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Abstract

This paper introduces a class of k-nearest neighbor (k-NN) estimators called bipartite plug-in (BPI) estimators for
estimating integrals of non-linear functions of a probability density, such as Shannon entropy and Rényi entropy. The
density is assumed to be smooth, have bounded support, and be uniformly bounded from below on this set. Unlike
previous k-NN estimators of non-linear density functionals, the proposed estimator uses data-splitting and boundary
correction to achieve lower mean square error. Specifically, we assume that 7" i.i.d. samples X; € R¢ from the density
are split into two pieces of cardinaity M and N respectively, with M samples used for computing a k-nearest-nei ghbor
density estimate and the remaining N samples used for empirical estimation of the integral of the density functional.
By studying the statistical properties of k-NN balls, explicit rates for the bias and variance of the BPI estimator are
derived in terms of the sample size, the dimension of the samples and the underlying probability distribution. Based
on these results, it is possible to specify optimal choice of tuning parameters M /T, k for maximizing the rate of
decrease of the mean square error (MSE). The resultant optimized BPI estimator converges faster and achieves lower
mean sguared error than previous k-NN entropy estimators. In addition, a central limit theorem is established for the
BPI estimator that allows us to specify tight asymptotic confidence intervals.

Index Terms

Entropy estimation, bipartite k-NN graphs, adaptive estimators, data-splitting estimators, convergence rates, bias
and variance tradeoff, concentration bounds.

|. INTRODUCTION

Non-linear functionals of a multivariate density f of the form [ g(f(x),z)f(x)dz arise in applications includ-
ing machine learning, signal processing, mathematical statistics, and statistical communication theory. Important
examples of such functionals include Shannon and Rényi entropy. Entropy based applications for image matching,

image registration and texture classification are developed in [1, 2]. Entropy functional estimation is fundamental to
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independent component analysisin signal processing [3]. Entropy has also been used in Internet anomaly detection [4]
and data and image compression applications [5]. Several entropy based nonparametric statistical tests have been
developed for testing statistical models including uniformity and normality [6, 7]. Parameter estimation methods
based on entropy have been developed in [8, 9]. For further applications, see, for example, Leonenko etal [10].

In these applications, the functional of interest must be estimated empirically from sample redlizations of the
underlying densities. Severa estimators of entropy measures have been proposed for general multivariate densities
f. These include consistent estimators based on entropic graphs [11, 12], gap estimators [13], nearest neighbor
distances[14, 10, 15, 16], kernel density plug-in estimators [17, 18, 19, 20, 21, 22], Edgeworth approximations [23],
convex risk minimization [24] and orthogonal projections [25].

The class of density-plug-in estimators considered in this paper are based on k-nearest neighbor (k-NN) distances
and, more specifically, bipartite k-nearest neighbor graphs over the random sample. The basic construction of the
proposed bipartite plug-in (BPI) estimator is as follows (see Sec. I1.A for a precise definition). Given a total of T
data samples we split the data into two parts of size N and size M, N + M = T. On the part of size M a k-NN
density estimate is constructed. The density functional is then estimated by plugging the k-NN density estimate
into the functional and approximating the integral by an empirical average over the remaining N samples. This can
be thought of as computing the estimator over a bipartite graph with the M density estimation nodes connected
to the N integral approximating nodes. The BPI estimator exploits a close relation between density estimation
and the geometry of proximity neighborhoods in the data sample. The BPI estimator is designed to automatically
incorporate boundary correction, without requiring prior knowledge of the support of the density. Boundary correction
compensates for bias due to distorted £-NN neighborhoods that occur for points near the boundary of the density
support set. Furthermore, this boundary correction is adaptive in that we achieve the same M SE rate of convergence
that can be attained using an oracle BPI estimator having knowledge of boundary of the support. Since the rate of
convergence relates the number of samplesT' = N + M to the performance of the estimator, convergence rates have
great practical utility. A statistical analysis of the bias and variance, including rates of convergence, is presented
for this class of boundary compensated BPI estimators. In addition, results on weak convergence (CLT) of BPI
estimators are established. These results are applied to optimally select estimator tuning parameters M /T, k and to
derive confidence intervals. For arbitrary smooth functions g, we show that by choosing k increasing in 7" with order
O(T~2/+d) an optimal MSE rate of order O(T —*/(2+9)) is attained by the BPI estimator. For certain specific
functions ¢ including Shannon entropy (g(u) = log(u)) and Rényi entropy (g(u) = u*~1), a faster MSE rate of
order O(((log T)%/T)*/4) is achieved by BPI estimators by correcting for bias.

A. Previous work on k-NN functional estimation

The authors of [26, 14, 10, 15] propose k-NN estimators for Shannon entropy (g(u) = log(u)) and Rényi
entropy(g(u) = u®~1). Evans etal [27] consider positive moments of the k-NN distances (g(u) = u*, k € N).
Recently, Baryshnikov etal [28] proposed k-NN estimators for estimating f-divergence [ ¢(fo(z)/f(x))f(z)dx
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between an unknown density f, from which sample redlizations are available, and a known density f,. Because
fo is known, the f-divergence | ¢(fo(z)/f(x))f(x)dx is equivalent to a entropy functional [ g(f(z),z)dz for a
suitable choice of g. Wang etal [16] developed a k-NN based estimator of [ g(f1(z)/f2(z), ) f2(x)dxz when both
f1 and f5 are unknown. The authors of these works [26, 14, 27, 16] sestablish that the estimators they propose
are asymptotically unbiased and consistent. The authors of [15] analyze estimator bias for k-NN estimation of
Shannon and Rényi entropy. For smooth functions g(.), Evans etal [29] show that the variance of the sums of these
functionals of k-NN distances is bounded by the rate O(k®/T'). Baryshnikov etal [28] improved on the results
of Evans etal by determining the exact variance up to the leading term (¢ /T for some constant ¢, which is a
function of k). Furthermore, Baryshnikov etal show that the entropy estimator they propose converges weakly to a
normal distribution. However, Baryshnikov etal do not analyze the bias of the estimators, nor do they show that the
estimators they propose are consistent. Using the results obtained in this paper, we provide an expression for this
bias in Section I11-E and show that the optimal MSE for Baryshnikov’s estimators is O(7 —2/(1+d)),

In contrast, the main contribution of this paper is the analysis of a general class of BPI estimators of smooth
density functionals. We provide asymptotic bias and variance expressions and a central limit theorem. The bipartite
nature of the BPI estimator enables us to correct for bias due to truncation of £-NN neighborhoods near the boundary
of the support set; a correction that does not appear straightforward for previous £-NN based entropy estimators.
We show that the BPI estimator is MSE consistent and that the MSE is guaranteed to converge to zero as T — oo
and & — oo with arate that is minimized for a specific choice of k, M and N as a function of 7". Therefore, the
thus optimized BPI estimator can be implemented without any tuning parameters. In addition a CLT is established
that can be used to construct confidence intervals to empirically assess the quality of the BPI estimator. Finally,
our method of proof is very general and it is likely that it can be extended to kernel density plug-in estimators,
f-divergence estimation and mutual information estimation.

Another important distinction between the BPI estimator and the k-NN estimators of Shannon and Rényi entropy
proposed by the authors of [26, 14, 10] is that these latter estimators are consistent for finite &, while the proposed
BPI estimator requires the condition that & — oo for MSE convergence. By alowing k£ — oo, the BPI estimators
of Shannon and Rényi entropy achieve MSE rate of order O(((log T') 6/T)*/?). This asymptotic rate is faster than
the O(T~2/?) MSE convergence rate [15] of the previous k-NN estimators [26, 14, 10] that use a fixed value of
k. It is shown by simulation that BPI's asymptotic performance advantages, predicted by our theory, also hold for

small sample regimes.

B. Organization

The remainder of the paper is organized as follows. Section |l formulates the entropy estimation problem and
introduces the BPI estimator. The main results concerning the bias, variance and asymptotic distribution of these
estimators are stated in Section |11 and the conseguences of these results are discussed. The proofs are given in the

Appendix. We discuss bias correction of the BPI estimator for the case of Shannon and Rényi entropy estimation
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in Section IV. We numerically validate our theory by simulation in Section V. A conclusion is given in Section VI.

Notation: Bold face type will indicate random variables and random vectors and regular type face will be used
for non-random quantities. Denote the expectation operator by the symbol E and conditional expectation given Z
by Ez. Also define the variance operator as V[X] = E[(X — E[X])?] and the covariance operator as Cov[X, Y] =
E[(X — E[X])(Y — E[Y])]. Denote the bias of an estimator by B.

Il. PRELIMINARIES

We are interested in estimating non-linear functionals G( f) of d-dimensional multivariate densities f with support
8, where G(f) has the form

G(f) = /g(f(x)vx)f(af)du(af) = Elg(f(2), z)],

for some smooth function g(f(z), z). Let B denote the boundary of S. Here, 1 denotes the L ebesgue measure and E
denotes statistical expectation w.r.t density f. We assume that i.i.d realizations {X1, ..., Xn, Xn41,-- -, XNt}
are available from the density f. Neither f nor its support set are known.

The plug-in estimator is constructed using a data splitting approach as follows. The data is randomly subdivided
into two parts Xy = {Xy,...,Xnx} and Xpy = {Xyy1,-.., Xy Of N and M points respectively. In the
first stage, a boundary compensated k-NN density estimator fj, is estimated at the N points {X,..., Xy} using
the M redlizations {X n 41, ..., Xn+as - Subsequently, the N samples {X, ..., Xy} are used to approximate the
functional G(f) to obtain the basic Bipartite Plug-In (BPI) estimator:

N
Gn(fr) = %Zg(f.k(xi),xi)- (I.1)

As the above estimator performs an average over the N variables X ; of the function g(f(X;), X;), which is estimated
from the other M variables, this estimator can be viewed as averaging over the edges of a bipartite graph with N

and M nodes on its left and right parts.

A. Boundary compensated k-NN density estimator

Since the probability density f is bounded above, the observations will lie strictly on the interior of the support
set 8. However, some observations that occur close to the boundary of 8§ will have k-NN balls that intersect the
boundary. This leads to significant bias in the k-NN density estimator. In this section we describe a method that
compensates for this bias. The method can be interpreted as extrapolating the location of the boundary from extreme
points in the sample and suitably reducing the volumes of their £-NN balls.

Let d(X,Y") denote the Euclidean distance between points X and Y and d ,(X) denote the Euclidean distance
between a point X and its k-th nearest neighbor amongst the M redlizations X y 1, .., Xy+as. Define a ball with
radius r centered at X contained in the support 8: S, (X) = {Y € 8 : d(X,Y) < r}. The k-NN region is

February 25, 2012 DRAFT



JOURNAL OF |IEEE TRANSACTIONS ON INFORMATION THEORY 5

Sk(X) ={Y :d(X,Y) < di(X)} and the volume of the k-NN regionis V(X) = fsk(x) dZ. The standard k-NN

density estimator [30] is defined as
P k—1
B(X) = MV(X)

If a probability density function has bounded support, the £-NN balls S ,(X) centered at points X close to the
boundary may intersect with the boundary B, or equivalently S . (X) N 8¢ # ¢, where 8¢ is the complement of 8.
As a consequence, the k£-NN ball volume V. (X) will tend to be higher for points X close to the boundary leading
to significant bias of the k-NN density estimator.

