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ABSTRACT

We consider the single-user computational cut-off rate for
the complex Rayleigh flat fading spatio-temporal channel
under a peak power constraint. Determination of the cut-
off rate requires maximization of an average error expo-
nent over all possible space-time codeword probability dis-
tributions. This error exponent is monotone decreasing in
a measure of dissimilarity between pairs of codeword ma-
trices. For low SNR the dissimilarity function reduces to a
trace norm of differences between outerproducts of pairs
of codewords. We characterize the cut-off rate and the rate
achieving constellation under different operating regimes
depending on the number of transmit and receive anten-
nas, the number of codewords in the constellation, and the
received SNR.

1. INTRODUCTION

In this paper we investigate the cut-off rate for the Rayleigh
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ifies the highest information rate beyond which sequential
decoding becomes impractical [6, 8] and as it is frequently
simpler to calculate than channel capacity.

The receiver is an N element antenna array which, for L
transmitted codeword matrices {S;}Z,, S; € S, produces
the sequence of T' x N observation matrices

Xi=nSiH; +W;, i=1,...,L ey

where n = p/M is the normalized signal-to-noise ratio
(SNR) with p > 0 the SNR per-entry of S;, H; isan M x N
matrix of complex channel coefficients, and W;isaT x N
matrix of complex noises. The piecewise constant Rayleigh
flat fading model corresponds to taking the LN (T + M)
elements of the matrices {H;}, and {W;}£ to be i.i.d.
zero mean Gaussian random variables with unit variance.
The following results are presented. Proofs are given in [3].

For the flat Rayleigh fading model under a peak trans-
mitted power constraint there is no advantage to using more
transmitting antennas than time samples (Proposition 1). Fur-
thermore, there is no advantage to transmitting signals that

flat fading spatio-temporal channel model introduced by Marzetta aré not spatially orthogonal, i.e. one might as well transmit

and Hochwald [5] under a maximum peak transmitted power
constraint. Codewords {S;} for this channel are complex
T x M matrices whose T' rows represent temporal coordi-
nates and whose M columns represent spatial coordinates,
indexed over T transmitted time samples and M transmitter
antennas, respectively. The set of peak constrained code-
words S are the set of complex 7" x M matrices which
satisfy the peak power constraint: ||S;||> < TM, where
ISII? = tr{SS"}.

Cut-off rate analysis has frequently been adopted to es-
tablish practical coding limits [7, 2] as the cut-off rate spec-

This work was performed, in part, while the first author was visiting
the Mathematical Sciences Research Center.

mutually orthogonal temporal waveforms at each antenna
element. These parallel results of Marzetta and Hochwald
for average power constraints [5].

An integral representation for the cut-off rate is obtained
which depends on a pairwise dissimilarity measure over the
set of signal matrices. This dissimilarity measure is a de-
creasing function of the spatial correlation between pairs of
signal matrices. For low SNR the dissimilarity measure re-
duces to a distance metric equal to the trace norm of pair-
wise differences between outerproducts of the signal matri-
ces.

A lower bound is given on the largest possible minimum
distance for arbitrary sets of signal matrices of fixed finite
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dimension. This is also a lower bound on the maximum
distance of signals in the optimal cut-off rate attaining signal
set.

A necessary and sufficient condition for a signal proba-
bility distribution to attain cut-off rate is that it equalize the
decoder error rate over all possible signal matrices. We call
this the equalization condition and it plays a central role in
this work.

The determination of the K dimensional cut-off rate re-
duces to maximization of a quadratic form over the set of
feasible constellations, defined as those constellations which
satisfy both the peak power constraint and the finite dimen-
sional equalization condition. This quadratic form is simi-
lar to that arising in the Capon/MVDR method for adaptive
beamforming arrays. If the feasible set of K dimensional
constellations is empty then the optimal constellation is nec-
essarily of dimension less than K.

For low symbol-rate the optimal constellation is a set
of scaled mutually orthogonal unitary matrices in @ T>*M,
This constellation also maximizes minimum distance over
all constellations of the same dimension. When SNR is low
the rank of the signal matrices in the constellation is one
and cut-off rate is achieved by applying all power to a single
antenna element at a time. As the SNR increases the rank
of the signal matrices increases and more and more antenna
elements are utilized. Interestingly, the number of receive
antennas N plays no role whatsoever in determining how
many transmit antennas should be used.

