Planar Bipedal Walking with Foot Rotation
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Abstract— This paper addresseshe key problem of walking
with both fully actuated and underactuated phases. The
studiedrobot is planar, bipedal, and fully actuatedin the sense
that it has feet with revolute, actuated ankles. The desired
walking motion is assumedto consist of three successie
phases: a fully-actuated phase where the stance foot is at
on the ground, an underactuated phasewhere the stanceheel
lifts from the ground and the stance foot rotates about the
toe, and an instantaneous double support phase where leg
exchangetakes place. The main contribution of the paper
is to provide a provably asymptotically stabilizing controller
that integrates the fully-actuated and underactuated phases
of walking. By comparison, existing humanoid robots, such
as Asimo and Qrio, use only the fully-actuated phase (i.e.,
they only execute at-f ootedwalking), or RABBIT, which uses
only the underactuated phase (i.e., it has no feet, and hence
walks asif on stilts). The controller proposedhere is organized
around the hybrid zero dynamics of Westewelt et al. (2003)
in order that the stability analysis of the closed-loopsystem
may be reducedto a one-dimensionalPoincaré map that can
be computed in closedform.

|. INTRODUCTION

Over the past seven years, several remarkablyanthro-
pomorphicrobots have beenconstructed Speci cally, we
have in mind the well known Honda Robot, Asimo [1],
[2], Sory's biped,SDR-4X[3], and JoggingJohnnieat the
University of Munich [4], [5]. The Hondaand Sory robots
areespeciallynotevorthy for theirautonomywhile Jogging
Johnnies constructionappeardo be particularly light and
graceful (1.8 m tall, 40 Kg mass,which includessensors,
actuatorsand control hardware, though power is supplied
through a cable). Each of theserobot's control systems
is organized around a high-level trajectory generatorfor
the individual joints of the robot, combined with low-
level senoing to ensuretrajectorytracking. Therearesome
differencesn how thelow-level senoing is implemented—
HondausesPD control [2], JoggingJohnnieusesfeedback
linearization[5], while Sory hasrevealedlittle abouttheir
algorithms—ioit thesedifferencesarefairly insigni cant. In
eachcase the overall “stability” of the robot's motion has
been“ensured”by the zero momentpoint (ZMP) criterion
(seeFigurel), andconsequentlytheserobotsliterally walk
at footed.

A stability analysisof a at-footed walking gait for
a ve-link biped with an actuatedankle was carried out
numerically in [6], [7], using the Poincaé return map.
The control law used feedbacklinearizationto maintain
the robot's postureand advancethe swing leg; trajectory
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Fig. 1. The ZMP (Zero MomentPoint) principle in a nutshell.Idealize
arobotin singlesupportasa planarinvertedpendulumattachedo a base
consistingof a foot with torqueappliedat the ankle and all other joints
are independentlyactuated Assumeadequatdriction so that the foot is
not sliding. In (a), the robot's nominaltrajectoryhasbeenplannedso that
the centerof pressureof the forceson the foot, P; remainsstrictly within
the interior of the footprint. In this case the foot will not rotate(i.e, the
foot is actingasa base,asin a normalrobotic manipulator),andthusthe
systemis fully actuatedIt follows that small deviationsfrom the planned
trajectorycanbe attenuatedia feedbackcontrol, proving stabilizability of
thewalking motion.In case(b), however, the centerof pressurénasmoved
to the toe, allowing the foot to rotate. The systemis now underactuated
(two degreesof freedomand one actuator),and designinga stabilizing
controller is nontrivial, especiallywhen impact events are taken into
account.The ZMP principle saysto designtrajectoriesso that case(a)
holds;i.e., walk at footed.Humans,even with prostheticlegs, usefoot
rotationto decreasenepy loss at impact.

tracking was only usedin the limited sensethat the hori-
zontal componentof the centerof masswas commanded
to adwance at a constantrate. The unilateral constraints
dueto foot contactwere carefully presentedMotivatedby
enepgy efciency, elegantwork in [8], [9] hasshavn how
to realizea passve walking gait in a fully actuatedbiped
robot walking on a at surface. Stability of the resulting
walking motion hasbeenrigorously establishedThe main
drawvback, however, is thatthe assumptiorof full actuation
onceagin restrictsthe foot motionto at-footed walking.

