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Abstract— Numerous robotic tasks associatedwith underactu-
ation have beenstudied in the literatur e. For a large number of
thesein the plane, the mechanicalmodelshave a cyclic variable,
the cyclic variable is unactuated, and all shape variables are
independently actuated. This paper formulates and solves two
control problems for this class of models. If the generalized
momentum conjugate to the cyclic variable is conserved, a
set of �at outputs is de�ned. If the generalized momentum
conjugate to the cyclic variable is not conserved, a feedbackthat
asymptotically stabilizesan equilibrium is given. The resultsare
illustrated on a ballistic �ip motion and on a balancing task.

I . INTRODUCTION

Underactuatedmechanicalsystemshave fewer actuators
than degreesof freedom.Underactuationis naturally associ-
atedwith dexterity. For example,the act of standingwith one
foot �at on thegroundis not viewed asparticularydexterous,
whereasa headstandor sur les pointes(ballet) areconsidered
dexterous.In headstandsor whenon pointe, the contactpoint
betweenthe body and ground is acting as a pivot without
actuation.Theseareunderactuatedsystems.In theseexamples,
a typical control task would be to hold an equilibrium pose
with stability, or to execute a motion (e.g., a relevé lent,
battement) without falling over (i.e., with internally bounded
states).Motions that include a ballistic phaseare also often
viewed as dexterous.Examplesinclude dismountingfrom a
highbaror platform diving. In thesecases,the underactuation
is manifestin thelackof contactwith any surface.Theballistic
phaseis normallyof shortdurationsincereestablishingcontact
with a surface(e.g.,ground,mat,water, ...) is an objective of
the maneuver. A typical control problemwould be to execute
a prede�nedmotion,with emphasison achieving a �nal state
that is compatiblewith an elegant landing.

The literatureon underactuatedsystemsandnonholonomic
systemsis vast. A few representative control works include
the study of accessibilityin [11], stabilizationof equilibria
throughpassivity techniquesin [15], stabilizationandtracking
via backsteppingin [20], andpathplanningin [1]. The planar
mechanicalsystemsstudiedhereare motivatedin SectionII.
The class of systemsincludes the Acrobot [21], [14], the
brachiatingrobot of [13], the gymnastrobots of [12], [23]
when pivoting on a highbar or when dismountingfrom the

highbar, the stanceand �ight phasemodelsof Raibert's one-
legged hopper [16] as well as RABBIT [4], [3], and the
ballistic phaseof the 4-link planar robot in [19]. Though
some are attached to a frictionless pivot and others are
undergoing ballistic motion, thesesystemshave in common
theexistenceof anunactuatedcyclic variable[7]. Theirmodels
aredescribedin a form convenientfor analysisin SectionIII.
The key to solving certain control problemsassociatedwith
theseunderactuatedsystemsis the constructionof a special
scalarfunction of the con�guration variablesthat hasat least
relative three with respectto one of the control inputs after
an appropriatestatevariable feedback.SectionIV usesthis
function to determinea set of �at outputsfor systemswhere
the generalizedmomentumconjugateto the cyclic variableis
conserved. The result is illustratedon a ballistic �ip motion
for a two-link robot. SectionV usesthis specialfunction to
proposea constructiveprocedurefor stabilizinganequilibrium
point for systemswherethegeneralizedmomentumconjugate
to thecyclic variableis not conserved.Theresultis illustrated
on a balancingtask for a three-link robot. A more complete
versionof theseresultshasbeensubmittedfor publicationin
[9].

I I . THE STUDIED SYSTEMS

Two classesof systemsare considered.The �rst class
consistsof ����� planar rigid bodiesconnectedin a tree
structurewith the baseattachedto an inertial referenceframe
via a pivot, that is, anunactuatedrevolute joint. It is supposed
thateachconnectionof two links is independentlyactuatedso
that the systemhasonedegreeof underactuation( � degrees
of freedomwith ���	� independentactuators).It is further
supposedthat the pivot is frictionless. Figure 1a shows an
exampleof suchasystemalongwith theindicatedcoordinates,


	�
��
�����
�������������
�������� . The kinetic energy is quadratic,
�

�

�

�� 


"!$#%��
&�

 


