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Correspondence

Convergence of Differential Entropies

Mahesh Godavarti, Member, IEEE, and Alfred Hero, Fellow, IEEE

Abstract—Calculation of the differential entropy of the limiting density
of a sequence of probability density functions (pdfs) is an interesting mathe-
matical problem and is important in asymptotic analysis of communication
systems. In such cases, it would be of interest to know if the limit of the dif-
ferential entropies 7 ,,, corresponding to the sequence of pdfs f,,, is equal
to the differential entropy 7+, of the limiting pdf f. In this correspondence,
we establish sufficient conditions under which H,, — H.

Index Terms—Convergence, differential entropy, probability density
function (pdf).

I. INTRODUCTION

The concept of convergence of differential entropy can be traced to
the problem of asymptotic analysis of communication systems where
either the maximum asymptotic rate of communication [4], [9], [15],
[16], [18], [19], [20], the asymptotic storage capacity [14], or the
asymptotically optimal source compression [7], [8] is considered. The
asymptotic analysis of communication systems is valid if the entropy
of the limiting density function f is equal to the limit of the entropies
of the converging density functions f,. In this correspondence, we
establish sufficient conditions for which H(f.) — H(f).

A related area where the convergence of differential entropies is
studied is that of entropy estimation [1]-[3], [10]-[13], [17]. In [2],
[12], the authors use either the Gram—Charlier expansion or expansions
based on moments to approximate the density and hence the entropy.
In [1], [10], [13], [17] the density is estimated from a finite number of
realizations X, ..., X,, of the source X and the estimate is refined
as n — oc. An estimate of the entropy H., is obtained from this esti-
mate of the density f, and is required to converge to H(f) as fr, — f.
The problem of entropy estimation finds application in independent
component analysis and projection pursuit. For more applications, an
overview of existing entropy estimators and the conditions on the final
density function f required for convergence see [3].

However, the problem we are looking at in this correspondence is
not of entropy estimation but that of entropy convergence where a se-
quence of random variables are converging to a final random variable
and we are interested in the convergence of the corresponding differ-
ential entropies. Unlike in the problem described in the previous para-
graph, the entropy 7, is not a random variable but a deteriministic
quantity. Hence, the convergence we are interested in is deteriministic
rather than stochastic.
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Some conditions known for the convergence of differential entropies
are given below [5].

Proposition 1: Let f,(xz) — f(z) pointwise and let f,(z) be
bounded from above and below for all n over the support of f, ()
then H(f.) — H(f).

Proof: We have |log f,.(z)] < A for z in the support of
fn(x)Sfn, for all n. Let Sf denote the support of f(x) and let
Sf\Sf. denote the set of all = such that x € Sf and = ¢ S f,.. Then

lim fulx)log fr(x)da — / f(@)log f(x)dx
n—oco fop Jsg
< nlgl;o - f(z)log ;n(—(,?)dr
+ | lim / f(x)log f(z)dx
TSNS
+ | lim (f(x) = falx)) - log fn(x)dz
n—od . an
< nler;o - f(z)log ]{L((TL)) dz
+ | lim f(x)log f(z)dx
TR IS NS
+ Jim [ 1f@) = (o)l ade
n=o s
— 0. O

The sufficient conditions given in Proposition 1 exclude the case of
converging Gaussian densities given below.

Example 1: Let

and

1 22
falz) = —szn exp <_ﬁ> .

If 7,, — o then we can easily see that H(f,.) — H(f)

Gaussian densities occur in asymptotic analysis of Rayleigh/Rician
fading channels and hence it is useful to have conditions that facilitate
analysis of such channels. In that regard, we show convergence under
weaker conditions on the converging and final density functions. We
start with the following examples.

Example 2: Consider the sequence of probability density functions
(pdfs) f,(x) defined over the real line as follows:

1-4 when z € [0, 1]
fulz) = % when z € (1,14 L"]
0, elsewhere

where L is a positive number not equal to 1. Then f,(x) converges
to f(x) pointwise where f(x) is the uniform distribution over the in-
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terval [0, 1]. However, the differential entropy from f,, (), called H,,,
is given by

1 1 1 1 n
Hp =— <1 - ﬁ) log (1 - ;) - I {log TL‘”] L
1 1 1
=— <1 - —) log (1 — —) + —logn +logL
n n n

and, therefore, limy, oo H» = log L # 0 = Hy.

