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Abstract

We calculate the capacity of a multiple-antenna wireless link with M -transmit and N -receive antennas
in a Rician fading channel. We consider the standard Rician fading channel where the channel coefficients
are modeled as independent circular Gaussian random variables with non-zero means (non-zero specular
component). The channel coefficients of this model are constant over a block of T symbol periods but,
independent over different blocks. For such a model, the capacity and capacity achieving signals are dependent
on the specular component. We obtain asymptotic expressions for capacity in the low and high SNR (p)
scenarios. We establish that for low SNR the optimum signal is determined completely by the specular
component of the channel and beamforming is the optimum signaling strategy. For high SNR, we show
that Rayleigh optimal signaling (the signal that ignores the specular component) achieves the optimal rate
of increase of capacity with respect to log p. Further, as p — oo, the signals that are optimum for Rayleigh
fading channel are also optimum for Rician channel in the case of coherent commumincations and in the
case of mnon-coherent communications when T — oco. Finally, we show that the the number of degrees of
freedom of a Rician fading channel is atleast as much as that of a Rayleigh fading channel namely K (1 — %)
where K = min{M, N, |T/2]}.
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1 Introduction

The demand for high date rates in wireless channels has led to the investigation of employing multiple
antennas at the transmitter and the receiver [6, 7, 13, 16, 18]. Telatar [16], Marzetta and Hochwald [13]
and Zheng and Tse [18] have analyzed the maximum achievable rates possible for multiple antenna wireless

channels in the presence of Rayleigh fading.

Rayleigh fading models are not sufficient to describe many channels found in the real world. It is
important to consider other models and investigate their performance as well. Rician fading is one such
model [2, 4, 5, 14, 15]. Rician fading model is applicable when the wireless link between the transmitter and
the receiver has a direct path component in addition to the diffused Rayleigh component. Farrokhi et. al.
[5] calculate the coherent capacity (when the channel is known at the receiver) for a Rician fading model
where they assume that the transmitter has no knowledge of the specular component. Godavarti et. al [§]
extend the results to non-coherent capacity (unknown channel at both the transmitter and the receiver) for
the same model. In [10], the authors consider another non-traditional model where the specular component
is also modeled as random with isotropic distribution and varying over time. They establish results similar

to those reported by Marzetta and Hochwald for Rayleigh fading in [13].

In this paper, we analyze the standard Rician fading model for channel capacity under the average
energy constraint on the input signal. Throughout the paper, we assume that the specular component is
deterministic and is known to both the transmitter and the receiver. The specular component in this paper is
of general rank except in Section 2 where it is restricted to be of rank one. The Rayleigh component is never
known to the transmitter. There are some cases we consider where the receiver has complete knowledge of
the channel. In such cases, the receiver has knowledge about the Rayleigh as well as the specular component
whereas the transmitter has knowledge only about the specular component. The capacity when the receiver
has complete knowledge about the channel will be referred to as coherent capacity and the capacity when the
receiver has no knowledge about the Rayleigh component will be referred to as non-coherent capacity. This
paper is organized as follows. In Section 2 we deal with the special case of a rank-one specular component
with the characterization of coherent capacity in Section 2.1. The general case of no restrictions on the rank
of the specular component is dealt with in Section 3. For this case, the coherent and non-coherent capacity
for low SNR is considered in Section 3.1, coherent capacity for high SNR in Section 3.2, and the non-coherent

capacity for high SNR in Section 3.4.



2 Rank-one Specular Component

We adopt the following model for the Rician fading channel

_ . |P
X =\[SH+W (2.1)

where X is the T' x N matrix of received signals, H is the M x N matrix of propagation coefficients, S is
the T'x M matrix of transmitted signals, W is the T' x N matrix of additive noise components and p is the

expected signal to noise ratio at the receivers.

A deterministic rank one Rician channel is defined as

H=+V1-rG+VrNMH,, (2.2)

where G is a matrix of independent CA/(0,1) random variables, H,, is an M x N deterministic matrix of
rank one such that tr{H; H,,} =1 and r is a non-random constant lying between 0 and 1. Without loss of

generality we can assume that H,, = af3' where a is a length M vector and (3 is a length N vector such that

Hyp=1| . |[10...0] (2.3)

where the column and row vectors are of appropriate lengths.

In this case, the conditional probability density function of X given S is given by,
=t {lIr+(1=r)(p/M)SST] " (X =V/rNMSHp ) (X —VrNMSHpy,)'}

p(X1S) = TN det™ (Ir + (1 —r)(p/M)S5T]

The conditional probability density enjoys the following properties

1. For any 7" x T unitary matrix ¢

p(¢X|S) = p(X|S)
2. For any (M — 1) x (M — 1) unitary matrix v
p(X[SV) = p(X]S)

where



2.1 Coherent Capacity

The mutual information (MI) expression for the case where H is known by the receiver has already been
derived in [6]. The informed receiver capacity-achieving signal S is zero mean Gaussian independent from

time instant to time instant. For such a signal the MI is
I(X;S|H) =T - Elogdet [IN + %HTAH]

where A = E[S]S;] for t = 1,...,T, Sy is the t** row of the T'x M matrix S. S7 denotes the transpose of

S, and 53 %€F (571,

Theorem 1 Let the channel H be Rician (2.2) and be known to the receiver. Then the capacity is
Cy = max TElogdet[Iy + ﬁHTAdH] (2.5)

where the signal covariance matrix Ay is of the form

Ay — M—(M-1)d 0y,
¢ 01 dlnr—1
where d is a positive real number such that 0 < d < M/(M —1). In—1 is the identity matriz of dimension

M —1 and Qy;_ is the all zeros column vector of length M — 1.

Proof: This proof is a modification of the proof in [16]. Using the property that ¥'H has the same

distribution as H where ¥ is of the form given in (2.4) we conclude that
T. Elogdet | Iy + ﬁHTAH} — T Elog det [IN + ﬁHTWA\IﬁH} .

If A is written as
c A
L3 4]
where c is a positive number such that ¢ > ATB~'A (to ensure positive semi-definiteness of the covariance
matrix A), A is a row vector of length M — 1 and B is a positive definite matrix of size (M — 1) x (M —1).