'� with # positive de�nite. Since the kinetic
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Fig. 1. Two planartree structures:one is attachedto an inertial frame via
a freely actingpivot, oneevolves in ballistic motion. All joints betweentwo
links areactuated.A coordinateconvention is indicated.
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where
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� is the torque applied on joint � . The model thus
takes the form
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The secondclass of systemsconsistsof � � � planar
rigid bodies,once again connectedin a tree structure(each
connectionof two links is independentlyactuated),but this
time, it is assumedthat the mechanismis undergoingballistic
motion. Such a systemhas three degreesof underactuation:
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� degreesof freedomand � � � independentactuators.
Figure1b shows an exampleof sucha systemalongwith the
indicatedcoordinates,
��%� ��
 ����������� � . In thesecoordinates
the dynamicsof the body coordinates,
 � and the Cartesian
coordinatesof the centerof mass, �����*����� � � aredecoupled
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wherein a verticalplane"�� is thegravitationalconstant.Since
the centerof masscoordinatesare unactuated,the control of
thesystem(3) canbereducedto thecontrolof asystemhaving
onedegreeof underactuationasin (2) by eliminatingthetrivial
dynamics 	��� �

4 , 	��� ��"&� . The next section presentsthe
model in a form that is convenientfor analysis.

I I I . THE MODEL FORM

With � � � actuators,it is possibleto freely settheaccelera-
tion of the � � � actuatedvariables.Let $
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where
�

�)( � is never zerobecause# is positive de�nite. If the
torquesarechosensuchthat
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then the last � � � rows of the dynamicmodelbecome
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Because
�� is a cyclic variable,
(�6
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4 , the �rst line of the
dynamicmodelde�ned in (1) becomes
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�	� � aretheentriesin the �rst row of
# . In thecaseof a mechanicalsystemcorrespondingto Figure
1a,becausethe referenceframehasbeenattachedat thepivot
point, 7 is in facttheangularmomentumaboutthepivot point.
In the caseof a systemcorrespondingto Figure 1b, 7 is the
angularmomentumaboutthe centerof mass.Because

�

�)( � is
never zero, (9) can be usedto solve for the angularvelocity
of the cyclic variable in termsof 7 . The dynamicmodel of
the robot canthusbe expressedin the form
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IV. SYSTEMS WHERE THE GENERALIZED MOMENTUM

CONJUGATE TO THE CYCLIC VARIABLE IS CONSERVED

If the conjugate momentum is conserved, the equation
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4 yields a nonholonomicconstraint,which signi�cantly
complicatestrajectory generationand control of the system
[11], [19]. In particular, the motion of the systemis restricted
to a lower dimensionalsurface that is �x ed by the initial
conditions, and thus, whenever possible, motion planning
shouldbe doneon-line. In the following a set of outputsis
developedthat leadsto exact linearizationof the controllable
subsystem.Suchoutputsare said to be �at outputs[18], [5];
they canbe usedto simplify motion planning[18].

A. Mechanical structure with 2 links

Consider�rst a mechanicalstructureconsistingof only two
links:
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When momentumis conserved, it is well known that the
only way to act on the rotationalspeedof the body aboutthe



centerof massis to modify theinertia.This fact is not directly
evidentwhentheequationsareexpressedin theform (11).For
an articulatedtwo body system,this fact can be easily seen
if the angularmomentumis rewritten in terms of only one
rotationalvelocity
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and
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�)( � ��
���� is the inertia of the mechanismabout the pivot
point. The ”global orientation”associatedwith this velocity is
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The integral in (14) is well-de�ned becausethe integrandis
smoothandtheintegral is evaluatedoveraclosedandbounded
interval. Thesamefunctionhasappearedin [14] in a different
context. An explicit formula for ��� will be given shortly in
the worked example.

Sincethecontrol / � actson theacceleration,	
"� , it only acts
on the jerk of ��� . Choosing��� asan output,( �'�,�	� � ) yields
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after which the modelof the two-link robot becomeslinear
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In otherwords,��� is a �at output[18], [5] andthemodel(11)
canbe exactly linearizedwith the new statevariables�$� ,  

� � ,
	� � and the feedback(15). An examplebasedon [6] is given
next.

B. Example:Planar Two link Structure in Ballistic Motion

1) Mathematicalrepresentation:Thecontrolobjective will
be to effect a motion with boundary constraintsthat are
motivatedby bipedalrunning[4]. The mechanismconsistsof
threepoint massesjoinedby two masslessbarsin anactuated,
revolutejoint. Thepointmassesaregivenby �
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� . The
completedynamicmodel is easilyobtainedusing the method
of Lagrangeandyields immediately
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The strongly accessibleportion of the model has dimen-
sion three, and involves 
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�� . Due to ballistic motion,
there is a � ve dimensionaluncontrollablesubsystemgiven
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7 . How thesetwo parts interact in a path

planningproblemis explainednext.
2) Interaction through boundary conditions: The �ight

phasesof a gymnasticrobot, suchas a tumbler or a bipedal
runner, are typically short-termmotions that alternatewith
single supportphases.The creationof an overall satisfactory
motionis closelytied to achieving correctboundaryconditions
at the interfacesof the �ight and single supportphases.The
stateof the robotat theendof a �ight phaseis typically more
importantthan the exact trajectoryfollowed during the �ight
phase.At the beginning and end of a �ight phase,the robot
is in contactwith a surface (assumedhere to be identi�ed
with the horizontalcomponentof the world frame).Thereare
two holonomic constraintsthat tie the position and velocity
of the center of massto those of the angular coordinates.
Conservation of angularmomentumthrough  