Example 3: Consider the sequence of pdfs f, («) defined over the
real line as follows:

1— 711, when « € [0, 1]
fulz) = ’n_" when x € (1,14 %]
0, elsewhere

where L is a positive number not equal to 1. Then f,, (x) converges to
f(x) almost everywhere where f(x) is the uniform distribution over
the interval [0, 1]. The differential entropy from f,,(z), H, is given by

Hn=—<1—l>log<1—l>—£log£1
n n n ~ n L»

1 1 1
=- <1 — 7> log <1 — 7> + —logn —log L
n n n

and, therefore, lim,, ..o H, = —log L # 0 = Hy.

In both the examples given above we see that convergence of pdfs
does not lead to the convergence of the corresponding differential en-
tropies. In Example 2, we see that the second moment [ |z|” f, (2)dx
is unbounded whereas in Example 3, we see that the pdf f, () itself is
unbounded. It is possible to ask the question if we ensure that the above
two quantities are bounded then do we obtain convergence of the differ-
ential entropies? The answer is indeed yes and is proved in Section II.
For the two examples, we also note that [ f,, (x)|log fn (x)|"dax for
# > 1 is unbounded. We will see that limiting this quantity also en-
sures the convergence of differential entropies.

II. MAIN RESULTS

Let v () denote the characteristic function over a set P defined as
xp(x) =0ifx ¢ Pand xp(z) =1ifz € P.

Lemma I: Let g : C¥ — R be a positive bounded function whose
region of support S¢ is compact. If there exists a constant L such that
Jg(x)de < L < 1/e then

‘/g@) log g(w)da
< max{|Llog L| 4+ |Llogvol(Sg)|Gm|}, |Llog}

where G, = sup g(=).
Proof: First

/g(;v) log g(2)dx < /g(U log Grda < Llog G,

Let [ g(x)dx = I,. Consider the pdf g(x)/I,. We know that

g(z) g(z)
[ e e 0
for all pdfs f(z). If
)= 2%

vol(Sg)
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then

/ g(2)log g(w)d > /y(w) log(I, /()

I
:I 1 o S — .
9708 vol(Syg)
This implies
‘ , I
r r < ax / m| s g —
‘/ g(x)log g(x)| < max {|LlogG I, log ol(Sg) }

< maX{|L10g Gl . |1, log I,

}

+ |Llogvol(Sg)| }

+ Iy log vol(Sg)

< max{|L10g Gm|. |Llog L|

The last inequality follows from the fact that for x < 1/e, |z log x| is
an increasing function of x. g

Theorem 1: Let {X; € C*} be a sequence of continuous random
variables with pdfs { f;} and X € €T be a continuous random variable
with pdf f such that f; — f pointwise. Let ||z|| = vzTx denote the
Euclidean norm of &z € €. If 1) max{sup, fi(x),sup, f(x)} <
Frn < oo for all i and 2) max{ [ ||2||" fi(2)da, [ ||2]|" f(x)dz} <
L < oc for some £ > 1 and all ¢ then H(X;) — H(X).

Proof: First, we need to show that H(X) exists and is finite.
Since f(x) < F,,, we have

H(X)=— /f(m)logf(,r)d,r > —log Fy,.

We will see in the course of the proof that (X' ) is bounded from above
as well. The proof'is based on showing that given an € > 0 there exists a
set A, with finite volume such that forall z, | [, .. fi(x)log fi(x)dz|<
¢ where S° denotes the complement of S. This A. also works for f ().
We claim that {« : ||«|| < R} for sufficiently large R is the A. we are
looking for.
Since ylogy — 0 as y — 0 we have
max |f(x)log f(r)] < max{F,, log F,,, e} K.

F(@)<Fp
Therefore, f;()log fi(2)x|j«| /< is bounded above by a nonnegative
L' function (=K Xlell< r) and by the dominated convergence the-
orem we have

—/ fi(x)log fi(x)de — — /
ll=ll<Rr JzlI<R

Now, we show that the integral on A¢ is uniformly bounded by a
sufficiently small quantity for all f; and f. Let g denote either f; or f.
We have [ ||z||" g(x)dx < L. Therefore, by Markov’s inequality

/ g(x)de =T% < L/R".
R<||z||<R+1

Choose R large enough so that for all { > R: I' < 1/¢. Now

/ g(x)log g(z)dx
llll> R

< / lg(x) log g(x)|dx
[l=|I>R

= lg(2)log g(x)|dx

where By = {z : | < ||z|| <1+ 1}.
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Consider the term fBz lg(2)log g(x)|dx = Gy. Also, define A4 =
{z:—logg(x) >0}and A_ = {&: —logg(xz) < 0} Now

