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ABSTRACT

We introduceanew similarity measurebetweendatapointssuited
for clusteringandclassi�cation on smoothmanifolds. The pro-
posedmeasureis constructedfrom a dual rootedgraphdiffusion
over the featurevector space,obtainedby growing dual rooted
minimumspanningtrees(MST) betweendatapoints. This diffu-
sionmodelfor pairwiseaf�nities naturallyaccommodatesthecase
wherethefeaturedistribution is supportedona lowerdimensional
manifold. When this af�nity measureis combinedwith labeled
data,a semi-supervisedclassi�er canbede�ned thathandlesboth
labeledandunlabeleddatain a seamlessmanner. We will illus-
trateourmethodfor bothsimulatedgroundtruthandrealpartially
labeleddatasets.

1. INTRODUCTION

Unsupervisedlearningor clusteringhave beena researchfocusof
several communitiesfor thepastdecades.Many algorithmshave
beenproposedwith varyingdegreesof successandarewidelyused
in areasfrom text categorization/computervision to genomics[1].
While many strideshave beenmadein the area,thereare still
many openproblems. Little successhasbeenfound in casesin
which clustersdo not form convex regionsor arenot clearlysep-
arated(overlapping).In particular, thesescenarioscanposechal-
lengesto methodsusingEuclideandistancesto measuresimilari-
ties/af�nities betweendatapoints.In aEuclideanspace,apointon
theedgeof cluster1 in Fig. 2 is closerto pointsin cluster2 thanto
otherpointsin cluster1. In thiscase,thereis no linearform which
will classifythedatasatisfactorily.

Severaldifferentframeworkshave beenintroducedto address
theclusteringproblem.Classicalsolutionsincludegenerativemo-
delapproachesandtheK -meansalgorithm.In thegenerativemo-
del case,the dataset is assumedto be well modeledby a para-
metric mixture of densities. One then attemptsto estimatethe
mixtureparametersvia maximumlikelihoodor correspondingit-
erative implementations,suchas the EM algorithm. Of course,
modelassumptionsresultingin mathematicaltractabilityandim-
plementableinferencealgorithmswill alsoresultin a lossof capa-
bility of themethodto clustergeneraldatasets(thatdo not �t the
assumedmodel). Anotherdrawbackstemsfrom theusuallack of
convexity of the likelihoodfunction, resultingin an optimization
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problemwhich canhave many local minima. The K -meansal-
gorithm,basedon minimizing a meansquarederrorcriteria(with
respectto clustercentroids),shareswith thepreviousapproachthe
sameproblemsin its optimizationformulation.

Recently, the focusof attentionin unsupervisedlearninghas
turnedto spectralclusteringmethodsdue to its many successes
[1]. Thesemethodsusethe spectralcontentof a similarity ma-
trix of pairwisedistancesbetweendatasamplesto learnapartition
of thedataset. More speci�cally, theeigenvectorsareviewedas
providing an embeddingof the datainto a spacewhereit is well
separatedandcaneasilybeclustered.

While spectralmethodshaveshown muchimprovement,there
still remaindif�culties. For example,startingfrom a setof mea-
sureddissimilarities,d(x i ; x j ) (e.g.,Euclideandistance),between
pairs(x i ; x j ) of datapoints,several promisingspectralmethods
[2,3] usea Gaussianor heatkernelto computeanaf�nity matrix,
A, accordingto:

aij = e�
d 2 ( x i ;x j )

2 � 2 : (1)

The kernelwidth parameter, � , givesthe rateat which the simi-
larity betweentwo pointsdecays.While therearemany heuristic
proposalsfor selectingthekernelparameter� , therehasbeenlittle
effort to devise a systematicmethodfor its determination.Com-
plicatingthismatter, thedirectrelianceof spectralmethodson the
af�nity matrix cancauseclusteringresultsto show high sensitiv-
ity to the choiceof � . This may lead to trial-and-erroror other
heuristicmethodsinvolving many re-startsfor theselectionof � .

