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ABSTRACT

Thecontext of thispaperis adaptivewaveformdesignfor estimating
parametersof anunknown channelunderaverageenergy constraints.
This paperfocuseson the simplerproblemof adaptive waveform-
amplitudedesignfor which we obtaininterestinganalyticalresults.
We treatanN -stepdesignproblemwherea �x edwaveformcanbe
transmittedinto the channelN times with amplitudesthat can be
chosenas a function of pastchanneloutputs. For N = 2 and a
linearGaussianchannelmodel,we derive theoptimalamplitudeto
transmitat the secondstepasa function of the �rst measurement.
Thisadaptive2-stepenergy allocationstrategy givesamean-squared
error (MSE) improvementof at least1:7dB relative to the optimal
non-adaptive strategy. Motivatedby the optimal two-stepstrategy
we proposea suboptimaladaptive N -stepstrategy that canachieve
anMSE improvementof morethan5dB for N = 50. Applications
of our resultsto MIMO andinversescatteringchannelmodelsare
discussed.

Index Terms— Parameterestimation,adaptive control,energy
allocation,maximumlikelihood,MMSE.

1. INTR ODUCTION

Oneof theimportantcomponentsin adaptive sensingis theneedfor
energy management.Mostapplicationsarelimited by peakpoweror
averagepower. Henceit is importantto considerenergy limitations
in waveformdesignproblems.Most previousresearchhasfocussed
on waveformdesignunderpeakpower constraints[1,2]. Therehas
beenlittle effort in adaptive energy managementstrategiesthatallo-
catedifferentamountsof energy to thewaveformsover time. In this
paper, we �nd optimal sequentialenergy allocationstrategiesfor a
generalclassof estimationproblemsunderan averagepower con-
straintandshow performancegainsovernon-adaptive designstrate-
gies.

Measurement-adaptive estimationhascountlessnumberof im-
portantapplicationsin a wide varietyof areassuchascommunica-
tions and control, medical imaging, radarsystems,systemidenti-
�cation, and inversescattering.By measurement-adaptive estima-
tion we meanthat onehascontrol over the way measurementsare
made,e.g.,throughtheselectionof waveforms,projections,or trans-
mittedenergy. Thestandardsolutionfor estimatingparametersfrom
adaptive measurementsis themaximumlikelihood(ML) estimator.
For thecaseof classiclinearGaussianmodel,i.e.,aGaussianobser-
vationwith unknown meanandknown variance,it is well-known [3]
thattheML estimatoris unbiasedandachievestheunbiasedCraḿer
Raolower bound(CRB). Many researchershave lookedat improv-
ing parameterestimationperformanceby addinga small estimator
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biasto reducetheMSE. Steinshowedthatthisleadsto betterestima-
torsthatgive lowerMSEthanthelinearleastsquares(LS) estimator
for estimatingthemeanin a multivariateGaussiandistribution with
dimensiongreaterthantwo [4]. Otheralternativessuchasshrinkage
estimator[5], Tikhonov regularization[6], andcovarianceshaping
leastsquares(CSLS)estimator[7] have alsobeenproposedin the
literature.Noneof theseapproachesto improve performanceincor-
poratethenotionof sequentialenergy allocationin their work.

In this paper, we formulatea problemof adaptively selecting
waveformamplitudesfor estimatingparametersof a linearGaussian
channelmodel underan averageenergy constraintover the wave-
forms andover the numberof transmissions.Waveformamplitude
designcanbecastassequentialparameterestimationwherea trans-
mitted waveform is measuredat a receiver after passingthrougha
channelhaving unknown parameters.We �rst obtainclosed-form
expressionsfor theMSE for theoptimal two-stepsequentialenergy
allocation strategy for a scalarparameterin a multivariate linear
Gaussianmodel. We then extend theseresultsto the caseof vec-
tor parameters.Furthermorewe provide anN -stepsequentialstrat-
egy which yields more than5dB gain over non-adaptive methods.
We concludeby providing applicationsto channelestimationand
imaging. The resultsin this papersummarizetheresultsof [8] and
representa signi�cant extensionof ourpreviouspaper[9].

