilizable pe-
riodic orbits in the full-order model.The proof is basedon
extendingthemainresultof [16, Thm.2]. For ananalogous
resultin running,see[25]. In thenext section,thePoincaŕe
map of the hybrid zero dynamicsis computedin closed
form. ¤

IV. STABILITY ANALYSIS ON THE HYBRID ZERO

DYNAMICS

In general,dueto theinput at thestanceankleduringthe
fully-actuatedphase,the robot can move backward before
it completesa step.In otherwords,theangularmomentum
about the stanceankle can be zero before entering the
unactuatedphase.In this paper, the angularmomentumis
assumednot to bezeroduringa step;seeCH6 in Appendix
A. Onecanthink of this hypothesisasa differencebetween
walking and dancing. Since ¾f 6= 0 during the fully-

actuatedphase,³ f =
¾2

f

2 is a valid coordinatetransforma-
tion. In general,uA canbeany functionof therobot's states
for thezerodynamicsto exist. In this paper, for simplicity,



it is assumedto be a funcion of µf only. Then, (17) and
(18) become

d³ f = ¾f d¾f =
· 2

f (µf )

· 1
f (µf )

+
uA (µf )
· 1

f (µf )
dµf : (26)

Let z¡
f = (µ¡

f ; ¾¡
f ) 2 Su

f \ Z f and µ+
f be de�ned as in

(19). For µ+
f · µf · µ¡

f , de�ne

V uA
Z f

(µf ) = ¡
Z µf

µ+
f

· 2
f (»)

· 1
f (»)

+
uA (»)
· 1

f (»)
d»; (27)

V uA ; max
Z f

= max
µ+

f · µf · µ¡
f

V uA
Z f

(µf ): (28)

If (±u
f )2³ ¡

f ¡ V uA ; max
Z f

> 0, then (26) can be integrated,
which resultsin

1
2

(¾¡
f )2 ¡

1
2

(¾+
f )2 = ³ ¡

f ¡ ³ +
f = ¡ V uA

Z f
(µ¡

f ): (29)

With (14), the Poincaŕe map for the fully-actuatedphase
½f : Sf

u ! Su
f on the hybrid zerodynamicsis de�ned as

½f (³ ¡
u ) = (±f

u )2³ ¡
u ¡ V uA

Z f
(µ¡

f ): (30)

For theunderactuatedphase,thezerodynamicsis equiv-
alent to the robot with unactuatedpoint feet, [17]. Let
z¡

u = (µ¡
u ; ¾¡

u ) 2 Sf
u \ Zu and let µ+

u be de�ned as in
(13). Following the procedurein [17] with (11) and (12),
if (±f

u )2³ ¡
u ¡ V max

Z u
> 0, then

1
2

(¾¡
u )2 ¡

1
2

(¾+
u )2 = ³ ¡

u ¡ ³ +
u = ¡ VZ u (µ¡

u ); (31)

where

VZ u (µu ) = ¡
Z µu

µ+
u

· 2
u (»)

· 1
u (»)

d»; (32)

V max
Z u

= max
µ+

u · µu · µ¡
u

VZ u (µu ) (33)

The Poincaŕe map for the underactuatedphase½u : Su
f !

Sf
u on the hybrid zero dynamicsis de�ned with (14) as

follows.
½u (³ ¡

f ) = (±u
f )2³ ¡

f ¡ VZ u (µ¡
u ): (34)

Hence,the Poincaŕe mapfor the overall reducedsystem
in (µu ; ³u ) coordinates,½(³ ¡

u ) : Sf
u \ Zu ! Sf

u \ Zu , is
de�ned as follows

½(³ ¡
u ) = ½u ±½f (³ ¡

u )

= (±u
f )2(±f

u )2³ ¡
u ¡ (±u

f )2V uabs
Z f

(µ¡
f ) ¡ VZ u (µ¡

u )(35)

with domainof de�nition

D = f ³ ¡
u > 0j(±f

u )2³ ¡
u ¡ V uA ; max

Z f
> 0;

(±u
f )2(±f

u )2³ ¡
u ¡ (±u

f )2V uA
Z f

(µ¡
f ) ¡ V max

Z u
(µ¡

u ) > 0g: (36)