For walking gaits that include foot rotation, various ad
hoc control solutionshave beenproposedn the literature
[10], [11], [12], [13], [14], [15], but none of them can
guaranteestability in the presenceof the underactuation
that occursduring heelroll or toe roll. Our previous work
on point feet [16], [17], [18], [19], [20] ideally positions
us to handlethis underactuationjndeed, conceptually a
point foot correspondsto continuousrotation about the
toe throughoutthe entire stancephase(e.g., walking like
a ballerinaor as if on stilts). Work in [21] shavs that
plantar exion of the ankle, which initiates heel rise and
toeroll, is the mostefcient methodto reduceenepgy loss
at the subsequenimpact of the swing leg. This motion is
alsonecessaryor the estheticsof mechanicalwalking.

In this paper we extend our analysisof walking with
pointfeetto designa controllerthatprovidesasymptotically
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Fig.2. Thethreephase®f walking modelledin this paper:fully-actuated
phasewhere the stancefoot is at on the ground, underactuateghhase
wherethe stanceheel risesfrom the ground and the stancefoot rotates
aboutthe toe, anddoublesupportphasewherethe swing foot impactsthe
ground.

stable walking with an anthropomorphidoot motion. In

particular the achieved walking motion consistsof three
successie phasek a fully-actuatedphasewherethe stance
foot is at on the ground, an underactuategghasewhere
the stanceheel lifts from the ground and the stancefoot

rotatesaboutthe toe, and an instantaneouslouble support
phasewhereleg exchangetakes place,seeFigure 2.

Il. RoBOT MODEL

The robot consideredn this paperis bipedaland planar
with N | 4 rigid links connectedby ideal (frictionless)
revolute joints to form a treestructure(no closedkinematic
chains).It is assumedo have two identical open chains
called“legs” thatareconnectedht a point calledthe “hips.”
Thelink at the extremity of eachleg is calleda “foot” and
the joint betweenthe foot and the remainderof the leg
is calledan “ankle’ The feet are assumedo be “forward
facing” The forward end of eachfoot is called a “toe”
andthe backendis calleda “heel’ Eachrevolute joint is
assumedo be independentlyactuated.t is assumedhat
walking consistf threesuccessie phasesa fully-actuated
phaseanunderactuateghaseanda doublesupportphase,
seeFigure2 and 3. The detailedassumptiongor the robot
andthegait arelistedin AppendixA. A representatie robot
is shavn in Figure 4 alongwith a coordinatecorvention.

Fully actuatecphase Underactuateghase
i f
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= ehxi
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Fig. 3. Diagramof system.

1For simplicity, heelstrike with a subsequertieelroll is not addressed.
It canbe handledin the samemannerastoe roll.
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Fig. 4. Model of a 7-link robot with coordinatecorvention.In general,
for N -link robot, it is assumedhat gy ; 1 is the angle betweenthe foot
andthe femurandgy is the anglebetweenthe groundand the foot.

A. Undemactuatedphase

The underactuateghaseis whenthe stanceheel of the
robot rises from the ground and the robot begins to roll
over the stancetoe; this condition is characterizedy the
foot rotationindicator (FRI) point of [22] beingstrictly in
front of the stancefoot. The stancetoeis assumedo actas
a pivot; this conditionis characterizedy the forcesat the
toe lying within the allowed friction cone.Both of these
conditions(i.e., foot rotation and non-slip) are constraints
that mustbe imposedin the nal controller designphase,
asin [17, Sec.VI].

Sincethereis no actuationbetweenthe stancetoe and
the ground, the dynamicsof the robot in this phaseis
equivalentto an N -DOF robot with unactuatecooint feet
andidenticallegs, astreatedin [17]. De ne thegeneralized
coordinatesasq, = (op;¢¢¢; )" 2 Qu, whereQ, is a
simply connectedopen subsetof IRN . The dynamicsare
obtainedusing the methodof Lagrange yielding

DuA + Cug + Gy = Byy; 1)

where u = (up;¢¢;un; 1)7 is the vector of torques
appliedatthejoints. Thedynamicequationin state-ariable
form is expressedasx,, = fy(Xy) + gu(Xy)u.