7
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4 yields an
additional(nonholonomic)constrainton theangularvelocities.
In particular, the desired�nal joint velocitiesmustbe chosen
to satisfy this constraint.The duration of the �ight phase,

�

� is determinedfrom 	�I�%� "&��� with the initial conditions
comingfrom the initial positionsandvelocitiesof theangular
coordinatesat lift-of f, and the end conditionof the height of
thecenterof masscomingfrom thedesired�nal con�guration
of the angularcoordinatesat touch-down.

3) Determininga ballistic motion trajectory in linearizing
coordinates:Thenew coordinatesareconstructedfrom �$� and
its �rst two derivatives.De�ne ��� by (14). Direct computation
leadsto
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To determinethe linearizing control, one more derivative is
needed
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For arbitrary initial and �nal conditionsof the linear model
(24), it is trivial to de�ne a feasible trajectory. Indeed, it
suf�ces to de�ne a three-timescontinuously differentiable
functionpassingfrom giveninitial valuesto given�nal values.
Onecould even usea polynomialof order � ve or greaterfor

� �"�
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� .
Since the changeof coordinatesgoing from (11) to (24)

is local, not every solution of (24) canbe mappedbackonto
a solution of (11). From (21), since 7 is constantand since

�

�)( � is bounded,so is  

��� . Thesekinds of constraints,which
mustbe appliedpoint-wisein time on the trajectoriesof (24),
aremadeexplicit by computingthe inverseof the coordinate
change.

4) Constraints point-wisein time associatedwith the lin-
earizingcoordinates: The calculationof 
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The �rst equationonly admitsa solutionfor @
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4 . These two domains for
the cosine de�ne two “con�guration classes”of the robot,
with the extremepoints of the domainscorrespondingto the
links being completelyfolded or unfolded.The sign of  


&� is
determinedby continuity (with torque control, there cannot
be discontinuitiesin the velocity). At the extreme points of
the domains,  

��� attainsan extremumandconsequently, 	�$� is
zero. The robot will then passthrough the singularity, and
changecon�guration classes.Consequently, when generating
a motion, two casescan present themselves, according to
whether the motion staysalways in the samecon�guration
class or not. In this paper, the study is limited to motion
with the initial and �nal con�guration in the samecon�gu-
ration class,then a trajectorycan be generatedby imposing
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. Both open-loopand feedback
controlsare equally easily computedstartingfrom the linear
model.A morecompletetreatmentis given in [9].

For this simulation,the mass �
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initially in contactwith theground,with con�guration de�ned
by 
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a �ight phaseso that whenthe mass�
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�nal con�gurationsaredepictedin Figure(2); they belongto
the samecon�guration class.From the initial conditionsof
the robot andthedesired�nal con�guration, the �ight time is
computedas
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 . Conservationof angularmomentum
implies that  
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Theinitial and�nal valuesof ��� andits �rst two derivatives

werecomputedfrom (20), (21),and(22).A �fth-order polyno-
mial of

�

wasde�ned thatsatis�ed theseboundaryconditions.
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Fig. 2. The motion of the robot passesfrom left to right without passing
througha singularity. Theinitial and®nal con®gurations( ����� � ) belongto the
samecon®gurationclass.The centerof gravity follows a parabolictrajectory.

The resultingtrajectoriesof �����

 

� ��� 	� � are depictedin Figure
3; the point-wisein time constraintsassociatedwith (25) are
met. The input torque

�

for the systemwas computedusing
(23) and (6). The resulting trajectoriesin terms of 
 and  




are shown in Figure 4 and the evolution of the robot in the
vertical plane is presentedin Figure 2. An animationof the
motion is availableat [8].
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C. Mechanical structure with N links

The above resultscan be extendedto � -link mechanisms,
thougha dynamicfeedbackis neededto linearizethe model.