Let R;(X) correspond to the coverage value (1 + py)k/M, i. e, Ri(X) = inf{r : fST(X)f(Z)dZ =1+
pe)k/M?Y, where p, = v/6/(k%/2) for some fixed § € (2/3,1). Define

epc = Nexp(—3k17%),

Define N, (X) as the region corresponding to the coverage value (1 + py)k/M, i.e. Np(X) = {Y : d(X,Y) <
Ry (X)}. Findly, define the interior region S

Sy ={X €8: Nu(X)N8&° = ¢}. (11.2)

We show in Appendix B that the bias of the standard k-NN density estimate is of order O((k/M) (?/®) for points
X € 8y andisof order O(1) at points X € 8§ — 8;. This motivates the following method for compensating for this
bias. This compensation is done in two stages: (i) the set of interior points J y C X are identified using variation
in k-nearest neighbor distances in Algorithm 1 (see Appendix B for details) and it is show that J v ¢ 8 — 8; with
probability 1 — O(epc); and (ii) the density estimator at pointsin B y = X — I are corrected by extrapolating to
the density estimates at interior points J i that are close to the boundary points. We emphasize that this nonparametric
correction strategy does not assume knowledge about the support of the density f.
For each boundary point X; € By, let X,,(;) € I betheinterior sample point that is closest to X ;. The corrected
density estimator f;, is defined as follows.
_ { B(X)  {Xien)

f,(X;) = A (1.3)
f.(Xn@) {Xi € By}

I1l. MAIN RESULTS

Let Z denote an independent realization drawn from f. Also, defineZ _; € §; tobe Z_;, = argmin,cs, d(z, Z).
Define h(X) = TG/ ((d + 2)/2)f~ 24 X)tr[V?(f(X))]. Denote the n-th partial derivative of g(z,y) wrt z
by g™ (x,y). Also, let ¢'(z,y) = gV (z,y) and ¢"(z,y) = ¢@(x,y). For some fixed 0 < ¢ < 1, define
o= ((k—=1)/M)(1—¢€)eg and p, = ((k —1)/M)(1 + €)en. Also define e; = 1/(cyD?), where D is the diameter
of the bounded set § and define ¢; = ((k — 1)/M)e; and g, = (1 + €)e~- Let p be a beta random variable with
parameters k, M — k + 1.
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A. Assumptions

(A.0) : Assume that M, N and T are linearly related through the proportionality constant « ¢4 With: 0 <
Ofrac <1, M = aproT and N = (1 —aprac)T. (A.1) : Let the density f be uniformly bounded away from 0 and
finite on the set 8, i.e., there exist constants e, €~ sSuchthat 0 < ¢g < f(x) < €0 < 00 Va € 8. (A.2): Assume that
the density f has continuous partial derivatives of order 2v in the interior of the set § where v satisfies the condition
(k/M)?/4 = o(1/M), and that these derivatives are upper bounded. (A.3): Assume that the function g(z,y) has A
partial derivatives w.rt. x, where \ satisfies the conditions & ~* = o(1/M) and O((\?((k/M)?/4 4+ 1/M))/M) =
o(1/M). (A.4): Assume that max{6,2\} < k <= M. (A.5): Assume that the absolute value of the functional
g(z,y) and its partial derivatives are strictly bounded away from oo in the range ey < = < e for dl y. (A.6):

T —35(1=9) T
Assume that sup,.c (g, 4., 197 /)2 (2, 1)le 25" < 00, Elsup,e p ooy (97 /r)2(x/p,y)|] < o0, for r =3, \.

B. Bias and Variance

Below the asymptotic bias and variance of the BPI estimator of general functionals of the density f are specified.
These asymptotic forms will be used to establish a form for the asymptotic MSE.

Theorem [11.1. The bias of the BPI estimator Gk(f) is given by

BGyE)] = o (%)w oo (%) + es(k, M, N) + Olepe) + o0 (% + (%)M) ,

where c3(k, M,N) = E[lizes_s,}(9(f(Z-1),Z_1) — g(f(Z),Z))] = O(k/M)??, and the constants ¢; =
Elg'(f(Z), Z)N(Z)), c2 = E[f*(Z)g"(f(Z),Z)/2].

The leading terms ¢y (k/M)?/® + co/k arise due to the bias and variance of k-NN density estimates respectively
(see Appendix A), while the term c3(k, M, N') arises due to boundary correction (see Appendix B). Henceforth, we
will refer to c3(k, M, N) by ¢s. It is shown in Appendix B that c5 = O((k/M)?/4) (B.11). Theterm O(ep¢) arises
from a concentration inequality that gives the probability of theevent Iy ¢ § — 8; as 1 — O(ep¢). Observe that if
k increases logarithmically in M, specifically (log(M))?/(=9 /k — 0, then O(epc) = o(N/M?3) = o(1/T).

Theorem [11.2. The variance of the BPI estimator GN( k) is given by

VIGn(E)] = ( ) (%>+O €Bc +0<J\14 ]1[)

where the constants ¢4 = V[g(f(Z),Z)] and ¢5 = V[f(Z)4'(f(Z),Z))].

Theterm ¢4 /N isdueto approximation of theintegral [ ¢(f(z),z)f(x)dx by the samplemean (1/NV) ZZ 19(f(X4), X5).
The term ¢5/M on the other hand is due to the covariance between density estimates f(X;) and £(X;), i # j.

C. Optimized parameter tuning

Theorem I11.1 implies that & — oo and k/M — 0 in order that the BPI estimator G y(f;) be asymptotically

unbiased. Likewise, Theorem I11.2 implies that N — oo and M — oo in order that the variance of the estimator
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converge to 0. It is clear from Theorem I11.1 that the MSE is minimized when & grows in polynomialy in M.
Throughout this section, we assume that k = koM™ for some r € (0, 1). Thisimplies that O(epc) = O(NC(k)) =
o(1/M) =o(1/T).

1) Assumptions: Under the condition £ = koM™, the assumptions (A.2) and (A.3) reduce to the following
equivalent conditions: (A.2): Let the density f have continuous partial derivatives of order 2r in the interior of the
set 8§ where r satisfies the condition 2r(1 — ¢)/d > 1. (A.3): Let the functiona g(z,y) have X partial derivatives
w.r.t. z, where \ satisfies the conditions ¢\ > 1.

2) Optimal choice of £: Theorems|11.1 and 111.2 provide an optimal choice of £ that minimizes asymptotic MSE.
Minimizing the M SE over k is equivalent to minimizing the square of the bias over k. Definec, = ¢;+c3/(k/M)?/2.
The optimal choice of k is given by

kopt = argminB(Gy () = koM, (I1.1)
k

where |z is the closest integer to «, and the constant % is defined as kg = (|cQ|d/2|c0|)d;i2 when ¢pce > 0 and
as ko = (|ca|/|co]) 7 when coea < 0.

Observe that the constants ¢ and ¢, can possibly have opposite signs. When cocz > 0, the bias evaluated at ko)
is b M7+4 (1 + o(1)) where b = cokZ/® + ca/ko. Let kprae = koM 7@ — kopy. When cocy < 0, observe that
co((kfrac + kopt) /M) + o/ (K frac + kopt) iS equal to zero. When cycz < 0, a higher order asymptotic analysis
is required to specify the bias at the optimal value of k (see Page 10, [31]). The bias evaluated at &, in this case
is given by b, M (14 o(1)) where b, is a constant which depends on the underlying density f.

Even though the optimal choice k,; depends on the unknown density f (via the constant k), we observe from
simulations that simply matching the rates, i.e. choosing k = k = M?/(?t9) |eads to significant MSE improvement.
Thisis illustrated in Section V.

3) Choice of a f,q. = M/T: Observethat the MSE of G v (f;,) is dominated by the squared bias (O(M —4/(2+d)))
as contrasted to the variance (O(1/N + 1/M)). This implies that the MSE rate of convergence is invariant to the
choice of afrqc. This is corroborated by the experimental results shown in Fig. 6.

4) Discussion on optimal choice of k: The optimal choice of k& grows at a smaller rate as compared to the total
number of samples M used for the density estimation step. Furthermore, the rate at which k/M grows decreases
as the dimension d increases. This can be explained by observing that the choice of & primarily controls the bias
of the entropy estimator. For a fixed choice of k£ and M (k < M), one expects the bias in the density estimates
(and correspondingly in the estimates of the functional G( f)) to increase as the dimension increases. For increasing
dimension an increasing number of the M points will be near the boundary of the support set. This in turn requires
choosing a smaller & relative to M as the dimension d grows.

5) Optimal rate of convergence: Observe that the optimal bias decays as bgr(Tzl_%l)(l + o(1)) when coca > 0
and b, (T%d)(l + o(1)) when cyca < 0. The variance decays as ©(1/7)(1 + o(1)).
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D. Central limit theorem

In addition to the results on bias and variance shown in the previous section, it is shown here that the BPI
estimator, appropriately normalized, weakly converges to the normal distribution. The asymptotic behavior of the
BPI estimator is studied under the following limiting conditions: (&) /M — 0, (b) k — oo and (¢) N — oo. As

shorthand, the above limiting assumptions will be collectively denoted by A — 0.

Theorem I11.3. The asymptotic distribution of the BPI estimator C}N(f"k) is given by

. (Gmfk) ~ E[Gw (R
|

A—0

< a) = Pr(S < a),

where S is a standard normal random variable.

E. Comparison with results by Baryshnikov etal

Recently, Baryshnikov etal [28] have developed asymptotic convergence results for estimators of f-divergence
G(fo,f) = [ fz) x)/f(x))dz for the case where fy is known. Their estimators are based on sums of
functionals of k-NN distances. They assume that they have T i.i.d redlizations from the unknown density f, and that
f and fy are bounded away from 0 and oo on their support. The general form of the estimator of Baryshnikov etal

is given by

where ka(Xi) is the standard k-NN density estimator [32] estimated using the T'— 1 samples {X 1, .., X7} — {X;}.

Baryshnikov etal do not show that their estimator is consistent and do not analyze the bias of their estimator.
They show that the leading term in the variance is given by ¢, /T for some constant ¢, which is a function of the
number of nearest neighbors k. Finally they show that their estimator, when suitably normalized, is asymptotically
normal. In contrast, we assume higher order conditions on continuity of the density f and the functional ¢ (see
Section 3) as compared to Baryshnikov etal and provide results on bias, variance and asymptotic distribution of
data-split £-NN functional estimators of entropies of the form G(f) = [ ¢(f x)dx. Note that we also require
the assumption that f is bounded away from 0 and oo on its support. Because we are able to establish expressions
on both the bias and variance of the BPI estimator, we are able to specify optimal choice of free parameters k, N, M
for minimum MSE.