2. PROBLEM SETTING FOR ESTIMA TION

Wedenotevectorsin
� M by boldfacelowercaselettersandmatrices

in
� M � N by boldfaceuppercaseletters.Thesymbolk � k refersto

thel2-normof a vector, i.e., kxk =
p

x H x , where(�)H denotesthe
conjugatetranspose.Let � = [� 1 ; : : : ; � M ] be theM -elementvec-
tor of unknown parameters.Theproblemof waveformdesignis to
selectthesequenceof waveformsf x i gN

i =1 in orderto bestestimate
theparameters� in themodel

y i = H (x i )� + n i ; i = 1; 2; : : : ; N ; (1)

whereH (x i ) = [h1(x i ); h2(x i ); : : : ; hM (x i )] is aknown K � M
matrixandN indicatesthenumberof timesteps.TheT -elementde-
signvectors,f x i gN

i =1 candependon thepastmeasurements:x i =
x i (y 1 ; : : : ; y i � 1), wherey i is the i th K -elementreceived signal
vector. The noisevectorsf n i gN

i =1 areindependentidentically dis-
tributed(i.i.d) circularly symmetriccomplex Gaussianrandomvari-
ableswith zeromeanandvariance� 2 denotedbyn i � CN (0; � 2 I ).
When H (x ) is linear in x , we can write h j (x ) = H j x ; j =
1; 2; : : : ; M . In this caseH (�) is uniquelydeterminedby the ma-
tricesf H 1 ; H 2 ; : : : ; H M g. For thecaseof a scalarparameter� 1 ,
themeasurementsare

y i = h1(x i )� 1 + n i ; i = 1; 2; : : : ; N : (2)

We evaluatethe performanceof the measurementschemein terms
of theMSE of theML estimatorof � 1 givenf y i gN

i =1 subjectto the



energy constraint,E
hP N

i =1 kx i k2
i

� E0 , whereE0 is the total

availableenergy andE [�] denotesthe statisticalexpectation. The
ML estimatorof � 1 for theN -stepprocedureis givenby

�̂ ( N )
1 =

P N
i =1 h1(x i )H y i

P N
i =1 kh1(x i )k2

(3)

andthecorrespondingMSE = E
h
j�̂ ( N )

1 � � 1 j2
i

is

MSE( N )
�

f x i g
N
i =1

�
= E

" �
�
�
�
�

P N
i =1 h1(x i )H n i

P N
i =1 kh1(x i )k2

�
�
�
�
�

2#

: (4)

DenoteE i (y 1 ; : : : ; y i � 1) = kx i (y 1 ; : : : ; y i � 1)k2 , whereE i rep-
resentstheenergy allocatedat eachtime stepi . Thetotal energy in
themeasurementsis givenby

E
h
f x i (y 1 ; : : : ; y i � 1)gN

i =1

i
= E

"
NX

i =1

E i (y 1 ; : : : ; y i � 1)

#

: (5)

Ourgoalis to �nd thebestsequenceof thetransmittedsignalsf x i gN
i =1

to minimizetheMSE( N ) in (4) undertheaverageenergy constraint

E
hP N

i =1 kx i k2
i

� E0 . De�ne SNR
�
f x i gN

i =1

�
as

SNR( N )
�

f x i g
N
i =1

�
=

E
�
f x i (y 1 ; : : : ; y i � 1)gN

i =1

�

� 2
: (6)

Theaverageenergy constraintcanberewrittenasSNR( N ) � SNR0 ,
whereSNR0 = E0=� 2 . Minimizing MSE( N ) subjectto an SNR
constraintSNR( N ) � SNR0 is equivalentto minimizingMSE( N ) �
SNR( N ) [8]. Theproductof MSE( N ) andSNR( N ) is givenby

MSE( N ) � SNR( N ) = E

" �
�
�
�
�

P N
i =1 h1(x i )H n i

P N
i =1 kh1(x i )k2

�
�
�
�
�

2#
E

hP N
i =1 kx i k2

i

� 2
:

As a benchmarkfor comparison,we considerthenon-adaptive case
wherex i (y 1 ; : : : ; y i � 1) =

p
E i �x i . Here �x i ; E i are determin-

istic quantities,independentof y 1 ; y 2 ; : : : ; y i � 1 , k�x i k = 1, andP N
i =1 E i � E0 . For themodel(2), MSE( N ) is givenby

MSE( N ) =
� 2

P N
i =1 kh1(x i )k2

=
� 2

P N
i =1 E i

k h 1 ( �x i ) k 2

k �x i k 2

�
� 2

E0 � m
;

(7)
whereequality is achieved iff 8i �x i = v m, the normalizedeigen-
vectorcorrespondingto � m, the maximumeigenvalueof the chan-
nel matrix H H

1 H 1 . Note � m = maxx (x H H H
1 H 1x )=(x H x ) =

maxx kh1(x )k2=kxk2 . Furthermore,the performanceof the ML
estimatordoesnot dependon the energy allocation. Hence,with-
out loss of generalitywe can assumethat all energy is allocated
to the �rst transmission.The minimum MSE for the one-step(or

non-adaptiveN -step)strategy is thengivenby MSE(1)
min = 1=ŜNR0 ,

where gSNR0 = � mSNR0 . We �rst look at a two-stepsequential
designprocedure.

3. OMNISCIENT TWO-STEPSEQUENTIAL STRATEGY

In the two-stepsequentialprocedure,we have N = 2 time steps
wherein eachtime stepi = 1; 2, we cancontrol input waveformx i

to obtainsignaly i . Thetwo-stepML estimatorof � 1 from (3) is

�̂ (2)
1 =

h1(x 1)H y 1 + h1(x 2)H y 2

kh1(x 1)k2 + kh1(x 2)k2
(8)
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Fig. 1. Plot of theoptimal solutionto thenormalizedenergy trans-
mitted at the secondstageas a function of received signal at �rst
stage.

andthecorrespondingMSE(2) to beminimizedfrom (4) is

MSE(2) = E
�

jh1(x 1)H n1 + h1(x 2)H n2 j2

(kh1(x 1)k2 + kh1(x 2)k2)2

�
: (9)

We assumethat the shapeof the optimal designs,i.e., f x i =kx i kg
is the one-stepoptimumgiven by v m de�ned below (7) andmini-
mize the MSE over the energy of the waveforms. Denotekx 1k =p

E0 � 1 andkx 2(y 1)k =
p

E0 � 2(y 1). The averageenergy con-
straint,E [x 1 ; x 2(y 1)] = E

�
kx 1k2 + kx 2k2

�
� E0 canberewrit-

ten as � 2
1 + E

�
� 2

2(y 1)
�

� 1. We useLagrangianmultipliers to
minimizetheMSE(2) in (9) with respectto � 1 and� 2(�) underthis
energy constraint.Theoptimaldesignfor thetwo-stepprocedureis
x �

2(y 1) =
p

E0 � �
2 (y 1)v m, where

� �
2 (y 1) = �

� �
�
�
�

h1(v m)H

kh1(v m)k
(y 1 �

p
E0 � �

1h1(v m)� 1)
�

�
�
�
�

�
(10)

hasMSE satisfyingMSE(2)
min � gSNR0 = � �

2 � 0:68, and � �
1 �

0:7421. The optimal solution in termsof � (�) is shown in Fig. 1.
This solution dependson the unknown parameter� 1 and thus we
will call this minimizeran “omniscient”energy allocationstrategy.
Thetwo-stepstrategy yieldsa 32%improvementin performanceor
a 1:7dB gain in termsof SNR. The productMSE(2) � gSNR0 is
plottedfor variousvaluesof � 1 usingbothsimulations(dotted)and
theory(solid) in Fig. 2. The detailsof the derivation canbe found
in [8].

