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Abstract

Partial updating of LMS filter coefficients is an effective method for reducing the computational load
and the power consumption in adaptive filter implementations. Several algorithms have been proposed in
the literature based on partial updating. Unfortunately, it has been observed that these algorithms don’t have
good convergence properties in practice. In particular, there generally exist signals for which these algorithms
stagnate or diverge. In this paper, we propose a new algorithm, called the Stochastic Partial Update LMS
(SPU-LMS) algorithm which attempts to remedy some of the drawbacks of existing algorithms. The SPU-
LMS algorithm differs from the ezisting algorithms in that the subsets to be updated are chosen in a random
manner at each iteration. We derive conditions for filter stability, convergence rate, and steady state mean-
square error for the proposed algorithm and show that SPU-LMS suffers no loss in steady state performance
when compared to the reqular (full-update) LMS algorithm.
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1 Introduction

The LMS algorithm is a popular algorithm for adaptation of weights in the field of adaptive beamforming
using antenna arrays. This has application in many areas including interference cancellation, space time
modulation and coding, signal copy in surveillance and wireless communications. Some of the applications
like echo cancellation and channel equalization require a large number of filter coefficients and hence the
coefficient updates might prove too expensive for mobile units with limited processing power. Therefore,
partial updating of the LMS adaptive filter has been proposed to reduce these per-iteration computational

costs [9, 10, 15] of the algorithm.

Two types of partial update LMS algorithms are prevalent in the literature and have been described
in [7]. They are referred to as the “Periodic LMS algorithm” and the “Sequential LMS algorithm”. To
reduce computation by a factor of P, the Periodic LMS algorithm (P-LMS) updates all the filter coefficients
every P iteration instead of every iteration. The Sequential LMS (S-LMS) algorithm updates only a
fraction of coefficients every iteration. Another variant referred to as “Max Partial Update LMS algorithm”
(Max PU-LMS) has been proposed in [5, 6] and [1]. In this algorithm, the subset of coefficients to be updated
is dependent on the input signal. The subset is chosen so as to minimize the increase in the mean squared
error due to partial as opposed to full updating. The input signals multiplying each coefficient are ordered
according to their magnitude and the coefficients corresponding to the largest % of input signals are chosen
for update in an iteration. Some analysis of this algorithm has been performed in [6] for the special case of

P =1 but, analysis for more general cases still needs to be completed.

In [11], the authors have analysed the convergence of S-LMS for stationary and cyclo-stationary signals.
For stationary signals, it was shown that for any arbitary sequence of updates, S-LMS converges in the mean
if LMS converges. For a class of cyclo-stationary signals, for the case of even-odd updates, it was shown that
the convergence in the mean conditions on p were much stricter than that for regular LMS. However, as will

be shown in this paper there exist signals for which there is no region of u for which S-LMS will converge.

The important characteristic of S-LMS and P-LMS is that the coefficients to be updated at an iteration
are pre-determined. It is this characteristic which renders P-LMS and S-LMS unstable for certain signals

and which makes random coefficient updating attractive.

The algorithm proposed in the paper is similar to S-LMS except that the subset of the filter coefficients
that are updated each iteration is selected at random. The algorithm, referred to as Stochastic Partial
Update LMS algorithm (SPU-LMS), involves selection of a subset of size % coefficients out of P possible
subsets from a fixed partition of the N coefficients in the weight vector. For example, filter coefficients
can be partitioned into even and odd subsets and either even or odd coefficients are randomly selected to

be updated in each iteration. In this paper we derive conditions on the step-size parameter which ensures



convergence in the mean and the mean square sense for stationary signals, for deterministic signals and the

general case of mixing signals.

The contributions of this paper can be summarized as follows:

e We demonstrate signal scenarios for which the prevalent partial update algorithms do not converge.

e We propose a new algorithm called the Stochastic Partial Update LMS Algorithm (SPU-LMS) based

on random updating of filter coefficients that ensures convergence of filter coefficients.

e We derive stability conditions for SPU-LMS for stationary signal scenarios and demonstrate that the

steady state performance of the new algorithm is as good as that of the regular LMS algorithm.

e We derive the persistence of excitation condition for the convergence of SPU-LMS for the case of

deterministic signals and show that this condition is same as that of the regular LMS algorithm.

e For the general case of mixing signals we show that the stability conditions for SPU-LMS are same as
that of LMS. We extend the analysis of [2] to SPU-LMS and use the results to show that SPU-LMS
does not suffer a degradation in steady state performance as compared to LMS even when we relax

the assumptions made for the performance analysis of the algorithm for stationary signals.

e We demonstrate through different examples that for non-stationary signal scenarios (echo cancellation
in telephone networks, digital communication systems) partial updating using P-LMS and S-LMS
should not be employed as these are not guaranteed to converge. SPU-LMS is a better choice because

of its convergence properties.

The organization of the paper is as follows. First, a brief description of the algorithm is given in Section 2
followed by analysis of the stochastic partial update algorithm for stationary stochastic signals in Section 2.1,
for deterministic signals in Section 2.2 and for mixing signals in Section 3. Section 4 discusses the advantage
of the new algorithm over the existing Partial Update LMS algorithms. This is followed by Section 4.1
where verification of theoretical analysis in Section 2.1 of the new algorithm is carried out via simulations
and examples are given to illustrate the usefulness of SPU-LMS. Sections 4.2 and 4.3 apply the analysis in
Section 3 to separate signal scenarios for comparing the steady state performance of LMS and SPU-LMS.

Finally conclusions and directions for future work are indicated in Section 5.

2 The Stochastic PU LMS Algorithm

For description purposes we will assume that the filter coefficients can be divided into P mutually exclusive
subsets of equal size, i.e. the filter length N is a multiple of P. For convenience, define the index set

S ={1,2,...,N}. Partition S into P mutually exclusive subsets of equal size, Sy, Sa,...,Sp.



Let Wy, = [wg.1, wk2,--., wen]T be the column weight vector at iteration k of the LMS algorithm. Let
X}, be as defined in section 1. Define I; by zeroing out the j* row of the identity matrix I if j ¢ S;. In
that case, I; X}, will have precisely % non-zero entries. Let the sentence “choosing S; at iteration k” stand

to mean “choosing the weights with their indices in S; for update at iteration k”.

The SPU-LMS algorithm is described as follows. At a given iteration, k, one of the sets S;, i =1,..., P,

is chosen at random from {Si, Sa,..., Sp} with probability % and the update is performed. i.e.
_ | wkj +pegmr; ifj €S
Whit1,j = { Wk, j otherwise (1)

where e}, = dy, — W,f{ Xk. The above update equation can be written in a more compact form in the following

manner

Wit = Wi + ueZIiXk (2)
where I; now is a randomly chosen matrix.
2.1 Analysis: Stationary Stochastic Signals

In this setting the offline problem is to choose an optimal W such that

g(W)

E[(d, — yi)(dr — y&)*]
= E[(dy — WTX)(di — W Xp)*]

is minimized, where a* denotes the complex conjugate of a. The solution to this problem is given by
Wopt = R™'r (3)
where R = E[X;X/] and r = E[d} X}]. The minimum attainable mean square error £&") is given by

Emin = Eldpdy) — v R ™M1

For the following analysis, we assume that the desired signal, dj, satisfies the following relation? [7]

d, = WH. X} + ny, (4)

opt

where X}, is a zero mean complex circular Gaussian® random vector and ny is a zero mean circular complex

Gaussian (not necessarily white) noise, with variance &, uncorrelated with Xj.