G = / lg(x)log g(x)|dx + / lg(x) log g(x)|d=
Ay NB; A_NnB;

_|_

/ g(x)log g(x)da / g(x)log g(x)da
ALNB, A_NB,

From Lemma 1, we have
Gi < 2max{|[I'log I'| 4 [I' log vol({ Bi})
We know vol({x : B;}) = o({*""). Therefore,

[ la@)oggtoldr < F1og1
By v

I'log F,.|}.

N

where () is some sufficiently large constant. Therefore, we have

/ lg(x) log g(x)|dx < Z %logl -0 <10gR> '
[lz]>R I:RZ

Rn‘fl
As k > 1 we can choose R sufficiently large to have

< €.

A”” . g(z) log g(z)dz

Finally, we show that 7(X) is bounded from above

H(X) < +

/ f(x)log f(x)dx
[[z||<s

< Kvol(||z|]| < R)+ €

/ f(x)log f(x)dx
[[=||> £

where I is as defined earlier. O

Theorem 2: Let {X; € €7} be a sequence of continuous random
variables with pdfs { f;} and X € € be a continuous random variable
with pdf f such that f; — f pointwise. If 1) f(x) is bounded, 2)
J 2" fo(x)de < L and [ ||z||" f(x)de < L for some £ > 1 and
L < oo then

lim sup H(X;) < H(X).
Proof: First, we note from the proof of Theorem 1 that H(X) is
finite.
We prove this theorem by showing that for every e there exists a set
A, and a positive integer I{ such that

/ fi(z)log fi(z)dx —/ f(x)log f(x)dr
A, Ac

< €

and
— / fi(x)log fi(x)dw < — / f(@)log f(x)dx
JAe J A

foralli > K. Let F,, = sup f(«) and for every i consider the set
S; = {x : fi(x) > N} for a sufficiently large N > F,,. Note that
Niz; U2, Si = B since f; — f pointwise and f is bounded.

Let Sy = Ui, Si. Note that for all i > M, S; C Su. Also,
note that S; is a subset of Sy = {x : f(x) > 6} for sufficiently
small § and for all sufficiently large 7. Since St has a finite volume
lim; .o vol(S;) = 0.

Now, choose M large enough so that

vol(Sar) < ¢/(max{N log N1).

We claim that Sj; for sufficiently large M is the A we are looking
for. On S§; = A., fi(x) and f(z) are bounded and by Theorem 1 we

have

M

fi(x)log fi(x)dx — / flx)log f(x)dx.
S

On Sy = A¢, we have

- L filw)log f.(x)da filw)log fula)da

/sMrw{z:fq-msz\f}

_/ Fi(e) log fi(z)da.
Sy iz fi(z)>N}

Since

fi(x)log fi(w)de| < €

‘ '/SMﬁ{xifq(I)SN}

and

_ / fi(a) log fi(x)dz < 0
JSyn{z:fi(z)>N}

we have for all sufficiently large ¢

fi(z)log fi(x)dx < 0.

Sm

lim sup
M—oc

On the other hand, we have limp;_. o f Sar fi(2)log fi(x) = 0 for all
sufficiently large ¢. Therefore, our claim has been established and the
proof is complete. O

Theorem 3: Let {X; € €7} be a sequence of continuous
random variables with pdfs {f;} and X € C” be a continuous
random variable with pdf f such that f; — f pointwise. If 1)
max{sup, f(x),sup, fi(x)} < F, < oo and2) [ ||||" f(x)dx is
bounded for some x > 1, then

lim inf H(X;) > H(X).
Proof: First, for every € > 0 there exists R > 0 such that
- / gl)log gla)de > H(X) = ¢
|z|<R
where g(«) is defined as

g(x) = f(2)X|e|<r(®) + FrmXr<|o|<R+ar(T)

where AR is such that
/ f(z)de = F,vol({z : R < |2| < R+ AR}).
o[> R
Similarly, define g;(z) as

gi(x) = fi(x)X|z|<r(®) + FnXr<|z|<rta;r(T)

where A; R is such that
/ fi(z)de = Frovol({z : R < |z| < R+ A;R}).
2> R
Then from Theorem 1 we have
/fli(ﬂ7)10gfli(-?“)