The“omniscient”solution(10) dependson theparameterto be
estimated.Here,we prove that we canapproachthe optimal two-
stepsolution by implementinga � 1-independentenergy allocation
strategy when� 1 is bounded,i.e., � 1 2 [� a ; � b], � a ; � b 2 � . Since
we do not know thevalueof theactualparameter, we replace� 1 by
a `guess'of � 1 say � g in the optimal solution to the energy at the
secondstagegivenin (10). Theresultingsuboptimaldesignis

x 2 =
p

E0 �
� �

�
�
� ~n1 +

� �
1 kh1(v m)k

p
E0

�
(� 1 � � g )

�
�
�
�

�
v m; (11)

where~n1 = h1(v m)H
�
y 1 �

p
E0 � �

1h1(v m)� 1
�

=� m � � CN (0; 1).
When the optimal two-stepdesignis usedwith � g in placeof � 1 ,

� (z) = MSE(2) � gSNR
(2)

is

� (z) = E
�

� � 2
1 j~n1 j2 + � 2(j~n1 + zj)
(� � 2

1 + � 2(j~n1 + zj)) 2

�
E

�
� � 2

1 + � 2(j~n1 + zj)
�

;
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Fig. 2. Reductionin MSE for varyingvaluesof energy transmitted
at the�rst stage,� 1 .

wherez = � �
1

p
E0kh1 (v m)k(� 1 � � g )=� = � �

1

q
gSNR0(� 1 � � g )

and gSNR
(2)

= � mSNR(2) . Therefore,MSE(2) � gSNR
(2)

is a func-
tion of z only andis optimumat z = 0. Note that whenSNR be-

comessuf�ciently smallMSE(2) � gSNR
(2)

approachesits minimal
value.Henceinsteadof performingonetwo-stepprocedure,weper-
form a setof N independenttwo-stepprocedureswith equalenergy
E0=N andaveragetheestimatesfrom eachstepto getthenew esti-
mate.In suchaway, wereducetheSNRateachstage,therebyelim-
inatingtheeffectof theunknown parameter� 1 . As N ! 1 , z ! 0

andtheoptimumtwo-stepMSE(2) � gSNR
(2)

= � �
2 is achieved.The

completeproof canbefoundin [8].

4. DESIGN OF N -STEP PROCEDURE

In Section3, we looked at the optimal two-stagesequentialdesign
procedurefor energy allocationandproved thatwe canachieve the
optimal performanceusing an N � 2-step strategy. In this sec-
tion, we generalizethesolutionfrom thetwo-stepcaseto anN -step
strategy. We assumethat the shapeof the transmittedwaveform is
�x edandlook at theenergy allocationamongthevarioussteps.Let
the energy at stepk be denotedas � 2

k (y 1 ; : : : ; y k � 1), i.e., x k =
v m� k (y 1 ; : : : ; y k � 1), 1 � k � N . Then

� 1 = A1 ; � k = A k I

 
j
P k � 1

i =1 h1(x i )H n i j2
P k � 1

i =1 kh1(x i )k2 � 2
� � k

!

; k � 2:

Notethatthede�nition of theenergy ateachstageis recursive. This
suboptimalenergy allocationfor the N -stepcaseis an approxima-
tion to theoptimal thresholdlike solutionfor thetwo-stepcase.We
chooseA = [A 1 ; : : : ; AN ] and� = [� 1 ; : : : ; � N ] appropriatelyto
satisfytheaverageenergy constraint.Theintuition behindthechoice
of A ; � is motivatedby anasymptoticresultin [8]. We evaluatethe
performanceof this suboptimalapproachusingsimulations.Perfor-
mancegain GN (in dB) is presentedin Fig. 3. We seethat in 50
steps,weareableto achieve againof morethan5dB! Moreover, by
the sameargumentpresentedin Section3, SNR decreasesat each
stepwhich impliesthatasthenumberof stepsincreases,thelack of
knowledgeon � 1 hasa limited effect on theoverall performance.
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Fig. 3. Plotof gainover non-adaptive energy allocationstrategy ob-
tainedby implementingtheadaptiveN -stepprocedureasa function
of N throughtheory[8] andsimulations.