2Note: the model assumed for dj, is same as assuming dj, and X}, are jointly Gaussian sequences. Under this assumption
dy, can be written as dj, = W(thk + my,, where Wy is as in (3) and my = dj — W(thk. Since E[myX}y] = E[Xpdy] —
E[XkX,f}Wopt = 0 and my and X}, are jointly Gaussian we conclude that mj and X} are independent of each other which is
same as model (4).

3A complex circular Gaussian random vector consists of Gaussian random variables whose marginal densities depend only

on their magnitudes. For more information see [16, p. 198] or [14]



We also make the usual independence assumption used in the analysis of standard LMS [3]. We assume
that X}, is a Gaussian random vector and that X}, is independent of X; for j < k. We also assume that I;

and X are mutually independent.

For convergence-in-mean analysis we obtain the following update equation conditioned on a choice of S;.
EVi+1|Si] = (I = pLiR)E[V}|Si]
which after averaging over all choices of S; gives

ElVin] = (I - ZR)E[VA]. (5)

To obtain the above equation we have made use of the fact that the choice of S; is independent of V}, and
2P

Amaz

X},. Therefore, p has to satisfy 0 < u <

to guarantee convergence in mean.

For convergence-in-mean square we are interested in the convergence of Elege}]. Under the independence

assumptions we obtain Elere)] = &min + tr{RE[VkaH]} where &,,;n is as defined earlier.
We have followed the procedure of [13] for our mean-square analysis. First, conditioned on a choice of
S;, the evolution equation of interest for tr{ RE[V},V,/’]} is given by
REVi11 Vi |S] = REWVVH|S)] - 2uRLREV,VY|S] +
P LREEX X A X XH|Si] + 12émin RLRI;
where Ay = E[V;V;F']. For simplicity, consider the case of block diagonal R satisfying Zle L;RI; = R.
Then, we obtain the final equation of interest for convergence-in-mean square to be
_ 2 CI e TPr: I 2
Ger1 = PA-I-PA +PA 11 )Gk+P£mmA1 (6)

where G, is a vector of diagonal elements of AE[U,UH] where U, = QVj, with Q such that QRQY = A. Tt
is easy to obtain the following necessary and sufficient conditions (see Appendix A) for convergence of the

SPU-LMS algorithm

0<p< 2 (7)

Amaz
def EN whi g
= i=1 2—pr;

n(w)

which is independent of P and identical to that of LMS.

We use the integrated MSE difference J = Y77 [€k —&oo] introduced in [8] as a measure of the convergence

rate and M (u) = 500575;:1'” as a measure of misadjustment. The misadjustment factor is simply (see Appendix

Q) :

M () = lf‘—,‘;()u) ®)



which is the same as that of the standard LMS. Thus, we conclude that random update of subsets has no

effect on the final excess mean-squared error.

Finally, it is straightforward to show (see Appendix B) the integrated MSE difference is
J =P tr{[2uA — p2A% — 2A2117]71(Gy — Goo)} (9)

which is P times the quantity obtained for standard LMS algorithm. Therefore, we conclude that for block
diagonal R, random updating slows down convergence by a factor of P without affecting the misadjustment.
Furthermore, it can be easily verified that a much simpler condition 0 < p < ﬁ, is a sufficient region for

convergence of SPU-LMS and the standard LMS algorithm.

2.2 Analysis: Deterministic Signals

Here we followed the analysis for LMS with real signals given in [17, pp. 140-143]. This analysis can be
easily extended to SPU-LMS with complex signals which we present here. We assume that the input signal
X}, is bounded, that is sup, (X}’ X;) < B < oo and that the desired signal d, follows the model

d, = WH X,

opt
which is different from (4) in that we assume that there is no noise present at the output.
Define Vi, = Wy, — Wyt and ey, = dj, — W,fIXk.

Lemma 1 If p < 2/B then % — 0 as k = oo. Here, ﬁ indicates statistical expectation over all possible

choices of S;, where each S; is chosen uniformly from {Sy,...,Sp}.

Proof: See Appendix D

Theorem 1 If 4 < 2/B and the signal satisfies the following persistence of excitation condition:

For all k, there exist K < 00, a1 > 0 and as > 0 such that

k+K
al <Y XX <aol (10)
i=k

then VLHVL — 0 and VkHVk — 0 exponentially fast.

Proof: See Appendix D

Condition (10) is identical to the persistence of excitation condition for standard LMS. Therefore, the

sufficient condition for exponential stability of LMS is enough to guarantee exponential stability of SPU-LMS.



3 Analysis of SPU-LMS: Mixing Signals

In this section, we analytically compare the performance of LMS and SPU-LMS in terms of stability and
misconvergence when the independent snapshots assumption is invalid. For this we employ the theory
developed in [12] and [2]. Even though the theory developed is for the case of real random variables it can

easily be adapted to the case of complex circular random variables.

In this section, results for stability and performance for the case of SPU-LMS are developed for describing
the performance hit taken when going from LMS to SPU-LMS. One of the important results obtained is
that for stability LMS and SPU-LMS have the same necessary and sufficient conditions. The theory used

for stability analysis and performance analysis follows along [12] and [2], respectively.

3.1 Stability Analysis

Notations are the same as those used in [12]. [|A]|, is used to denote the L,-norm of a random matrix A

given as | All, © (B AP /7 for p > 1 where [|A]l % {5, . [af2,}1/2 is the Buclidean norm of the matrix

A. Note that in [12], ||A]| dlef { Az (AAT)YL/2 " Since the two norms are related by a constant the results
in [12] could as well have been stated with the definition used here. Our definition is identical to the norm

defined in [2].
A process X}, is said to be ¢-mixing if there is a function ¢(m) such that ¢(m) — 0 as m — oo and

sup [P(BJA) - P(B)| < ¢(m),¥m > 0,k € (—00,00)

AeMb _(X),BEMP,, (X)

where MZ(X), —00 <1 < j < oo is the o-algebra generated by {X;}, i <k < j

For any random matrix sequence F' = {F}}, define Sp(a, p*) for px >0 and 0 < a < 1/p* by

k

Splaut) = F: | J[ 4= nEp|| <Koy (F)1— pa)*

j=i+1
J p

Vi€ (0,pu"],Vk > i > 0}

Sp(a, p*) is the family of L,-stable random matrices.

