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ABSTRACT

We introducea new similarity measuréetweerdatapointssuited
for clusteringand classi cation on smoothmanifolds. The pro-

posedmeasuras constructedrom a dual rootedgraphdiffusion

over the featurevector space,obtainedby growing dual rooted
minimum spanningirees(MST) betweerndatapoints. This diffu-

sionmodelfor pairwiseaf nities naturallyaccommodatethecase
wherethefeaturedistributionis supportedn alower dimensional
manifold. Whenthis afnity measureés combinedwith labeled
data,a semi-supervisedlassi er canbede ned thathandlesoth

labeledand unlabeleddatain a seamlessnanner We will illus-

trateour methodfor both simulatedgroundtruth andreal partially

labeleddatasets.

1. INTRODUCTION

Unsupervisedearningor clusteringhave beena researctocusof
severalcommunitiesfor the pastdecadesMarny algorithmshave
beenproposedvith varyingdegreesof succesandarewidely used
in areafrom text cateyorization/computevisionto genomicq1].
While mary strideshave beenmadein the area,there are still
mary openproblems. Little succeshasbeenfoundin casesn
which clustersdo not form corvex regionsor arenot clearly sep-
arated(overlapping).In particular thesescenarioxanposechal-
lengesto methodsusing Euclideandistancego measuresimilari-
ties/afnities betweerdatapoints.In a Euclidearspacea pointon
theedgeof clusterl in Fig. 2 is closerto pointsin cluster2 thanto
otherpointsin clusterl. In this casethereis nolinearform which
will classifythe datasatishctorily.

Severaldifferentframevorks have beenintroducedo address
theclusteringproblem.Classicakolutionsincludegeneratie mo-
delapproacheandtheK -meansalgorithm.In thegeneratie mo-
del case,the datasetis assumedo be well modeledby a para-
metric mixture of densities. One then attemptsto estimatethe
mixture parameteryia maximumlik elihoodor correspondingt-
eratve implementationssuchas the EM algorithm. Of course,
modelassumptionsesultingin mathematicatractability andim-
plementablénferencealgorithmswill alsoresultin alossof capa-
bility of the methodto clustergeneraldatasets(thatdo not t the
assumednodel). Anotherdravbackstemsfrom the usuallack of
corvexity of the likelihoodfunction, resultingin an optimization
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problemwhich can have mary local minima. The K -meansal-
gorithm, basedon minimizing a meansquarecerror criteria (with
respecto clustercentroids) sharesvith thepreviousapproactihe
sameproblemsin its optimizationformulation.

Recently the focus of attentionin unsupervisedearninghas
turnedto spectralclusteringmethodsdue to its mary successes
[1]. Thesemethodsusethe spectralcontentof a similarity ma-
trix of pairwisedistancedbetweerdatasamplego learna partition
of the dataset. More speci cally, the eigervectorsareviewed as
providing an embeddingof the datainto a spacewhereit is well
separatedndcaneasilybeclustered.

While spectramethodshave shavn muchimprovementthere
still remaindif culties. For example,startingfrom a setof mea-
sureddissimilaritiesd(x; x; ) (e.g.,Euclideardistance)between
pairs(xi;Xx;) of datapoints,several promisingspectralmethods
[2,3] usea Gaussiaror heatkernelto computean af nity matrix,
A, accordingo:

d2(Xi:X;)
a =e 22 1)

The kernelwidth parameter , givestherateat which the simi-
larity betweentwo pointsdecays.While therearemary heuristic
proposaldor selectinghekernelparameter , therehasbeenlittle

effort to devise a systematiamethodfor its determination.Com-
plicatingthis matter the directrelianceof spectraimethodsonthe
afnity matrix cancauseclusteringresultsto shav high sensitv-

ity to the choiceof . This may leadto trial-and-erroror other
heuristicmethodsnvolving mary re-startdor the selectionof