2. CUTOFF RATE REPRESENTATIONS

We first obtain an integral representation for the cut-off rate

R, which depends on a pairwise dissimilarity measure D(S;]|.S;)

over the set of codewords S:

Ro=max—ln [ dP(S)) [ dP(Sy) MDD,
pep si€8 52€8

where
def |, |Ir+2(51SH+5:80)[?
D(5:]|$2) = iln e

In (2) the maximization is performed over a suitably con-
strained set P of probability distributions P defined over
the set of peak constrained codewords S.

The dissimilarity measure D(S;||.S;) is a decreasing func-
tion of the spatial correlation between prewhitened versions

trace norm of pairwise differences between outerproducts
of the codeword matrices.

We end this subsection with a result that parallels Theo-
rems 1 and 2 of Marzetta and Hochwald [5], but covers the
case of peak power constrained signal sets.

Proposition 1 Assume that the transmitted signal S is con-
strained to satisfy the peak power constraint ||S||? < MT.
The peak power constrained cut-off rate attained with M >
T transmit antennas is the same as that attained with M =
T antennas. Therefore, there is no advantage to using more
than T transmit antennas. Furthermore, for M < T the
signal matrix which achieves peak power constrained cut-
off rate can be expressed as S = VA where VisaT x T
unitary matrix, A = [Apr,O)7 is a T x M matrix, and Apy
is a diagonal M x M matrix.

Readers familiar with Theorems 1 and 2 of [5] might
suspect that characterization of the statistical distribution P
of the optimal cut-off achieving signal matrix S can be ob-
tained. Indeed, paralleling the arguments of [5], it can be
shown that, as ¢r{SS¥} < TM is invariant to unitary pre-
multiplication of .S and as the maximization in the definition
of R, is over a concave function of P, the peak-power con-
strained cut-off rate is attained by random matrices of the
form S = VA where V is aT x T isotropically distributed
matrix, A = [Apr,0]7 is arandom T x M diagonal matrix,
and V and A are statistically independent.

Define a constellation as follows

Definition 1 A set of matrices {S;}X , in @ T*M is a code-
word constellation if all assigned codeword probabilities P;
are strictly positive, 1 = 1,..., K.

In the following sections we specialize to the case of dis-

(2grete signal constellations for which equalizer distributions

are always optimal.

3. DISCRETE CONSTELLATIONS

The K dimensional cut-off rate, defined as the cut-off rate
for constellations whose dimension does not exceed K, is
the appropriate limiting factor for practical coding schemes.

Define the feasibility set ‘S.’;‘eak of K-dimensional con-
stellations

of pairs of codeword matrices. It can be shown that D( S, ||S2) =

K _ VK . g ™ 112
72 /8)181SH — 828 |2+0(n?), so that for low SNR the dis- Speax = {{Si}izy: Si € €TV, |ISif* < TM,
similarity measure reduces to a distance metric equal to the Eg'ly € Rf , S;SH £8; S]-H iEG. @)
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wherely, = [1,...,1]T e R and Ex = ((e ND(S‘”S’)))
is the K x K dissimilarity matrix of the constellation. Eg is

positive definite as long as the outerproduct matrices {S;SH } X,

are distinct. It can be shown that S‘;‘eak is the set of “equal-
izer” constellations for which there exists an “equalizer prob-
ability vector” Py satisfying

ExPy =clg
for some ¢ > 0.

The following representation theorem asserts that R, (K)
is attained by an equalizer constellation which maximizes a
simple quadratic form.

Proposition 2 Let K be a positive integer. The peak power

constrained K dimensional cut-off rate R,(K ) is attained

by a constellation in one of the feasible sets S* peakr K =
., K, and

max max

Ro(K) = In {0<k<K (s }k les

17 ‘llk} )

peak

Observe that by taking K = oo in Proposition 2, we ob-
tain the cut-off rate of constellations of countable, but pos-
sibly infinite, dimension. The objective function 17 E; 11,
maximized in (5) is similar to the criterion used in Capon’s
method, also known as minimum variance distortionless re-
sponse (MVDR), for adapting the weights of a beamform-
ing array of antenna elements and for high resolution spec-
tral estimation {4].