Similarly, the averaged exponentially stable family is defined as S(a, u*) for ux > 0 and 0 < a < 1/p*
by

k

Fo|l [T 0 - rnEF]|| < Kap (BF)(1 = pa)* (11)
j=i+1

S(a, p")

p

Ve (0,u"],Vk > i > 0}-



def N def X
We also define Sp and S as Sp = Upre(o,1) Uae(oﬁl/”*)SP(a,u ) and S = Upre(o,1) UaG(O,l/u*)S(aau )
Let X be the input signal vector generated from the following process

Xp= Y Ak, j)er—j + v (12)
j=—o00

with 377 supy [|A(K, j)|| < oo. {¢x} is a d-dimensional deterministic process, and {e;} is a general

m-dimensional ¢-mixing sequence. The weighting matrices A(k,j) € R?¥*™ are assumed to be deterministic.

Define the index set S = {1,2,...,N}. Partition S into P mutually exclusive subsets of equal size,
Sy, Sa2,...,Sp. Define Z; by zeroing out the j* row of the identity matrix I if j ¢ S;. Let I; be a sequence

of i.i.d d x d masking matrices chosen with equal probability from Z;,i =1,..., P.

Then, we have the following theorem which is similar to Theorem 2 in [12].

Theorem 2 Let X} be as defined above with {€} a ¢-mizing sequence such that it satisfies for any n > 1

and any increasing integer sequence j1 < jo < ... < jn

exp <a2 ||e]-i||2>] < Mexp(Kn) (13)

where a, M, and K are positive constants. Then for any p > 1, there exist constants ux > 0, M > 0, and
a € (0,1) such that for all p € (0, ux] and for allt > k>0

E

¢ pq1/p
{E IT ¢ —pnxxf } < M(1 - pa)t=*
Jj=k+1

if and only if there exists an integer h > 0 and a constant § > 0 such that for all k >0
k+h
> EXiX[] >0l (14)
i=k+1
Proof: The proof is just a slightly modified version of the proof of Theorem 2 derived in Section IV of [12,
pp. 766-769]. The modification takes into account that Fy in [12] is Fy, = X, X} whereas it is F}, = I; X;, X /!

in the present context. |

Note that the LMS algorithm has the same necessary and sufficient conditions for convergence (Theorem
2 in [12]). Therefore, the necessary and sufficient conditions for convergence of SPU-LMS are same as that
of LMS. Also note that, Theorem 2 in [12] can be stated as a corollary to Theorem 2 by setting I; = I for
all 5.

3.2 Performance Analysis

For performance analysis, we assume that

dr, = XEWopi i + i,



Wopt,i, varies as follows Wopt k41 — Wopt,k = Wiy1, Where w1 is the lag noise. Then for LMS we can write

the evolution equation for the tracking error Vj d:ef Wi — Wopt i, as
Vigr = (I = pXp X{Vi + pXkng — wi
and for SPU-LMS the corresponding equation can be written as

Vk+1 = (I — ,quXkX,f)Vk + ,uank — Wp1

Now, Vi1 can be decomposed [2] as V41 = “Vi + p" Vi + “V}, where

Wit1 = (I —pPXp X0 Vi, “Vo=Vo = —Wopto
W1 = (I —pPeXpX)"Vi + PoXgpng, "Vo =0
Vi1 = (I—pPeXp X))V —wirr, "Vo =0

where P, = I for LMS and P, = I, for SPU-LMS. {*V).} denotes the unforced term, reflecting the way
the successive estimates of the filter coefficients forget the initial conditions. {"V}} accounts for the errors

introduced by the measurement noise, ny and {"V}} accounts for the errors associated with the lag-noise
{wr}

In general "V}, and “Vj obey the following inhomogeneous equation
Okr1 = (I — pFr)or + &, do=0
0 can be represent by a set of recursive equations as follows
o =J0 + I+ I+ HY

where the processes J,gr), 0<r<nand H ,En) are described by

T = (= ph) T + &5 00 =
I = T —pF)I" +uze Y I =0,0< k<
HY, = (I-pF)H" +pZdV; HM =0,0<k<n

where Zj, = F}, — F}, and F}, is an appropriate deterministic process, usually chosen as Fy = E[F}]. In [2]
under appropriate conditions it was shown that there exists some constant C' < oo and ug > 0 such that for

all 0 < o < po, we have

sup [|H{ |, < Cu/2.
k>0

Now, we modify the definition of weak dependence as given in [2] for circular complex random variables.

The theory developed in [2] can be easily adapted for circular random variables using this definition. Let



g >1and X = {X,},>0 be a (I x 1) matrix valued process. Let 3 = ((r))ren be a sequence of positive
numbers decreasing to zero at infinity. The complex process X = { X, }>0 is said to be (J, ¢)-weak dependent
if there exist finite constants C' = {C},...,C,}, such that for any 1 < m < s < ¢ and m-tuple ky, ..., kn
and any (s —m)-tuple kyq1,...,ks, with &y < ... <kp <kpm +7 < kg1 <. < kg, it holds that

sup ‘COV (fk17i1(Xk1,i1) "'-'fkm,im(ka,im)a

1<t 0 U flq yig s fhoyin - Flom yim

fkm+17im+1 (ka+1,im+1) et fkst (st,is )) ‘ < C’SB(T)

where X’mi denotes the i-th component of X,, — E(X,,) and the set of functions f, ;() that the sup is being
taken over are given by fm(f(m) = f(m and fm(f(m) = f(,*u

Define N (p) from [2] as follows

1/2
N = {e: S i < 000 (S D2) " w05 <

and VD = {Dy}ren(q x 1) deterministic matrices }

where pp(€) is a constant depending only on the process € and the number p.

F} can be written as F}, = PkaX,f where P, = I for LMS and P, = I for SPU-LMS. It is assumed
that the following hold true for Fy. For some r,q € N, o > 0 and 0 < a < 1/pg

o F1(r,a, po): {Fi}e>o0 is in S(r, o, po) that is {F} is L,-exponentially stable.

o F2(a, po): {E[Fil}i>o0 is in S(a, o), that is {E[F]}r>0 is averaged exponentially stable.

Conditions F3 and F4 stated below are trivially satisfied for P, = I and P = I.

e F3(q, 10): supyen SUP e (0,u0] | Pxlly < oo and supyen SUPe(0, 0] |E[P]| < o0
e F4(q, o) SUDPgenN SUPe(0,u0] N71/2||Pk — E[P]|ly < o0
The excitation sequence & = {x||x>0 [2] is assumed to be decomposed as {, = Mye,, where the processes

M = {Mp}r>0 is a d x I matrix valued process and € = {e; }>0 is a (I x 1) vector-valued process that verifies

the following assumptions

e EXC1: {M;}rez is ME(X)-adapted* and ME(e) and ME(X) are independent.
o EXC2(r, f10): SUP,e(0,10] SWPk>0 || Ml < 00, (r >0, 10 > 0)

e EXC3(p,uo): € = {ex }ren belongs to N'(p), (p > 0, o > 0)

4A sequence of random variables, X; is called adapted with respect to a sequence of o-fields F; if X; is F; measurable [4].

10



The following theorems from [2] are relevant.