B. Fully-actuatedphasemodel

During the fully-actuatedphase,the stancefoot is as-
sumedto remain at on the groundwithout slipping. The
ankle of the stanceleg is assumedo act as an actuated
pivot. Sincethe stancefoot is motionlessduring this phase,
the dynamicsof the robot during the fully-actuatedphase
is equivalentto an N j 1 DOF robot without the stance
foot and with actuationat the stanceankle, as studiedin
[23]. Letg = (o; ¢¢¢;qy; 1)" 2 Q¢ bethecon guration
variableswhereq;; ¢¢¢; oy ; » denotetherelatve anglesof
the joints exceptthe stanceankle, gy ; 1 denoteshe angle
of theanklejoint, andQs is asimply connectedpensubset
of RV 1, seeFigure 4. Note that becausehe stancefoot
remainson theground,qy ; 1 is how anabsoluteangle(i.e.,
it is referencedo the world frame).



The dynamicsfor the fully-actuatedphaseare derived
using the method of Lagrange,yielding a model of the
form

Dr (0 )@ + Cr(0r ;%) + Gr (o) = BraUr + ByaUa;
(2)
where ¢ are the velocities,ur = (ug; ¢¢¢;uy; 2)7 are
the inputs appliedat the joints exceptthe ankle joint, and
Ua = Un; 1 is the input at the ankle joint. The stateis
takenasxs = (¢ ;¢ ) 2 TQs andthe dynamicequation
is given by ?
X = i1 4
D! “(i Ciax i Gt + Broua)
0 .
Dfi le 1UR
=1 e (X)) + o (Xr)UR: 3)

Note that, to satisfy the condition that the stancefoot is
at on the ground,the FRI point needsto be kept strictly
within the supportregion. This constraintmustbe imposed
on designingthe controllerasin [17, Sec.V].

=+

C. Double supportphase

During the doublesupportphasethe swing foot impacts
the ground. It is assumedhat the swing foot is parallel
to the ground at impact. It is also assumedhat the feet
are arc shapedso that the only contactpoints with the
ground are the heel and the toe. Due to the impacts,
impulsive forcesare appliedat the toe andthe heel,which
causediscontinuoushangesn the velocities;however, the
position statesare assumedo remaincontinuous24].

Representinghe double supportphaserequiresan N+2
DOF model (e.g. N DOF for the joints and 2 DOF for
the position of the center of mass). Adding Cartesian
coordinates,(p?; p!), to the centerof massof the robot
givesqy = (qu;pl; p!) anday = (q;plls pY), seeFigure.
Let” (qq) and” {(qq) denotethe Cartesiarcoordinateof
the swing heelandthe swingtoe, respectiely. The method
of Lagrangeyields the dynamicsfor the double support
phaseasfollows:

Dg(0k)d + Cq(0; W) + Ga(h)

= Bqu + EJ#Fy + Ej#Fy; @)
3 T
— . - @ —
where u = (uf;ua)’, Ef = Gola) —EY =

2 da) T, +F;, denotesthe impulsive ground reaction
force at the swing heel, and £F; denotesthe impulsive
groundreactionforce at the swing toe.

Under the hypothesisiH6 (the actuatorsnot being im-
pulsive) andIH1 (which is the stancefoot neitherrebounds

2Note thatthe ankletorqueis includedin f;fA (Xt ); thereasorfor this
will be clearin Sectionlll.

nor slips), following the procedurein [16] gives

2 £ a 3
R 0 d
X; = 4£R OQ' Dgg * S
! 0
= C{(xh); (5)
whereR is a relabelingmatrix and
2 3.
Dy iE} iEF
}=4E 0 0 5 (6)
E3T 0 0

D. Foot Rotation, or Transition from Full Actuation to
Undemctuation

The transitionfrom a at foot to rotation aboutthe toe
can be initiated by causingthe angularacceleratiorabout
the stancetoe to becomenggative. To characterizethe
motion of the stancefoot or equivalently when the robot
transitionsfrom full actuation—footat onthe ground—to
underactuation—foaitatesaboutthe toe, the foot rotation
indicator (FRI) point of Goswami is used[22, eq. (6)].