Despitetheir versatility spectralmethodsstill have trouble
classifyingdatasetswith non-Euclidearstructures. For this we
shouldseekout a more geometricallydescriptie similarity mea-
sure: onethatwould betterdescribethe global, aswell aslocal,
geometryof the dataset. Recentresearch4] have investicated
diffusionprocessesngraphs.Theseprocessearelinkedto aran-
domwalk on the graphwith nodesconsistingof datapoints. It
is the isotropic growth on the graphwhich encapsulatethe (as-
sumed)underlyinggeometryof the featurespace. In this paper
we provide a new af nity measuredasedon a similar graphdif-
fusionidea. This framevork naturallyembodiesa geometrigooint
of view andis resistanto bottlenecksnoise,andnon-cowex/non-
Euclideanstructures.The methodproposeds basedon growing
dual rootedminimum spanningtrees(MST) betweenall pairs of
points and using the hitting time of the two MST's to measure
afnity betweerdatapoints.



2. FROM DUAL ROOTED GRAPHS TO SIMILARITY
MEASURES

Recentwork by CoifmanandLafon [4] hasprovidedaconnection
betweerdiffusionprocessesn manifoldsandrandormwalkson -
nite datasets.Accordingly arandomwalk ona nite datasetcan
beseerasadiscretizatiorof adiffusionprocessthatwill generate
pathsbetweerdatapointswith transitionprobabilitiesdetermined
by localinter-point distancesBy collectingall pathsbetweerary
two points,one cannaturallyde ne a diffusion measurehatac-
countsfor thegeometnyof thedataset: themorepathsthatconnect
two pointsthemoresimilar they will be.

Motivatedby this interpretationyve introduceda new similar-
ity measurdetweerdatapointsbasedon the dual problem:start-
ing two randomwalks on differentpoints,whenwill thetwo paths
generatedhit eachother?Thefollowing algorithmformalizesthis

1. For eachx 2 X, computea rooted greedyMST. This
graphis obtainedrecursvely in the following way. Let
M STk (X; Xn) bethe setof pointsin the tree at time k.
Startwith M STy (x; Xn) = fxg. Then,attimek, addthe
pointy in X, not previously addedthatis the closest(in
Euclideandistance}o M STy (x; Xn), i.e.,

y = argzz)< nansl?k(x;xn) d(z; M STy (x; Xn)) :

2. De ne thehittingtime, (x;y), betweerpointsx andy in
Xn astheiterationk whenthetwo greedyMST'srootedon
eachpointwill intersectj.e.,

(x;y) = minfk : M ST (X; Xn)\ MSTk(Y; Xn) 6 ;0 :
@
3. Thesimilarity/afnity betweerx andy is thendetermined
accordingotheheatkernel(1) with d(xi; x;) = (Xi;Xj).
Fig. 1 shavs anexampleof a dualrootedtreeobtainedby running
the above procedurein a two dimensionaldatasetcomprisedof
two clusters. Alternatively, one could alsousethe total length of
the rootedtreesat the hitting time to computesimilarity between
points. This measurehasthe appealof accountingfor the path
lengths asopposedo only countingtheminimumnumbetrof steps
to getfrom onepointto theother
Regardingimplementatiorof thealgorithm,n full greedyMST's
aregrowvn andassociatedavith alist containingthetime stampsof
wheneachdatapoint is addedto the eachtree. To determinethe
hitting point, the orderedist of time stampds parseduntil acom-
mon pointis foundbetweertrees.

3. APPLICATION TO SPECTRAL CLUSTERING

Althoughmary avors of spectraklusteringhave beenproposed,
they all sharethe samethe algorithmicstructure:

1. For a given afnity matrix A, de ne the diagonalmatrix
D = diag/A1) andthegraphLaplacianasL = D  A.
2. Solwethegeneralizeaigervalueproblem

Lv= Dv:

3. Usethe eigervectorsassociatedvith the k smallestposi-
tive eigervaluesto determinea k-way partitioning of the
data. This will dependon the particularspectralclustering
methodchosen.It canrangefrom heuristichasednethods
to applyingk-meansn theresultingeigervectors[1, 3].
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Fig. 1. Exampleof dualrootedMST. The™ 's' markthetwo root
vertices.