Theorem 3 (Theorem 1 in [2]) Letn € N andlet g > p > 2. Assume EXC1, EXC2(pq/(q—p), o) and
EXC3(p, o). For a,b,a >0, a™' +b~! =1, and some po > 0, assume in addition F2(c, po), F4(agn, po)

and
o {Gi}i>o is (B, (q + 2)n) weakly dependent and 3 (r + 1)((4+27/2=13(r) < 00
® supy>q [|Grllpgn < 00
Then, there exists a constant K < oo (depending on S(k), k > 0 and on the numerical constants

D,4q,n,q,b, o, a but not otherwise on {Xy}, {ex} or on ), such that for all 0 < p < po, for all0 <r <n

sup |J{”|, < K py(e) sup ||Mk||pq/(q7p)/‘(r_1)/2-
s>1 k>0

Theorem 4 (Theorem 2 in [2]) Letp > 2 and let a,b,c > 0 such that 1/a+1/b+1/c=1/p. Letn € N.

Assume F1(a,a, po) and

® Sup> || Zs]ly < o0

n+1

o sup,so I8l < o0

Then there exists a constant K' < oo (depending on the numerical constants a,b,c, a, uo,n but not on the

process {€} or on the stepsize parameter ), such that for all 0 < p < o,

sup |H{ |, < K'sup | T8V
5>0 5>0

We next show that if LMS satisfies the assumptions above (assumptions in section 3.2 in [2]) then so
does SPU-LMS. Conditions F1 and F2 follow directly from Theorem 2. It is easy to see that F3 and F4
hold easily for LMS and SPU-LMS.

Lemma 2 The constant K in Theorem 8 calculated for LMS can also be used for SPU-LMS.

Proof: Here all that is needed to be shown is that if LMS satisfies the conditions (EXC1), (EXC2) and
(EXC3) then so does SPU-LMS. Moreover, the upper bounds on the norms for LMS are also upper bounds
for SPU-LMS. That easily follows because MFMS = X}, whereas MkSPUfLMS = I+ Xy and ||I|| < 1 for any

norm || - ||. O

Lemma 3 The constant K' in Theorem /4 calculated for LMS can also be used for SPU-LMS.

11



Proof: First we show that if for LMS sup,s || Zs[ls < oo then so it is for SPU-LMS. First, note that for
LMS we can write ZFMS = X XH — E[X;XH] whereas for SPU-LMS

1
ZSPU-LMS IsXst—FE[XSXf]

1
= IsXsXsH - IsE[XsXsH] + (Is - FI)E[XSXf]

That means || Z5 PV~ EMS||, < || L[|, || ZEM5||y+|| L— S I||s|| E[X s X H]||5. Therefore, since sup,sq b B[X: X7 <

oo and sup, s [| 25|y < oo we have
sup || ZSFULMS ||, < oo,
s

Since all conditions for Theorem 2 have been satisfied by SPU-LMS in a similar manner the constant obtained

is also the same. O

The results in this section are an extension of analysis in [2] to SPU-LMS. The results enable us to
predict the steady state behaviour of SPU-LMS without the standard independent snapshots assumption
employed in Section 2.1. Moreoever, the two lemmas in this section state that the error terms for LMS and
SPU-LMS are bounded above by the same constants. These results are very useful for comparison of steady
state errors of SPU-LMS and LMS in the sense that the error terms are of the same magnitude. This will
become evident in Section 4.2 and Section 4.3 where we compare the steady state performance of the two

algorithms for two different scenarios.

4 Discussion and Examples

It is useful to compare the performance of the new algorithm to those of the existing algorithms namely
the peridic Partial Update LMS Algorithm (P-LMS) and the sequential Partial Update LMS Algorithm
(S-LMS).

For P-LMS, the update equation can be written as follows
Wiyp = Wi + pep Xy,

For the Sequential LMS algorithm the update equation is same as (2) except that the choice of I; is no longer

random. The sequence of I; as k progresses is pre-determined and fixed.

For the P-LMS algorithm, using the method of analysis described in [13] we conclude that the conditions
for convergence are identical to standard LMS. That is (7) holds also for P-LMS. Also, the misadjustment
factor remains the same. The only difference between LMS and P-LMS is that the measure J for P-LMS
is P times that of LMS. Therefore, we see that the behavior of SPU-LMS and P-LMS algorithms is very

similar for stationary signals.

12



The difference between P-LMS and SPU-LMS becomes evident from the persistence of excitation condi-
tion for deterministic signals. From [7] we conclude that the persistence of excitation condition for P-LMS
is stricter than that for SPU-LMS. For mixing signals, the persistence of excitation condition can similarly
be shown to be stricter than that of SPU-LMS. In fact, in the next section we construct signals for which

P-LMS is guaranteed not to converge whereas SPU-LMS will converge.

The convergence of Sequential LMS algorithm has been analyzed using the small x4 assumption in [7].
Theoretical results for this algorithm without this assumption is an open problem. [11] analyses this algorithm
for its convergence in the mean properties, but so far mean square convergence for stationary, non-stationary
and mixing signals is still untacked. However, we show through simulation examples that this algorithm

diverges for certain signals and therefore should be employed with caution.

4.1 Numerical Examples

In the first two examples, we simulated an m-element uniform linear antenna array operating in a multiple

signal environment. Let 4; denote the response of the array to the i*" plane wave signal:

A; = [e—j(%—m)wi e—i(B-1-Mws  J(F—l-m)w; ej(%—m)wi]T

where m = (m +1)/2 and w; = %Sinai, i=1,...,M. 8; is the broadside angle of the i*" signal, D is the
inter-element spacing between the antenna elements and A is the common wavelength of the narrowband
signals in the same units as D and @ = 2. The array output at the k** snapshot is given by X; =
Zf\il A;sk,; +ny, where M denotes the number of signals, the sequence {sg;} the amplitude of the ith signal
and ny, the noise present at the array output at the k** snapshot. The objective, in both the examples, is to
maximize the SNR at the output of the beamformer. Since the signal amplitudes are random the objective
translates to obtaining the best estimate of s ;, the amplitude of the desired signal, in the MMSE sense.

Therefore, the desired signal is chosen as dj, = s 1.

Example 1: In the first example (Figure 1), the array has 4 elements and a single planar waveform with
amplitude, s;,; propagates across the array from direction angle, #; = 7. The amplitude sequence {sy 1} is
a binary phase shifty keying (BPSK) signal with period four taking values on {—1,1} with equal probability.
The additive noise ny, is circular Gaussian with variance 0.25 and mean 0. In all the simulations for SPU-
LMS, P-LMS, and S-LMS the number of subsets for partial updating, P was chosen to be 4. It can be easily
determined from (7) that for Gaussian and independent signals the necessary and sufficient condition for
convergence of LMS and SPU-LMS is ¢ < 0.67. Figure 2 shows representative trajectories of the empirical
mean-squared error for LMS, SPU-LMS; P-LMS and S-LMS algorithms averaged over 100 trials for 4 = 0.6
and g = 1.0. All algorithms were found to be stable for the BPSK signals even for p values greater than
0.67. Tt was only as p approached 1 that divergent behavior was observed. As expected, LMS and SPU-LMS
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Figure 1: Signal Scenario for Example 1

were observed to have similar u regions of convergence. It is also clear from Figure 2, that as, expected

SPU-LMS, P-LMS, and S-LMS take roughly 4 times longer to converge than LMS.