By enforcing that the FRI point is strictly in front of
the end of the foot, the transition is initiated. If torque
discontinuitied are allowed—asthey are assumedo be
in this pape—when to allow foot rotation becomesa
control decision.Here,in view of simplifying the analysis
of periodic orbits in SectionlV, the transitionis assumed
to occurata x edpointin the fully-actuatedphase Hence,
HY = (o) i pf‘f , Where ¥ (g) is the angleof the hips
with respectio the stanceankle (seeFigure4) andi is a
constantto be determined.

The positionsand the velocities are assumedo remain
continuousavenwith thediscontinuougorque.Theensuing
initial valueof theunderactuateghasex;, ; is de ned soas
to achiese continuity in the positionandvelocity variables:

2 3

S B SR
0

Continuity of the torquesis notimposed.andhenceneither
is continuity of the accelerationslt is assumedthat the
control law in the underactuateghasewill be designedo
achiere the FRI point in front of the toe.

E. Ovenll Hybrid Model

As in [25], the overall model can be expressedas a
nonlinear hybrid system containingtwo state manifolds

3This is a modelingdecision.In practice,the torqueis continuousdue
to actuatordynamics.t is assumederethat the actuatortime constants
small enoughthat it neednot be modeled.



(called“charts” in [26]):

; Xf = Tqu
5 - Froixe = T2 (%) + o (X )Ur
g Sfu = fo ZTQfJHfu(Xf): Og
T X = (k)
o ®)
E Xy = TQu
5, : Fuixy = fulxy)+ gu_(xu)u
Uz Sl = fxy2 TQujH! (xy) = 0Og
T oxg = eL(xh)

where,for example,F¢ is the ow on statemanifold X ,
St is the switching hypersurface for transitionsbetween
Xi and Xy, T¢ @ §' | X, is the transition function
appliedwhenx; 2 S?.

Thetransitionfrom the underactuate@ghaseto the fully-
actuatedphaseoccurs when the swing foot impacts the
ground.Hence H/ (x,) = ~ Y(x4), where™ Y (x,) denotes
the vertical coordinateof the swing heel.

I1l. CONTROL LAW DEVELOPMENT BASED ON THE
HYBRID ZERO DYNAMICS

In a certain sense,the basic idea of the control law
designis quite straightforvard. The greatestdif culties in
the control designand analysisinvolve the underactuated
phaseof the motion. Following the developmentin [17],
[19], we usethe methodof virtual constraintsto createa
two-dimensionalzero dynamicsmanifold Z, in the 2N -
dimensionalstate spaceof the underactuategbhase.This
requiresthe useof the full complemenbf N j 1 actuators
on therobot. In the fully-actuatedphasewe have oneless
degree of freedombecausethe stancefoot is motionless
and at on the ground. Consequentlywe use N | 2
actuators—allactuatorsexcept the ankle of the stance
foot—to createa two-dimensionakerodynamicsmanifold
Z; —that is compatible with Z,—in the sensethat the
following invarianceconditionshold: ¢ {(Sf' \ Z;) 2 Z,
and ¢ f (S \ Z,) % Z;. The actuationauthority at the
ankleis subsequentlemployed for stability and ef ciency
augmentationand for enforcing the non-rotationof the
foot. The invarianceconditionsguaranteehe existenceof
a hybrid zero dynamicsfor the closed-loophybrid model.
The techniquesin [17] are then extendedto computethe
Poincaé map of the closed-loopsystemin closed form.
Precisestability conditionsthen follow.

In the following, the key elementsof this program
are outlined. Due to spacelimitations, a more complete
analysiswhich is actuallya simpli cation* of [25], will be
presentecklsevhere.

4The analysisis similar to running becausehereare multiple phases.
The problemtreatedhereis simplerbecausehe ight phaseof running,
which hasthreedegreesof underactuationis replacedwith afully-actuated
phase.

A. Contnl of the underactuatedphase

Since the stancefoot toe acts as a pivot and there is
no actuationat the stancefoot toe, the feedbackdesign
proceedssin [17]. Lety, = hy(Xy) bea(Nj 1)£ 1 vector
of outputfunctionssatisfyingthe following hypotheses:
HHU1) The outputfunctionhy(x,) dependonly the con-
guration variables;

HHU2) The decouplingmatrix L g, L+, hy is invertible for
anopensetQ, ¥2Qy;

HHU3) Existenceof p,(qu) suchthat [hy(qu); ()] is
a diffeomorphism;

HHU4) Thereexists a point in Q, whereh, vanishes.