Since — flleRfi(;r)log fi(z)dx > — fwz;&&gi(w) log g; (z)dx

lim —

2—00

- / g(x)log g(x)dxr.

lim inf — / fi(2)log fi(x)da > lim inf — /gi(w) log g (x)dx
= —/g(x)logg(w)dw
>H(X)—e

Since € is arbitrary we are done if we can show that H(X) is finite. But
that follows from the proof of Theorem 1 . O



Now, we will relax the boundedness condition on the densities f7, ()
and f. Note that in Examples 2 and 3, [ f,.(z)(log f.(z))*dz — oo
as n — oo. We will show that limiting that quantity alone guarantees
convergence.

Theorem 4: Let {X; € €7} be a sequence of continuous random
variables with pdfs { f;} and X € C*" be a continuous random variable
with pdf f such that f; — f pointwise. If

Inax{/fi(;vﬂlog fi(w)|“d1:,/f(:v)|log f()|"da} < L < oo

for some x > 1 and all 7 and then H(X;) — H(X).
Proof: The boundedness of H (X ) follow from the fact that

- [ r@og flayis = [

|log f(x)|<log N

- / f(x)log f(z)dx
|log f(x)|>log N

where NV is a sufficiently large number. The first term is bounded since
f is bounded from above and below and the second term is bounded
since

/ F()log f(x)
[log f(x)|>log N

f(x)log f(x)dx

§/ f(a)|log f(a)|"
[log f(x)|>log N
<L.

The essence of the proof is in showing that for every e there exists a
set A. such that [ fi(z)log fi(z)dx and [ f(z)log f(x)dx evaluated
on A{ are bounded by € and

[ ftoog fiarde— [ ftog flapts| < o
A, A,

for all sufficiently large ¢.
For sufficiently large /V, define

Si={z:1/N< fi(z) < N}and S={z:1/N < f(z) < N}.

Then mf‘;] zk S;=S5as f; — f pointwise. Let Sy = zM SiUs
then on S5, |log fi ()| >1log N for all s > M and also | log f(x)| >
log N. Therefore, on S},

fia)log fi(x)da

ge
b]\{

i\ 1 T d

s/%f(xn o8 fula)|dz

<(og Ny [ fiwllogs (o)l
S

< [ sl for < .
Sy

By similar anlysis for f, we see that the integrals evaluated on S}, are
uniformly bounded by a negligible quantity for all large .
We will show that Sys is the A. we are looking for by proving that

lim / fil)log fi(x)dx = /

Sum

f(x)log f(x)da.

For that, given a sufficient large positive integer &', we divide Sy into
two regions D and D2. D is the set of all points in Sas such f(z) >
K and D consists of # € Sys such that f(«) < K. Since Sy has
finite volume, by Egoroff’s theorem, [6, Theorem 2.33, p. 60] there
exist regions D1 and Dz, such that max{vol(Dy ), vol(Dz )} < €
and f; converge to f uniformly on By = D1\D1,c and Bz = D2\Ds..
Let D, = Dl,e @] Dzye.

On B, all f;(x) are bounded from above by K + § for sufficient
large ¢, therefore, by dominated convergence theorem

. f(x)log f(z)dx.

By

lim

1— 00

. fi(z)log fi(x)dx =
By
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On B, all f;(x) are bounded from below by a sufficiently large
K' = K + 6. Then

|i€71

<|log K'

fi(2)log fi(x)dx
By

/ fi(z)log fi(z)dx
By
< [ fi(@)|log fi(x)|"du
By
< /f1(¢)|log fi(2)|"dx < L.
Therefore,

< L/|log K'|" 7"

. fi(z)log fi(z)dz
By

and it can be made sufficiently small by choosing K large enough.
Now we will show that on D, | [ fi(x)log fi(x)dz| is negligibly
small for all sufficiently large i. For each ¢, divide D. into two regions
C{ and C% such that f;(x) is bounded from below by K on C} and
bounded from above by I{ on C4. As before, on C'}, we can show

’/ fu(x)log fi(z)dz| < L/|log K|*~".
oh

Finally, on C we note that
|fi(z)log fi(2)] < max{Klog K, e}

and since, vol(C%) is small enough | Joi filx)log fi(w)dz| is suffi-
ciently small and we are done. 2 g

It is of interest to find out if the conditions in Theorem 4 are nec-
essary as well. To disprove the necessity all we need to do is find an
example such that

[ #o@log o = [ faliog folar
but
lim iEf / Fu(@)|log £, (2)|"dx = oo

forall & > 1.