Example 2: In the second example, we consider an 8-element uniform linear antenna array with one signal
of interest propagating at angle #; and 3 interferers propagating at angles 6;, ¢ = 2,3,4. The array noise
ny is again mean 0 circular Gaussian but with variance 0.001. We generated signals, such that sj; is
stationary and s ;, ¢ = 2,3,4 are cyclostationary with period four, which make both S-LMS and P-LMS
non-convergent. All the signals were chosen to be independent from time instant to time instant. First, we
found signals for which S-LMS doesn’t converge by the following procedure. Make the small 4 approximation
I—p Zle IiE[XkMX,ﬁi] to the transition matrix Hf:l(l — ul; E[ X4+ Xp+;]) and generate sequences sy ;,
i = 1,2,3,4 such that Zle IiE[XkHX,ﬁi] has roots in the negative left half plane. This ensures that
I—p Zfil IiE[XkHX,g_i] has roots outside the unit circle. The sequences found in this manner were then
verified to cause the roots to lie outside the unit circle for all . One such set of signals found was: s;1 is
equal to a BPSK signal with period one taking values in {—1,1} with equal probability. The interferers, sy ;,
i = 2,3,4 are cyclostationary BPSK type signals taking values in {—1,1} with the restriction that sy > = 0
itk %4#1,s,3=0ifk%4#2andsps=0if k%4 # 3. Here a % b stands for a modulo b. 8;,
i = 1,2,3,4 are chosen such that 6; = 1.0388, , = 0.0737, #5 = 1.0750 and 64 = 1.1410. These signals
render the S-LMS algorithm unstable for all p.

The P-LMS algorithm also fails to converge for the signal set described above irrespective of p and the

4th jteration it sees at most one

choice of 61, 6, 03, and 6,. Since P-LMS updates the coefficients every
of the three interfering signals throughout all its updates and hence can place a null at atmost one signal
incidence angle 6;. Figure 4 shows the envelopes of the e? trajectories of S-LMS and P-LMS for the signals
given above with the representative value p = 0.03. As can be seen P-LMS fails to converge whereas S-LMS

shows divergent behavior. SPU-LMS and LMS were observed to converge for the signal set described above
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Figure 2: Trajectories of MSE for Example 1

when p = 0.03.

Example 3: In the third example, we consider a 4-tap filter (N = 4) with a time series input, that is
Xy =[xk Tr—1 Tg—2 Tr—3]. The input, the filter coefficients and the desired output are all real valued.
xy, is given by sy + ng where s is a BPSK signal with a symbol duration of 4 time intervals and ny, is
a zero mean Gaussian noise with variance 0.01. The desired output dj, is given by dj = Woj;tSk where
Sk = [sk Sk—1 Sk—2 sk—3] and W,y = [1 2 3 4]7. The update is such that one coefficient is updated per
iteration, i.e. P = 4. For this signal it was verified that S-LMS diverges for all values of u. Figures 5 and 6
show the trajectory of mean-squared error for LMS, SPU-LMS, P-LMS and S-LMS for a representative value
of u = 0.05, respectively. As can be seen P-LMS and S-LMS fail to converge whereas LMS and SPU-LMS
do.

4.2 ILi.d Gaussian Input Sequence

In this section, we assume that Xy = [z, Tx—1 ... Tp_ny1]T where N is the length of the vector X;. {z1}
is a sequence of zero mean i.i.d Gaussian random variables. We assume that wj = 0 for all ¥ > 0. In that

case
Vigr = (I — pPeXp X Vi + Xene Vo = —Wopro = Wope

where for LMS we have P, = I and P, = I in case of SPU-LMS. We assume ny is a white i.i.d. Gaussian

noise with variance o2. We see that since the conditions (13) and (14) are satisfied for theorem 2 both
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Figure 3: Signal Scenario for Example 2
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Figure 4: Trajectories of MSE for Example 2

LMS and SPU-LMS are exponentially stable. In fact both have the same « exponent of decay. Therefore,
conditions F1 and F2 are satisfied.

We rewrite Vi, = J,go) + J,gl) + J,gQ) + H,?). Choosing F}, = E[F}] we have E[PkaX,f] = ¢2] in the case
of LMS and %021 in the case of SPU-LMS. By Theorems 3 and 4 and Lemmas 2 and 3 we can upperbound
both |J,E2)| and |H,g2)| by exactly the same constants for LMS and SPU-LMS. In particular, there exists some

constant C' < oo such that for all p € (0, o], we have

sup B+ HEYM| < ClXollesoysor o)
sup [EULHP| < e Kol o>
Next, for LMS we concentrate on
IO = (1= pe?) I + Xy
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Figure 6: Trajectories of MSE for S-LMS for Example 3
T = (= o)+ (e = XX

and for SPU-LMS we concentrate on

a0 = (- %02)J,EO) + [ X
g0 = - %02)J,51) + u(‘;l — X X0
Solving (see Appendix E), we obtain for LMS
Jm B[O () = ;L(Qiig,wﬂ)
lim B[ ()] = 0
lim B0 = 0
tm BUOO =

17



N 2 .2
- "4"01+0(u)1

2
v

which yields limy o E[Vi V] = 21 + Y271 + O(4'/2)I and for SPU-LMS we obtain

Jim PO = gy
Jim B = 0
Jim BN = 0
G = R
= WI-%O(M)I

(N+1H)P—1 2 2

which yields limy_, E[V; V] = %I + —2 7227 + O(u'/?)I. Therefore, we see that SPU-LMS is

marginally worse than LMS in terms of misadjustment.

4.3 Temporally Correlated Spatially Uncorrelated Array Output

In this section we consider X}, given by

X, = rXp_1 +V1-—r2U;

where Uy is a vector of circular Gaussian random variables with unit variance. Similar to section 4.2, we
rewrite Vi, = J,go) + J,gl) + J,52) + HIEQ). Since, we have chosen Fj, = E[F;] we have E[PkaX,f] =] in the
case of LMS and %I in the case of SPU-LMS. Again, conditions F1 and F2 are satisfied because of Theorem
2. By [2] and Lemmas 1 and 2 we can upperbound both J,£2) and H ,22) by exactly the same constants for
LMS and SPU-LMS. By Theorems 3 and 4 and Lemmas 2 and 3 we have that there exists some constant
C' < oo such that for all p € (0, o], we have

sup [0 + BV < CllXolrirasy a0t (0)n'?
sup [ B[O HPN| < Opr@)|Xollsray s’
Next, for LMS we concentrate on
IO = 1= I + Xpny,
IO = (=IO 4l - XXy

and for SPU-LMS we concentrate on

J/E% = (1- %)J,EO) + I Xgny,
1
T = (- %)J,E” +u(pI - X X )T

18



Solving (see Appendix F), we obtain for LMS

2

Jim BTG = ST
tin BUOGU = T o
Jim BUPGEY) = 0G0
sim B GRY) = SRR o
which leads to im0 B[Vi V] = 21 + Y227 4 O(4'/?)T and for SPU-LMS we obtain
fim EUOUOP = e
tim BUOOU) = P oG
tm BUPUPYT = O oG
lim B ()] = ";[%izz + (N + 1)%]”0(”)1

which leads to limy_,oo E[V; V] = %I + Z [N +1—5]T+0(u'/?)I. Again, SPU-LMS is marginally worse

than LMS in terms of misadjustment.

