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ABSTRACT

Thecontet of this papelis adaptve waveformdesignfor estimating
parametersf anunknavn channelinderaveragesnegy constraints.
This paperfocuseson the simpler problemof adaptve waveform-
amplitudedesignfor which we obtaininterestinganalyticalresults.
We treatan N -stepdesignproblemwherea x edwaveformcanbe
transmittedinto the channelN timeswith amplitudesthat can be
chosenas a function of pastchanneloutputs. For N = 2 anda
linear Gaussiarchannelmodel,we derive the optimal amplitudeto
transmitat the secondstepasa function of the rst measurement.
Thisadaptve 2-stepenegy allocationstratgy givesamean-squared
error (MSE) improvementof at least1:7dB relative to the optimal
non-adaptie stratgy. Motivatedby the optimal two-stepstratgy
we proposea suboptimaladaptve N -stepstrateyy thatcanachieve
anMSE improvementof morethan5dB for N = 50. Applications
of our resultsto MIMO andinversescatteringchannelmodelsare
discussed.

Index Terms— Parameteestimation,adaptve control, enegy
allocation,maximumlikelihood,MMSE.

1. INTRODUCTION

Oneof theimportantcomponentsn adaptve sensings the needfor
enegy managementMostapplicationsarelimited by peakpower or
averagepower. Henceit is importantto considerenegy limitations
in waveformdesignproblems.Most previousresearcthasfocussed
on waveformdesignunderpeakpower constraint§1, 2]. Therehas
beenlittle effort in adaptve enegy managemenrdtratgjiesthatallo-
catedifferentamountsof enegy to thewaveformsover time. In this
paperwe nd optimal sequentiaknegy allocationstratgiesfor a
generalclassof estimationproblemsunderan averagepower con-
straintandshav performanceyainsover non-adaptie designstrate-
gies.

Measurement-adapé estimationhascountlessnumberof im-
portantapplicationsin a wide variety of areassuchascommunica-
tions and control, medicalimaging, radar systems systemidenti-
cation, andinversescattering. By measurement-adapgi estima-
tion we meanthat one hascontrol over the way measurementare
made e.g.,throughtheselectiorof waveforms,projectionspr trans-
mittedenepgy. Thestandardolutionfor estimatingparameterfrom
adaptve measurements the maximumlikelihood (ML) estimator
For thecaseof classidinear Gaussiaimodel,i.e., a Gaussiammbser
vationwith unknavn meanandknown varianceijt is well-known [3]
thattheML estimatoris unbiasedandachievestheunbiasedCraner
Raolower bound(CRB). Mary researcherbave looked atimprov-
ing parameteestimationperformanceiy addinga small estimator
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biasto reduceheMSE. Steinshavedthatthisleadsto betterestima-
torsthatgive lower MSE thanthelinearleastsquaregLS) estimator
for estimatingthe meanin a multivariateGaussiardistribution with
dimensiongreaterthantwo [4]. Otheralternatvessuchasshrinkage
estimator[5], Tikhonov regularization[6], and covarianceshaping
leastsquaregCSLS) estimator[7] have alsobeenproposedn the
literature.Noneof theseapproacheto improve performancencor-
poratethe notion of sequentiabnegy allocationin their work.

In this paper we formulatea problemof adaptvely selecting
waveformamplitudedor estimatingoarametersf alinearGaussian
channelmodel underan averageenegy constraintover the wave-
forms and over the numberof transmissions Waveform amplitude
designcanbe castassequentiabarameteestimationwherea trans-
mitted waveform is measuredat a recever after passingthrougha
channelhaving unknavn parameters.We rst obtain closed-form
expressiondor the MSE for the optimal two-stepsequentiaknegy
allocation stratgyy for a scalarparameterin a multivariate linear
Gaussiammodel. We then extend theseresultsto the caseof vec-
tor parametersFurthermorene provide an N -stepsequentiaktrat-
egy which yields morethan 5dB gain over non-adaptie methods.
We concludeby providing applicationsto channelestimationand
imaging. Theresultsin this papersummarizethe resultsof [8] and
represené signi cant extensionof our previous paper{9].