Example 4: First, let

i = "
a, = —_— =
n ml+i/n N1/n

m=N

co -
(],/ _ Z 1 _ K’
n o Tn2+1/n - A?\T'I-‘,—]/n

m=N

and

where K > 0and K’ > 0 are constants. Next, define f,,(z) as follows:

M, when x [ (bmﬁbm_m]

n

where /V has been defined such that f,, is a proper density function and
b, is defined as follows:

0, whenm < N
b =< 1,
b1 + exp{m}/m*T/",

whenm = N
whenm > N.
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Then f,(x) converges to f(x) pointwise where f(x) is the uniform
distribution over the interval [0,1]. The differential entropy from
fn (-E), Hy is given by

H”:_<1 n\*1+1/n)1°g 1= n7\r1+1/n)

> exp{ —m } exp{ —m}\ exp{m}
-2 log m2+1/n
g

m=N
== <1 N1+1/n ) log {1 - n 7\71+1/n )
1 & 1 logn ~—
+ n — ml+l/n t n ; n2+1/”

K’ K’
=- <1 T aNLt+L/n ) log <1 - "_7\r1+1/n>

!
an ay, logn
- + ¥

and, therefore, lim,, .o Hn = 0
choose n > 1/(x — 1) then

= Hy;. But for any v > 1 if we

[ molios guofaa

','/ ',,'/ o
= (1= ) (o2 (-1
nN't= nNta

hd [— pd;
+ Z eXPy m} (777 4 IOg n)h’: e}‘p{)n}
n T

l’2+1/n
m=N

','/ ',,'l o
> (1= ) (e (1 1))
nN'tw nNtw
1 &= m”
+ o ZA m2+i/n

m=/
= Q.

III. DISCUSSION AND CONCLUSION

It is useful to make the following simple observations on the results
derived in Section II. First, it can be easily seen that the pointwise con-
vergence condition on the density functions in all theorems can be re-
laxed to almost everywhere convergence with minimal changes to the
corresponding proofs. Second, we note that Theorems 1-3 can be ap-
plied to the case where density functions are defined on any normed
space as long as log p({« : ||z|| < R}) = O(log R), where p is the
measure defined on the underlying space. Third, we note from the proof
of Theorem 4 even the requirement of a norm on the underlying space
can be relaxed for the applicability of Theorem 4 . Fourth, we can gen-
eralize Theorem 4 in the same way that Theorem 1 was generalized to
Theorems 2 and 3 . In that regard, we have the following.

e If the condition in Theorem 4 is relaxed to
m_ax{/ fi(x)|[1log fi(x)]" (]T}SL(QC
‘ Jfi>N

for some x > 0 and some N > 0; and f f(
then lim sup H(X;) < H(X).

2)|log f(x)|*dz < L
e And if it is relaxed to

m_ax{/ fi(x)|[1log fi(x)]" (]T}SL(QC
! Jfi<N

for some £ > 0 and some N > 0 and; [ f(«)|log f(x)|"dx
then lim inf H(X,) > H(X)

We have derived general sufficient conditions for the convergence of
differential entropies. The first set of conditions (Theorem 1) is as fol-
lows:

1) sup, max{sup,, fn(z), f(z)} < cc.
2) max{sup,, [ |z|" fu(z)dz, [ |x|"f(z
k> 0.
The second set of conditions ensuring convergence (Theorem 4 ) is
as follows:
e max{sup, [ fa(x)|log fn(x)|"dx, [ f(x)|log f(
for some x > 1.
For future work, it can be investigated whether a weaker form of the
preceding conditions is necessary and sufficient for the convergence of
entropies.

r)de} < oo for some

)|"de} < oo

« There exists a decreasing sequence { %y } such that x,, — 1 and

wax § sup [ futollog fo (@) de. [ f0)]log f() bz

< oo,

Convergence of differential entropies is an interesting mathematical
problem and our results give a preliminary solution. Our results also
find application in the asymptotic analysis of communication systems.
Examples include the capacity calculation of multiple -antenna systems
for high signal-to-noise ratio [9], [20]. The results in this correspon-
dence were directly applied in [9]. In [20], because of the special nature
of the density functions considered, the convergence of the differential
entropies could be proved directly. However, the same analysis could
have been performed with the results derived in this correspondence.
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