Theorem1: Under the hypothesesRH1–RH5, GH1–
GH6, and IH1–IH7 in Appendix A, HHF1–HHF5, and
HHU1–HHU5,

³ ¤
u = ¡

(±u
f )2V uA

Z f
(µ¡

f ) + VZ u (µ¡
u )

1 ¡ (±u
f )2(±f

u )2
(37)

is an exponentiallystable�x ed point of (35) if, and only
if,

0 < (±u
f )2(±f

u )2 < 1; (38)

(±u
f )2(±f

u )2VZ u + (±u
f )2V uA

Z f

1 ¡ (±u
f )2(±f

u )2
+ V max

Z u
< 0; (39)

(±u
f )2(±f

u )2V uA
Z f

+ (±u
f )2VZ u

1 ¡ (±u
f )2(±f

u )2
+ V uA ;max

Z f
< 0: (40)

Proof: D is non-emptyif, andonly if, (±u
f )2(±f

u )2 > 0.
If thereexists ³ ¤

u 2 D satisfying½(³ ¤
u ) = (±u

f )2(±f
u )2³ ¤

u ¡
(±u

f )2V uA
Z f

(µ¡
f ) ¡ VZ u (µ¡

u ), then ³ ¤ is an exponentially
stable �x ed point if, and only if, 0 < (±u

f )2(±f
u )2 < 1,

and in this case,(37) is the value of ³ ¤. Finally, (39) and
(40) are the necessaryandsuf�cient conditionsfor (37) to
be in D.
Note that the stability of the reducedmodel is not affected
by the choice of uA since ±u

f does not dependon uA .
However, the �x ed point ³ ¤ is affectedby uA .

Remark3: To rendertheseanalytical resultsuseful for
feedbackdesign,a convenient�nite parametrizationof the
virtual constraintsmust be introducedas in [17, Sec.V].
This will introduce free parametersinto the hybrid zero
dynamics,(21). A minimum energy costcriterion canthen
be posedandparameteroptimizationappliedto the hybrid
zero dynamics to design a provably stable, closed-loop
systemwith satis�ed designconstraints,such as walking
at a prescribedaveragespeed,the forces on the support
leg lying in the allowed friction cone,andthe foot rotation
indicatorpoint within the hull of the foot during the fully-
actuatedphaseand strictly in front of the foot in the
underactuatedphase. ¤

V. SPECIAL CASE

Since the feedbackdesignfor the underactuatedphase
hasbeenpublishedandillustratedelsewhere[20], [19], we
considerthe specialcaseof �at-footed walking, that is, the
gait consistsonly of thefully-actuatedphasefollowedby an
instantaneousdoublesupportphase,in orderto illustratethe
roleof theankletorquein our feedbackdesign.Specializing
the calculationsin Section III and IV to this case, the
Poincaŕe mapof the hybrid zerodynamicsis 5

½(³ ¡
f ) = (±f

u )2³ ¡
f ¡ V uA

Z f
(µ¡

f ); (41)

whereV uA
Z f

, thepotentialenergy (see[19]), is givenin (27).
The stability theorembecomes

Corollary 1: Under the hypothesesRH1–RH5, GH1–
GH6, and IH1–IH7 in Appendix A, HHF1–HHF5, and
HHU1–HHU5,

³ ¤
f = ¡

V uA
Z f

(µ¡
f )

1 ¡ (±f
u )2

(42)

5Conceptually, weareconsideringaninstantaneousunderactuatedphase
so that VZ u = 0 and±u

f = 1



is an exponentiallystable�x ed point of (35) if, and only
if,

0 < (±f
u )2 < 1; (43)

(±f
u )2V uA

Z f

1 ¡ (±f
u )2

+ V uA ;max
Z f

< 0: (44)

Theseconditionsare the sameas in [17, Th. 3] for point-
feet,with theexceptionthat thepotentialenergy termV uA

Z f

canbeshapedby choiceof theankletorque,uA ; seesecond
term in (27). Differentshapesof thepotentialenergy result
in different�x edpointsanddifferentdomainsof de�nition
of the �x ed points. Figure 5 shows the potential energy
V uA

Z f
(µf ) during the fully-actuated phasewith different

ankle torques.The solid line is when the ankle torque is
a af�ne function of sf and the dashedline is when ankle
torqueis identically zero.
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Fig. 5. Potentialenergies V u A
Z f

with two different ankle inputs for a
walking speedof 1:5 m=s. The potentialenergy can be shapedby the
choiceof uA . The solid line is whenuA = ¡ 21:1sf ¡ 2:9 (N m) and
the dashedline is whenuA = 0.