Then

_ c Ayt
WA\IIT_[¢AT wa]

Since B = UDUT where D is a diagonal matrix and U is a unitary matrix of size (M —1) x (M — 1), choosing
 =1IU or ¢ = —IIU where Il is a (M — 1) x (M — 1) permutation matrix, we obtain that
P gt _ P gl
T - Elogdet IN+MH AH| = T-FElogdet IN+MHA H

— T-Elogdet [IN n %HTA‘HH}



where

AH_ C 14[]TI_I]L
| At 1upit

Since log det is a concave (convex cap) function we have

. Pt AT 1 Pl
T - Elog det [IN+MH A H} > T Q(Mil)!zH:Elogdet [IN+MHA H}

= I(X;9)

where ATl = m > [A™+ A7 and the summation is over all (M — 1)! possible permutation matrices

II. Therefore, the capacity achieving A is given by AT and is of the form

c 0
A= - =M-1
0hr—1 dly—

where d = tr{B}/(M — 1). Now, the capacity achieving signal matrix has to satisfy tr{A} = M since MI is

monotonically increasing in tr{A}. Therefore, c= M — (M — 1)d. O

The problem remains to find the d that achieves the maximum in (2.5). This problem has an analytical
solution for the special cases of: 1) r = 0 for which d = 1; and 2) r = 1 for which d = 0 (rank 1 signal §). In
general, the optimization problem (2.5) can be solved by using the method of steepest descent over the space
of parameters that satisfy the average power constraint (See Appendix A). Results for p = 100, 10,1,0.1 are
shown in Figure 1. As can be seen from the plot the optimum value of d stays close to 1 for high SNR, and
close to 0 for low SNR. That is, the optimum covariance matrix is close to an identity matrix for high SNR.
For low SNR, all the energy is concentrated in the direction of the specular component or in other words the

optimal signaling strategy is beamforming. These observations are proven in Section 3.2.

3 General Rank Specular Component

In this case the channel matrix can be written as
H=vV1-rG++rH,, (3.1)

where G is the Rayleigh Fading component and H,, is a deterministic matrix such that tr{H,, H } = MN
with no restriction on its rank. Without loss of generality, we can assume H,, to be an M x N diagonal

matrix with positive real entries.
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Figure 1: Optimum value of d as a function of r for different values of p

3.1 Non-Coherent and Coherent Capacity: Expressions for Low SNR

We next show that for low SNR the Rician fading channel essentially behaves like an AWGN channel in the
sense that the Rayleigh fading component has no effect on the structure of the optimum covariance structure.
We would like to point out that we proved this result before [17] was published. From [17, Section IV.C,

Theorem 1] we can conclude that irrespective of whether the receiver knows H:

The results in this section can be considered simple corollaries of the result in [17]. However, for the coherent

case we do have a slightly stronger result.

Proposition 1 Let H be Rician (3.1) and let the receiver have complete knowledge of the Rayleigh component
G. For low SNR, Cy is attained by the same signal covariance matrixz that attains capacity when r = 1,

irrespective of the value of M and N, and

Cr = TplrAmaz(HnH}) + (1 —7)N] + O(p?).

Proof: See Appendix B.1. O

Note that if we choose A = I; then varying r has no effect on the value of the capacity. Therefore, this

explains the trends seen in [8] and [10] where we have seen how for low SNR the change in capacity is not



as pronounced as for high SNR when the channel varies from a purely Rayleigh fading channel to a purely

specular one.

Proposition 2 Let H be Rician (3.1) and the receiver have no knowledge of G. For fixed M, N and T

Proof: A more general result has been proved in [17, Theorem 1]. O

Proposition 2 suggests that at low SNR all the energy has to be concentrated in the strongest directions
of the specular component. For low SNR, we have seen that the channel behaves as an AWGN channel
in the sense that it has the same capacity as an equivalent AWGN channel Y = \/%SHawgn + W with
HowgnH (Iwgn = E[HHT]. In that respect, it would be of interest to know what the capacity would be if we

choose the source distribution to be Gaussian.

Proposition 3 Let the channel H be Rician (3.1) and the receiver have no knowledge of G. For fized M,

N and T if S is a Gaussian distributed source then as p — 0
1(X;56) = rTpAmas(Hy H})) + O(p?)

where I(X; Sq) is the mutual information between the output and the Gaussian source.

Proof: See Appendix B.2. O

A related version of this result appears in [12, Proposition 5.2.1].

Corollary 1 For purely Rayleigh fading channels when the receiver has no knowledge of G a Gaussian

transmitted signal satisfies lim,_o I(X;Sqa)/p = 0.
3.2 Coherent Capacity: Expression for high SNR

For high SNR, we show that the capacity achieving signal structure basically ignores the specular component.

Theorem 2 Let H be Rician (3.1). Let Cy be the capacity for H known at the receiver. As p — oo, Cy is

attained by an identity signal covariance matric when M < N and

Cp=T- Elogdet[%HHT] + O(log\(/\ﬁ/p)).



Proof. The expression for capacity, C'y is
Cy =T - Elogdet[Iy + %HTAH].
Let the optimum signal covariance matrix have eigenvalues {d;,i = 1,..., M}. We will show that d; — 1 for
i1=1,...,M as p — o0.

Let D = diag{d;, da, ...,dy} and H have SVD H = ®XUT. Let C’%\I”D denote the capacity when ®
and ¥ but not X are known to the transmitter and the optimum signal covariance matrix is chosen to have

cigenvalues {d;} then Oy < Cp""". Also,

c2 P Elog det[Iy + %HTAWH]

— Elogdet|Iy + ﬁzf@mq’%z].
Let ®'A®Y® = D®. Then
log det[Iy + ﬁzfmz] = log det[Iy + %D‘DZZT].