Despitetheir versatility, spectralmethodsstill have trouble
classifyingdatasetswith non-Euclideanstructures.For this we
shouldseekout a moregeometricallydescriptive similarity mea-
sure: onethat would betterdescribethe global, aswell as local,
geometryof the dataset. Recentresearch[4] have investigated
diffusionprocessesongraphs.Theseprocessesarelinkedto aran-
dom walk on the graphwith nodesconsistingof datapoints. It
is the isotropicgrowth on the graphwhich encapsulatesthe (as-
sumed)underlyinggeometryof the featurespace. In this paper,
we provide a new af�nity measuredbasedon a similar graphdif-
fusionidea.This framework naturallyembodiesageometricpoint
of view andis resistantto bottlenecks,noise,andnon-convex/non-
Euclideanstructures.The methodproposedis basedon growing
dual rootedminimum spanningtrees(MST) betweenall pairsof
points and using the hitting time of the two MST's to measure
af�nity betweendatapoints.



2. FROM DUAL ROOTED GRAPHS TO SIMILARITY
MEASURES

Recentwork by CoifmanandLafon[4] hasprovidedaconnection
betweendiffusionprocessesonmanifoldsandrandomwalkson�-
nite datasets.Accordingly, a randomwalk on a �nite datasetcan
beseenasadiscretizationof adiffusionprocess,thatwill generate
pathsbetweendatapointswith transitionprobabilitiesdetermined
by local inter-point distances.By collectingall pathsbetweenany
two points,onecannaturallyde�ne a diffusion measurethat ac-
countsfor thegeometryof thedataset:themorepathsthatconnect
two pointsthemoresimilar they will be.

Motivatedby this interpretation,we introducedanew similar-
ity measurebetweendatapointsbasedon thedualproblem:start-
ing two randomwalksondifferentpoints,whenwill thetwo paths
generatedhit eachother?Thefollowing algorithmformalizesthis
idea.Let Xn = f x 1 ; : : : ; x n g beasetof n pointsin Rd .

1. For eachx 2 Xn computea rootedgreedyMST. This
graph is obtainedrecursively in the following way. Let
M STk (x ; Xn ) be the set of points in the tree at time k.
Startwith M STk (x ; Xn ) = f x g. Then,at time k, addthe
point y in Xn not previously addedthat is the closest(in
Euclideandistance)to M STk (x ; Xn ), i.e.,

y = arg min
z 2X n nM S Tk (x ;X n )

d(z; M STk (x ; Xn )) :

2. De�ne thehitting time, � (x ; y ), betweenpointsx andy in
Xn astheiterationk whenthetwo greedyMST'srootedon
eachpointwill intersect,i.e.,

� (x ; y ) = minf k : M STk (x ; Xn )\ M STk (y ; Xn ) 6= ;g :
(2)

3. Thesimilarity/af�nity betweenx andy is thendetermined
accordingto theheatkernel(1)with d(x i ; x j ) = � (x i ; x j ).

Fig. 1 showsanexampleof adualrootedtreeobtainedby running
the above procedurein a two dimensionaldatasetcomprisedof
two clusters.Alternatively, onecouldalsousethe total lengthof
the rootedtreesat thehitting time to computesimilarity between
points. This measurehasthe appealof accountingfor the path
lengths,asopposedto only countingtheminimumnumberof steps
to getfrom onepoint to theother.

Regardingimplementationof thealgorithm,n full greedyMST's
aregrown andassociatedwith a list containingthetime stampsof
wheneachdatapoint is addedto theeachtree. To determinethe
hitting point, theorderedlist of timestampsis parseduntil acom-
monpoint is foundbetweentrees.

3. APPLICATION TO SPECTRAL CLUSTERING

Althoughmany �a vorsof spectralclusteringhave beenproposed,
they all sharethesamethealgorithmicstructure:

1. For a given af�nity matrix A, de�ne the diagonalmatrix
D = diag(A1) andthegraphLaplacianasL = D � A.

2. Solve thegeneralizedeigenvalueproblem

Lv = � Dv :

3. Use the eigenvectorsassociatedwith the k smallestposi-
tive eigenvaluesto determinea k-way partitioning of the
data.This will dependon theparticularspectralclustering
methodchosen.It canrangefrom heuristicbasedmethods
to applyingk-meanson theresultingeigenvectors[1,3].