For estimating the functional G(f) = [ g(f x)dx, the estimator of Baryshnikov can be used by restricting
fo to be uniform. In Appendix C it is shown that under the additional assumption that (A.6) is satisfied by g = g,
the bias of Gy (frs) is

B(Gn (Brs)) = O((k/T)"/4) + O(1/k). (11.2)
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In contrast, Theorem 111. 1 establishes that the bias of the BPI estimator Gy (f;,) decays as O ((k/M)%/¢ +1/k) +
O(epc) and the variance decays as ©(1/T'). The bias of the BPI estimator has a higher exponent (2/d as opposed
to 1/d) and this is a direct consequence of using the boundary compensated density estimator f, in place of f;.

It is clear from 111.2 that the estimator of Baryshnikov will be unbiased iff £ — oo as 7" — oo. Furthermore, the
optimal rate of growth of & is given by k& = 7'*/(1+4)_ Furthermore, ¢;, = ©(1) and therefore the overall optimal bias
and variance of Gy (f1.s) is given by ©(T /(144 and ©(T ') respectively. On the other hand, the optimal bias
of the BPI estimator decaysasbar(T%)(lJro(l)) when ¢1¢2 > 0 and bg(T%d)(l +0(1)) when ¢ic2 < 0 and the
optimal variance decays as ©(1/T). The BPI estimator therefore has faster rate of MSE convergence. Experimental
MSE comparison of Baryshnikov’s estimator against the proposed BPI estimator is shown in Fig. 6.

IV. BIAS CORRECTION FACTORS

When the density functional of interest is the Shannon entropy (g(u) = — log(w)) or the Rényi -a entropy(g(u) =
u®~1), a bias correction can be added to the BPI estimator that accelerates rate of convergence. Goria et.al. [10]
and Leonenko et.al. [14] developed consistent Shannon and Rényi estimators with bias correction. The authors of
[15] analyzed the bias for these estimators. When combined with the results of Baryshnikov etal, one can easily
deduce the variance of these estimators and establish a CLT.

Let Hs be the Shannon entropy estimate G y (f.5) with the choice of functional g(x) = —log(z). Let I, 5 be
the estimate of the Rényi a-integral estimate G y (f,.5) with the choice of functional g(z) = 2*!. Define Hg =
Hg + [log(k—1)—W¥(k)], where () is the digammafunction, and T, s = [(T'(k+(1—«))/T(k))(k—1)*"1] "1, 5.
Also define the Rényi entropy estimator to be H, s = (1 — )~ 'log(I,.s). The estimators Hg and H,, 5 are the
Shannon and Rényi entropy estimators of Goria etal [14] and Leonenko etal [10] respectively. In [15], it is shown
that the bias of Hg and 1., 5 is given by ©((k/T)'/%), while the variance was shown by Baryshnikov etal to be
O(1/T). In contrast, by (I11.2), the bias of Hs and I, 5 is given by ©((k/T)'/¢ + (1/k)) (111.2). This can be

understood as follows. From the results by [15], we have
E[Hg] = I — [log(k — 1) = (k)] + coo(k/T)"* + o((k/T)"/*) (IV.1)
and
Efla.s] = [(U(k+ (1= ))/T(k)(k = 1)* Lo + co.a(k/T) + o((k/T) ) (1V.2)

for some functionals of the density co o and cg . Note that [(T'(k + (1 — «))/T'(k))(k — 1)*!] =1+ O(1/k) and
U (k) = log(k—1)+0O(1/k) as k — oo. From the above equations, the scale factor [(T'(k+(1—«))/T(k))(k—1)*~1]
and the additive factor [log(k — 1) — ¥(k)] account for the O(1/k) terms in the expressions for bias of Hg and
I, 5, thereby removing the requirement that & — oo for asymptotic unbiasedness. These bias corrections can be

incorporated into the BPI estimator as follows.
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A. Main results

For a general function g(x,y), if there exist functions g1 (k, M) and g2 (k, M), such that

(1) Elg((k —1)z/Mp,y)] = g(z,y)g1(k, M) + g2(k, M) + o(1/M),

(@) ((k=1)/M)E[g'((k = )z/Mp,y)p* "] = ¢'(2,y)(k/M)** + o((k/M)*/%),

(iid)  lim g (k, M) =1,

(i) lim ga(k, M) =0, (IV.3)

then define the BPI estimator with bias correction as

G (fr) — go(k, M)
gl(kv M)

1) Bias and Variance: In addition to the assumptionslisted in section 111-A, assume that k = O((log(M)) 2/(1=9)),

Gnpo(f) = (IV.4)

Below the asymptotic bias and variance of the BPI estimator with bias correction are specified.

Theorem IV.1. The bias of the BPI estimator Gy s (fi) is given by

R - 2/d O\ 24
BGn ec(fr)] = a <M> +e3(k,M,N)+o ((M) ) ) (IV.5)
Theorem 1V.2. The variance of the BPI estimator G . zc(fy) is given by
R ~ 1 1 1 1
VIGn,pc(fr)] = <« (N) +c5 (M) +o0 (M + N) )

2) CLT:

Theorem 1V.3. The asymptotic distribution of the BPI estimator G . zc(fy) is given by

lim Pr (GN’BC(?’“)A_ E[G{V*BC(?’“” < a) = Pr(S < a),
. VG o))

where S is a standard normal random variable.

3) MSE: Theorem IV. 1 specifies the bias of the BPI estimator, G . pc (fx), as O ((k/M)?/%). Theorem IV. 2 spec-
ifiesthe varianceas ©(1/N+1/M). By making k increase logarithmically in M, specificaly, k = O((log(M))2/(1=9))
for any value § € (2/3,1), the MSE is given by the rate ©(((log(T))?/(*=%9 /T)*/4). The BPI estimator there-
fore has a faster rate of convergence in comparison to both Baryshnikov etal's estimators Hg and ia,s (MSE
= O(T~2/(+4))) and Leonenko etal’s and Goria etal’s estimators Hg and I, s (MSE = ©(T~%/%)). Experimental
MSE comparison of Leonenko's estimator against the BPI estimator in Section V shows the MSE of the BPI
estimator to be significantly lower. Finaly, note that such bias correction cannot be applied for general entropy
functionals, and the bias correction factors cannot in general be incorporated. In the next section, the application of

BPI estimators for estimation of Shannon and Rényi entropies is illustrated.
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B. Shannon and Rényi entropy estimation

For the case of Shannon entropy (g(u) = — log(w)), it can be verified that g1 (k, M) = 1, g2(k, M) = (k) —
log(k — 1) satisfy (1V.3). Similarly, for the case of Rényi entropy (g(u) = u®~1), g1(k, M) = (I'(k)/T(k + 1 —
a))(1/(k — 1)1, go(k, M) = 0 satisfy (1V.3).

For Shannon entropy (g(u) = — log(u)) and Rényi entropy (g(u) = u 1), the assumptionsin Section I11-A reduce
to the following under the condition k& = O((log(M))?/(1=9)), Assumption (A.1) is unchanged. Assumption (A.2)
holds for any r such that 2r > d. The assumption (A.3) is satisfied by the choice of A = log(M). Assumption
(A.4) holds for (g(u) = —log(u)) and (g(u) = u*~1t). Next, it will be shown that (A.5) is also satisfied by
(9(u) = —log(u)) and (g(u) = u*~1).

We note that § = (¢(*/6)? for the choice of g(u) = — log(u) is given by § = cu—° for some constant c.
Therefore,
sup [l )le = JeerO(M /RO )
2€(q1,qu)

ey S| (M /1) O 30540

_ |CEI6|O(6—3(log(M))2+6log(M)—GIOg(k)) =o(1),

and by (A.7), E[sup,cp, p,) 19(2/P.9)[] = [el(1 — €)eo) °E[(Mp/(k — 1))°] = [e|((1 — €)eo) °O(1) = O(1).
Similarly, § = (¢'¥/(\!))? for the choice of g(u) = —log(u) is given by § = A~2u~2*. Then,

~ _21.(1=9) _a1.(1=9)
sup |g(z,y)le = O((M/k)*e™ )
x€(q1,qu)

_ O((M/k,)Q)\e—S(log(M))z)

0(673(10g(M))2+2(log(M))272log(M) log(k)) — o(1)

and by (A.7), E[sup,c(,, . 19(z/P,y)]] = OE[(Mp/(k — 1))?)] = O(1). In an identical manner, (A.5) is
satisfied when g(u) = u®~1.

To summarize, for functions g(u) = —log(u) and g(u) = u®~*, Theorem IV.1, V.2 and 1V.3 hold under
the following assumptions: (i) (A.0), (ii) (A.1), (iii) the density f has bounded continuous partial derivatives
of order greater than d and (iv) k = O((log(M))2/(1=9)). Furthermore the proposed BPI estimator Gy ¢ (fy)
can be used to estimate Shannon entropy (g(u) = — log(u)) and Rényi entropy (g(u) = u®~!) at MSE rate of
O(((log(T))> =9 /T)*/4),

V. EXPERIMENTS

Here the theory established in Section 3 and Section 4 is validated. A three dimensional vector X = [X 1, X5, X3]7

was generated on the unit cube according to the i.i.d. Beta plus i.i.d. uniform mixture model:

3
flar,xa,23) = (1= ) [ [ fap(@:i) + ¢, (V.2)
=1

February 25, 2012 DRAFT



JOURNAL OF |IEEE TRANSACTIONS ON INFORMATION THEORY 12

10
-= Experimental
. —Theoretical
2
<(§ 10_2’ ]
2
22
_3 ) ) )
10 0 50 ‘ 100 150

Fig. 1. Comparison of theoretically predicted bias of BPI estimanrGN(f"k) against experimentally observed bias as afunction of £. The Shannon
entropy (g(u) = —log(u)) is estimated using the BPI estimator Gy (f;,) on T' = 10% i. i. d. samples drawn from the d = 3 dimensional

uniform-beta mixture density (V.1). N, M were fixed as N = 3000, M = 7000 respectively. The theoretically predicted bias agrees well with
experimental observations. The predictions of our asymptotic theory therefore extend to the finite sample regime. The theoretically predicted

optimal choice of kopt = 52 also minimizes the empirical bias.

10 -
---Experimental
—Theoretical

10 0 50 180 150 200

Fig. 2. Comparison of theoretically predicted bias of BPI estimator GN,BC(?k) against experimentally observed bias as a function of k. The
Shannon entropy (g(u) = —log(u)) is estimated using the proposed BPI estimator GN,Bc(fk) on T = 10* i. i. d. samples drawn from
the d = 3 dimensional uniform-beta mixture density (V.1). N, M were fixed as N = 3000, M = 7000 respectively. The empirical bias isin

agreement with the bias approximations of Theorem IV. 1 and monotonically increases with k.
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Fig. 3. Comparison of theoretically predicted variance of BPI estimator G N(f"k) against experimentally observed variance as a function of
M. The Shannon entropy (g(u) = — log(w)) is estimated using the proposed BPI estimator G y (f;,) on T'= 104 i. i. d. samples drawn from
the d = 3 dimensional uniform-beta mixture density (V.1). k is chosen to be k¢ = ko M2/ (). The theoreticaly predicted variance agrees
well with experimental observations.

where f,, »(x) is a univariate Beta density with shape parameters « and b. For the experiments the parameters were
set to a = 4,b = 4, and € = 0.2. The Shannon entropy (g(u) = —log(u)) is estimated using the BPI estimators
Gy (fr) and Gy pe(fr).