4. SPECIAL LIMITING CASES

Here we specialize the cutoff rate to several limiting regimes.

4.1. Large Dimension K

Recall the definition Dpyin = min;z; D(S;||S;). When
K < |T/M| we will see (Proposition 5) that a set of sig-
nal matrices {S;}X, exists for which D(S;||S;) = Dmin
for all + # j, and which simultaneously attains the cut-off
rate Ro(K) and attains the maximum possible value Dy
The following result establishes a lower bound on the largest
possible value D%, = max(s,}x .s5,esX  Miliz; D(S;ll:S;)-
A constellation {S;}%, achieving Dmin = D%, i
a maximin constellation of dimension K.

is called

For positive integer p let £, 7 be the uniform lattice of
27T points covering the T-dimensional unit cube: L, 1 =

170

i,7=1

(0,0) ™

-1 Mt

Figure 1: For gr(2°7!' - 1) < K < gr(2? — 1) and p
a positive integer the vectors of singular values of the con-
stellation are optimal (maximum Dp;,) when they form a
uniform lattice and there are exactly K = gr (2P — 1) sig-
nals in the constellation. In the figure T = 2 and p = 3.
3.

{G1,-..,i1) : 4 € {0,1/(2° —1),2/(2" - 1),...,1}}. De-
fine the integer valued function
g—ir g—ir—--—iz
gr(e) = Z oo Y
ir=0ipr_1=0 i1==0
For example, g2(q) = (¢ + 1)(¢ + 2)/2 and g3(9) = (g +

1)(q+2)(q+3)/6. gr (2P —1) is the number of lattice points
of £, 7 which are inside of the T-dimensional unit simplex

{(ul,...,uT): YT w<1, wel, 1]}(SeeFig. 1).

Proposition 3 For given K > 1 let p be the unique integer
for which gr(2P7Y — 1) < K < gr(2P — 1). Then
D**

S 10 _(TM)? n°(TM)?
min — 8 (2p

—2/T 2y
1) 18 K +o(n°),-

+o(n?) >
The first inequality is tight when K = g7 (2P — 1) and the
anti-diagonal matrices Z; = S;SH — diag(S;SH) satisfy
1Z: — Z;l| = 0,4 # j.

The proposition says that, for sufficiently small SNR

n?, Dy, cannot asymptotically decrease to zero faster than
rate K—2/T_ This asymptotic rate can be achieved, for ex-
ample, in the case that M = T, the {S;SH}K,’s are di-
agonal and form the constellation of a linearly constrained
lattice code [1] in RT. Specifically, each S; is a square ma-
trix with orthogonal rows and the vectors of diagonals of the
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S;SH matrices are locations of the tie points of the K point
lattice shown in Fig. 1.

The above result leads to a lower bound on the average
distance D(S?||S %) of the optimal K-dimensional cut-off
rate achieving constellation, {S}}X ,, where
Xz PP} D(SE1IST)

T P

We can show [3] that D(S}[|S?) > Dy

min

D(s;1157) =

so that

2)2
TJSW/ ) K-2/T+O(7)2).

i 2
BETED > L

4.2. Low Dimensional Constellations

When the number of signal matrices K to be considered
is sufficiently small significant simplification of the cut-off
rate computation is possible. In particular, one obtains opti-
mality of a set of scaled mutually orthogonal unitary signal
matrices and a simple form form for R,(K).

The first result specifies the solution to optimization of
the dissimilarity measure D(S;||S;) defined in (3).

For given 7, T and M define the integer M,

(1 + nT M/ (2m))?
1+ 7T M/m } M

M, = argmax (1, . M} {mln

We will see below that under some conditions M, is the
rank of the signal matrices .S; in the optimal K -dimensional
constellation.