The right hand side expression is maximized by choosing A such that D? is diagonal [3, page 255]. In other

words, we choose A such that D® = D. Let o; be the eigenvalues of ¥¥1 and define

Ealf ()] % Bl (2)xa (@) (3.2)

where x () is the indicator function for the set A (xa(z) =0if x ¢ A and xa(z) = 1 otherwise). Then for

large p

obvD Elogdet[Iy; + %DZET]

M M
= ZEUi<1/\/§10g[1 + %dioﬂ + ZEUizl/\/ﬁlog[l + %dz(ﬂ]

i=1 i=1
Let K denote the first term in the right hand side of the expression above and L denote the second term. It

is easy to show that

c2vl = Elogdet[IM—i—%DEET]

M M
= log g7+ > 10g(d) + Y Easry yallog(on)] + O(los(v/0)/ V)

i=1

since
M

K <logll + 5] Y Plo; < 1/y/p) = O(log(v5)/v/P)

i=1



and
M

M
L =log ﬁ + 3 log(ds) + " Eqisyypllog(o:)] + O(1/+/p).
i=1 i=1

Let CF denote the capacity achieved when the transmission signal covariance matrix is chosen to be an

identity matrix. Then Cy > CL. Also,

cl, = Elogdet[Iy + ﬁHTH]
— Elogdet[Iy + ﬁzfz]

= FElogdet[Iy + ﬁEZT].
Proceeding as before, we obtain

CL = Elogdet[Iy + %DZET]

M
= log 1=+ Mlogd+ Y By 51/ pllog(0)] + Olog(v/7)/ V)

=1

where d =1 = M logd = 0 in the previous expression.

Since Zf\il d; = M and log is a convex cap function, we have vail log d; < M logd with equality only
ifd; =dforalli=1,... M. If we assume that the limit, as p —, 00 of the optimum signal covariance
matrix is not an identity matrix then we obtain a contradiction since Cg}"p’D — C{{ = Zf\il logd; — M logd+

O(log(y/p)/+/p) can be made negative by choosing p to be large enough. O

For M > N, optimization using the steepest descent algorithm similar to the one described in Appendix
A shows that for high SNR the capacity achieving signal matrix is an identity matrix as well and the capacity
is given by

Cy ~T- Elogdet[Iy + ﬁHTH}.
3.3 Non-Coherent Capacity Upper and Lower Bounds

It follows from the data processing theorem that the non-coherent capacity, C' can never be greater than the
coherent capacity Cp, that is, the uninformed capacity is never decreased when the channel is known to the

receiver.

Proposition 4 Let H be Rician (3.1) and the receiver have no knowledge of the Rayleigh component. Then

C <Ch.



Now, we establish a lower bound which is similar in flavor to those derived in [8] and [10].

Proposition 5 Let H be Rician (3.1). A lower bound on capacity when the receiver has no knowledge of G

18

P ggt
> - — )=
C > Cy-NE [1og2 det (IT +(1-1)255 )] (3.3)
> Oy — NMlogy(1+ (1 — r)ﬁT). (3.4)
Proof: Proof is similar to that of Proposition 2 in [10] and won’t be repeated here. O

We notice that the second term in the lower bound goes to zero when r = 1: as expected.

As p — o0, the normalized lower bound is dominated by the following term

(min{M, N} — %) log p.

Note that choosing M’ < M or N’ < N transmit antennas we get another lower bound to the capacity.
Therefore, we can improve on the lower bound above by maximing the coefficient of log p over the number

of transmit and receive antennas. We obtain

NM

(mingar - 22 = - &

T )

max
M'<M,N'<N
where K = min{M, N, |T/2]}. Therefore, we see that the number of degrees of freedom for a non-coherent

Rician block fading channel is at least as much as that of a non-coherent Rayleigh block fading channel.
3.4 Non-Coherent Capacity: Expressions for High SNR

In this section we apply the method developed in [18] for the analysis of Rayleigh fading channels. The only
difference between the models considered in [18] and here is that we assume H has a deterministic non-zero

mean. For convenience, we use a different notation for the channel model:
X=SH+W

with H = /rH,, + /1 —rG where H,, is the specular component of H and G denotes the Rayleigh
component. G and W consist of Gaussian circular independent random variables and the covariance matrices
of G and W are given by (1 — r)Iyn and 0?7y, respectively. H,, is a deterministic matrix satisfying
tr{H,,H} } = MN. G satisfies E[tr{GG'}] = M N and r is a number between 0 and 1 so that E[tr{ HH'}] =

MN.

10



Lemma 1 Let the channel be Rician (3.1) and the receiver have no knowledge of G. Then the capacity
achieving signal, S can be written as S = ®V U where ® is a T x M unitary matriz independent of V' and

U. Vand W are M x M.

Proof: Follows from the fact that p(®X|®S) = p(X|S). O

In [18] the requirement for X = SH + W was that X had to satisfy the property that in the singular
value decomposition of X, X = ®V U & be independent of V and W. This property holds for the case
of Rician fading too because the density functions of X, SH and S are invariant to pre-multiplication by
a unitary matrix. Therefore, the leading unitary matrix in the SVD decomposition of any of X, SH and
S is independent of the other two components in the SVD and isotropically distributed. This implies that

Lemma 6 in [18] holds and we have

Lemma 2 Let R = @RER\I/TR be such that ®g is independent of X and V. Then
H(R) = H(QE YY) + log |G(T, M)| + (T — M)E[log det ¥2],

where Q is an M x M unitary matriz independent of V and ¥ and |G(T, M)| is the volume of the Grassmann

mamnifold and is equal to
T 27"
Hi:TwaLl G—1)!

H]\/[ 27t
i=1 (i—1)!

The Grassmann manifold G(T', M) [18] is the set of equivalence classes of all T x M unitary matrices such

that if P, @ belong to an equivalence class then P = QU for some M X M unitary matrix U.
341 M=N,T>2M

To calculate I(X;S) we need to compute H(X) and H(X|S). To compute H(X|S) we note that given S,
X is a Gaussian random vector with columns of X independent of each other. Each row has the common

covariance matrix given by (1 —r)SST + o2Ip = ®V2®T + ¢2Ir. Therefore

M
H(X]|S) = ME[Z log(me((1 —r)||ss||* 4+ 02)] + M(T — M) log(mea?).

i=1

To compute H(X), we write the SVD: X = @XEX\I/;(. Note that ®x is isotropically distributed and

independent of X x \Il&, therefore from Lemma 2 we have
H(X) = H(QEx V) +log |G(T, M)| + (T — M)E[log det ¥%].