In Fig. 1, the bias approximations of Theorem I1I. 1 are compared to the empirically determined estimator bias
of Gy(fr). N and M are fixed as N = 3000, M = 7000. Note that the theoretically predicted optimal choice of
kopt = 52 minimizes the experimentally obtained bias curve. Thus, even though our theory is asymptotic it provides
useful predictions for the case of finite sample size, specifying bandwidth parameters that achieve minimum bias.
Further note that by matching rates, i.e. choosing k = k = M?/(?+4) — 83 aso results in significantly lower MSE
when compared to choosing & arbitrarily (k& < 10 or k£ > 150). In Fig. 2, the bias approximations of Theorem
IV. 1 are compared to the empirically determined estimator bias of G N, Bc(fk). Observe that the empirical bias, in
agreement with the bias approximations of Theorem IV. 1, monotonically increases with k.

In Fig. 3, the empirically determined variance of G (f},) is compared with the variance expressed by Theorem
I11. 2 for varying choices of N and M, with fixed N + M = 10,000. The theoretically predicted variance agrees
well with experimental observations. A Q-Q plot of the normalized BPI estimate G N(fk) and the standard normal
distribution is shown in Fig. 4. The linear Q-Q plot validates the Central Limit Theorem I11. 3 on the uncompensated
BPI estimator. For Shannon entropy (g(u) = — log(u)), the uncompensated and compensated BPI estimators are
related by

Gn po(fe) = Gu(f) +log(k — 1) — ¥ (k).
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Standard Normal Quantiles
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Fig. 4. Q-Q plot comparing the quantiles of the BPI estimator G (£5,) (with g(u) = — log(u)) on the vertical axis to a standard normal
population on the horizontal axis. The Shannon entropy (g(u) = — log(u)) is estimated using the proposed BPI estimatorG y (f;,) on T' = 10*
i. 1. d. samples drawn from the d = 3 dimensional uniform-beta mixture density (V.1). k, N, M are fixed as k = kypt = 52, N = 3000 and
M = 7000 respectively. The approximate linearity of the points validates our central limit theorem [11.3.

0.99
---True entropy value (G(f))

098 | |— ~ ias (G F) — o (2)7
5 BPI estimator - bias (Gn,zc (fx) — co (17)7)

“w o |--95 % Coverage intervals

0.93r

0.92r

0-9% 0.5 1 15 2
Sample size T % 10*

Fig. 5. 95% coverage intervals of BPI estimator GN,Bc(f'k), predicted using the Central limit theorem 111.3, as a function of sample size
T'. The Shannon entropy (g(u) = — log(u)) is estimated using the proposed BPI estimator GN,Bc(f'k) on T i.i.d samples drawn from
the d = 3 dimensional uniform-beta mixture density (V.1). The lengths of the coverage intervals are accurate to within 12% of the empirical

confidence intervals obtained from the empirical distribution of the BPI estimator.
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Fig. 6. Variation of MSE of k-nearest neighbor estimator of Leonenko etal [14] and the k-nearest neighbor estimator of Baryshnikov etal [28]
and BPI estimators with and without boundary correction, as a function of sample size 7. The Rényi entropy (g(u) = 1) is estimated for
a = 0.5 using these estimators on 7" i. i. d. samples drawn from the d = 3 dimensional uniform-beta mixture density (V.1). The figure shows
that the proposed BPI estimator has the fastest rate of convergence.

The variance and normalized distribution of these estimators are therefore identical. Consequently, Fig. 3 and Fig. 4
also validate Theorem IV. 2 and Theorem V. 3 respectively.

Finally, using the CLT, the 95% coverage intervals of the BPI estimator G N, Bc(fk) are shown as a function of
sample size T in Fig. 5. The lengths of the predicted confidence intervals are accurate to within 12% of the true
confidence intervals (determined by simulation over the range of 80% to 100% coverage - data not shown). These
coverage intervals can be interpreted as confidence intervals on the true entropy, provided that the constants ¢ 1, .., ¢5
can be accurately estimated.

A. Experimental comparison of estimators

The Rényi a-entropy (g(u) = u®~1) is estimated for o = 0.5, with the same underlying 3 dimensional mixture
of the beta and uniform densities defined above. Several estimators are compared: Baryshnikov’s estimator ia, s, the
k-NN estimator ims of Leonenko etal [14], the BPI estimator without bias correction G N(fk) and the proposed BPI
estimator with bias correction GMBc(fk). The results are shown in Fig. 6. It is clear from the figure that the BPI
estimator G vz (fi) has the fastest rate of convergence, consistent with our theory. Note that, in agreement with
our analysis in Section I11-E, the bias uncompensated BPI estimator G N(f‘k) outperforms Baryshnikov’s estimator

I,s.
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VI. CONCLUSIONS

A new class of boundary compensated bipartite k-NN density plug-in estimators was proposed for estimation
of smooth non-linear functionals of densities that are strictly bounded strictly away from O on their finite support.
These estimators, called bipartite plug-in (BPI) estimators, correct for bias due to boundary effects and outperform
previous k-NN entropy estimators in terms of MSE convergence rate. Expressions for asymptotic bias and variance
of the estimator were derived estimator in terms of the sample size, the dimension of the samples and the underlying
probability distribution. In addition, a central limit theorem was developed for the proposed BPI estimators. The
accuracy of these asymptotic results were validated through simulation and it was established that the theory can
be used to specify optimal finite sample estimator tuning parameters such as bandwidth and optimal partitioning of
data samples.

Using the theory presented in the paper, one can tune the parameters of the plug-in estimator to achieve minimum
asymptotic estimation MSE. Furthermore, the theory can be used to specify the minimum necessary sample size
required to obtain requisite accuracy. This in turn can be used to predict and optimize performance in applications
like structure discovery in graphical models and dimension estimation for support sets of low intrinsic dimension.

The reader can refer to [31] for details on these and other applications.
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For the reader’s convenience, the notation used in this paper is listed in the table below.

‘ Notation ‘ Description
G () BPI estimator (11.1)
G, pe(fr) BPI estimator with bias compensation (1V.4)
g1(k, M), g2(k, M) Bias correction factors
S Support of density f
d dimension of support 8
Cd unit ball volume in d dimensions
{X1,...,.X1,Y,Z} T + 2 independent realizations drawn from f
Xn {Xi1,...,Xn}
Xr {XNt1ye-o, XNt}
81 Interior of support
IN Interior points subset of Xy
Bn Boundary points subset of X
Z_, Closest interior point to Z; Z_, = argmingcs, d(z,Z)
X X iy € I isthe interior sample point that is closest to X; € By
) Constant; § € (2/3,1)
epc = Nexp(—3k1~) | Probability of misclassification of z € § — 8; as interior point
di(X) k-NN ball radius
Sk(X) k-NN ball
Vi(X) k-NN ball volume
P(X) Coverage function
fr(X) k-NN density estimate
fi.(X) Boundary corrected k-NN density estimate
g™ (z,y) n-th derivative of g(z,y) wrt =
P beta random variable with parameters k, M — k + 1
Qfrac Proportionality constant; M = afrecT @nd N = (1 — afrac)T
€0, €oo constants such that eg < f(z) < €oo VZ €8
2v Number of times f is assumed to be differentiable
A Number of times g(z,y) is assumed to be differentiable wrt =
Cly.y C5 Constants appearing in Theorems 111.1, 111.2, 111.3 and IV.1, IV.2, IV.3
e(k) Function which satisfies the rate of decay condition €(k) = O(e=**" ")
kv kv = (k—1)/M
B(X) The event P(X) > (1 — pi)knm
~1(X) The event P(X) < (1 4 pr)kum
a(X) The event (1 — pr)knr < P(X) < (14 pr)knms
er(X) Error function e, (X) = £ (X) — E[fx(X) | X]
e(X) Error function e(X) = fi(X) — E[fx(X) | X]
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APPENDIX A

k-NN DENSITY ESTIMATES

In this appendix, moment properties of the standard k-NN density estimate f}, (X)) are derived conditioned on
Xi1,...,Xn. Asthe samples X1,..., Xn, XN+1,..., X7, T = M + N are i.i.d., these conditional moments are

independent of the N samples X1, .., Xy.

A. Preliminaries

Let d(X,Y) denote the Euclidean distance between points X and Y and dg’;) denote the Euclidean distance
between a point X and its k-th nearest neighbor amongst X y 41, .., Xnytas. Let ¢q denote the unit ball volume in
d dimensions. The k-NN region is

Sk(X) = {Y 1 d(xX,Y) < df)

and the volume of the k£-NN region is

Vk(X)Z/ dz.
Sk(X)

The standard k-NN density estimator [30] is defined as

Define the coverage function as
P(X) :/ f(Z2)dz.
Sk(X)

Define spherical regions
S, (X)={Y eR?:d(X,Y) <r}.

1) Concentration inequality for coverage probability: It has been previously established that P(X) has a beta
distribution with parameters &, M — k + 1 [33]. Using Chernoff inequalities, we can then establish the following
concentration inequality (Section B.1, [31]). For some 0 < p < 1/2,

Pr(P(X) > (1+p)(k —1)/M) = O(e 7 */20+p))
Pr(P(X) < (1 —p)(k—1)/M) = O(e P K/20-p)), A1)

Define
kv = (k—1)/M.

Let 5(X) denote the event
P(X) < (pr + Dk, (A.2)

where p, = v6/(k%/2). Then, 1 — Pr(5(X)) = O(e~Prk/2) = O(e=3*"~"). Equivalently,

1= Pr(5(X)) = O(C(k)), (A.3)
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where €(k) is a function which satisfies the rate of decay condition C(k) = O(e =" ~"). Similarly, let §_1(X)

denote the event

P(X) > (1 —pr)kn, (A.4)
Then
1= Pr(3-1(X)) = O(C(k)), (A.5)
Also let 11(X) = (X)) Ng_1(X). Then
1= Pr((X)) = O(C(k)), (A.6)

Finaly, we note that I'(x + a)/T'(z) = 2 + o(z®). Then for any a < k, E[P ~*(X)] exists and is given by

T(k —a)D(M + 1)
T(k)IT(M +1—a)

2) Interior points: Let 8’ to be any arbitrary subset of S (11.2) satisfying the condition Pr(Y ¢ 8’) = o(1) where

E[P~(X)] = =O((knm)™). (A.7)

Y is random variable with density f. This implies that given the event 5(X), the k-NN neighborhoods S . (X) of
points X € 8’ will lie completely inside the domain 8. Therefore the density f has continuous partial derivatives of
order 2v in the k-NN ball neighborhood S ;. (X) for each X € 8’ (assumption (A.2)). We will now derive moments
for the interior set of points X € 8. This excludes the set of points X close to the boundary of the support whose
k-NN neighborhoods S, (X)) intersect with the boundary of the support. We will deal with these points in Appendix
B.