2. PROBLEM SETTING FOR ESTIMATION

Wedenotevectorsn M by boldfacelowercasdettersandmatrices
in M N byboIdfaceuppercasdeHers.Thesymbolk k refersto
thel,-normof avectori.e.,kxk = = x" x, where( )" denoteghe
conjugateransposeLet = [ 1;:::; m ] betheM -elementvec-
tor of unknavn parametersThe problemof waveform designis to
selectthe sequencef waveformsf x; g\, in orderto bestestimate
theparameters in themodel

i=1,2:::;N; Q)

matrixandN indicategshenumberof time steps.TheT -elementde-
signvectorsfx; gL, candependon the pastmeasurementsx; =

vector The noisevectorsf niglL; areindependenidentically dis-
tributed(i.i.d) circularly symmetriccomplex Gaussiamandomvari-
ableswith zeromeanandvariance 2 denotecbyn;  CN (0; ?21).
When H (x) is linearin x, we canwrite hj(x) = H;x; j =
1;2;:::; M. In this caseH () is uniquely determinedby the ma-
tricesfH 1;H 2; :::;H m g. For the caseof a scalarparameter 1,
themeasurementare

yi=hi(xi) 1+ ni; i=12:N: 2

We evaluatethe performanceof the measuremergchemein terms
of the MSE of the ML estimatorof ; givenfy;gll; subjectto the
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enepgy constraint,E iN=1 kxi k? Eo, whereEy is the total

available enegy and E [ ] denotesthe statisticalexpectation. The
ML estimatorof 1 for theN -stepprocedurds givenby

P
N oha(xi)y;

NN = (3
! 1L kha(xi)k?
i
andthecorrespondindSE= E ") 1j? is
P, ,
Noha(xi)™n
MSEM) fxigl, =E izg ha(xi)™n @)

N, khi(xi)k?

resentghe enegy allocatedat eachtime stepi. Thetotal enegy in

themeasurements given by
h i N #

Ei(y1;::53yi 1) @ (B)

i=1

=E

Ourgoalisto nd thebestsequencef thetransmittedsignalsf x; gL,
to,qninimizetheMSE(N) in (4) underthe averageenegy constraint

E N, kxik® Eo.DeneSNR fxigl, as

SNRM) fxigh; = A :(6)

Theaverageenepy constraintanberewrittenasSNRN)
whereSNRy = Eo= 2. Minimizing MSEN) subjectto an SNR

constrainSNRN)  SNR; is equivalentto minimizing MSE(N)
SNRN) [8]. Theproductof MSEN) andSNRN) is givenby
" h i
P #_ Py
Nohax)Pn 0B kak?
SNRY) = E  pitt :
N khi(xi)k2 2

SNRo,

MsgN)

As abenchmarKor compariaomve considerthenon-adaptie case

wherexi(y1;:::;yi 1) = Ei Xi. Herex;; E; aredetermin-

i§tic quantities,independentf y1;y2;:::;yi 1, kxik = 1, and
N

N, Ei  Eo. Forthemodel(2), MSE!N) is givenby
E(N) 2 2 2
MS = p = p ;
iN=1 khl(Xi)k2 i iN:1 E; khklx(:(:()kz Eo m
)

whereequalityis achieved iff 8i xi = vn, the normalizedeigen-
vectorcorrespondindo , the maximumeigervalue of the chan-
nel matrix H ' H 1. Note n = maxx(x"H I Hix)=(x"x) =
maxy kh1(x)k?=kxk?. Furthermorethe performanceof the ML
estimatordoesnot dependon the enepgy allocation. Hence,with-
out loss of generalitywe can assumethat all enegy is allocated
to the rst transmission.The minimum MSE for the one-step(or

non-adaptie N -step)stratgyy is thengivenby MSE&’n = 1=8NR,
whereONRy = nSNR,. We rst look at a two-stepsequential
designprocedure.