5 Conclusion

We have proposed a new algorithm based on randomization of filter coefficient subsets for partial updating
of filter coefficients. The conditions on step-size for convergence-in-mean and mean-square were shown to
be equivalent to those of standard LMS. It was verified by theory and by simulation that LMS and SPU-
LMS have similar regions of convergence. We also have shown that the Stochastic Partial Update LMS
algorithm has the same performance as the Periodic LMS algorithm for stationary signals but, can have
superior performance for some non-stationary signals. We also demonstrated that the randomization of
filter coefficient updates does not increase the final steady state error as compared to the regular LMS

algorithm.

The idea of random choice of subsets proposed in the paper can be extended to include arbitrary subsets

of size % and not just subsets from a particular partition. No special advantage is immediately evident
from this extension though. In future work, we will analyze the algorithm in the time-series setting, that is,

without the independent snapshots assumption.

The Max PU-LMS described in Section 1 is similar SPU-LMS in the sense that the coefficient subset

chosen to be updated at an iteration are also random. However, update equations (5) and (6) are not valid
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for Max PU-LMS as we can no longer assume that X and I; are independent since the coefficients to be

updated in an iteration explicitly depend on Xj. The analysis of this algorithm is an open problem.

APPENDICES

A Derivation of Stability Condition (7)

We will follow the Z-transform method of [13]. Let £(z) donate the Z-transform of &, and G;(z) donate the

Z-transform of the i** component of G,. Then we have the following

1 N
£(z) = gmznm + ZGz(z)
i=1
Gi(z) = (1- %“Ai + Q—I‘fAf)éi(z) + “;A%z*é(z) + G4(0)

which leads to

o1 N Gi(0)
- fmzn 1—2z-1 + Zi:l 17271(172?”Ai+¥A2)

i) = s : (15)

1-yN, LT

TR (13N 424002
and
2

- 1 ENZN G;(0)D

G, SAN() +Gi(0)D(2) 1)

Z(Z) = _ 2 2142
D(2) 1 —271(1 — 2, + 27)2)
where N(z) and D(z) denote the numerator and the denominator in (15). Therefore, the condition for

stability is that the roots of
2p 207 5

fori=1,...,N and

N N

2u, 247, T 2u 20 |,
II — (=B + 22\ _E_” —a=z= o =
1l |:Z ( P>\ + P Az) P P>‘z s z ( P>‘k+ P >‘k) 0

should lie within the unit circle.
The reader should note that (16) should be used to determine the stability of G;(z) and not

2 ~
2
L= )

Gi2) =
that was used in [13].

Following the rest of the procedure as outlined in [13] exactly, we obtain the conditions for stability to

be (7).
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B Derivation of expression (9)

Here we follow the procedure in [8]. Assuming G}, converges we have the expression for G, to be
Goo = P [2pA — 22 A — M2A211T]*1M;A21gmm.
Then we have
Gry1 —Goo = F(Gr, — G)

where F' =1 — 24\ + %A + “7?/\211T. Since & = tr{G} we have

o0

Y —&o) = tr{d (G —Gu)}
k=0

k=0

= tr{d_ F"Go—Gx)}
k=0

tr{(I — F)"(Go — G)}

from which (9) follows.

C Derivation of the misadjustment factor (8)

Here we follow the approach of [13]. The misadjustment numerator and denominator is defined as M (u) =

foobmin  Gince ¢y = lim._; (1 — 27 1)€(2) and the limits of (1 — z27")&(z) are finite, we have

min

I L (1— 3N Gi0)
~ 1m; 51 |:fmzn + ( z )Ez:l 1o 1(1— 285,422 A2)
goo a . N ’372)\22'_1 ’
hmz—)l 1-—- Zi:l 1—2_1(1—2?“)\{-&-#)\?)
that is
co 1N i
-3 Ei:l 1fu>\i
gmin
L—n(p)’

from which (8) follows.

D Proofs of Lemma 1 and Theorem 1

Proof of Lemma 1: First note that e, = —VkHXk. Next, consider the Lyapunov function Ly = V,fHVkH

where {-} is as defined in Lemma 1. Averaging the following update equation for VkﬁleH
VE Vi = VEVE — pte{ViVE X XP LY — e (VI LXW XY + 120 (Vi VP X X LXL X )
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over all possible choices of S;, ¢ =1,..., P we obtain
Lisr = Lp — %tr{VkaHXk(Q — X X XY
Since sup, (X7 X},) < B < oo the matrix (21 — uX; X[') — (2I — pBI) is positive definite. Therefore,
Lisr < Lp — %(2 — uB)er{Vi VI X, X}

Since u < 2/B
Lip1 < Ly —te{ViVEX, XY}

Noting that % = tr{V, V7 X, X'} we obtain

k
Li1 + Zei < Lo

=0

since Lo < 0o we have €2 = O(1/k) and limy_, e_% =0 ]

Before proving Theorem 1 we need Lemmas 4 and 5. We reproduce the proof of Lemma 4 from [17] using

our notation because this enables to understand the proof of Lemma 5 better.

Lemma 4 [17, Lemma 6.1 p. 143-144] Let X}, satisfy the persistence of excitation condition in Theorem 1.

let
k+D -
I-5£XX D>0
Hk,kJrD:{ 1=k ( 1P 1X;7) ZDQO
and
K
i = ankH—IXkHX/g-sz,k-;-lq
=0

where K is as defined in Theorem 1 then Gy —nl is a positive definite matriz for some n > 0 and Vk.

Proof: Proof is by contradiction. Suppose not then for some vector w such that w”w = 1 we have

wHGrw < ¢® where ¢ is any arbitrary positive number.

Then

K

Hy[H H 2
E W g1 Xt X e g 1w < ¢
1=0

= WHH];H7]<;+[_1Xk—&—lX]g_lHk,k—i-l—lw S 02 for 0 S l S K.

Choosing | = 0 we obtain w X, XTw < ¢? or ||wH Xy || < e

Choosing I = 1 we obtain [|w# (I — £X, X)X\ 41| < c. Therefore,

p p
o Xeoall < 0P (I~ 2 XX X |+ 5 o XX K]
< e+ %Bc =c(1+2/P).
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Choosing | = 2 we obtain [Jw" (I — 5 X, XT)(I — £ X141 X ) Xppo|| < c. Therefore,
1 1 1
| Xppol| < [lw™ (T - FXkXIfI)(I— FXk+1XI€{|-1)Xk+2“ + ;HWHXkX/fIXkHH

2
Bl X X Kol + 5 o X XE X2 XE X

O(e).