3) Taylor series expansion of coverage probability: Let X € 8’. Given the event (X ), the coverage function
P(X) can be represented in terms of the volume of the £-NN ball V ;(X) by expanding the density f in a Taylor

series about X as follows. In particular, for some fixed = € 8’, let

p(u) = /S REE

Using (A.2), we can write, by a Taylor series expansion of f around x using multi-index notation [34]

fo= Y E 0 ) + o)z~ al) (n9

0<al<2v

Assuming S, () C 8, we can then write

pu) = /S PROLE

_ (z — ) 9 () | ds + o(ud+2v
/sm) (IOSaZgzm a7 )> o |

v—1
= f(z)cqu? + Z ci(x)c;'m/dud”i + o(ud*t?). (A9
i=1
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where ¢;(x) are functionals of the derivatives of f. Now, denote v(u) = fsu(r) dz to be the volume of S, (x). Let
1™ (v) be the inverse function of v(u). Note that this inverse is well-defined since v(u) is monotonic in . Since

Su(x) C 8, v(u) = cqud. This gives v (v) = (v/cq)*/?. Define
P(v) :/ f(z)dz.

Suinv(u)(r)
Using (A.9),

v—1

Pv) = fX)v+ Y (X' T4 o2/, (A.10)

i=1

Now denote V' (p) = P (p) to betheinverse of P(.). Note that thisinverseis well-defined since P(v) is monotonic

in v. Dividing (A.10) by vP(v) on both sides, we get

1 — f(X) V_lﬂvm/d o(v2V/dp=1(y
v P(v) £ P(v) +o(v P (v)) (A.11)

By repeatedly substituting the LHS of (A.11) in the RHS of (A.11), we can obtain (A.12):

v—1

! f(X) hi(X) s
Vi) »p +;p1—m/d+°(p2 /e, (A.12)

From our derivation of (A.12) using (A.10), it is clear that 1 ,(X) are of the form

H;‘/;ll i
M e 900
where A isav-tuple of positive real numbersay, .., a,—; and the cardinality of A isfinite. By assumptions (A.1) and
(A.2), thisimplies that the constants h;(X) are bounded. Also, we notethat (X ) = hq(X) = ¢(X) f~2/4(X) [33],
where ¢(X) := ¢y (X) = DD (LE2)¢r[V2(£(X))]. This then implies that under the event 5(X)
1 X he(X)

Vi(X) N m ’ teT m +he(X), A1

where T = {2/d,4/d,6/d..,2v/d} and h.(X) = o(P?*/4=1(X)). Now, by (A.2), we have (k/M)?/4 = o(1/M).
This implies that 2v/d > 1. Under the event (X ), we have P(X) < (py + 1)k/M, which, in conjunction with the
condition 2v/d > 1 implies that

he(X) = o™/ (X)) = o((k/M)*/*"1) = o(1/kn M). (A.14)
On the other hand, under the event, §¢(X), (px + 1)k/M < P(X) < 1, which gives

h.(X) = O(1). (A.15)

February 25, 2012 DRAFT



JOURNAL OF |IEEE TRANSACTIONS ON INFORMATION THEORY 21

4) Approximation to the k-NN density estimator: Define the coverage density estimate to be,
)k -1 1
M P(X)
The estimate f.(X) is clearly not implementable. Note also that the two estimates - f.(X) and ;. (X) - are identical

£.(X) = f(X

in the case of the uniform density.

LS b
ViX)  P(X)  PI(X)

where hg(X) = o(1/P'~2/¢(X)). This gives,

+ hy(X), (A.16)

hg(X). (A.17)

f.(X) = f‘C(X)+(k_1> MX) h1

M) Piea(x) M
whenever (X)) is true.
5) Bounds on k-NN density estimates: Let X be a Lebesgue point of f, i.e., an X for which

fs (X) f(y)dy
lim —/——— = f(X).
50 fsr(z) dy F)

Because f is an density, we know that amost al X € § satisfy the above property. Now, fix € € (0,1) and find

6 > 0 such that
fST(X) f(y)dy _

S T @ f(X) <ef(X).
Thisin turn implies that, for P(X) < P(J),
P(X) P(X)
o/ = V= 0o &5
and in turn implies
(1-fe(X) < fi(X) < (1+ef(X). (A.19)

Also, because 6 > 0 is fixed, we note that the event P(X) < P(9) is a subset of 1(X) and therefore (A.18) holds
under f(X).

Under the event 1°(X), we can bound V(X)) from above by c;D?. Also, since V(X)) is monotone in P(X),
under the event §°(X), we can bound V(X) from below by (1 + p)(k —1)/M(1 —€)f(X) and therefore by
(k—1)/M(1—¢€)f(X). Written explicitly,

(k-1 y
— < < gD .
M(l—e)f(X)in(X)icd (AZO)
and in turn implies
(k—1)/(McqD?h) < (X)) < (1—e)f(X). (A.21)
Finally, note that k,,/P(X) is bounded above by O(1) under the event fj(X). This implies that for any a < k,

E[3*(X)Jk3, P~ (X) < O(1) Pr(g®(X)) = O(C(k)). (A.22)
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B. Bias of the k-NN density estimates

Let X € 8. We can analyze the bias of k-NN density estimates as follows by using (A.17)

Ellyoofi(X)] = Elleofe(X)] +E [1u<x> (k_ 1) P g/de):| +E {%(m%hs()()]
)

M
E[lyx) (X)) + E h(x) (k]\}1> e g/d(X)} (E [1h(x)%P2/d—1(X)]>

E[E‘C(X)]HEKkﬂ}l) pl- 2/d ] k)

= s (5) o (5) az

where we used the fact that under the event 1¢(X), ((k — 1)/M)P1={(X) = O(1) for any ¢ >= 0, which in turn
gives E[1ye(x)((k — 1)/M)P'(X)] = O(Pr(3°(X))) = O(€(k)). This implies that

Elfe(X)] - f(X) = E[lyx)f(X)] +E[lex fe(X)] - £(X)
2/d 2/d
- ( ) ( ) +O(C(R)) + Eftye (x) B (X)]
2/d 2/d
_ ( ) ( ) +oE(k), (A.24)

where the last step follows because , by (A.21), 1hc(X)fk( ) = O(1). This expression is true for £ >= 3 by (A.7).
Next, assuming that (IV.3) holds, we evaluate E[g(f;,(X), X)] in an identical fashion to the derivation of (A.24).

Elly009(f(X), X)] = E [15(X)g (£.(X) + karh(X)(P(X))*/ " + kasby(X), X ) |

= E |Lyx)g (B(X) + karh(X)(P(X)¥ ! + kago(P(X))*/471), )}

= E [g (£(X) + karh(X)(P(X))/ 1 + kago((P(X))¥71), X )| + 0

= B [g(f(X), X) + g/ (B.(X), X)hiag h(X) (P <X>>2/d L o(kaP(X >>2/d 1>} + O(€(k))

= 9(F(X), X)ga(k, M) + ga(h, M) + g’ (F(X), X)R(X) (/M) + o (k/M)*) + O(€(R)).
This gives,

Elg(£:(X), X)] = E[ly0x)9(Ex(X), X)] + E[Lge (x) g (£ (X), X)]

= 9(f(X), X)g1(k, M) + ga(k, M) + ¢/ (f(X), X)h(X) (k/M)** + o((k/M)*/?) + O(€(k)). (A.25)

C. Moments of error function

Let v1(X), 72(X) be arbitrary continuous functions satisfying the condition: sup y [v;(X)] isfinite, i = 1,2. Also
let v(X) = 11 (X). Let X4,.., X, X,Y denote M + 2 i.i.d redlizations of the density f. Let ¢, » be arbitrary

positive integers less than k. Define the error function

er(X) = fiu(X) — E[fe(X) | X].
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Then,
Lemma A.1.
E[l{xesv(X)el (X)] = O(k™%/%) + o(1/M) + O(C(k)). (A.26)
Lemma A.2,
Conli s n (XL (0, Lives 2(0k(Y)] = O (Frmmmramgy ) + O /)
+  O(1/M?) + O(C(k)). (A.27)

Define the operator M(Z) = Z — E[Z]. Let 3 be any positive real number and define
Es(X) = Ky, (M(P~7(X))). (A.28)

Define the terms

eo(X) = £o(X) — E[f.(X) | X], (A.29)
e(X) =M <t€fr Efit(gcx))) , (A.30)
er(X) = M(kahe(X)). (A.31)
Note that
ec(X) = f(X)E1(X) (A.32)
and
e(X) = (Y khrhe(X)(E1-+(X))). (A.33)

teT
Definetheevent { X € 8'}N{t(X)} by 1(X). Notethat under theevent 1(X), e (X) = e.(X)+e(X)+e (X) =:

€,(X). Also, under the event §(X), P(X) < (1 + pg)kar, which implies that under the event 5(X), the following
hold
E5(X) = 0(1), e(X) = O(1), e,(X) = O(1),e,(X) = O(1), &,(X) = O(1). (A.34)

Furthermore, by (A.21), under the event (X)),
er(X)=0(1). (A.35)

Proof: of Lemma A.1. Since P(X) is a beta random variable, the probability density function of P(X) is
given by

fbx) = 5= 1)]!\:11\!4 - k)!p’?l(l —px)M .
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By (A.7), E[P~#(X)] = O((k/M)~P) if B < k. We will first show that E[E}(X)] = O(1) if ¢B < k. Thisin turn

implies that, by (A.32) and (A.33), E[e?(X)] = O(1) and E[e](X)] = O(1) for any ¢ < k.

E[ES(X)]

E [k (P4 (X) ~ E[P#(X)))7]

gy (Z)(—l)ﬂE[P”(X)]E[PWW(X)]

i=1

= 17 S (1) Cureiwan el )

2

By (A.6) and (A.36),
Ellggex)E(X)] = O(C(k)).

By the definition of g(X),
Ly E4(X) = O (k—(éq/z)) ’

and therefore
E[lhh(x)E%(X)] =0 (kf(éq/Q)) .

This gives,
E[E%(X)] = O(k~°"?) + O(€(k)).

From this analysis on Eg(X), it trivialy follows from (A.32) that
Ele (X)] = O(k~*/%) + O(C(k)).
Also observe that by (A.14) and (A.15),

Ele, (X)] = E[Lyx)e(X)] + Ellye (x)el(X)] = o(1/M") + O(C(k)).

(A.36)

(A.37)

(A.38)

(A.39)

(A.40)

We will now bound el(X). Let L = 3", l;t. Now, using (A.33), e} (X) can be expressed as a sum of terms of the
form (k/M)E(,, ') Ther (hE(X)EL (X)) where 3, 1, = 1. Now, we can bound each of these summands using

(A.37) as follows:

(k/MYE[JTEF (O] = (/M) E[Lyyox) [T BE (X)) + (k/M) ElLge ) [T EF (X
- = (k/M)LHO(kti”)w(e(m)
= (k/M)LE)G(Z*WZ) +O0(C(k))
= o(k7"2) 1 O(C(k)).
This implies that

February 25, 2012

(A.42)

(A.42)

DRAFT



JOURNAL OF |IEEE TRANSACTIONS ON INFORMATION THEORY 25

Note that e4(X) will contain terms of the form (e.(X) + e:(X))!(e,(X))?!. If | < g, the expectation of this

term can be bounded as follows

[E[(ec(X) + e(X))' (e (X))*™]]

= \/E[(eC(X) +e.(X))2E[(e,(X))2(a—D)]

= \/O(1)? (o(1/M))2a=
=0(1) x (o(1/M))?~t = o(1/M). (A.43)

Let us concentrate on the case | = ¢. In this case, e} (X) will contain terms of the form (e.(X))™ (e (X))?"™.