HHUS) There exists a unique point g, 2 @, suchthat
(hu(gy);” }(d)) = (0;0);" fi(d) > O andthe rank
of [n! ~ ¥]" atq, equalsto N, where” {!(x,) denotes
the horizontalcoordinateof the swing heel.

Then there exists a smooth manifold Z, = fx, 2

TQujhu(Xy) = O;Ls,hy(xy) = 0Og, called the zero

dynamicsmanifold, and Sf \ Z, is smooth.Sf \ Z, is

one-dimensionaf Sf\ Z, 6 ;. Differentiatingthe output

yu twice yields,

A = v 9)
= szu hu(Xu) + Lg, Lt, hu(Xu)u: (10)

Since the decoupling matrix Lg, L, hy(Xy)

is invertible, the feedback control u® =

i (Lg,Lt,hu(xu))' *(LZ hu(xy)) renders the zero
dynamicsmanifold invariant.In additionto the hypotheses
HHU1-HHUS, if the hypothesisRH5 is also satis ed,
then the fully-actuatedphasephasezero dynamicsin the
coordinatesof z, = (W;%) = (W;du(qu)q) canbe
written as

()%
2 (%a);

whereu, is thetorqueappliedatthe stanceankle,d, is the
lastrow of D, and% is the angularmomentumaboutthe
stancetoe during the underactuategphase [27]. Equations
(11) and (12) arewritten asz, = fz,(zy).

The transitionmap from the fully-actuatedphaseto the
underactuateghaseon the hybrid zerodynamicshecomes

+ £ a
K =+t R 0 q; (13)
W= 4%, (14)

11)
12)

By =
% =

where #, is a constantthat can be calculatedusing the
propertiesstudiedin [27].

B. Control designfor fully-actuatedphase

Since the stancefoot is motionlessand acting as a
baseduring this phase,the model only hasN j 1 DOF
Consequentlytherobotis fully actuatedppeningup mary
feedbackdesign possibilities. For example, we could, in
principle, design for an empty zero dynamics,feedback
linearize the model, etc. —though we would run a high



risk of requiring so mud ankletorque that the foot would
rotate thereby causingundemlctuation.Instead,we follow
adesignwhere,in principle,the ankletorquecould be used
exclusively for ensuringthat the foot doesnot rotate, but
in mostcasesjt canalsobe usedto augmentstability and
efciency of the overall walking cycle.

N j 2 virtual constraintsare used to createa two-
dimensionalzero dynamicsfor the fully-actuated phase
that is driven by the ankle torque.Let y = h; (X;) be
a(N j 2) £ 1 vectorof outputfunctions.Let the output
functiony; satisfythe following hypotheses:

HHF1) The output function hs (x; ) dependsonly on the
con guration variablesof the fully-actuatedphase;

HHF2) There exists uy 2 IR such that the decoupling
matrix L g, Lfqu hs is invertible for an opensetQ; %
Qrt;

HHF3) There exists ¥ (¢ ) suchthat [hs (¢ ); 1 (& )] is
diffeomorphism;

HHF4) Thereexists a point wherehs vanishes;

HHF5) There exists a unique point ¢ 2 Q; suchthat
yi = hi (g )= 0, H{'(¢f ) = 0 and[hs; H{'] hasfull
rank.

Then there exists a smooth manifold Z/* = fx; 2

TQsjhi (Xf) = O Lfqu h: (x;) = 0g, called the zero

dynamicsmanifold, and S \ Z; is smooth.S¢' \ Z; is

one-dimensionaif Sf'\ Zs 6 ;.
Differentiatingthe outputy; for the fully-actuatedphase
twice gives

Bo= v (15)
= szqu he (xt) + Lg Lysa ht (x¢)ur: (16)

Sincel g Liva byt is invertible, the feedbackcontrolug =

i (Lo Lyonhr (X)) Y(L2u, hy (1)) rendersthe zerody-
f

namicsmanifold for the fully-actuatedphaseinvariant.