The proof of the following proposition is based on the
alternative but equivalent representation for D(S; || S2)

[T +258 61 |° | Im+ 255 50|
|1M+n51Hanlm+'Istzl

D(51||Sz) = %ln
where k is a M x M multiple signal correlation matrix
K= S'zHSl

Propositiond Let 2M < T. Then

| T — K,Hn|2 ,

(1 +nTM/(2M,))*

Dpax def max  D(5]|S2) = M,In

51,5268k,

1+9TM/M,

Furthermore, the optimal signal matrices which attain
Dnax can be taken as scaled rank M, mutually orthogonal
unitary T x M matrices of the form

51 =TM/M, &, Sy = /TM/M, ®,

171

where, for j = 1,2,

7%, =1y, and ®f®; =0, i#j

The assumption 2M < T is critical and ensures that the
singular vectors of S1 and S2 can be chosen as mutually
orthogonal for any set of singular values.

The rank M, of the optimal matrices S; and S; in-
creases from 1 to M as the SNR parameter 7T M increases
from 0 to oo (see Fig. 2). Numerical evaluation has shown
that the functional relationship between M, and SNR is well
approximated by the relation

M, ~ max (1, |anTM + b+ 0.48})

where a, b are the slope and intercept of the least squares
linear fit to the function y(x) = argmax,,_; , m In[(1 +
z/(2m))? /(142 /m)]. The approximation is a lower bound
and underestimates the exact value of M,, given by (7), by
at most 1 over less than 0.5% of the SNR range shown in
Fig. 2 (0 < nT M < 120). If the SNR is sufficiently large,
e.g. (from Fig. 2)nTM > 17for M = 6and T > 12,
M, = M and the optimal signal matrices utilize all M
transmit antennas. On the other hand for small SNR, i.e.
(from Fig. 2) nTM < 4, M, = 1 and the optimal sig-
nal matrices apply all available transmit power to a single
antenna element over the coherent fade interval T'.

The final result of this section is an expression for the
cut-off rate,

Proposition 5 Let 2M < T and let M, be as defined in
(7). Suppose that M, < min{M,T/K}. Then the peak
constrained K dimensional cut-off rate is

- K

K)=1
Ro(K) = In (1 + (K - 1)e—NDmx>
and Drax is given by (8). Furthermore, the optimal con-
stellation attaining R,(K) is the set of K rank M, mutually
orthogonal unitary matrices and the optimal probability as-
signment is uniform: P = 1/K,i=1,...,K.

Any unitary transformation on the columns (spatial co-
ordinates) of a set of signal matrices produces a set of sig-

‘nal matrices with identical Dpin. In particular, any set of

K mutually orthogonal T x M, permutation matrices has
optimal distance properties. This simple set of signal matri-
ces corresponds to transmitting energy on a single antenna
element at a time, among a total of M, < M elements, in
each of the available T time slots. Since R, (K) is increas-
ing in K the maximum cut-off rate achievable using these
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mutually orthogonal unitary matrices is obtained by using
the maximum possible number of them: K = |T/M,].
Observe that the resulting optimal constellation may corre-
spond to a code of quite. low symbol rate, e.g. for M, =
M = T/2 the symbol rate is only 1 bit-per-symbol.

It is noteworthy that the optimal peak constrained signal
constellation specified by Proposition 5 does not include the
zero valued signal matrix S; = O. Including zero in the sig-
nal constellation would allow signalling using on-off key-
ing. On-off keying is often proposed for average power con-
strained signalling over low SNR channels since it permits
energy discrimination at the receiver. As contrasted with on-
off keying all signals in the optimal peak constrained signal
set have equal power. We conjecture that the zero signal
would result from replacing the peak power constraint with
an average power constraint in Proposition 5.

4.3. Conclusions

We have derived representations for the computational cut-
off rate for space time coding under the Rayleigh flat fading
channel model under a peak transmitted power constraint.
For finite dimensional constellations the cut-off rate and the
optimal signal distribution were specified as a solution to a
quadratic optimization problem and it was shown that op-
timal constellations have codeword distributions which sat-
isfy an equalization condition. This characterization of opti-
mality motivated us to study properties of the set of feasible
constellations which satsify the equalization property. Eas-
ily verifiable necessary and sufficient conditions were given
for validating that a given signal constellation lies in the fea-
sible set. Based on one of these conditions in [3] a greedy
procedure was proposed for recursively constructing or re-
fining a good feasible constellation.
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Figure 2: Top panel shows M, given by (7) as a function of
the SNR parameter 777" M. Bottom panel is blow up of first
panel over a reduced range of SNR.
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