Table 1. Jaccardndex for clusteringof datasetsfrom the UCI
repositoryof machingearning|[6].

Data NJW NJW Ncut Ncut

set +hit. time | +Euclid. | +hit. time | +Euclid.
Wine 4047 4079 4047 4039
Wis. Cancer 4131 4231 4131 4397
Soybean 493 .493 493 .493
Housing .5508 .5434 .5508 .5508
lonosphere 4674 4261 4674 4289

3.1. Experimental Results

To testthe algorithm,we implementedhe proposedaf nity mea-
surewith spectrablgorithmsintroducedn [3] (NJW)and[2] (NCut).

To measurahe ef ciency of the clusteringwe usea quantita-
tive accurag measuren additionto visualjudgment.For this we
useameasur&known asthe Jaccardndex [5] betweera predeter
minedsetof classlabelsC anda clusteringresultK :

a

HCK)= opve

®3)
wherea is the numberof pairswith the sameclasslabelin C and
thesameclusterlabelin K , bis thenumberof pairswith thesame
labelin C andadifferentlabelin K , andc is the numberof pairs
with the sameclusterin K anddifferentlabelin C.

Figures2 and 3 shav the resultsof applying the proposed
methodto somestandardsyntheticdatasets.For comparisonye
alsoappliedk-meansandspectraimethodswith anaf nity matrix
derived from Euclideandistancego the samedata. Fromthe g-
ure, it is clearthat k-meansdoesnot handlenon-cowex regions
well. Also notethatthe spectraimethodperformmoreaccurately
with the proposediualrooteddiffusionaf nity matrix.

To illustratethe effectivenesf theproposedaf nity measure
in capturingthe intrinsic geometryof manifold data,we applied
the samealgorithmsto the “2 moons”datasetembeddedn a 3-
dimensionabkpace As it canbe seenfrom Fig. 4, the hitting time
basedaf nity measurés clearly superiorto the othermethods.

Along with the synthetic2 and3 D datasetshavnin g-
ures2, 3 and4, the proposednethodwasalsoappliedto standard
realdatasetsof high dimensiontaken from the UCI repositoryof



Fig. 2. Clusterresultsof “2 moons”dataset. Clusterlabelsindicatedby symbols. Left: NJW usinghitting time af nity; Middle: NJW

usingEuclidearaf nity; Right: k-meansalgorithm.

Fig. 3. Clusterresultsof “2 circleswith center’dataset. Clusterlabelsindicatedby symbols. Left: NCut using hitting time af nity;

Middle: NCutusingEuclidearaf nity; Right: k-meansalgorithm.

machinelearning[6]. Table 1 shavs the resultsof theseexperi-
ments.

While for spectraimethodsbasedon Euclideandistancesthe
clusteringsolutionis highly sensitve to thekernelwidth parameter
, we have obseredthatthe proposedaf nity matrix yieldssolu-
tions somevhatinsensitve to this parameter Giventhat (x;y)
is thenumberof stepsin growing two rootedtreesuntil they inter-

parameters typically choserto be10  50% of thisrange.Fig. 5
shaws this behaior.

4. APPLICATION TO SEMI-SUPERVISED LEARNING

Building on the recentwork of Belkin et al [7], we can apply
our similarity measureo the realm of semi-supervisetearning.
This type of feedback-baselkarningseemso be a morenatural
way of performclustering,whenextra labelinformationis avail-
able.In [7], theintrinsic geometryof the featurespacds factored
into the formulationof functionallearningthroughthe useof the
graphLaplacianin the extendedoptimizationproblem. Given |
datapointsf x; g with labelsy; 2 f 1;1g andu unlabeledexam-
ples,let

X |
u+ |

fozarg min 27 V(xiyiof)+ akfkd + —fTLf
foH |

i=1

whereH ¢ is areproducingkernelHilbert space) is acostfunc-
tion usedto to t thelabeleddata,andk kg is the norm with
respecto akernelK. Theapplicationof theproposedf nity mea-
sureis apparenhere:onecansubstituteour af nity matrix for the
standardEuclideanbasedaf nity in the computatiorof the graph
Laplacian.