For m < q,
[E[(ec(X))™ (e:(X))*™™]|

< \/ E[(ec(X))*]E[(e(X))2(a-1)]
= (O(k*m‘;/?) X o(k*@*mW?)) + C(k) = o(k~1/%) + O(€(k)). (A.44)

This therefore implies that, by (A.39), (A.40), (A.42), (A.43) and (A.44),
Ele}(X)] = E[el(X)]+o(k™*/?) +€(k)
O(k~%/%) + o(k~%/%) 4+ o(1/M) + C(k)
= O(k™%/?) 4+ o(1/M) + C(k). (A.45)

This finally implies that

E[lixesyv(X)el(X)] = E[1;x)7(X)el(X)] + O(C(k))  (by(A.35))
= E[1ix)7(X)e(X)] + O(C(k))
=E[lixesy7(X)ed(X)] + O(C(k))  (by(A.34))
= O(k™%/%) + o(1/M) + O(C(k)). (A.46)
This concludes the proof.
]

Before proving Lemma A.2, we seek to answer the following question: for which set of pair of points {X,Y}
are the k-NN balls digoint?

1) Intersecting and disjoint balls: Define ¥, := {X, Y} € 8 : || X —Y|| > R(X) + R.(Y) where R.(X) and
R.(Y) are the ball radii of the spherica regions S, (X) and S, (Y), such that fsu(X) f(z)dz = fsu(y) f(2)dz =
(1 + pr)kar. We will now show that for {X,Y} € U, the k-NN balls will be disoint with exponentially high
probability. Let dgé‘) and dgl{‘) denote the £-NN distances from X and Y and let Y denote the event that the k-NN
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balls intersect. For {X,Y} € ¥,

Pr(Y) = Pr(dyd +dy > (X - Y|
< Pr(dy) +d{Y > R(X) + R.(Y)).
< Prd¥ > R.(X))+ Prd¥ > R.(V))

Pr(P(X) > (pr+ 1)((k —1)/M))
+Pr(P(Y) > (pr + 1)((k — 1)/M))
= 20(k),

where the last inequality follows from the concentration inequality (A.1). We conclude that for {X,Y} € ¥, the
probability of intersection of k-NN balls centered at X and Y decays exponentially in p?k. Stated in a different
way, we have shown that for a given pair of points { X, Y}, if the ¢ balls around these points are digoint, then the
E-NN balls will be disioint with exponentially high probability. Let A .(X,Y") denote the event {X, Y} € T¢. From
the definition of the region ¥, we have Pr({X,Y} € ¥¢) = O(k/M).

Let {X,Y} € ¥, and let ¢, be non-negative integers satisfying ¢ + » > 1. The event that the k-NN balls
intersect is given by Y = {d +d% > ||X — Y'||}. The joint probability distribution of P(X) and P(Y") when
the k-NN balls do not intersect =: Y ¢ is given by

(pxpy)F 1 (1 —px —py)M 2k
c = !
fT (anpY) M (k_l)lg (M—2k)'
Define
_ I')C(w)l(v) 41 W .
Z(anpY) = %p& 1py 1(1 —Px —pY) 1,
and note that

1 1
/ / Lipx+py<13i(px, py )dpxdpy = 1.
px =0

py =0

Now note that i(px,py) corresponds to the density function f+-(px,py) for the choices ¢t = k, v = k and
v =M — 2k + 1. Furthermore, for {X,Y} € U, theset Q := {px,py} : px,py < (1 +pr)(k—1)/M is a subset
of the region 7 := {px,py} : 0 < px,py < 1; px +py < 1. Note that E[1q] = 1 — C(k). This implies that
expectations over the region R := {px,py} : 0 < px,py < 1; should be of the same order as the expectations

over T with differences of order C(k). In particular, for ¢,u < k,
EP Y (X)P (V)] =E[1sP " (X)P (V)] + C(k).

From the joint distribution representation, it follows that

E[loP{(X)P~*(Y)] T(M-tD(M-u)  tu 5
IE[P:(X)]E[P*“(Y)] T T(M—t—uwID(M) M +O(/M7). (A47)
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Now observe that
(kar) ™ Cov(P~H(X), PT*(Y))

= (ka) ™ EPTHX)PT(Y)] - EPT (X)EP (V)]

= (k) U E[P (X)|E[P (V) {EI[EIL <>(<>]¥Ef[)Pu3</x)v]>] - 1}

= (kar) ™0k )O (k) [1 - %‘ +o(1/M?) — 1] (by (A.7) and (A.47))
o tu 9
= (M) +O(1/M?). (A.48)
Then, the covariance between the powers of the error function E g, for ¢t, ru < k is given by

Cov(BY(X),E"(Y)) = Kkt )co

e EEO0= o(a)

= lygm1,=1) (ﬁ) +O0(1/M?). (A.49)
Proof: of Lemma A.2. Let X4,.., X, X,Y denote M + 2 i.i.d realizations of the density f. Then, identical
to the derivation of (A.46) in the proof of Lemma A.1,
Cov[1ixesym(X)el(X), Liyesy72(Y)er(Y)]
= Cov[1ixesyn (X)ed(X), 1iyesy12(Y)e, (Y)] + O(C(K)).
Using the exact same arguments as in proof of Lemma A.l, it can be shown that the contribution of terms
e (X),e,(Y) to the RH.S. of the above equation is o(1/M). Define §(X,Y) := 71 (X)72(Y)Covix vy [(e.(X) +
e:(X))9, (e.(Y) +e:(Y))"]. Thus,
Cov[lixesym(X)el(X), 1yesyr2(Y)er(Y)]
=E[l{x ves #(X,Y)] + O(C(k))
=E[la cxviX, Y)] +E[1la, x,v)i(X,Y)] + O(C(k))

= I+ 11+ O(C(k)).
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For {X,Y} € ¥¢: The covariance term Covyx yy[(ec(X) +e:(X))7, (ec(Y) +e:(Y))"] can be shown to be
O(k—(a+7)9/2) for q,r < k by using Cauchy-Schwarz and (A.43), (A.44) as follows.

|Covl(ec(X) + ex(X))7, (ec(Y) +e(Y))]| < v/V[(ee(X) +er(X))V[(ec(Y) +er(Y))']

< VE[(ec(X) + e (X))M]E[(ec(Y) + e:(Y))?]

_ \/o(kf@q)é/?)o(kf@r)m)
= O(k~(aFm9/2), (A.50)
This implies that

1
— )0
IT =E[la, xy)i(X,Y)] = E[lAe(X,Y)O(k (atr) /2)} =0 (m) :

where the last but one step follows since the probability Pr({X,Y} € ¥¢) = O(k/M).
For {X,Y} € ¥.: Now notethat (e.(X)+e,(X))? will contain terms of the form (e (X)) (e.(X))?~™. For
m < g, the term (e.(X))™(e:(X))?~™ will be asum of terms of the form (k/M) (™t P~(m+v) (X)) for arbitrary
v < qg—m with u—v >=2/d. By (A.48), the covariance term Cov[(e (X)) (er(X))?™™, (e.(Y))"(e:(Y)) ™™
will be therefore be O (k2" /M) if either m < q or n < r.
On the other hand, if m = ¢ and n = r, Cov[(ec(X))?, (e.(Y))"] = 1{4=1,,=1;0(1/M) + O(1/M?) by noting
that the error e.(X) = f(X)E1(X) and subsequently invoking (A.49). Therefore
I= E[lAg(xY)ﬁ(XaY)]
= E[1asxy) (1g=t,r=1O(1/M) + Ok /M) + O(1/M%) )|
= Lgm1.—1}O(1/M) + O(ky)" /M) + O(1/M?),

where the last step follows from the fact that probability Pr({X,Y} € ¥.) =1—O(k/M) = O(1). [ |

D. Specific cases

We now focus on evaluating the specific cases

E[1ixesy7v(X)eq(X)]
and

Cov[lixesym(X)er(X), Liyesy72(Y)er(Y)],

for k > 2.
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1) Evaluation of E[1ixesv(X)ei(X)]: P(X) has a beta distribution with parameters k, M — k + 1. Therefore
for k> 2

E[E3(X)] = E|k(PP(X)-EP~(X))?]
= KJEP (X)) - (B[P (X))’
T'(k—28)T(M +1) (k— B)T(M +1)

_ k25 r ?
T "MATKIT(M+1-28) (P(k)F(M +1-— ﬂ))
= O(1/k) (A.51)

where the last step follows by noting that for any a > 0,

M)
Twta) =1+ o(1/x)).
From ( A.46),
Elixesv(X)ei(X)] = E[1xes17(X)es(X)] + O(C(k)). (A.52)

Note that e2(X) = (e.(X) + e;(X) + e.(X))? is asum of terms of the form (e.(X))?>~!"™(e/(X))! (e, (X))™.
Also,

EleX(X)] = fAX)E[K,(P(X)-EP ' (X))?]
—  PX)RLEP(X)] - (EP (X))

oo (D —2D(M +1) (D — )D(M +1)\?
= POk <F(k)F(M+1—2) _< T(k)T(M) ) )
1 1
- 1o (%) . (A53)
Using (A.51), identical to the derivation of (A.43) and (A.44), itisclear that if I-+m > 0, E[(e (X)) (er (X)) (e, (X))™] =
o(k™) 4+ o(1/M) + O(C(k)). This implies that

1 xesy1(X)e3 (X)] = B[l pxesn 7 (X)e2(X)] + O(€(k))
-7 (1) +o(7): (A5
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2) Evaluation of Cov[1yxesy(X)ew(X), Liyesyr2(Y)en(Y)]: We separately analyze digioint balls and
intersecting balls as follows:
Cov[lixesyr1(X)er(X), Liyesr2(Y)e (Yﬂ
= E[[1xesy livesyn(X)r2(Y)en(X)er(Y)]]
= E[[1xesy Livesyn (X)12(Y)eo Y)]] +O(C(k))
= E[[l{xes'}l{ves'}%(X)Wz(Y)( c(X) +e(X) +er(X))(ec(Y) + e (Y) +er(Y))]] + O(C(k))
= E[[1{xesy lives 1 (X)12(Y)(ec(X) + er(X))(ec(Y) + e:(Y))]] + O(€(k)) + o(1/M)
= Ella.cx, )M (X)2(Y)Ex vy(e(X) + e:(X))(ec(Y) + e:(Y))]]
FELa, x, 7)1 (X)72(Y)E(x, vi[(ec(X) + e:(X))(ec(Y) + e:(Y))]]
+O(C(k)) +o(1/M)
=T+1II1+O(C(k))+ o(1/M).
For {X,Y} e U.:

— (X))

i +0(1/M?)