Fig. 1. Exampleof dualrootedMST. The`� 's' markthetwo root
vertices.

Table 1. Jaccardindex for clusteringof datasetsfrom the UCI
repositoryof machinelearning[6].

Data NJW NJW Ncut Ncut
set +hit. time +Euclid. +hit. time +Euclid.

Wine .4047 .4079 .4047 .4039
Wis. Cancer .4131 .4231 .4131 .4397

Soybean .493 .493 .493 .493
Housing .5508 .5434 .5508 .5508

Ionosphere .4674 .4261 .4674 .4289

3.1. Experimental Results

To testthealgorithm,we implementedtheproposedaf�nity mea-
surewith spectralalgorithmsintroducedin [3] (NJW)and[2] (NCut).

To measuretheef�ciency of theclustering,weuseaquantita-
tive accuracy measurein additionto visual judgment.For this we
usea measureknown astheJaccardindex [5] betweena predeter-
minedsetof classlabelsC andaclusteringresultK :

J (C; K ) =
a

a + b+ c
(3)

wherea is thenumberof pairswith thesameclasslabel in C and
thesameclusterlabelin K , b is thenumberof pairswith thesame
label in C anda differentlabel in K , andc is thenumberof pairs
with thesameclusterin K anddifferentlabelin C.

Figures2 and 3 show the resultsof applying the proposed
methodto somestandardsyntheticdatasets.For comparison,we
alsoappliedk-meansandspectralmethodswith anaf�nity matrix
derived from Euclideandistancesto thesamedata.Fromthe �g-
ure, it is clear that k-meansdoesnot handlenon-convex regions
well. Also notethatthespectralmethodsperformmoreaccurately
with theproposeddualrooteddiffusionaf�nity matrix.

To illustratetheeffectivenessof theproposedaf�nity measure
in capturingthe intrinsic geometryof manifold data,we applied
the samealgorithmsto the “2 moons”datasetembeddedin a 3-
dimensionalspace.As it canbeseenfrom Fig. 4, thehitting time
basedaf�nity measureis clearlysuperiorto theothermethods.

Along with thesynthetic2� and3� D datasetsshown in �g-
ures2, 3 and4, theproposedmethodwasalsoappliedto standard
realdatasetsof high dimensiontakenfrom theUCI repositoryof



Fig. 2. Clusterresultsof “2 moons”dataset. Clusterlabelsindicatedby symbols.Left: NJW usinghitting time af�nity; Middle: NJW

usingEuclideanaf�nity; Right: k-meansalgorithm.

Fig. 3. Clusterresultsof “2 circleswith center”dataset. Clusterlabelsindicatedby symbols. Left: NCut usinghitting time af�nity;

Middle: NCutusingEuclideanaf�nity; Right: k-meansalgorithm.

machinelearning[6]. Table1 shows the resultsof theseexperi-
ments.

While for spectralmethodsbasedon Euclideandistances,the
clusteringsolutionis highlysensitiveto thekernelwidth parameter
� , we have observedthattheproposedaf�nity matrix yieldssolu-
tions somewhat insensitive to this parameter. Given that � (x ; y )
is thenumberof stepsin growing two rootedtreesuntil they inter-
sect,this impliesthat � (x ; y ) 2 f 1; : : : ; dn=2eg. In practice,the
parameteris typically chosento be10� 50%of this range.Fig. 5
shows thisbehavior.

4. APPLICATION TO SEMI-SUPERVISED LEARNING

Building on the recentwork of Belkin et al [7], we can apply
our similarity measureto the realmof semi-supervisedlearning.
This type of feedback-basedlearningseemsto be a morenatural
way of performclustering,whenextra label informationis avail-
able.In [7], theintrinsic geometryof thefeaturespaceis factored
into the formulationof functionallearningthroughtheuseof the
graphLaplacianin the extendedoptimizationproblem. Given l
datapointsf x i g with labelsyi 2 f� 1; 1g andu unlabeledexam-
ples,let

f � = arg min
f 2H K

1
l

lX

i =1

V (x i ; yi ; f ) + 
 a kf k2
K +


 I

u + l
f T L f ;

whereH K is a reproducingkernelHilbert space,V is acostfunc-
tion usedto to �t the labeleddata,andk � kK is the norm with
respectto akernelK. Theapplicationof theproposedaf�nity mea-
sureis apparenthere:onecansubstituteouraf�nity matrix for the
standardEuclideanbasedaf�nity in thecomputationof thegraph
Laplacian.