11



We first characterize the optimal input distribution in the following lemma.

Lemma 3 Let H be Rician (3.1) and the receiwer have no knowledge of G. Let (s7,i = 1,..., M) be the
optimal input signal of each antenna at when the noise power at the receive antennas is given by o2. If
T >2M,

ag

[E

L0, fori=1,...,.M (3.5)

where -2 denotes convergence in probability.
Proof: See Appendix C. O

Lemma 4 Let H be Rician (3.1) and the receiver have no knowledge of G. The maximal rate of increase of
capacity, max,(s). pi{ssty<rm L(X;S) with SNR is M(T—M)log p and the constant norm source ||s||* =T

fori=1,..., M attains this rate.
Proof: See Appendix C. O

Lemma 5 Let H be Rician (3.1) and the receiver have no knowledge of G. As T — oo the optimal source

in Lemma 4 is the constant norm input

Proof: See Appendix C. O

From now on, we assume that the optimal input signal is the constant norm input. For the constant

norm input ®V ¥ = &V since @ is isotropically distributed.

Theorem 3 Let the channel be Rician (3.1) and the receiver have no knowledge of G. For the constant
norm input, as o> — 0 the capacity is given by
C = log|G(T,M)|+ (T — M)E[logdet H' H] — M(T — M)log mec? —

M?logme +H(QVH) + (T —2M)M log T — M?log(1 — )

where Q, V and |G(T, M)| are as defined in Lemma 2.

Proof: Since ||s?|| > o? foralli=1,...,M

M
H(X|S) = MEY logme((1—1)|s||* + o)) + M (T — M)log(mea?)
i=1

12



M
ME[> logme(l —r)||si[|*] + M(T — M)log mec™

i=1
= ME[logdet(1 —r)V?] + M?logme + M(T — M)log meo?

Q

and from Appendix D

H(X) H(SH)

%

= H(QVH) +log|G(T,M)| + (T — M)E[log det(H'V*H)]
= H(QVH) +log|G(T,M)| 4+ (T — M)E[logdet V?] +
(T — M)E[logdet HHT].
Combining the two equations

I(X;8) =~ log|G(T,M)|+ (T — M)E[logdet H H] — M(T — M)log mec? +

H(QVH) — M?log e + (T — 2M)E[log det V2] — M?log(1 — 7).
Now, since the optimal input signal is ||s;||> =T for i = 1,..., M, we have

Cc = I(X;S5)

Q

log |G(T, M)| + (T — M)E[logdet H'H] — M(T — M)log mec? —

M?logme + H(QV H) 4 (T — 2M)M log T — M?log(1 — 7).

Theorem 4 Let H be Rician (3.1) and the receiver have no knowledge of G. As T — oo the normalized

capacity C/T — Ellogdet £ H'H] where p = M/o?.

Proof: First, a lower bound to capacity as 02 — 0 is given by

Tp
Mmre

C > log|G(T,M)|+ (T — M)E[logdet H' H] + M(T — M)log

M?logT — M?*log(1 — r) — M?log Te.

In [18] it’s already been shown that limy_ (% log |G(T, M)|+ M (1 —2)log L) = 0. Therefore we have

as ' — oo
C/T > ME[log det %HT H].

13



Second, since H(QV H) < M?log(meT) an asymptotic upper bound on capacity is given by

Tp
Mmre

C < log|G(T,M)|+ (T — M)E[logdet H' H] + M(T — M)log

M?log(1 — 7).

Therefore, we have as T — oo

C/T < E[logdet %HTH]

342 M<N,T>M+N

In this case we show that the optimal rate of increase is given by M (T — M)logp. The higher number of

receive antennas can provide only a finite increase in capacity for all SNRs.

Theorem 5 Let the channel be Rician (3.1) and the receiver have no knowledge of G. Then the mazimum

rate of increase of capacity with respect to log p is given by M(T — M).

Proof: See Appendix C. O

For this case the lower bound on capacity tells us that the minimal rate of increase of capacity with respect

to log p is also M (T — M). Therefore, we conclude that the rate of increase is indeed M (T — M) log p.

4 Conclusions and Future Work

In this paper, we have analyzed the standard Rician fading channel for capacity. Most of the analysis was
for a general specular component but, for the special case of a rank-one specular component we were able to
show more structure on the signal input. For the case of general specular component, we were able to derive

asymptotic closed form expressions for capacity for low and high SNR scenarios.

One important result of the analysis is that for low SNRs beamforming is very desirable whereas for high
SNR scenarios it is not. This result is very useful in designing space-time codes. For high SNR scenarios,
the standard codes designed for Rayleigh fading work for the case of Rician fading as well. We conclude as

in [18] that for the case M < N and T' > M + N the number of degrees of freedom is given by M% For

14



the general case of M, N and T, we conclude from the lower bound on capacity that the number of degrees

of freedom is atleast as much as K27 where K = min{M, N, |T/2]}.

A lot more work needs to be done such as for case of M > N along the lines of [18]. It also seems

reasonable that the work in [1] can be extended to the case of Rician fading.

APPENDICES

A Capacity Optimization in Section 2.1

We have the following expression for the capacity
C = Elogdet(Iy + ﬁHTAH)

where A is of the form
Ao [ M-@r-nd 0,
Oar1 dlpr—1
We can find the optimal value of d iteratively by using the method of steepest descent as follows

oC
A1 = dk+’u6—dk

where dj. is the value of d at the k" iteration. We use the following identity (Jacobi’s formula) to calculate

the partial derivatives.

8log8cciletA :tr{A_laa_g '
Therefore, we obtain
2—3 - Etr{[INjL%HTAH}*l%HT%H}
where
oA _ | - -1) 0y,
od Opnr1 Ingq

The derivative can be evaluated using monte carlo simulation.