E[(ec(X))(ec(Y))] = Cov[(ec(X)), (ec(Y))] =

by noting that the error e.(X) = E;(X)/f(X) and subseguently invoking (A.49) in conjunction with the condition
k > 2. Similarly, using (A.32), (A.33) and (A.49),

E[(ec(X)(e:(Y))] = O(k3y" /M) + O(1/M?),
El(er(X))(ec(Y))] = O(k3y"/M) + O(1/M?),
El(e:(X))(e:(Y))] = O(ks" /M) + O(1/M?),
This implies that
I =E[lacxv)Ex,vil(ec(X) +el(X))(ec(Y) + et (Y))]]
= E[Lasxoy) (—/(X)F(V)(1/M) + Ok /M) + 0(1/ar%) )|
= Ellixes Livesy n(X)72(Y)(f(X)F(Y)] (=1/M + O3 /M) + 0(1/M?))
= ~E[Lpxesyn (X)F (X)L ivesry 12 (V) f(Y)] 17 + O /M) + 0(1/M?). (A.55)
where the last but one step follows from the fact that probability Pr({X,Y} € ¥ .) =1 — O(k/M) = O(1).

For {X,Y} € W¢: First observethat by Cauchy Schwarz, and by (A.51) |E[E ,(X)E,(X)]| < E[E?(X)]E[E2(X)] =
O(1/k). This implies that

E[(ec(X) + €:(X))(ec(Y) + e (Y))] = Elec(X)ee(Y)] + O(k3y* k). (A.56)
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In subsection A-F, we will show Lemma A.5, which states that

ElLa, (x.x)1 (X)2(Y)ee(X)ec(Y)]
~ Blt s (0] (57 +0(57))
This implies that
IT=E[la,xv)Ex yyl(ec(X) + e (X))(ec(Y) + e (Y))]]
= E[la, x v Eix vy lec(X)ec(Y)] + Ok k)]

— Ella, xv) 1 (X)52(Y)ee(X)ee(Y)] + E[La. xv) (O05/8))]

— Bl1eesy (X0 20 (37 + 0w ) + o (57 )) (A57
where the last step follows from recognizing that Pr({X,Y} € ¥¢) = O(k/M) and O(k/M) x 1/k = O(1/M).

This implies that
Cov[lixesyn (X)er(X), Liyvesyr2(Y)er(Y)]
=I1+4+11+0O(C(k)) + o(1/M)

= Cov[lixesy71(X)/f(X), Liyesyr2(Y)/f(Y)] (%) +o(1/M) + O(C(k)). (A.58)

E. Summary

Noting that 6 > 2/3, the equations (A.26), (A.2), (A.54), (A.58) imply that for positive integers ¢, r < k,
1

B [1xes 10t 0)] = Lo B[ xesy X2 00] (1) +0 () +oemn. s
Cov[lixesym(X)el(X), 1yes72(Y)er (Y)]

~ Lgrms) Conll e 1 (K10 vesy (YY) 37 + 0(1/00) )
F. Evaluation of E[e.(X)e.(Y)] for {X,Y} € ¥¢

For {X,Y} € W¢, it will be shown that the cross-correlations E[e.(X )e.(Y)] of the coverage density estimator
and an oracle uniform kernel density estimator (defined below) are identical up to leading terms (without explicitly
evaluating the cross-correlation between the coverage density estimates) and then derive the correlation of the oracle

density estimator to obtain corresponding results for the coverage estimate.
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Oracle ¢ ball density estimate: In order to estimate cross moments for the k-NN density estimator, the e
ball density estimator is introduced. The e-ball density estimator is a kernel density estimator that uses a uniform
kernel with bandwidth which depends on the unknown density f. Let the volume of the kernel be V. (X) and
the corresponding kernel region be S (X) = {Y € 8 : c4/|X — V|| < V.(X)}. The volume is chosen such
that the coverage Q.(X) = fse(X) f(2)dz is set to (1 + px)k/M. Let 1.(X) denote the number of points among
{X1,.., X} faling in Se(X): 1(X) = ¥, 1x,e5.(x). The e ball density estimator is defined as

f.(x)= %’8{) (A.61)

Also define the error e (X) as e.(X) = f.(X) — E[f.(X)]. It is then possible to prove the following lemma using

results on the volumes of intersections of hyper spheres (refer Appendix A, [31] for details).

Lemma A.3. Let ~1(X), v2(X) be arbitrary continuous functions. Let X;,.., X/, X,Y denote M + 2 i.i.d

realizations of the density f. Then,
E[1a.x, vy (X)ec(X)(Y)e(Y)]
— Bl s 1 (0] (37 0 (57 ) )-

Next, the cross-correlations of the coverage density estimator and the e ball density estimator are shown to be

asymptotically equal. In particular,

Lemma A.4.
Elec(X)ec(Y)] = Elec(X)ec(Y)] + o(1/k).

Proof:

We begin by establishing the conditional density and expectation of fE(X ) given fc(X ). We drop the dependence
on X and denote 1. = S, 11y, es.(x)}, the k-NN coverage by P and the ¢ ball coverage Q.(X) by Q. Let
q=Q/Pandr = (Q —P)/(1 - P). The following expressions for conditional densities and expectations are
derived in [35]

Pr{l. =I[P;P > Q}
" Nd' -t 1=0,1,...k—1
:{ 0 I=kk+1,....,.M

PT{le = Z|P,P < Q}

0 1=0,1,....k—1
OBt - )Ml =k k41, M
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which implies

Ell, = I|P;P > Q] = (k — 1)Q/P

Ell. =I|P;P < Q] = (%) (k—M)+M

Using the above expressions for conditional expectations, the following marginal expectation are obtained. Denote
the density of the coverage P by f as(p). Also let P be the coverage corresponding to the k& — 2 nearest neighbor
in atotal field of M — 3 points. Then

>

Ef.(X)&(X)] = E[f(X)fe(X)] - E[fe (O)JE[f (X))

- E [((%) (k— M)+ M/P) 1P<Q]
/

N Q(Xk)j\j_l)E[(( ~1)Q/P?) 1ps }_F;X)MQ'
P O-10r-2)
K (k= 2)(M —F)
E[(1— QP)(k — M) + P — B) - - arg

k
+E[((k = 1)Q(1 = P) — (1 = QP)(k — M) + MP(1 —P))(1p. )]

— Cx(I—II+IID).
It can be shown that C x (I — IT) = £ (1 — Q) using the fact that P has a beta distribution. Note that from
the definition of @ = ((1 +px)(k —1)/M), from the concentration inequality we have that E[15_ ] = C(M). The

remainder (C' x I1I) can be simplified and bounded using the Cauchy-Schwarz inequality and the concentration
inequality to show C' x 111 = o(1/M).

Therefore,
Ble.(Xex)] = X0 g) e,
FA(X) f"’( ) 1
-5 ()

- rn(i(y)

Now denote E(X) = (e.(X) — e.(X)). Notethat E[E?(X)] = Ele. 2Eec(X)e(X)]+E[e.(X)?]. Since
Ele.(X)% = f2(X)3 + o(1/k) and Ele.(X)?] = f2(X)(1/k + o(l/k)) it follows from (A.62) that E[E(X)] =

o(1/k). This result means e.(X) and e.(X) are amost perfectly correlated. Next express the covariance between
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the coverage density estimates in terms of the covariance between the e ball estimates as follows:
Efec(X)ec(Y)]
= E[(ec(X) + E(X))(ec(Y) + E(Y))]
= Elec(X)ec(Y)] + Elec(X)(E(Y))]
+E[ec(Y)(E(X))] + E[(E(X))(E(Y))]
=I+II+IIT+1V.

Using Cauchy-Schwarz, a bound on each of the terms II, 111 and IV is obtained in terms of E[E(X)]:
11| < /EE(Y)]E[e2(X)], |[III| < \/E[E(X)]|E[e2(Y)] and |[IV| < /E[E(X)]E[E(Y)]. Note that the above
application of Cauchy-Schwarz decouples the problem of joint expectation of density estimates located at two

different points Xand Y to a problem of estimating the error E between two different density estimates at the same
point(s). Therefore all the three terms I1, 111 and IV are o(1/k). This concludes the proof of Lemma A.4. [ |

For Lemma A.4 to be useful, E[e.(X)e(Y)] must be orders of magnitude larger than the error o(1/k), which
is indeed the case for {X,Y} € ¥.° since E[e.(X)e.(Y)] = O(1/k) (Lemma A.2, Appendix .1) for such X and
Y. This lemma can be used along with previously established results on co-variance of ¢-ball density estimates

(Lemma A.3) to obtain the following result:

Lemma A.5. Let ~1(X), v2(X) be arbitrary continuous functions. Let X;,.., X/, X,Y denote M + 2 i.i.d

realizations of the density f. Then,
Ela. x, ) (X)ra(Y)ec(X)ec(Y)]
~ Bt s (0] (57 +0(57))

Proof:

Ela.xx)m(X)12(Y)Ex ylec(X)ec(Y)]]

= Ela. xv)m(X)r2(Y)e(X)e(Y)] + o(1/k)

~ Bl xesnn (X120 (57 +0 (7))
In the second to last step, o(1/M) is obtained for the second term by recognizing that Pr({X,Y} € ¥¢) = O(k/M)
and O(k/M) x o(1/k) = o(1/M). n

APPENDIX B

BOUNDARY EXTENSION

In the previous section, moment results were established for the standard %-NN density estimate f,,(X) for points

X in any deterministic set 8’ with respect to the samples Xy = {Xn41,.., Xnyiar} satisfying the condition
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Pr(X ¢ §8) =o0(1) ard 8’ C 8, where X is an realization from density f. In this section, these moment results
are extended to boundary corrected k-NN density estimate f;,(X) for al X € § as follows.

Specify the set 8’ to be 8’ = §; as defined in (11.2). Exclusively using the set Xy = {X;y,.., Xy}, a set of
interior points Jv C X are determined such that Jn C 8’ with high probability 1 — O(NC(k)). Define the set
of boundary points By = X — Jn. For points X € Jy, the boundary corrected k-NN density estimate f‘k(X )
is defined to be the standard %-NN estimate f;,(X), and we invoke the moment properties of the standard k-NN
density estimate f;,(X) derived in the previous section. For points X € B, the density estimate f;,(X) is defined
as f,(Y,,) for points Y,, € 7, and we invoke the moment properties of the standard k-NN density estimate f},(X)

derived in the previous section.

A. Bias in the £-NN density estimator near boundary

If a probability density function has bounded support, the k-NN balls centered at points close to the boundary

are often truncated at the boundary. Let
) _ fsk(X)mS dz
Jsux) @2

be the fraction of the volume of the k-NN ball inside the boundary of the support. Also define V ;. /(X)) to be

ak(X

the k&-NN ball volume in a sample of size M. For interior points X € 8’, ay(X) = 1, while for boundary points

X €8 -8/, ax(X) iscloser to 0 when the points are closer to the boundary. For boundary points we then have

B[y (X)] = f(X) = (1 — (X)) f(X) + o(1). (B.2)

Therefore the bias is much higher at the boundary of the support (O(1)) as compared to its interior (O((k/M) 2/4))
(A.24). Furthermore, the bias at the support boundary does not decay to 0 as k/M — 0.