In addition to the hypothesesHHF1-HHF5, if the hy-
pothesisRH5 is also satis ed, then in the coordinatesof
z = (k;%) = (%;de(r)x) restrictedto the zero
dynamicsmanifold, the fully-actuatedphasezerodynamics
canbe written as

17)
(18)

He ()%
% = F(%)+ ua;

whereu, is thetorqueappliedat the stanceankle,d; is the

lastrow of D¢, and3%; is the angularmomentumaboutthe

stanceankleduringthefully-actuatedphasdq27]. Equations
(17) and (18) are written asz; = fgf‘\ (z¢). The transition

map from the fully-actuated phaseto the underactuated
phaseon the zero dynamicsbecomes

+ o O(i;
Ho = W Ya

% = %

B

(19)
(20)

where# is a constantthat can be calculatedusing [27].

C. Hybrid zeio dynamics

Let Z; be the zero dynamics manifold of the fully-
actuatedphaseandz; = f{'*(z;) be the associateczero
dynamicsdrivenby ua . Let ¢ {' bethetransitionmapfrom
the fully-actuatedphaseto the underactuatephaselet Z,,
be the zero dynamicsmanifold of the underactuateghhase
andz, = f,(z,) bethe associatederodynamics.Let ¢ f,
be the transitionmap from the underactuateghaseto the
fully-actuatedphaself 8z 2 Sf'\ Z;, ¢ {(z) 2 Z, and
8z, 2 S\ Zy, ¢l (zy) 2 Z¢, then

8 )
3 z =0 (z); 7} 625¢\ Z4
b =¢Mz); zZ 2S¢\ Z¢ 21)
2z, = fz,(z); 2z 625)\ Z,
oz =¢f(z); z, 280\ z,

is an invariant hybrid subsystemof the full-order hybrid
model. The system(21) is calledthe hybrid zelo dynamics
andZs andZ, arehybrid zerodynamicsmanifolds.
Remarkl: By de nition, Z; and Z, are hybrid zero
dynamicsmanifoldsif, and only if, 82fi 2 S\ Zs,

hyt¢i(zf) = O (22)
Le,hux¢{(zf) = O (23)
and8zj, 2 S/ \ z, andua = 0,
hf £¢f(z,) = 0O (24)
Lyoa hy +¢f(z) = O (25)

How to achiere theseconditionsis not developedherefor
reason®f space.The requiredconditionsare a straightfor
ward extensionof [17, Sec.V]. o
Remark2: Another very important result not proved
here is that asymptotically stable periodic orbits of the
hybrid zero dynamicsare asymptoticallystabilizable pe-
riodic orbitsin the full-order model. The proof is basedon
extendingthe mainresultof [16, Thm. 2]. For ananalogous
resultin running,see[25]. In the next section the Poincaé
map of the hybrid zero dynamicsis computedin closed
form. o

IV. STABILITY ANALYSISON THE HYBRID ZERO
DYNAMICS

In generaldueto theinput at the stanceankleduringthe
fully-actuatedphase the robot can move backward before
it completesa step.In otherwords,the angularmomentum
about the stanceankle can be zero before entering the
unactuatecphase.In this paper the angularmomentumis
assumedahot to be zeroduring a step;seeCH6 in Appendix
A. Onecanthink of this hypothesisasa differencebetween
walking and dancing. Since % 6 0 during the fully-

3/2
actuatedphase?; = % is a valid coordinatetransforma-
tion. In generalua canbeary functionof therobot's states
for the zerodynamicsto exist. In this paper for simplicity,



it is assumedo be a funcion of | only. Then, (17) and
(18) become

2
fl(uf) ui\(pf)du:
'f(pf) 'f(pf)

Letzl = (W ;%) 2 S\ Z; andl; be de ned asin

B = %d¥% =

(26)

(19).Forf - 1 - W, dene
VA
[ (») u (»)
ua — . f A .
Vz, () = i W .%(») * .fl(») - (27)
VM = max  V,* (): (28)
W He by

If (ﬁ)23f| i VZUfA; max
which resultsin

1., 1 . . .