15



B Non-coherent Capacity for low SNR values

B.1 Proof of Proposition 1

Proof: Let || H|| denote the matrix 2-norm of H, v be a positive number such that v € (0,1) then

Cy = T-Elogdet[IN—&—%HTAH]
= T. EHHHEUW log det[In + %HTAH] + EHHH<1/P"’ log det[In + %HTAH]

= TEtr{%HTAH} +0(p* )

where Ejg>1/,7[] is as defined in (3.2). This follows from the fact that P(||H| > 1/p") < O(e” TRT ) and

for |H| < 1/p" logdet[Iy + £ HTAH] = tr[-£ HTAH] + O(p*~%7). Since 7 is arbitrary
Elogdet|Iy + 2 H'AH] = Ete[-2 HYAH] + O(p?).
M M
Now

Etr[H'AH] = t{(1-7r)E[G'AG] + rH! AH,,]}

tr{(1 — r)AE[GGT] + rAH,, H] }.

Therefore, we have to choose A to maximize tr{(1 — r)NA + rAH,,H} }. Since H,, is diagonal the trace
depends only on the diagonal elements of A. Therefore, A can be chosen to be diagonal. Also, because of
the power constraint, tr{A} < M, to maximize the expression we choose tr{A} = M. The maximizing A has
as many non-zero elements as the multiplicity of the maximum eigenvalue of (1 — r)NIy + rH,, H},. The
non-zero elements of A multiply the maximum eigenvalues of (1 — r)N Iy, + rH,, H} and can be chosen to
be of equal magnitude summing up to M. This is the same A maximizing the capacity for additive white

Gaussian noise channel with channel H,,. And that completes the proof. O

For the rest of this section, we introduce some new notation for ease of description. If X isa T x N
matrix then let X denote the “unwrapped” NT x 1 vector formed by placing the transposed rows of X
in a single column in an increasing manner. That is, if X; ; denotes the element of X in the it" row and
4t column then )N(i’l = X|i/N|,i%N, Where |i/N| denotes the greater integer less than or equal to i/N and
1%N denotes the operation ¢ modulo N. The channel model X = \/’M_’SH + W can now be written as
X = \/%FIS +W. His given by H = Iy ® H™ where H™ denotes the transpose of H. The notation A ® B

denotes the Kronecker product of the matrices A and B and is defined as follows. If A is a I x J matrix and
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B a K x L matrix then A® B is a IK x JL matrix

(A)llB (A)lgB - (A)L]B
AQB— (A):ng (A):22B (A):2JB
(B (A)pB ... (A)rB

This way, we can describe the conditional probability density function p(X|S) as follows

p(X|S) = 1 _()2—,/rﬁﬁmé)m;g(&—,/r%ﬁmﬁ)

7TTN|AX|S|

where |AX'|§‘ =det(Irny + (1 — T)SST ® In).
B.2 Proof of Proposition 3

First, I(X;S) = H(X) — H(X]S). Since S is Gaussian distributed, E[logdet(Iy + ﬁﬁ/\gﬁf)] <H(X) <
logdet(Iny + {7A ) where the expectation is taken over the distribution of H and ﬁAgfIT = Agy is
the covariance of X for a particular H. Next, we show that H(X) = Ltr{A ¢} + O(p?). First, the
upper bound to H(X) can be written as Ftr{A¢} + O(p®) because H is Gaussian distributed and the
probability that |[H|| > R is of the order e %", Second, using notation (3.2) E[logdet(Iry + %ﬁAgﬁIT)} =

E|\H\|<(%)7 [] + EHHHZ(%)”H where v is a number such that 2 —+ > 1 or v < 1. Then

Ellogdet(Iry + %mgﬁﬂ)] ﬁEHH”q%)w[tr{fIAgf{T}] +

M
0> ) + oaog((%me*?’”)

- %E[u{fmﬁf}] +O0(p* ).

Since + is arbitrary, we have H(X) = ﬁE[tr{ﬁAgﬁT}] + O(p?). Note that A ¢ = E[A g ] and since H(X)
is sandwiched between two expressions of the form £ tr{A } + O(p?) the assertion follows.

Now H(X|S) = Ellogdet(Irn + (1 —7)£SST @ Iy)]. It can be shown similarly that H(X|S) = (1 —
r)Ltr{E[SST @ IN]} + O(p?).

Recall that H = \/rH,, ++/1 — rG. Therefore, A ; = E[.FAIAJYT] =rH,AgH}, +(1—7)E[SS|® Iy and
we have, for a Gaussian distributed input, I(X; Sq) = thr{H Ag Hi} 4+ O(p?). Since H,, is a diagonal

matrix only the diagonal elements of Ag matter and we we can choose the signals to be independent from

time instant to time instant. Also, to maximize tr{H,,AgH} } under the condition tr{A} < TM it is best
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to concentrate all the available energy on the largest eigenvalues of H,,. Therefore, we obtain
I(X;Sc) = T%TMAWM(H,”HIH) +0(p?).

And that completes the proof.

C Proof of Lemma 3 in Section 3.4.1

In this section we will show that as 02 — 0 or as p — oo for the optimal input (SEJ),i =1,...,M),Vée>0,

Jog such that for all o < og

o
P(i—r>0) <e (C.1)
[EA
fori=1,..., M. sga) denotes the optimum input signal being transmitted over antenna ¢, 7 = 1..., M when

the noise power at the receiver is o2. Also, throughout we use p to denote the average signal to noise ratio

M /o? present at each of the receive antennas.

The proof in this section has basically been reproduced from [18] except for some minor changes to account
for the deterministic specular component (H,,) present in the channel. The proof is by contradiction. We

need to show that if the distribution P of a source s,l(") satisfies P(ﬁ > §) > € for some ¢ and ¢ and for

arbitrarily small o2, there exists 2 such that sga) is not optimal. That is, we can construct another input
distribution that satisfies the same power constraint, but achieves higher mutual information. The steps in

the proof are as follows

1. We show that in a system with M transmit and N receive antennas, coherence time T > 2N, if
M < N, there exists a finite constant k1 < oo such that for any fixed input distribution of S, I(X;5) <
k1 + M (T — M)log p. That is, the mutual information increases with SNR at a rate no higher than

M(T — M) log p.