3. OMNISCIENT TWO-STEP SEQUENTIAL STRATEGY

In the two-stepsequentialprocedurewe have N = 2 time steps
wherein eachtime stepi = 1; 2, we cancontrolinput waveformx;
to obtainsignaly;. Thetwo-stepML estimatorof ; from (3) is

n2) _ hi(x1)"y1+ hi(x2)"y.
1 khl(Xl)kz + khl(Xz)kz

®)

Solution to energy at 2nd stage
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Fig. 1. Plot of the optimal solutionto the normalizedenegy trans-
mitted at the secondstageas a function of recevved signalat rst
stage.

andthecorrespondindSE® to beminimizedfrom (4) is

2 _ jha(x)" ni + hi(x2)" ngj?
MSE? = E (kh1i(x1)k? + kh1(x2)k?)2 ©)

We assumethat the shapeof the optimal designs,i.e., f xi =kxi kg
is the one-stepoptimumgiven by v, de ned below (7) andmini-
ize the MSE over the en?)gy_of the waveforms. Denotekx 1k =
Eo 1 andkxz2(y1)k = = Eo 2(y1). The averageenegy con-
straint,E[x1;X2(y1)] = E kx1k?® + kx2k?  Eo canberewrit-
tenas 2+ E  3(y1) 1. We useLagrangianmultipliers to
minimizethe MSE® in (9) with respecto ; and »( ) underthis
enegy corﬁtr_aint.The optimaldesignfor the two-stepprocedurds

X2(Y1) = Eo 2(y1)Vm, Where
p__
- hive)" (y1 " Eo ihi(vm) 1)
2(y1) = Khi(vm)K (10)
hasMSE satisfyingMSEZ ~ SNR, = ,  0:68 and ,

0:7421 The optimal solutionin termsof () is shavn in Fig. 1.
This solution dependson the unknavn parameter 1 and thuswe
will call this minimizeran“omniscient” enegy allocationstrateyy.
Thetwo-stepstratay yieldsa 32% improvementin performancer
a 1:7dB gainin termsof SNR The productMSE®?  9NR, is
plottedfor variousvaluesof 1 usingbothsimulations(dotted)and
theory(solid) in Fig. 2. The detailsof the derivation canbe found
in [8].

The “omniscient” solution(10) dependn the parameteto be
estimated.Here, we prove that we canapproachthe optimal two-
stepsolutionby implementinga 1-independentnepy allocation
stratgy when 1 is boundedj.e., 1 2 [ a; b], a; b2 . Since
we do notknow thevalueof theactualparameterwe replace 1 by
a ‘guess'of i1 say 4 in the optimal solutionto the enepy at the
secondstagegivenin (10). Theresultingsuboptimaldesignis

p__
p— khi(vmk E
X2="Eo f1+ w( 1 g) Vm (1)
wherer; = hi(vm)™ vy pE_o hi(Vvm) 1 = m CN (0; 1).

Whenthe optimal two-stepdesignis usedwith 4 in placeof 1,
() = MSE?  ONR” s
Pimj’ +

(24
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Fig. 2. Reductionin MSE for varying valuesof enegy transmitted
atthe rst stage, 1.

q__
1pE_0kh1(Vm)k(1 9= = 1 SNR(1 o)

andSNR? = mSNR? . Therefore MSE® INR? is afunc-
tion of z only andis optimumatz = 0. Note thatwhenSNR be-

comessufciently small MSE® sNR? approachegts minimal
value.Henceinsteadof performingonetwo-stepprocedurewe per
formasetof N independentwo-stepproceduresvith equalenegy
Eo=N andaveragethe estimatesrom eachstepto getthe new esti-
mate.In suchaway, we reducehe SNRat eachstagetherebyelim-
inatingtheeffectof theunknavn parameter;. AsN ! 1 ,z! 0

andthe optimumtwo-stepMSE® SNR? =, isachieed. The
completeproof canbefoundin [8].

wherez =

4. DESIGN OF N -STEP PROCEDURE

In Section3, we looked at the optimal two-stagesequentiabesign
procedurédor enegy allocationandproved thatwe canachieve the
optimal performanceusingan N 2-step stratgy. In this sec-
tion, we generalizahe solutionfrom the two-stepcaseto anN -step
stratgy. We assumehatthe shapeof the transmittedwaveformis
x edandlook atthe enegy allocationamongthevarioussteps.Let

P . !
i tha(x)M ni?