IN

Proceeding along similar lines we obtain ||w X || < Le for [ = 0,..., K where L is some constant.
This implies wf Y55 X, XFw < (K 4+ 1)L2c2. Since ¢ is arbitrary we obtain that w® Y705 X)X w < oy

which is a contradiction. O

Lemma 5 Let X satisfy the persistence of excitation condition in Theorem 1. let

Perep = TLZ I = phi XiX[) if D >0
o 1 if D <0

where I; is the randomly chosen masking matriz and let

K

e = Z I Xt X T
=0

where K is as defined in Theorem 1 and ﬁ is the average over randomly chosen I; then Qi —~I is a positive

definite matriz for some v > 0 and Vk.

Proof: Proof is by contradiction. Suppose not then for some vector w such that w”w = 1 we have

wHQrw < ¢® where ¢ is any arbitrary positive number.

Then

K

H DH q 2
E :w Prokri—1 Xk X3 Prki-1 w < ¢
1=0

= wf P,f{k+l71Xk+lX,ﬁlPk,k+l_1 w<e® for0<I<K.

Choosing [ = 0 we obtain w? X, XHw < ¢? or ||wH Xy|| < e.

Choosing | = 1 we obtain wf (I — ,uXkX,fIk)XkHX,g_I(I — ,quXkX,fI) w < 2. Therefore,

W X XH w0 — %wHXkX,fI X XH w — %wHXkHX,ffrleX,fw-l-

2 P
o
?WHX]CX]? l;IiXkHX,fﬂrlIi] X XHo < &
Now
o Xe X X Xipwll < o™ Xe XX X e ||l
< eB?/?

23



and

P
X, XH [Z IiXkHX,ﬁlIi] X XHo| < 2PB2.

i=0
Therefore, w" X1 X jw = O(c) which implies [|wH Xj41]| = O(c'/?). Proceeding along the same lines
we obtain ||w" Xj 41| = O(c'/F) for | = 0,...,K for some constant L. This implies w 355 X, Xy =

O(c?/'). Since c is arbitrary we obtain that w ZfikK X; X w < a; which is a contradiction. a
Now, we are ready to Prove Theorem 1.

Proof of Theorem 1: First, we will prove the convergence of VkHVk. We have Vi1 = (I — EXp XV

Proceeding as before, we obtain the following update equation for ViV,

v v vH 17 W—H —
Vieks1Virkyr = Vk+KVk+K_QFVk+KXk+KXI£rKVk+K
2
—H .
+%Vk+KXk+KX]£|»KXk+KX]€I+KVk+K

—H — —H _
< ViekViak — %Vk+KXk+KXI£-KVk+K'
The last step follows from the fact that u < 2/B. Using the update equation for V}, repeatedly, we obtain
—H — —H— —H  —
Viegk1Vierks < Vi Vi — %Vk GkVi.

From Lemma 4 we have,
—H — JURNE ;
Vit k41 Vi+k+1 < (1- ﬁ’?)vk Vi

. . — —H
which ensures exponential convergence of tr{V V. }.

Next, we prove the convergence of VkH V.. First, we have the following update equation for tr{V} VkH }

M -
tr{Vk+K+1Vk€IrK+1} < tr{vlﬁ-KVk}iK} - Ftr{Xk+KX1£rKVk+KVk}JIrK}- (17)

Using (17) and also

Vk+1Vk{IH = (I - /L[kaX]fI)VkaH([ - /j,XkX}:IIk)
repeatedly, we obtain the following update equation
tr{ Vit k1 Vi e} < tr{ViVT} — tr{u Vi V)3

From Lemma 5 we have
tr{Vk+K+1Vk{I|_K+1} <(1- u’y)tr{VkaH}

which ensures the exponential convergence of tr{V,V,1}. ad
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E Derivation of Expressions in Section 4.2

In this section, we will need the following identity

[ee]
1 —ap)?
1— 2s — (—
2 0= o)™ = o5 e a2

First, we have the following expressions for LMS

k
Jl(c)—l—l = Z(l - :u0-2)kisXsns
s=0
k
Jho = HZ(l — o) =Dy (ks + 1) Xy
s=0
k
Jia = 12 (1= po®) 2 Dy(k, s + 1) Xan,
s=0
where
k
Dy(k,s) = ZZ“ k>s Di(k,s)=0 s>k
u=s
k
Dy(kys) = Y Di(k,u+1)Z,

and Z, = E[X,XH] - X,XH.

This leads to

k
. H . k— H
lim E[J, (JR1)"] = lim o 2;(1 — po®)? =9 B[X X {1
s=
and we finally obtain

2
: (0) ( 7(0)NHY _ Ty
kl;rrgoE[Jk (J, )7 = M(Q—,UUZ)I'
Similarly,
k
lim BLIL (Th)™] = o ;)(1 — po®)?* E[Di (5, 1) Xo X{T].

Now, E[Z,Xo X4 = E[X, XH|E[XoX{] — E[X, X X, X!] = 0 which gives
E[D;(s,1)Xo X = 0.

Thus, limy_, E[J,EO)(JIS))H] =0.

Next, .
Jim E[Ji (Tip) "] = o3® Y (1 = po®)* > E[Di (u, 1) Xo Xg' D1 (u, 1)"]
u=0
EZ,XoXFZH] = o1 - ?EX, X2 X X - *E[XoXT X, XH] +
E[X, X} XoXg' X, X]
= 0 ifv#£u
= No°I ifv=u.
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Therefore, E[D1(u, 1) Xo X Dy (u,1)7] = uNobT and we obtain

No2o2

(1) 7(\HY _ v
klgrolo E[J (7)1 = (2 — po?)? L
Next, we have limy o E[JP, ; (JZ,)"] = 1?02 352y E[D2(s,1) X0 X{]. Now,
E[Z,Z,Xo X} = o%T - *E X, XF XX - ?E[X X Xo X +
E[X, X, X, X3 X0 Xy']

= 0 ifv#u.
Therefore, E[Ds(s,1)XoX{'] = 0 and consequently limj_,oo E[JY, ; (JZ,;)7] = 0.