The completeresult form [9] is only sketchedhere.To de�ne
��� � �at outputs, ��� � of the ���	� actuatedvariables
are used,and the last output componentis constructedalong
the lines of the caseof a 2-link mechanism.The generalized
momentumis �rst expressedas
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Regroupingtermsin  


�� and  


�� , 7 is rewritten in the form

7
�

�

�)( � ��
��"��������� 
��������

�

 

� �

�

�����

=

�?>

���

�'��
��"��������� 
��������

 


����

(27)
where

� � �5
��

�


��

�




�

-CD

-��

D

�

�)( �

�

�)( �

��� � 


�

��������� 
��������

�

� � (28)

�

�'��
������������ 
�������� ���

-CD

-��

D

(

(�-
K

A

1CB D

A

1CB 1

��� � 


�

��������� 
��������

�

�

�

A

1CB K

A

1CB 1

��
��"��������� 
�������� �

(29)
and  

� � is given by
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Since  

� � doesnot dependon  


"� , it must be differentiatedat
least twice more before / � appears.On the other hand, the
calculationof �

+ 
 /

� involves 


+ 
 /

2 , andthusa dynamicextension
is needed:  

/�� �
	��0�
�,�

�

���������

� � � ; also, rename/ � �
	 � .
If the term in �

+ 
 /

� multiplying 	 � is non-zero,a feedbackcan
be de�ned to transformthe systeminto �

+ 
 /

�

�




� �

�

�

�

�

� � � (seeSectionV-B), and the methodspresentedfor a
2-link robot canbe appliedto an � -link mechanism[9].

V. SYSTEMS WHERE THE GENERALIZED MOMENTUM

CONJUGATE TO THE CYCLIC VARIABLE IS NOT CONSERVED

If the conjugate momentum is not conserved, that is,
(<;

(�-21

��
&�.4 �

4 , the robot's motion is not constrained.Results
presentedin [9] indicate that, generally, this class of un-
deractuatedsystemsis not static feedbacklinearizable,and
results presentedin [17] show that generally there do not
exist �at outputsdependingonly on thecon�gurationvariables
(recall that suchoutputswereusedin thepreviouscasewhere
conjugatemomentumwas conserved). Said anotherway, for
this classof models,it is not known how to choose���	�

outputsthat result in an empty zero dynamics(in fact, it is
reasonableto conjecturethat such outputsdo not generally
exist). Of courseif N=2, the situation is clear - the system
is not �at. A realistic goal however is seek a set outputs
such that the associatedzero dynamicsis one dimensional
andexponentiallystable,which is theproblemaddressedhere.
The resultsare �rst discussedfor a two-link robot and then
sketchedfor an � -link robot. The result will be illustrated
through stabilizationand trajectory tracking on a three-link
robot. The method used in this section can be seenas an

extensionof [14] for two-link robotsand [2] for robots that
have a starstructure.

A. Mechanical structure with 2 links

Since it is a single input system,feedbacklinearizability
(�atness) is fully characterized.A standardchoiceof outputs
would be � � �5
��

�




�

�

� which hasrelative degreetwo. Sucha
choiceleadsto a two-dimensionalzerodynamicsandit canbe
shown thatthezerodynamicscanneverhaveanasymptotically
stable equilibrium [22]. By seeking an output component
with a relative degreehigher than two, the dimensionof the
zero dynamicscan be reduced,openingup the possibility of
creatingonethat is scalarandasymptoticallystable.Usingthe
previousanalysis,two relative degreethreefunctionsavailable
aretheconjugatemomentum,7 de�ned in (8), and �$� de�ned
in (14). Any function of ��� and 7 also has relative degree
three and � � and 7 are the only two independentfunctions
with relative degree three. Since by (12), 7 is proportional
to  

� � throughthe strictly positive quantity
�

�)( � , the choiceof
output
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where�

�

� is the valueat an equilibrium point 
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, shouldyield
the zerodynamics
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Since
�

�)( � is positive, (32) is exponentially stable for all
���

4 . The technicalconditionsunderwhich all of this holds
areclari�ed in [9]. Themainpoint is thata feedbackcontroller
that drives the output (31) to zero exponentially fast will
(locally) exponentially stabilize the systemwhen conjugate
momentumis not conserved.