5. VECTOR PARAMETER CASE

A generalN -stepprocedurefor thecaseof M unknown parameters
is de�ned in (1). For themultiple parametercase,we considerthe
traceof theMSE matrix asa measureof performance.Theproblem
of multiple parameterestimationis morecomplicatedthanestima-
tion of a singleparameterfor the following reason.We showed in
Section2 that independentof theshapeof x i , any non-adaptive en-
ergy allocationstrategy is to assignall energy to the�rst step,i.e.,a
one stepstrategy with total energy E0 . But this is not true for a
multipleparametersetting.Let usconsiderasimpleexampleof esti-
matingtwo parameters� = [� 1 � 2 ]T in themodely = H (x )� + n,
where

H (x ) =
�

x1 x2

0 x2

�
; (12)

x = [x1 x2 ]T , y = [y1 y2 ]T , andn = [n1 n2 ]T � CN (0; � 2 I ).
Thenfor a one-stepprocess,we have MSE(1) (� 1) = 2� 2=x2

1 and
MSE(1) (� 2) = � 2=x2

2 . Minimizing thetr(MSE(1) ) = MSE(1) (� 1)+
MSE(1) (� 2) (tr denotesthetrace)over theenergy constraintkxk2 �
E0 = 1, we getx1 = x2 = 1=

p
2 andtr(MSE(1)

min ) = 6� 2 . Now
considerthefollowing two-stepnon-adaptive energy design.

Step1: Tx : x = [x1 0]T ; Rx : y1 = x1 � 1 + n1 ;

Step2: Tx : x = [0 x2 ]T ; Rx : [1 1]y 2 = 2x2 � 2 + [1 1]n2 :

Minimizing MSE(2) = MSE(2) (� 1) + MSE(2) (� 2) = � 2=x2
1 +

� 2=2x2
2 over the energy constraint,we get x1 = x2 = 1=

p
2 and

tr(MSE(2)
min ) = 3� 2 . This translatesto a 3dB gain in SNR for the

two-stepnon-adaptive strategy over theonestepapproach.We con-
trol theinput x = [x1 x2 ]T suchthatwe have differentenergy allo-
cationfor eachcolumnof the matrix H . By speci�cally designing
the two-stepnon-adaptive strategy given in step1 and step2, we
have reducedtheestimationof thevectorparameter� = [� 1 ; � 2 ] to
two independentproblemsof estimatingscalarparameters� 1 and� 2

respectively. For eachof thesescalarestimators,we designtwo N -
stepsequentialproceduresasin Section4 for scalarcontrolsx1 and
x2 to obtainan improvementin performanceof estimating� . Ap-
plying theN -stepdesignto bothx1 andx2 , wehaveMSE( N ) (� i ) =
GN MSE(2)

min (� i ) andhencetr(MSE( N ) ) = GN tr(MSE(2)
min ). In other

words,wewouldobtainthegainsof theN -stepprocedureovernon-
adaptive strategiesfor thevectorparametercaseaswell.



6. APPLICATIONS OF SEQUENTIAL ESTIMA TION

6.1. MIMO Channel Estimation

Oneimportantcomponentin a MIMO systemis the needto accu-
ratelyestimatethechannelstateinformation(CSI) at thetransmitter
and receiver. Recently, [2] proposedfour different training based
methodsfor the �at block-fadingMIMO systemincluding the least
squaresandbestlinearunbiasedestimator(BLUE) approachfor the
caseof multiple LS channelestimates.In orderto estimatether � t
channelmatrix � with t transmitandr receive antennas,N � t
trainingvectorsX = [x 1 ; : : : ; x N ] aretransmitted.Thecorrespond-
ing receivedsignalis R = �X + M , whereR = [r 1 ; : : : ; r N ] is
a r � N matrix, M = [m 1 ; : : : ; m N ] is ther � N matrix of sen-
sornoise,x i is thet � 1 complex vectorof transmittedsignalsand
m i is the r � 1 complex zero-meanwhite noisevector. Let P0 be
the transmittedtraining power constraint,i.e., kX k2