2. For a system with M transmit and receive antennas, if we choose signals with significant power only
in M’ of the transmit antennas, that is ||s;|| < Co for ¢ = M’ + 1,..., M and some constant C, we

show that the mutual information increases with SNR at rate no higher than M’(T — M')log p.

3. We show that for a system with M transmit and receive antennas if the input distribution doesn’t
satisfy (C.1), that is, has a positive probability that ||s;|| < Co, the mutual information achieved

increases with SNR at rate strictly lower than M (T — M) log p.
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4. We show that in a system with M transmit and receive antennas for constant equal norm input
P(||si]l = VT) = 1, for i = 1,..., M, the mutual information increases with SNR at rate M (T —
M)log p. Since M(T — M) > M'(T — M') for any M’ < M and T > 2M, any input distribution that
doesn’t satisfy (C.1) yields a mutual information that increases at lower rate than constant equal norm

input, and thus is not optimal at high enough SNR level.

Step 1 For a channel with M transmit and N receive antennas, if M < N and T > 2N, we write the

conditional differential entropy as
M
H(X|S) = N> Ellog((1—r)lls]|* + 0®)] + N(T — M)log mea”.
i=1

Let X = ®xXx ¥l be the SVD for X then

H(X)

IN

H(‘DX) +H(Zx|\I/) +H(\I/) +E[lOgJT7N(CTl,...,O'N)}

IN

H(‘PX) +H(Zx) +H(\IJ) + E[lOg JT,N(017 N 7UN)]

log |R(N, N)| + log |R(T, N)| + H(Sx) + Ellog Jr.n (o1, ..., on)]

where R(T, N) is the Steifel manifold for 7' > N [18] and is defined as the set of all unitary T' x N matrices.

|R(T, N)| is given by
T

rrN = [ &

_ 1\
i=T—N+1 (Z 1)'

Jr.n(01,...,0n) is the Jacobian of the transformation X — @XZX\IIE [18] and is given by
1 T p2T-10)
_ N 2 _2v2 2(T—M)+1
JT,N—(%) H (0 _Uj) Hoi .
i<j<N i=1

We have also chosen to arrange o; in decreasing order so that o; > o if ¢ < j. Now

H(Ex) H(O’l,...7O‘M,O‘M+17...,0‘N)

< H(O’l,...,O'M)—|—H(O’M+1,...,O'N)

Also,
1 N
Ellog Jr n(01,-..,0Nn)] = log —— + Z Ellog J?(T_N)H] + Z Ellog(c? — 0]2-)2]
(2m)N £
i=1 i<j<N
1 S (T-N)
_ 2AT—N)+1
= log (QW)Mﬁ-;E[logai 1+
Z Ellog(c? — 032)2] + Z Ellog(c? — 0]2-)2] +
i<j<M i<M,M<j<N PG
<log o}
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1
log (@mN-M +
N
Z E[logU?(TfNH»l] + Z E[log(of _ 12)2]
i= M1 M<i<j<N
S E[lOgJN,M(O'l,...,O'M)}
+E[10g JT—M,N—M(UM—Hy - ,ON)]
M
+2(T — M) E[logo?].
=1

Next define C; = @121\111 where ¥y = diag(o1,...,0n), @1 is a N X M unitary matrix, ¥ is a M x M
unitary matrix. Choose 31, ®; and ¥; to be independent of each other. Similarly define C5 from the rest

of the eigenvalues. Now

H(Cl) e 10g|R(M,M)|+10g|R(N,M)|+H(O’1,...,O’M)—|—E[1OgJN7M(O'1,...,O'M)]
H(C3) = log|R(N —M,N —M)|+log|R(T — M,N — M)
+H(oM115 -+ 0n) + Ellog Jr— v N-m(Opt1,- -, 0N)]-

Substituting in the formula for H(X), we obtain

H(X) < H(CL)+H(Cy)+ (T — M) ]zw: Ellog o7] + log |R(T, N)| + log |R(N, N)|
—log |R(N, M)| — log |R(M,lj\2)| —log|R(N — M,N — M)| —
log |R(T — M,N — M)|
= H(C1)+H(Ce)+ (T — M) f: Ellog a?] + log |G(T, M))|.

i=1

Note that C; has bounded total power
tr{ E[C,C1]} = tr{E[0?]} = tr{E[XXT]} < NT(M + 0?).

Therefore, the differential entropy of C; is bounded by the entropy of a random matrix with entries iid

Gaussian distributed with variance %ﬂg) [3, p. 234, Theorem 9.6.5]. That is

T(M 2
H(C1) < NMlog {W@w} .
M
Similarly, we bound the total power of Cs. Since opr41,...,0n are the N — M least singular values of X,

for any (N — M) x N unitary matrix Q.
tr{ E[C,CI]} < (N — M)To?.
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Therefore, the differential entropy is maximized if Cy has independent iid Gaussian entries and

H(Cy) < (N — M)(T — M)log [weTTUM] .

Therefore, we obtain
M

H(X) < 10g|G(T,M)—l—NMlog[weT(MTM]+(T—M)ZE[logai2]

i=1

+(N — M)(T — M)logwea? + (N — M)(T — M)log 7 _TM.

Combining with H(XS), we obtain

2
I(X;8) < 1og|G(T,M)|+NMlogw+(N—M)(T7M)1ogT_TM

M
+(T =M —N)>_ Eflogo}]+

i=1

B

M M
N (Z Ellogo?) — > Ellog((1 — r)|sill” + a%])

i=1 i=1

—M(T — M)log wea?.

By Jensen’s inequality

I
<
5
02

For ~ it will be shown that

M M
ZEUOgUf] =Y Eflog((1 = r)|lsill* + 0%)] < k

i=1

where k is some finite constant.