1= Ay,
K khi(xi)k? 2

k=Ak|

Notethatthede nition of theenegy ateachstages recursve. This
suboptimalenegy allocationfor the N -stepcaseis an approxima-
tion to the optimal thresholdik e solutionfor the two-stepcase.We

satisfytheaverageenegy constraint.Theintuition behindthechoice
of A; is motivatedby anasymptoticresultin [8]. We evaluatethe
performancef this suboptimalpproactusingsimulations.Perfor
mancegain Gy (in dB) is presentedn Fig. 3. We seethatin 50
stepswe areableto achiere againof morethan5dB! Moreover, by
the sameargumentpresentedn Section3, SNR decreasest each
stepwhichimpliesthatasthe numberof stepsincreasesthelack of
knowledgeon ; hasalimited effect ontheoverall performance.

Gain (Gv) (dB)
w I &l o

2
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Fig. 3. Plotof gainover non-adaptie enegy allocationstratgy ob-

tainedby implementingheadaptve N -stepprocedureasafunction
of N throughtheory[8] andsimulations.

5. VECTOR PARAMETER CASE

A generaN -stepprocedurdor thecaseof M unknavn parameters
is de nedin (1). For the multiple parametecase we considerthe
traceof the MSE matrix asa measuref performanceTheproblem
of multiple parameteestimationis more complicatedthanestima-
tion of a single parametefor the following reason.We shaved in
Section2 thatindependenof the shapeof x;, ary non-adaptie en-
ey allocationstratay is to assignall enegy to the rst step,i.e.,a
one stepstratgy with total enegy Eo. But this is not true for a
multiple parametesetting.Let usconsidemsimpleexampleof esti-
matingtwo parameters = [ 1 2]" inthemodely = H(x) + n,
where

_ X X .
Hx)= g 30 (12)
x = [x1 x2]",y = [y1 y2]",andn = [ny n2]"  CON(0; 21).

Thenfor a one-stepprocesswe have MSE®Y (1) = 2 2=x? and
MSE®D ( ,) = 2=x3. Minimizing thetr(MSE® ) = MSEY ( 1)+
MSE® ( ) (tr denoteshetracee)overtheenegy constrainkx k2
Eo = 1, wegetx; = X = 1= 2 andtr(MSE®. ) = 6 2. Now
considetthefollowing two-stepnon-adaptie enegy design.

Tx:x = [x10]"; RX: y1 = X1 1+ Ni;

Tx:x = [0x2]"; Rx: [11ly2 = 2X2 2 + [11]na:

Stepl:
Step2:

Minimizing MSE® = MSE? ( 1) + MSE® () = 2=x¢ +

2=0x3 over the enegy constraintwe getx; = x» = 1= 2 and
tr(MSEf,fi)n) = 3 2. Thistranslatego a 3dB gainin SNR for the
two-stepnon-adaptie stratgy over the onestepapproachWe con-
trol theinputx = [x1 X2]" suchthatwe have differentenegy allo-
cationfor eachcolumnof the matrix H. By speci cally designing
the two-stepnon-adaptie stratgy givenin stepl andstep2, we
have reducedhe estimationof the vectorparameter = [ 1; 2] to
two independenproblemsof estimatingscalamparameters; and »
respectiely. For eachof thesescalarestimatorsyve designtwo N -
stepsequentiaproceduressin Sectiond for scalarcontrolsx; and
X2 to obtainanimprovementin performanceof estimating . Ap-
plying theN -stepdesignto bothx; andxz, wehave MSEN) ( ;) =
Gy MSE? (1) andhencetr(MSEN?) = Gy tr(MSE?. ). In other
words,we would obtainthegainsof theN -stepprocedureovernon-
adaptve stratgyiesfor the vectorparametecaseaswell.



6. APPLICATIONS OF SEQUENTIAL ESTIMATION

6.1. MIMO Channel Estimation

Oneimportantcomponenin a MIMO systemis the needto accu-
ratelyestimatehe channektateinformation(CSlI) atthetransmitter
andrecever. Recently [2] proposedfour differenttraining based
methoddor the at block-fadingMIMO systemincludingthe least
squareandbestlinearunbiasedestimator(BLUE) approacHor the
caseof multiple LS channekstimatesin orderto estimateher t

channelmatrix ~ with t transmitandr receve antennasN t

ar N matrix, M = [mq;:::;my]isther N matrix of sen-
sornoise,x; isthet 1 comple vectorof transmittedsignalsand
m; isther 1 comple zero-meanwhite noisevector Let Py be
the transmittedtraining power consrsraint,i.e., kXkZ = Po, k kg
indicatesFrobeniumorm (kX ke = = tr(XH X)) and 2 denotethe
varianceof recever noise. Assumingco-locatedransmitterandre-
ceiverarraysandmultiple training periodsavailablewithin thesame
cohereng time (quasi-static)o estimatethe channelthe setof re-
ceivedsignalscanberewritten in the following form:

yi=H(Xi) +n i=12::;K; (13)
wherey; = vedR;); = ved );ni = vedM);ved ) de-
notesthe column-wiseconcatenatiorof the matrix andH (X ;) =
(Xi N7 is alinearfunction of theinput X ;, which is the same
modeldescribedn (1). In [2], a methodof linear combiningthe
estimategrom eachof theK stagesvasproposedandthe MSE ob-
tainedfor the estimationusingK stagesf transmissiorwasshavn
to beMSEK )P: 2t2r =Py, whereP is the total power usedin the
K stepsi.e., iKzl kX ik Pg. If we have enoughtrainingsam-
ples,we couldcompletelycontrolthematrixH (X i) throughourin-
putX; andwe canmale H (Xi) orthggonalin this case(13) along
with the averagepower constraintE | kX k2 Py fallsin the
framawork of the problemof adaptve enegy allocationin Sections
4 and 5 wherethe problemis then separabldnto N independent
estimationproblemsof scalarparameters.Having K stepsin the
training sequencealsodirectly enablesus to implementour K -step
strat@y to achieve optimal performance.Henceit directly follows
thatusingour stratgly we areguaranteedo achieve the optimaler
ror given by MSE‘LE) Gk *t?r=Po, whichwe have shavn to be
atleast5dB (in 50 steps)hetterthanary non-adaptie stratey.

6.2. InverseScattering Problem

Theproblemof imagingamediumusinganarrayof transducerbas
beenwidely studiedin mary researctareassuchasmine detection,
ultrasonicmedicalimaging, and non-destructie testing. The goal
in imagingis to detectandimagesmallscatterersn a known back-
groundmedium. We apply our conceptof designinga sequencef
measurementto imagea mediumof multiple scattereraising an
arrayof transducersTheimagingarea(or volume)is divided into
V voxels andthe channeldenoteda;, betweena candidatevoxel i
andtheN transducerss given by the homogeneou&reens func-
tion andignoresthe effect of multiple scattering. Eachvoxel can
be characterizedy its scattercoefcient, e.g.,radarcross-section,
f 1g~; , whichindicatesthe proportionof thereceied eld thatis
re-radiated.Thusthe channebetweerthe transmittedeld andthe
measuretbackscattereald atthetransducearrayis A diag AT,
whereA = [a1;a2; ;av], =1[1; 2; ; v]',anddiag )
isaV V diagonalmatrixwith ; asits i diagonalelement.The

probingmechanisnfor imagingof thescatteicrosssectiongenerates
thefollowing sequencef noisecontaminatedignals

yi = Adiag )ATxi + ni = H(xi) + ni; (14)

whereH (x;) = Adiag/A"x;). Thegoalisto nd estimategor
the scatteringcoefcients  underthe averageenegy constraintto
minimizethe MSE. If A is a squarematrix, thenwe cancondition
diag A T x;) to have a single non zero componenton ary one of
the diagonalelementswhich translatego isolatingthe i column
for ary i. Asin Section5, we canperformV independenN -step
experimentsto guaranteehe N -stepgainsof at least5dB over the
standardsinglestepML estimatiorfor imaging[10].

7. CONCLUSIONS

In thispapewe consideredheN -stepadaptve waveform-amplitude
designproblemfor estimatingparametersf an unknavn channel
underaverageenegy constraints.For N = 2 anda linear Gaus-
sianchannelmodel, we found the optimal amplitudeto transmitat
the secondstepasa function of the rst measuremenrfor a scalar
parametecase.We shaved thatthis two-stepadaptve stratey ob-
tainedanimprovementof atleast1:7dB overary non-adaptie strat-
egy. Wethendesigned suboptimaN -stageproceduréasednthe
two-stepapproachand proved gainsof morethan5dB in N = 50
steps. Furthermore we extendedour resultsto the caseof vector
parametersTo conclude we provided applicationsof our designto
MIMO andinversescatteringchanneimodels.
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