F = P0 , k � kF

indicatesFrobeniusnorm(kX kF =
p

tr(X H X )) and� 2 denotethe
varianceof receiver noise.Assumingco-locatedtransmitterandre-
ceiverarraysandmultiple trainingperiodsavailablewithin thesame
coherency time (quasi-static)to estimatethechannel,thesetof re-
ceivedsignalscanberewritten in thefollowing form:

y i = H (X i )� + n i i = 1; 2; : : : ; K ; (13)

wherey i = vec(R i ); � = vec(� ); n i = vec(M i ); vec(�) de-
notesthe column-wiseconcatenationof the matrix andH (X i ) =
(X i 
 I )T is a linear function of the input X i , which is the same
modeldescribedin (1). In [2], a methodof linear combiningthe
estimatesfrom eachof theK stageswasproposedandtheMSEob-
tainedfor theestimationusingK stagesof transmissionwasshown
to beMSE( K )

LS = � 2 t2r =P0 , whereP0 is thetotalpower usedin the
K steps,i.e.,

P K
i =1 kX i k2

F � P0 . If we have enoughtrainingsam-
ples,wecouldcompletelycontrolthematrixH (X i ) throughour in-
putX i andwecanmake H (X i ) orthogonal.In this case(13) along
with theaveragepower constraintE

� P
i kX i k2

F

�
� P0 falls in the

framework of theproblemof adaptive energy allocationin Sections
4 and 5 wherethe problemis then separableinto N independent
estimationproblemsof scalarparameters.Having K stepsin the
trainingsequencealsodirectly enablesus to implementour K -step
strategy to achieve optimal performance.Henceit directly follows
thatusingour strategy we areguaranteedto achieve theoptimaler-
ror givenby MSE( K )

LS � GK � 2 t2r =P0 , which we have shown to be
at least5dB (in 50 steps)betterthanany non-adaptive strategy.

6.2. InverseScatteringProblem

Theproblemof imagingamediumusinganarrayof transducershas
beenwidely studiedin many researchareassuchasminedetection,
ultrasonicmedicalimaging,andnon-destructive testing. The goal
in imagingis to detectandimagesmallscatterersin a known back-
groundmedium. We applyour conceptof designinga sequenceof
measurementsto imagea mediumof multiple scatterersusing an
arrayof transducers.The imagingarea(or volume)is divided into
V voxels andthechannel,denotedai , betweena candidatevoxel i
andthe N transducersis given by the homogeneousGreen's func-
tion and ignoresthe effect of multiple scattering. Eachvoxel can
be characterizedby its scattercoef�cient, e.g., radarcross-section,
f � i gV

i =1 , which indicatestheproportionof thereceived �eld that is
re-radiated.Thusthechannelbetweenthe transmitted�eld andthe
measuredbackscattered�eld atthetransducerarrayisA diag(� )A T ,
whereA = [a1 ; a2 ; � � � ; aV ], � = [� 1 ; � 2 ; � � � ; � V ]T , anddiag(� )
is a V � V diagonalmatrix with � i asits i th diagonalelement.The

probingmechanismfor imagingof thescattercrosssectiongenerates
thefollowing sequenceof noisecontaminatedsignals

y i = A diag(� )A T x i + n i = H (x i )� + n i ; (14)

whereH (x i ) = A diag(A T x i ). The goal is to �nd estimatesfor
the scatteringcoef�cients � underthe averageenergy constraintto
minimize theMSE. If A is a squarematrix, thenwe cancondition
diag(A T x i ) to have a single non zero componenton any one of
the diagonalelements,which translatesto isolating the i th column
for any i . As in Section5, we canperformV independentN -step
experimentsto guaranteetheN -stepgainsof at least5dB over the
standardsinglestepML estimationfor imaging[10].

7. CONCLUSIONS

In thispaperweconsideredtheN -stepadaptivewaveform-amplitude
designproblemfor estimatingparametersof an unknown channel
underaverageenergy constraints.For N = 2 anda linear Gaus-
sianchannelmodel,we found the optimal amplitudeto transmitat
the secondstepasa function of the �rst measurementfor a scalar
parametercase.We showed that this two-stepadaptive strategy ob-
tainedanimprovementof at least1:7dB overany non-adaptive strat-
egy. WethendesignedasuboptimalN -stageprocedurebasedonthe
two-stepapproachandproved gainsof morethan5dB in N = 50
steps. Furthermore,we extendedour resultsto the caseof vector
parameters.To conclude,we providedapplicationsof our designto
MIMO andinversescatteringchannelmodels.
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