4.1. Experimental Results

We usedthesemi-supervisedlearningalgorithmsproposedin [7],
namelyregularizedleastsquares(LapRLS)andsupportvectorma-
chines(LapSVM) with intrinsic geometricpenaltyvia the graph
Laplacian.For LapRLS,the costfunction is V (x ; y; f ) = (y �
f (x )) , while for LapSVM thecostfunctionis givenby thehinge
lossV (x ; y; f ) = (1 � y f (x )) + .

Theeffectivenessof theobtainedlabelingis measuredaccord-
ing to theaccuracy measuredescribedin [8]. Given a setof true
classlabelsC, theaccuracy of a classi�cationoutput �C is de�ned
as:

accuracy =
X

i>j

I f I f Ci = Cj g = I f �Ci = �Cj gg
u(u � 1)=2

; (4)

whereI f�g is theindicatorfunction.
Table2 showstheresultsof applyingthedescribedmethodsto

datasetswith 10 to 20 labeledexamples.As thechoiceof labeled
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Normalized-cut method applied using the diffusion index measure
to 2 moons embedded in 3 dimensions                            
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Fig. 4. Clusterresultsof “2 moons”embeddedin 3-D. Clusterlabelsindicatedby symbols.Left: NCutusinghitting timeaf�nity; Middle:

NCutusingEuclideanaf�nity; Right: k-meansalgorithm.

Fig. 5. Plotof variationin clusteringeffectiveness(Jaccardindex)
vs. changein heatkernel parameter� . Experimentperformed
on Wine dataset [6] using NCut methodwith both hitting time
andEuclideanbasedaf�nities. Parameterchosento be % of the
maximumdistanceof dataset.

examplescangreatlyaffecttheoutput,to avoid possiblebiasmany
simulationswererun,with thelabeledpointschosenrandomlyfor
eachexperiment,but kept thesamefor differentalgorithms.The
optimizationparameters
 A and 
 I weresetby crossvalidating
the accuracy measure.Typically, the bestresultswere obtained
when 
 A ! 
 I or when the ambientspaceregularizationwas
emphasizedat leastasmuchasthe geometricregularization. As
it can be observed, the useof the proposedhitting time af�nity
alwaysoutperformsthe Euclideanbasedaf�nity . For somedata
sets,it evengreatlyimprovesthelabelingaccuracy.

5. CONCLUSION

We have introduceda new measureof dissimilaritybetweendata
pointsbasedon dual rooteddiffusions. This resultsin a quantity
thatcapturesbothlocalstructureof thedataset,throughneighbor-
hoodrelations,andglobalstructure,throughthecomplexity of the
possiblepathsconnectingany pairof pointsin thedataset.

A naturalextensionof theideaspresentedhereis forming the
af�nity matrix using dual rootedgraphsbasedon geodesicdis-

Table 2. Accuracy of semi-supervisedclassi�cationof datasets
from theUCI repositoryof machinelearning[6].

Data LapRLS LapRLS LapSVM LapSVM
set +hit. time +Euclid. +hit. time +Euclid.

Wis. Cancer .5463 .5463 .4071 .4032
Housing .8967 .8108 .7641 .7316

Ionosphere .5481 .5461 .6278 .5584

tancesinsteadof Euclideandistances. This will allow one ex-
tra stepin accountingfor the intrinsic geometryof the data. We
arealsostudyingvariationsof thediffusionparadigmusingsingle
rootedtrees.Of greatimportanceto all thiswork is thetheoretical
characterizationof thebehavior of theproposedgraphs.
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