Given S, X has mean /rSH,, and covariance matrix Iy ® ((1 —r)SST + o2I7). If S = @V T then

xtx = H'SISH+WISH + HISTW + wiw

1=

HIVIVH, + WiVIH, + HIvWw + wiw
where H; has the covariance matrix as H but mean is given by /7 H,,. Therefore, XTX = Xir X1 where
Xy =VH +W
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Now, X, has the same distribution as ((1 — r)VVT 4 02I7)Y/2Z where Z is a random Gaussian matrix

with mean /r((1 — 7)VV*T 4 ¢2I7)~Y/2W1 H,, and covariance Iyr. Therefore,
XX L z2Y1 = r)VVt +6217)Z.

Let (XTX|S) denote the realization of XTX given S then
[ (L=7)[[s1]* + 0®

_ 2 2

Let Z = [Z1]|Z5] be the partition of Z such that
(XTX[8) £ Z((1 = r)V2 + 021) 7y + 027} Z,
where Z; has mean \/F((I—T)V2+02IM)’1/2V\IITHm and covariance Iy s and Z5 has mean 0 and covariance

Iner—nn

We use the following Lemma from [11]

Lemma 6 If C and B are both Hermitian matrices, and if their eigenvalues are both arranged in decreasing

order, then
N
> (€)= xi(B))? < ||C - BII3
i=1
where ||A||3 def A%, Mi(A) denotes the ith eigenvalue of Hermitian matriz A.

Applying this Lemma with C' = (X1 X|S) and B = ZI (V2 + 02I,;)Z;, we obtain
M (C) < X(B) +0°|| 23 Zs )2

for i = 1,..., M Note that \;(B) = X\;(B') where B’ = (1 — r)V2 + 0621y) 2, Z1. Let k = E[||Z1 Z,]|5] be a

finite constant. Now, since Z; and Z> are independent matrices (covariance of [Z1|Z3] is a diagonal matrix)

M M
S Ellogo?ls] < 3 Ellog(h((1 = 1)V2 + 021) 21 2]) + 0|1 Z Za 2]
=1 =1

M
= Y E[Blog\i(((1 =)V + 0 In) 21 Z)) + 0*|| 2} Zal2) | Z1]]

M
< > Bllog\((1 =)V + 02 1y) 21 2]) + 0°k)]
= Elogdet(((1 — r)V2 4 0%1y) 21 Z] + ko*1ny)]

= Ellogdet Z,Z]] + E[logdet((1 — r)V? + 021y + ko?(Z,:2])™1)]
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where the second inequality follows from Jensen’s inequality and taking expectation over Z5. Using Lemma

6 again on the second term, we have

M
> Ellogo?|S] < Eflogdet ZZ]] + Ellogdet((1 - r)V? + oIy
1=1

+ko?||(Z121) 21 )]

< E[logdet Z, Z1] + E[log det((1 — r)V? + k'0Ip)]
where k' = 14 kE[|| Z,1Z]||5] is a finite constant. Next, we have

M M
ZE[log o?|S] — Zlog((l —r)|lsi|?+0%) < Ellogdet Z, Z]] +
i=1 i=1

ilo (L=r)s:]* + Ko
28 () [P + o

< Elogdet Z, Z1] + k"

where k" is another constant. Taking Expectation over S, we have shown that Zf\il Ellog U?]—Z¢Ai1 Ellog((1—

r)||si]|? + 02)] is bounded above by a constant.

Note that as ||s]| — 00, Z1 — /2= H so that B[Z,Z]] — 1 E[H,H]] = £ E[HHT).

Step 2 Now assume that there are M transmit and receive antennas and that for N — M’ > 0 antennas,
the transmitted signal has bounded energy, that is, ||s;||> < Co? for some constant C. Start from a system
with only M’ transmit antennas, the extra power we send on the rest M — M’ antennas accrues only a
limited capacity gain since the SNR is bounded. Therefore, we conclude that the mutual information must
be no more than ko + M'(T — M')log p for some finite ko that is uniform for all SNR level and all input

distributions.

Particularly, if M’ = M — 1, ie we have at least 1 transmit antenna to transmit signal with finite SNR,
under the assumption that 7' > 2M (T greater than twice the number of receivers), we have M'(T' — M') <
M(T — M). This means that the mutual information achieved has an upper bound that increases with log

SNR at rate M'(T — M) log p, which is a lower rate than M (T — M) log p.

Step 3 Now we further generalize the result above to consider the input which on at least 1 antennas,
the signal transmitted has finite SNR with a positive probability, that is P(||sas]|> < Co?) = €. Define the
event £ = {||sp]|?> < Co?}, then the mutual information can be written as

I(X;S) < el(X;S|E)+(1—-¢e)I(X;S|E°)+I(E;X)

< €lki+(M—-1)(T—M+1)logp) + (1 —€)(ky + M(T — M)log p) + log 2
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where k1 and ko are two finite constants. Under the assumption that 7" > 2M, the resulting mutual

information thus increases with SNR at rate that is strictly less than M (7' — M) log p.

Step 4 Here we will show that for the case of M transmit and receive antennas, the constant equal
norm input P(||s;|| = v/T) = 1 for i = 1,..., M, achieves a mutual information that increases at a rate

M(T — M log p.
Lemma 7 For the constant equal norm input,
limn_inf [1(X:) ~ f(p)] > 0

where p = M/o?, and

f(p) =1og|G(T, M)| + (T — M)E[logdet HH'] + M(T — M) log ];p — M?log[(1 — )T

e

where |G(T, M)| is as defined in Lemma 2.

Proof: Consider

H(X) = H(SH)
= H(QVH) +log|G(T,M)| + (T — M)E[logdet H' WV2WT H]
= H(QVH) +log|G(T,M)| + M(T — M)logT + (T — M)E[log det HH?]

M
H(X|S) < HQVH)+ MY Ellog((1—r)|si||? +0%)] + M(T — M)log meo®
=1

H(QVH) + M2 log[(1 — r)T] + M2(1(_77T)T + M(T — M)log mea®.

Q

Therefore,

I(X;S) > log|G(T,M)|+ (T — M)E[logdet HH'] — M(T — M) log mea? +
M(T — M)logT — M?log[(1 — r)T] — MQ(lf—r)T
= f(p) —MQW — f(p).

d

Combining the result in step 4 with results in Step 3 we see that for any input that doesn’t satisfy (C.1)
the mutual information increases at a strictly lower rate than for the equal norm input. Thus at high SNR,

any input not satisfying (C.1) is not optimal and this completes the proof of Lemma 3.
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D Convergence of H(X) for T > M =N

The results in this section are needed in the proof of Theorem 3 in Section 3.4.1. We need the following two

theorems, proved in [9], for proving the results in this section.