B. Mechanical structure with N links

Let ��


�

�

4

� be an equilibrium of the � -link mechanism
(10). The constructionof a set of outputs yielding a one-
dimensional,exponentiallystablezerodynamicsinvolvesaug-
mentingtheoutput(31) with the �

� � �

� outputs��� � 
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for � �
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���������

� � � , andwith ��� de�ned asin (28). Sincethe
third derivative of �'� dependson 
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� , for �,�
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� � � ,
a dynamicextensionis de�ned:
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along with the renamingof / ���
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(a) (b)

Fig. 5. Three-linkmechanism,connectedat a pivot. (a) shows anequilibrium
pose(b) shows the initial conditionusedin the simulation.

yielding �

+ 
 /

�


 . If - �+( � is non-zeroat theequilibriumpoint,
the zerodynamicsis locally well de�ned and is given by
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the supportingdetails are given in [9]. From [10], it imme-
diately follows that a feedbackproviding (local) asymptotic
trackingwith internally boundedstatesis
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for any choiceof constantmatrices
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2 that rendersthe error
equationexponentially stable: 	
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C. Example:PlanarThree-LinkSerial Structure Attachedto a
Pivot

This exampletreatsthe planarthree-link robot depictedin
Figure5. The robot consistsof threepoint massesconnected
by three rigid, masslesslinks, with the links joined by an
actuatedrevolute joint. The links are labelled 6

� through 6


startingfrom the pivot and the massesare similarly labelled
�

� through �




. The parametervalues 6
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��� were selectedto
approximatethe biped robot RABBIT with the legs held
together[3]. Theobjective is to demonstratelocal exponential
stability andasymptotictrackingaboutan equilibrium point.

1) Mathematical representation: The completedynamic
model is easily obtainedusing the methodof Lagrangeand
yields immediately
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where,
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2) Control Law Design: The key to applying the result
is the explicit computationof the function �$� in (28) usedto
de�ne the outputs.Then for 
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4 and �
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�� � 	 � (28)
canbe evaluatedexplicitly as
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An equilibrium point ��
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� wasfound from
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Thecontrol law designconsistsof thepreliminaryfeedback

(6) neededto placethe systemin form (10), the selectionof
two outputs,the dynamicextension,anda secondstaticstate
feedbackusedto linearizeandstabilizethe input-outputmap.
For the three-link robot, the outputshave beenselectedas
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where
���

4 is to be chosen.
Thedynamicextensionis  

/

�

� 	

� , / ����	 � , which consists
of adding a single integrator on /

� . The two outputs then
have relative degreethreewith respectto 	 , andthe feedback
controller is computedvia (35) and (37). For the simulation,
the matrices

 

�

2 werearbitrarily chosento be diagonalandto
placeall of the eigenvaluesof the error equationat ��� . The
free parameterin the outputwasarbitrarily chosenas

�

�

� .
Since

�

�)( � ��


�

���

�

�

�

� , the zero dynamicsis aboutone third
as fastas the outputerror equation.

3) Simulation results: The simulation demonstrates
asymptotictracking and exponentialstabilization.The initial
condition was taken as �
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�
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4

�

4

�

4

�

4

� , and is de-
picted in Figure 5 (b). For the �rst forty seconds,the robot
is commandedto track sinusoidal referencesthat causeit
to executea form of calisthenics,namely, deepkneebends;
at forty seconds,the referencesare abruptly set to constant
valuescorrespondingto the equilibrium point 


�

in order to
demonstrateconvergenceto a constantsetpoint. The asymp-
totic convergenceof theoutputsto thecommandedreferences
is shown in Figure 6. The evolution of the con�guration



variablesand the applied joint torquesis shown in Figure 7.
An animationof the motion is availableat [8].
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Fig. 6. Demonstrationof asymptotictrackingandstabilizationfor the three-
link mechanism.For the ®rst forty seconds,the motion consistsof an initial
transient,followed by tracking of sinusoidaltrajectoriesthat correspondto
kneebends.At forty seconds,the referencetrajectoryis abruptlyset to zero,
therebycommandingthe systemto an equilibrium point.
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Fig. 7. Demonstrationof asymptotictrackingandstabilizationfor the three-
link mechanism;seeFigure 6 for details.The plots show the con®guration
variables(left), joint torques(right).

VI. CONCLUSIONS

Two novel control resultshave beenpresented.When the
generalizedmomentumconjugateto the cyclic variable was
not conserved, conditionswere found for the existenceof a
set of outputsthat yielded a one-dimensional,exponentially
stablezero dynamics.A controller that achieves asymptotic
stabilization and tracking is then easily constructed.When
the generalizedmomentumconjugateto the cyclic variable
wasconserved,a reducedsystemwasconstructedandcondi-
tions were found for the existenceof a set of outputs that
yielded an empty zero dynamics.A changeof coordinates
and controller that achieve input to state linearization are
then easily constructed.The solutions to thesetwo control
problemshada commonunderlyingelement:thecomputation
of a function of the con�guration variablesthat had relative
degree three with respectto one of the input components
after an appropriatestatefeedback.It wasinterestingthat this
function aroseby partially integratinga physicalquantity, the
conjugatemomentum.The theoreticalresultswere illustrated
on two simpleexamples.
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