SV SO =30 = V) (29)
With (14), the Poincaé map for the fully-actuatedphase
Y% :Sh 1 S onthe hybrid zerodynamicsis de ned as

V()= @)% 0 Ve (| ): (30)

For the underactuateghasethe zerodynamicsis equiv-
alent to the robot with unactuatedpoint feet, [17]. Let
zi = (W,;%) 2 St \ z, andlet | be de ned asin
(13). Following the procedurein [17] with (11) and (12),

> 0, then (26) can be integrated,

if (+)23) i V@ > 0, then
1 _ 1 ) )
ST S =300 =i Ve ) BD)
where
Va, (1) P (32)
= i ));
zy (Hu i “J 1)
Ve = max  Vz, (W) (33)
[THEN TV

The Poincaé map for the underactuateghase¥ : S¢' !
S|, on the hybrid zero dynamicsis de ned with (14) as
follows.

Va3 )= (&)%) i Vo, (W)
Hence,the Poincaé mapfor the overall reducedsystem
in (W;3y) coordinates¥3)) : St \ z, ! Si\ Z,,is
de ned asfollows
W)= Y%ax% ()
#H2E)0 0 (H)2VE™ () i V2, (W)(35)
with domainof de nition
D = f3) >0i()®) i V™ >0
E)2EDRE T EAVLA M) 1 VA (W) > 0:(36)
Theoem1: Under the hypothesesRH1-RH5, GH1-

GH®6, and IH1-IH7 in Appendix A, HHF1-HHF5, and
HHU1-HHUS5,

jo . GPVEE )+ V2, (W)
i i (#)2(%)?

(34)

(37)

u |

is an exponentially stable x ed point of (35) if, and only
if,
0< (#)’(#H)?< L
(H)2()?Vz, + (#)2V,)
1i (#)%(h)?
(#)°(#)°V5 + (&#)Va,
1i (#)%(#)?
Proof: D is non-emptyif, andonly if, (£')%(+)? > 0.
If thereexists 3] 2 D satisfying%3;) = (#)2(#,)227 i
(#)2VZ* (W) i Vz, (W), then 3" is an exponentially
stable x ed point if, and only if, 0 < (#)%(#)? < 1,
andin this case,(37) is the value of 3°. Finally, (39) and
(40) arethe necessarandsufcient conditionsfor (37) to
bein D. ]
Note that the stability of the reducedmodelis not affected
by the choice of us since #' doesnot dependon ua.
However, the x ed point3®° is affectedby ua .

Remark3: To rendertheseanalytical resultsuseful for
feedbackdesign,a corvenient nite parametrizatiorof the
virtual constraintsmust be introducedasin [17, Sec.V].
This will introduce free parametersnto the hybrid zero
dynamics,(21). A minimum enegy costcriterion canthen
be posedand parameteoptimizationappliedto the hybrid
zero dynamicsto designa provably stable, closed-loop
systemwith satis ed designconstraints,such as walking
at a prescribedaveragespeed,the forces on the support
leg lying in the allowed friction cone,andthe foot rotation
indicator point within the hull of the foot during the fully-
actuatedphaseand strictly in front of the foot in the
underactuateghase. o

(38)

FVPX <0 (39)

+ VA <0 (40)

V. SPECIAL CASE

Since the feedbackdesignfor the underactuategbhase
hasbeenpublishedandillustratedelsavhere[20], [19], we
considerthe specialcaseof at-footed walking, thatis, the
gait consistonly of thefully-actuatedphaseollowedby an
instantaneoudoublesupportphasejn orderto illustratethe
role of theankletorquein our feedbackdesign.Specializing
the calculationsin Sectionlll and IV to this case,the
Poincaé map of the hybrid zero dynamicsis °

)= @)1 VI

whereVZ“fA , the potentialenegy (see[19]), is givenin (27).
The stability theorembecomes

Corollary 1: Under the hypothesesRH1-RH5, GH1-
GH®6, and IH1-IH7 in Appendix A, HHF1-HHF5, and
HHU1-HHUS,

(41)

e V2! W)

e )

5Conceptuallywe areconsideringaninstantaneousnderactuateghase
sothatVz, = Oand# = 1



is an exponentially stable x ed point of (35) if, and only
if,

0< (#)’ <y (43)

(+f )ZVUA .