VI. CONCLUSION

This paperhasoutlineda solutionto the key problemof
walking with bothfully-actuatedandunderactuatedphases.
Thestudiedrobotwasplanar, bipedal,andfully actuatedin
the sensethat it hasnon-trivial feet with revolute,actuated
anklesandall other joints are independentlyactuated.The
desiredwalking motion was assumedto consistof three
successive phases:a fully-actuatedphasewherethe stance
foot is �at on theground,anunderactuatedphasewherethe
stanceheellifts from thegroundandthestancefoot rotates
about the toe, and an instantaneousdoublesupportphase
whereleg exchangetakes place.The main contribution of
thepaperwasto extendthehybrid zerodynamicsof [17] to
a hybrid modelwith multiple continuousphasesandvary-
ing DOF anddegreesof actuation.The developedmethod
provides a provably asymptotically stabilizing controller
that integratesthe fully-actuatedandunderactuatedphases
of walking. The role of the ankle torque in the proposed
feedbackdesignwas emphasizedby also consideringthe
specialcaseof a �at-footed walking gait. The ankletorque

wasseenasa meansto directly adjustthe potentialenergy
of thehybrid zerodynamics.In this paper, theankle-torque
feedbackwasrestrictedto dependonly onposition,which is
analogousto shapingthe potentialenergy with a nonlinear
spring. A larger classof feedbackswill be consideredin
future work.

APPENDIX

A. Hypotheses

The hypothesesfor the robot are:

RH1) The robot consistsof N rigid links with revolute
joints;

RH2) The robot is planar;
RH3) The robot is bipedalwith identicallegs connectedat

hips;
RH4) The joints betweenadjacentlinks areactuated;
RH5) Thecoordinateof therobotconsistsof N ¡ 1 relative

angles,q1; ¢¢¢; qN ¡ 1, andoneabsoluteangle,qN .

The hypothesesfor gait are:

GH1) Walking consistsof three successive phases,fully-
actuatedphase,underactuatedphase,and doublesup-
port phase;

GH2) The stancefoot remainson the groundduring fully-
actuatedphase;

GH3) The stancefoot doesnot slip during fully-actuated
phase;

GH4) The stancetoe actsas a pivot during underactuated
phase;

GH5) The stanceankle leaves the groundwithout interac-
tion;

GH6) There is no discontinuouschangein positionsand
velocities at transition from fully-actuated phaseto
underactuatedphase.

The hypothesesfor impactare:

IH1) The swing foot has neither rebound nor slipping
during impact;

IH2) After impact,thestancetoeleavesthegroundwithout
any interactionwith the ground;

IH3) The impact is instantaneous;
IH4) Thereactionforcesdueto theimpactcanbemodeled

as impulses;
IH5) The impulsive forces result in discontinouschanges

in the velocitieswhile the position statesremaincon-
tinuous;

IH6) The actuatorsat joints arenot impulsive;
IH7) The swing ankleandthe swing toe touchthe ground

at the sametime.

The hypothesesfor the closed-loop chain of double
integrators,Äy = v, are:

CH2) Existenceof solutionson IR2N ¡ 2 anduniqueness;
CH3) Solutionsdependingcontinuouslyon the initial con-

ditions;
CH4) The origin being globally asymptoticallystableand

the convergencebeingachieved in �nite time;



CH5) The settling time dependingcontinuously on the
initial condition;

CH6) The angularmomentumaboutthe stanceankledur-
ing the fully-actuatedphaseis not zero with presence
of input;

CH7) The input at stanceankle during the fully-actuated
phaseis a function of con�guration variablesonly.
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