Second, we have the following expressions for SPULMS

k
H 2vk—s
T = > (- Fﬁ)’v I, X n,
s=0
: 2
Ty = py (1- ﬁa2)k_s_1D1(k,s + 1), Xgng
s=0
k
J2, = lﬁZ(l—%02)k*s*2D2(k,s+1)IsXsns
s=0
where
k
Dy(k,s) = ZZ“ k>s Di(k,s)=0 s>k
K
Dy(k,s) = Y Di(ku+1)Z,
and 7, = [, X, XF - LE[X,XF].
This leads to .
. 0 0 \H]_ | 2 o 2\2(k—s) H
klglgo ElJ1 (Jea)™] = klgglo Ty Zo(l po”) E[IoXo Xy Io]
and
2
lim E[7©(jONVH] — %y I
A, B = ey
Similarly,
k
Jim E[Jk+1(']k+1 = Z 1 — po®)** ' E[Dy (s, 1) IoXo X' o).

s=0
Now, E[Z, Iy Xo X Iy = E[I, X XH|E[I,Xo X 1] — E[I, X XHI,Xo X[ I] = 0 which gives

E[Dy(s,1)Xo X1 =0

so that limg_,oe E[JJ, | (Ji, )] =0.
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o0

lim E[Jgy (Jip) "] = opp? Z(l — po?)** 2 E[D: (u, 1)Io Xo Xg' Ty D1 (u, 1)™].
k—o00

Furthermore

E[Z b Xo XoIoZH] =

Therefore, E[Dy(u,1)Xo X D, (u,

u=0

o1 — B[, X, XTI Xo X 1)) — A E[L Xo X 10X, X 1,]
+E[I,X, XP 1, XXV 1, X, X1,

0 ifv#u
(N+1)P-1

P o8I ifv=u.

D] = uwﬂﬂ#aﬁf and we obtain

N+1)P—1
(V) P-1 +P) o202

lim E[JV (J0)H] =

e T T R-LZ2e U

Finally, we consider limy,_, E|

E[Z,Z XX =

JI?+1(J1%+1)H] = N2‘73 Z:io E[D;(s, 1)X0X({I]- Now

oI — B[, X, XTI Xo X 1o) — a*E[[. X X Iy Xo XF I]
+E[I, X, XH1, X, XH I, Xo X I

0 if v # u.

Therefore, E[D(s, 1) XoX{] = 0 and consequently limy_,o0 E[Jp,; (J7, ;)7 =0.

F Derivation of Expressions in Section 4.3

In this section, we will need the following identities

i 2v—w| s(1 —a*) — 2a% + 242(s+1)
a =
v, w=1 (]_ _ a2)2
- 2
Z alv—wlgrtw (1_a7aQ)2[1 +a2 — (25 + 1)a® + (25 — 1)a> 2]
v,w=1
o0
1—ap)®
1 - 2s = (—
2 s( ap) a2p2(2 — ap)?

First, we have the following expressions for LMS

0
Jk+1

1
T

2
Jk+1

k

= Z(l — )" X s
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where

k

Dy (k,s) = ZZ“ k>s Dy(k,s)=0 s>k
3

Dy(k,s) = Y Di(ku+1)Z,

and Z, = E[X,XH] - X, XH

This leads to .
: 0 0 \H]_ 1 2 N\ 2(k—s) H
klglgo El T (Jia)™] klgglo Ty ;(1 ) E[XoXy']

and as a result

02

lim E[JOJOYH = v 1
ks 00 [k (k ) ] N(Q_N)

Next,

k
lim EL2,, (Jh0)"] = po? 30 (1 = )~ EDs (5, 1) Xo X1,
s=0

Now, E[Z,XoX{!] = E[X, XT|E[Xo X¥] — E[X, XF X, X{!] = —£5 k%" which gives
N ,1—k>

E[Dy(s,1)Xo X = T

Therefore, limy_, o E[J,go)(Jlgl))H] — KON O(u)I. Next we consider,

T 2(1—k2)
Tim BLJL ()™ = 0262 31— ) 2EIDs (u, 1) Xo X4 Dy (u, 1)1].
u=0
Note that,
EZ,XoXPZH] = I-EX, XXX - B XoXEX XM+ EIX, XEX XX, XH)
— [(NQ + 1)I€v+uﬁ|v—u| +Nﬁ2|v—u|-
Therefore,
E[Dl (’LL, ].)X()X()}I.Dl (U, ].)H] — (N2 + 1) Z Z H|'U—u|,€v+u +N Z Z H?‘U—u‘
s=1 t=1 s=1 t=1

and consequently

. 1+ k202N

lim E[J" (7)) = ( Joy I+0(ul.

P 41— r2)

Finally, we have limy_o E[Jp; (J2,1)7] = p?02 302, E[Da(s,1)XoX{']. Now

BlZ,Z.XoX;'] = I-E[X,XXX¢'] - EX. X XoXg'] + E[X, X, X\ X X0 X¢]

[(N? + 1)/#”“‘&‘”7"‘ + Ng2lv—ul,

Therefore,

E[Ds(s,1) XX = (N? .1.1)2 Z lv—ul gutu "'NZ Z (2lv—ul

s=1t=s+1 s=1t=s+1
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and

2.2
N
lim B[ (72 = L%

s M=yl FOWL

Second, we have the following expressions for SPULMS

k
T = sz:;(l - %)k_s[sXsns
k
Tiy1 = MSZ%(l - %)’H*lpl(k,s + DI, X n,
: p
Ty = W ;U - p)k_s_2D2(ka s+ 1)IsXgn,
where
k
Dy(k,s) = ZZ“ k>s Di(k,s)=0 s>k
N
Dy(k,s) = Y Di(ku+1)Z,

and Z, = I,X, X" — LE[X,X[].

This leads to

k
lim E[J0,, (J20)"] = lim o2 3(1 = )26~ B[l X X{'Io]
k—o00 k—o00 prd
and therefore,
2
lim B[ (IO = 7T,
k—o0 ko Ak w2 - %)
Next,
k
Jim E[J (75 0)") = po? 30 (1 = ) " B[Dy (5, DI Xo X{' T .
s=0

Furthermore, E[Z,Io Xo X Iy] = E[L. X X E[Iy Xo X Io))-E[[, X, XE I, X X 1y) = —%/&“ which gives

N ,1—g?
Hy _ 2
E[Dl(s, 1)X0X0 ] = —EFL 1— 2
and as a result
2 2
i (0 yOyay = _ KON
Next, consider
o0
lim E[J} (i)™ = oou® Y (1= p)** > E[D1 (u, ) Io Xo X¢' Io D1 (u, 1)].
k—o0 o

Since,

E[Z, Iy X0 XoIoZ] I -E[LX,XP1,xXo X1, - E[IoXo X 1o X, X 1,]

+E[I,X, XE I, Xo XF I, X, XHT,]
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we

2
= i[(N— + D)rvtuglel L N2 iy £ u

p3ttp
1 N?
= sl + Dl Nl
P-1 N2 42N +1 5, .
+T[(N+ ].) + TKZ u]I lfU =Uu

have limy, oo E[J (J{)H] = [N 1E8 4 (N 4+ 1) 2541 + O(u)T.

Finally, we have limy_,co E[J,; (J7, )] = p0l > o2y E[Da(s,1) X X{']. Furthermore,

E[Z,Z.XoX] = o°I -c’E[I,X, X", X X'I) - 6*E[I, X, XF I, X, X I]

+E[I,X, XH1, X, XP 1, Xo X 1]

1 N? vtu  |v—ul 2|v—ul| :
ﬁ[(7+1)1€ K + Nk ]I 1fv76u

which leads to limy_,eq E[J\? (J)H] = £%N_T 4 O(u)1.

4(1—rK2)P
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