1_? TtV <o (44)
=

Theseconditionsare the sameasin [17, Th. 3] for point-
feet, with the exceptionthatthe potentialenegy term VZ“fA
canbeshapedy choiceof theankletorque,ua ; seesecond
termin (27). Differentshape®f the potentialenegy result
in different x ed pointsanddifferentdomainsof de nition
of the x ed points. Figure 5 shavs the potential enegy
VZ“fA (¥ ) during the fully-actuated phase with different
ankle torques.The solid line is when the ankle torqueis
a afne function of s; andthe dashedine is when ankle
torqueis identically zero.
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Fig. 5. Potentialenegies VZ“fA with two different ankle inputs for a

walking speedof 1:5 m=s. The potentialenegy can be shapedby the
choiceof ua . The solid line is whenua = j 21:1s; j 2:9 (Nm) and
the dashedine is whenups = 0.

VI. CONCLUSION

This paperhasoutlineda solutionto the key problemof
walking with bothfully-actuatedandunderactuatephases.
The studiedrobotwasplanar bipedal,andfully actuatedn
the sensethat it hasnon-trivial feetwith revolute, actuated
anklesandall otherjoints areindependentlyactuated.The
desiredwalking motion was assumedo consistof three
successie phasesa fully-actuatedphasewherethe stance
footis at ontheground,anunderactuateghasewvherethe
stanceheellifts from the groundandthe stancefoot rotates
aboutthe toe, and an instantaneouslouble supportphase
whereleg exchangetakes place.The main contritution of
the paperwasto extendthe hybrid zerodynamicsof [17] to
a hybrid modelwith multiple continuousphasesandvary-
ing DOF and degreesof actuation.The developedmethod
provides a provably asymptotically stabilizing controller
that integratesthe fully-actuatedand underactuateghases
of walking. The role of the ankle torquein the proposed
feedbackdesignwas emphasizedyy also consideringthe
specialcaseof a at-footed walking gait. The ankletorque

was seenasa meango directly adjustthe potentialenegy
of the hybrid zerodynamics.n this paper the ankle-torque
feedbackvasrestrictedo depenconly on position,whichis
analogougo shapingthe potentialenegy with a nonlinear
spring. A larger classof feedbackswill be consideredn
future work.

APPENDIX
A. Hypotheses

The hypothesedor the robot are:

RH1) The robot consistsof N rigid links with revolute
joints;

RH2) The robotis planar;

RH3) Therobotis bipedalwith identicallegs connectedat
hips;

RH4) The joints betweenadjacentinks are actuated,;

RH5) Thecoordinateof therobotconsistsof N | 1 relative
angles,q;; ¢¢¢; gqv; 1, and one absoluteangle,qy .

The hypothesedor gait are:

GH1) Walking consistsof three successie phasesfully-
actuatedphase,underactuateghase,and double sup-
port phase;

GH2) The stancefoot remainson the groundduring fully-
actuatedphase;

GH3) The stancefoot doesnot slip during fully-actuated
phase;

GH4) The stancetoe actsas a pivot during underactuated
phase;

GH5) The stanceankle leavesthe groundwithout interac-
tion;

GHB6) Thereis no discontinuouschangein positionsand
velocities at transition from fully-actuated phaseto
underactuategphase.

The hypothesedor impactare:

IH1) The swing foot has neither rebound nor slipping
during impact;

IH2) After impact,the stanceoeleavesthe groundwithout
ary interactionwith the ground,;

IH3) Theimpactis instantaneous;

IH4) Thereactionforcesdueto theimpactcanbe modeled
asimpulses;

IH5) The impulsive forcesresultin discontinouschanges
in the velocitieswhile the position statesremaincon-
tinuous;

IH6) The actuatorsat joints are not impulsive;

IH7) The swing ankle andthe swing toe touchthe ground
at the sametime.

The hypothesesfor the closed-loop chain of double
integrators, A= v, are:
CHZ2) Existenceof solutionson IR?Ni 2 and uniqueness;
CH3) Solutionsdependingcontinuouslyon the initial con-
ditions;
CH4) The origin being globally asymptoticallystableand
the convergencebeingachiezed in nite time;



CH5) The settling time dependingcontinuously on the

initial condition;

CH®6) The angularmomentumaboutthe stanceankle dur

ing the fully-actuatedphaseis not zerowith presence
of input;

CHY) The input at stanceankle during the fully-actuated
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phaseis a function of con guration variablesonly.
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