Theorem 6 Let {X; € @'} be a sequence of continuous random variables with probability density functions,
{fi} and X € @F be a continuous random variable with probability density function f such that fi — f
pointwise. If 1) max{fi(x), f(z)} < A < oo for all i and 2) max{ [ ||z|" fi(x)dz, [ ||z|"f(z)dz} < L < oo

for some k > 1 and all i then H(X;) — H(X). ||z|| = Vatz denotes the Euclidean norm of x.

Theorem 7 Let {X; € @} be a sequence of continuous random variables with probability density functions,
fi and X € @ F be a continuous random wvariable with probability density function f. Let X; £ x.
If 1) [|lz]|f fo(z)de < L and [|z||"f(x)de < L for some k > 1 and L < oo 2) f(z) is bounded then

lim sup; ., H(X) < H(X).

First, we will show convergence for the case T'= M = N needed for Theorem 3 and then use the result
to show convergence for the general case of T' > M = N. We need the following lemma to establish the

result for T'= M = N.
Lemma 8 If \,in(SST) > X\ > 0 then Vn there exists an M such that | f(X) — f(Z)| < M if | X — Z| < 4.

Proof: Let Z = X + AX with |[AX| < § and [0%I7 + (1 — 7)SST] = D. First, we will fix S and show
that for all S, f(X|S) satisfies the above property. Therefore, it will follow that f(X) also satisfies the same

property. Consider f°(X|S) the density defined with zero mean which is just a translated version of f(X|9).
FX +AX|S) = f(X|S)1 - o[D7HAXXT + XAXT + O(|AX]3))]
then
[F(X +AX[S) = f(X|S)] < f(X[S)[t[D~HAXXT + XAXT)] + te[D7H|AX3]]-

Now

1 . 1

- min ,
7N det™V[D] {\/tr[DﬂXXT]

f(X19) <

1.
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Next, make use of the following inequalities

tr{D'XXT} > tr{Anin(D7HXXT}

> Anin(D7) Amae (X XT) = Xin(D™H 1 X5
Also,
te{D"H(XAXT + AXXT+O(|AX|3)} < D MDD HAXXT + XAXT))| +
Hb‘lellAXH%
< TID7 2l X2 AX |2 +
T|D~Hof|AX|3.
Therefore,

1

1
< - min{
’/TTN detN[D] /\min(D_l)”XHQ

TID™ 2N AX (I X 12 + [|AX]2).

(X + AX[S) = f(X]9)] A}

Since, we have restricted )\mm(SST) > X > 0 we have for some constant M
|f(X +AX[S) = f(X|9)] < M| AX]2.
From which the Lemma follows. Note that det[D] compensates for \/Amin(D~1) in the denominator. ]

Let’s consider the T' x N random matrix X = SH + W. The entries of M x N matrix H, T =M = N,
are independent circular complex Normal random variables with non-zero mean and unit variance whereas
the entries of W are independent circular complex Normal random variables with zero-mean and variance

o2,

Let S be a random matrix such that A, (SST) > A > 0 with distribution, F,,,,.(S) chosen in such a
way to maximize I(X;S). For each value of 02 = 1/n, n an integer — oo, the density of X is

e—tr{[a2IT+(1—r)SST]’1(X—\/ NMSH,,)(X—VrNMSH,,)"}

f(X) = Es 7N det™N o217 4 (1 — r)SST]

where the expectation is over F,q.(S). It is easy to see that f(X) as a function of o2 is a continuous function

of 02. As lim,2_, f(X) exists, let’s call this limit g(X).

Since we have imposed the condition that Ay, (SST) > A > 0 w.p. 1, f(X) is bounded above by W

Thus f(X) satisfies the condition for Theorem 6. From Lemma 8 we also have that for all n there exists a
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common 0 such that |f(X) — f(Z)| < e for all | X — Z| < 4. Therefore, H(X) — H,. Since A is arbitrary we
conclude that for all optimal signals with the restriction A, (SST) > 0, H(X) — H,. Now, we claim that
the condition A, > 0 covers all optimal signals. Otherwise, if A\, (S ST) = 0 with finite probability then
for all 02 we have min ||s;]|? < Lo? for some constant L with finite probability. This is a contradiction of

the condition (3.5). This completes the proof of convergence of H(X) for T = M = N. O

Now, we show convergence of H(X) for T'> M = N. We will show that H(X) ~ H(SH) for small values

of o where § = ®V U with ® independent of V and V.

Let Sy = <I>0V0\I!(]; denote a signal with its density set to the limiting optimal density of S as o2 — 0.
H(X) > H(Y) = H(QEy U) + log |G(T, M)| + (T — M)E[log det ¥2]
where Y = SH and @ is an isotropic matrix of size N x M. Let
Yo =QVV'H

Then H(QEyUl) = H(Yy).

From the proof of the case T'= M = N, we have lim,2_,o H(Yo) = H(QVoU H). Also,

Tim Ellogdet 33] = Ellog det 33, ]

where Yy = SoH Therefore, liminf,z o H(X) > lim,2 o H(Y) = H(SoH).

Now, to show lim,2_,q H(X) < H(SoH). From before

H(X) = H(QEx VL) + |G(T, N)| + (T — M)E[log det $%].

Now QZX\IIE( converges in distribution to QVO\IJ(TJH. Since the density of QVO\II:SH is bounded, from
Theorem 7 we have limsup,2_,q H(QEX\I/}) < H(QVoWiH). Also, note that lim,>_o Eflogdet %] =

Ellogdet X3, ] = lim,2_o E[log det X3.]. Which leads to limsup,. o H(X) < H(SoH) = limg2_o H(SH).

Therefore, lim,2_o H(X) = limy2_ o H(SH) and for small o2, H(X) ~ H(SH).
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