4.1. Experimental Results

We usedthe semi-supervisetbarningalgorithmsproposedn [7],
namelyregularizedeastsquaregLapRLS)andsupportvectorma-
chines(LapSVM) with intrinsic geometricpenaltyvia the graph
Laplacian. For LapRLS,the costfunctionis V (x;y;f) = (y

f (x)), while for LapSVM the costfunctionis given by the hinge
lossV(x;y;f)=(1 yfX))+.

Theeffectivenesof theobtainedabelingis measureéccord-
ing to the accurag measurelescribedn [8]. Givena setof true
classlabelsC, theaccuray of a classi cationoutputC is de ned
as:

X 1f1fCi = Cjg= IfCi = Cjgg .
u(u 1)=2 '

accuracy =

4)
i>j

wherel f g is theindicatorfunction.
Table2 shavstheresultsof applyingthedescribednethodgo
datasetswith 10to 20 labeledexamples.As thechoiceof labeled



Normalized-cut method applied using the diffusion index measure
to 2 moons embedded in 3 dimensions

Normalized cut method applied using the Euclidean measure.
on 2 moons embedded in 3 dimensions

k means method applied to 2 moons embedded in 3 dimensions

Fig. 4. Clusterresultsof “2 moons”embeddedn 3-D. Clusterlabelsindicatedby symbols.Left: NCutusinghitting time af nity; Middle:
NCutusingEuclideanaf nity; Right: k-meansalgorithm.

Clustering effectiveness against kernel parameter variation: "Wine" dataset
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Fig. 5. Plotof variationin clusteringeffectivenesgJaccardndex)

vs. changein heatkernel parameter . Experimentperformed
on Wine dataset[6] using NCut methodwith both hitting time

and Euclideanbasedaf nities. Parameterchosento be % of the
maximumdistanceof dataset.

examplescangreatlyaffecttheoutput,to avoid possiblebiasmary
simulationswererun, with thelabeledpointschoserrandomlyfor
eachexperiment,but keptthe samefor differentalgorithms. The
optimizationparameters o and | were setby crossvalidating
the accurag measure. Typically, the bestresultswere obtained
when A ! i or whenthe ambientspaceregularizationwas
emphasizedt leastasmuchasthe geometricregularization. As
it canbe obsered, the useof the proposedhitting time af nity
always outperformsthe Euclideanbasedaf nity . For somedata
sets,it evengreatlyimprovesthelabelingaccurag.

5. CONCLUSION

We have introduceda new measureof dissimilarity betweendata
pointsbasedon dual rooteddiffusions. This resultsin a quantity
thatcapturesothlocal structureof thedataset,throughneighbor
hoodrelations andglobalstructure throughthe compleity of the
possiblepathsconnectingary pair of pointsin the dataset.

A naturalextensionof theideaspresentedhereis forming the
afnity matrix using dual rooted graphsbasedon geodesicdis-

Table 2. Accuray of semi-supervisedlassi cation of datasets
from the UCI repositoryof machineearning([6].

Data LapRLS | LapRLS | LapSVM | LapSVM

set +hit. time | +Euclid. | +hit. time | +Euclid.
Wis. Cancer .5463 .5463 4071 .4032
Housing .8967 .8108 7641 .7316
lonosphere .5481 5461 .6278 .5584

tancesinsteadof Euclideandistances. This will allow one ex-

tra stepin accountingfor the intrinsic geometryof the data. We

arealsostudyingvariationsof the diffusion paradigmusingsingle
rootedtrees.Of greatimportanceto all thiswork is thetheoretical
characterizatioof the behaior of the proposedyraphs.
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