In the next section, we detect interior points I which lie in 8’ with high probability O(NC(k)). The results on
bias, variance and cross-moments derived in the previous Appendix for points X € 8’ therefore carry over to the
points Jy. A density estimate at points B is then proposed that will reduce the bias of density estimates close to
the boundary.

B. Boundary point detection
Define Vi, ar(X) = srar7rxy- L€t p(k, M) be any positive function satisfying p(k, M) = ©((k/M)>/%) +
(v/6/k%/). From the concentration inequality (A.1) and Taylor series expansion of the coverage function (A.13),

for small values of k/M, we have

1_ﬂ<gﬁ%§—4<mmM0=omm>

To determine T and By, we first construct a K'-NN graph on the samples X y where K = |k x (N/M)|. For any
X € Xy, from the concentration inequality (A.1)

1—Pr ( Vin(X)

Vi N (X)
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where C(K) = O(C(k)) because by (A.0), K = (k). This implies that, with high probability, the radius of the
K-NN ball a X concentrates around (Vi v (X)/cq)'/?. By this concentration inequality (B.2), this choice of K
guarantees that the size of the £-NN ball in the partitioned sample is the same as the the size of the K-NN ball in
the pooled sample with high probability 1 — C(k). By the union bound and (B.2), the probability that
Vi n(X)
Vi n(X)
is satisfied by every X; € Xy is lower bounded by 1 — O(NC(k)).
Using the K-NN graph, for each sample X € X, we compute the number of pointsin X that have X as al-th
nearest neighbor (I-NN), I = {1,..., K'}. Denote this count as count(X). Let Y be the [-nearest neighbor of X,

I={1,...,K}. Then Y can be represented as Y = X + R (X)u where v is an arbitrary vector with ||u|| < 1.
For X to be one of the K-NN of Y it is necessary that R (Y) > ||Y — X|| or equivalently, Rx (Y)/Rx (X) >
[lu||. Using the concentration inequality (B.2) for R x(X) and Rk (Y"), a sufficient condition for this is

ag (X)f(X)

ag(Y)f(Y)
Because f is differentiable and has a finite support, f is Lipschitz continuous. Denote the Lipschitz constant by
L. Then, we have |f(Y) — f(X)| < L(K/cqNeo)/?. Define g(K,N) = (L/eo)(K/caNeo)/® + 2/6/k%/2. Then
(B.3) is satisfied if

(1 =2p(K,N)) = |[ull. (B3

ak(X)

ag(Y)
For points X € 8', ax(X) = 1 with probability 1 — €(k). This implies that X will be one of the K-NN of Y if
[lu|| <1—¢q(K,N). This implies that, with probability 1 — O(NC(k)), count(X) > K(1 — q(K, N)) whenever
X € 8. Ontheother hand, for X € 8§ — 8', ax(X) < 1 with probability 1—C(k). It isalso clear that for small values
of K/N, ax(X) < ax(Y) for at least K/2 I-NN Y of X. Thisthen implies that count(X) < K(1—q(K,N)) for
X € 8 — 8 with probability 1 — O(NC(k)). We therefore can apply the threshold K (1 — ¢(K, N)) to detect interior
points Iy = Xy N8’ and boundary points By = Xy — Iy = Xv N (8 — 8') with high probability 1 — O(NC(k)).

(1= q(K,N)) = [|ull.

Algorithm 1, shown below, codifies this into a precise procedure.

C. Boundary corrected density estimator

Here the boundary corrected k-NN density estimator is defined and its asymptotic rates are computed. The
proposed density estimator corrects the £-NN ball volumes for points that are close to the boundary. To estimate
the density at a boundary point X € By, we find a point Y € Jy that is close to X. Because of the proximity of
XandV, f(X) =~ f(Y). We can then estimate the density at Y instead and use this as an estimate of f(Y). This
informal argument is made more precise in what follows.

Consider the corrected density estimator f;, defined in (11.3). This estimator has bias of order O((k/M) /%), which
can be shown as follows. Let X denote X; for some fixed i € {1,.., N}. Also, let X_; = argmin,es’ d(z, X).
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Algorithm 1 Detect boundary points B
1. Construct K -NN tree on X

2. Compute count(X) for each X € Xy
3. Detect boundary points B:
for each X € Xy do
if count(X) < (1 —¢(K,N))K then
By +— X
else
I+ X
end if

end for

Given X, if X € Iy, then by (A.24),

Effi(X)] = E[f:(X)] = f(X)+O((k/M)**) + O(C(k)).

Next consider the dternativecase X € B y. Let X,, € Jx bethe closest interior pointto X. Defineh = X —X,,. h
can berewrittenash = hy+ho, whereh; = X —X_jandhy = X _1—X,,. Since X € By impliesthat X € § — 8§’
with probability 1 — O(N€(k)), consequently || 1|| = || X — X _1|| = O((k/M)'/¢) with probability 1 — O(N€(k)).
Again with probability 1 — O(N€(k)), X,, € 8’ and consequently ||hs|| = || X_1 — X,|| = o((k/M)"/?) [31]. This
implies that ||h|| = O((k/M)*/%). Now,

F(X) = f(Xa) + O(|Al]).

If X,, islocated in the interior 8', by (A.24),

Elfe(Xn)] = f(Xa)+O((k/M)*?) +O(C(k)), (B.4)
and therefore
Effi(X)] = E[fs(Xn)] +O(NC(K))

= f(Xa) +O((k/M)**) + O(NC(k))

= f(X)+O(|hl)) + O((k/M)*?) + O(N€(k))

= f(X)+O((k/M)"*) + O(NC(k)), (B.5)
where the O(NC(k)) accounts for error in the case of the event that X,,;) ¢ 8. This implies that the corrected
density estimate has lower bias as compared to the standard k-NN density estimate (compare to (A.24) and (B.1)).

In particular, boundary compensation has reduced the bias of the estimator at points near the boundary from O(1)
to O((k/M)Y ) + O(NC(k)).
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D. Properties of boundary corrected density estimator

By section B-B, Iy € 8" with probability 1 — NC(k). The results on bias, variance and cross-moments of the
standard %k-NN density estimator f;, derived in the previous Appendix for points X € 8’ therefore carry over to the
corrected density estimator f;, for points I with error of order O(N@(k)).

In the definition of the corrected estimator f;, in (11.3), f‘k(Xn(i)) is the standard k-NN density estimates and
X,y € 8 . It therefore follows that the variance and other central and cross moments of the corrected density
estimator f;, will continue to decay at the same rate as the standard %-NN density estimator in the interior, as given
by (A.59) and (A.60).

Given these identical rates and that the probability of apoint being in the boundary region 8 — 8’ isO((k/M)/ %) =
o(1), the contribution of the boundary region to the overall variance and other cross moments of the boundary
corrected density estimator f, are asymptotically negligible compared to the contribution from the interior. As a
result we can now generalize the results from Appendix A on the central moments and cross moments to include
the boundary regions as follows. Denote f,(X) — Ex[fi(X) | X] by e(X).

1) Central and cross moments: For positive integers ¢, r < k

1

ER (0 (X)] = 1= B (000)] (1) +0 (7 ) +00vewm), ®6)

Cov[n1(X)e?(X),72(Y)e" (Y)]

~ Lgrms) Coult e 1 (X (0. vesy (YY) 37 + 0(1/00) )

#lgseony (O (g ) + 000 +01/31%) ) + O(ve(®), ®7)

Next, we derive the following result on the bias of boundary corrected estimators.
2) Bias: For k > 2,

EL/(EE(X) | X)) =1/ (X)] = E [E[(1(E(X)) = 1/ (X)) | X]]

= E [E [Lixesn) (VEROD = 1 (X)) | K] | +E[E [Lixeny (EERCOD = 7(FCO) | Xn]]

=I+1I. (B.9)

From (A.24), and Pr(X € By) = O((k/M)'/?), we have

2/d 2/d
I=ERUENX] (17) +o(57)  +owew). ®9)
Next, we will now derive I1.
II = E[E|lpen ERX)) - 21(/(X) | Xn]]

)\ 2/d
:E[E [uxem(w(focn))—w(f<X>>>+o(—) x| | Fover), @19

M
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where the last step follows by (B.4). Let us concentrate on the inner expectation now. By section B-B, we know
that with probability 1 — O(NC(k)), if X € By, then X € § — 8" and if X,, € Ty, then X,, € §'. Furthermore,
| X = X_1]| = O(k/M)"? and || X_; — X,,|| = o(k/M)'/¢ with probability 1 — O(NC(k)). This implies that

2 2/d
E [ 1ixeny (V(f(X0) = 2(f(X))) + O (M) | Xy

g\ /e
=E [Lixes—sy (V(f(X-1)) = 7(f(X))) | Xn] +0 (M) + O(NE(K)).

Since Pr(X € 8§ — 8') = O((k/M)'/4), this in turn implies that

I = E[E[1pxen, (ERX)) - 1(f(X)) | Xx]]
2/d
= E[lixes—s (1(f (X-1)) =7 (F(X)))] + o (%) +O(NC(k)). (B11)

We therefore finally get,

E[y(E[f:(X) | X]) = v(f(X))] = I+ 11

k

2/d o\ 2/d
B (OO (7)) +Ellxess (U)X +o (7] +O0vEmE.L2)

Note that ||X — X || = O((k/M)*/4) with probability 1 — O(NC(k)). This therefore implies that
c3 = Ellixes sy (7(f(X-1)) =7 (F(X)))] = O((k/M) ") x O((k/M)V/ ) +O(N€(k)) = O((k/M)**)+O(NE€(k)).

3) Optimality of boundary correction: Comparing (B.12), (B.6) and (B.7) with (A.24), (A.59) and (A.60) re-
spectively, oracle rates of convergence of bias, and central and cross moments for the boundary corrected density
estimate are attained. The oracle rates are defined as the rates of MSE convergence attainable by the oracle density

estimate that knows the boundary of 8
kE—1
MV, (X))’

where V, ,(X) is the volume of the region S;(X) N 8. It follows that the boundary compensated BPI estimator is

fk,o =

adaptive in the sense that it's asymptotic MSE rate of convergence is identical to that of a k-NN plug-in estimator

that knows the true boundary.

APPENDIX C

PROOF FOR BIAS AND VARIANCE OF PLUG-IN ESTIMATORS

Lemma C.1. Assume that U(zx,y) is any arbitrary functional which satisfies

(i) sup |U(z,y)| = Go < oo,

z€(€o,€1)

(ii) sup |U(z,y)[C(k) = Gy < oo,

z€(q1,qu)

()E[ suwp |U(x/p,y)l] = Gz < .
z€(p1,pu)
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Let Z denote X; for some fixed ¢ € {1,.., N}. Let (z be any random variable which almost surely lies in the range
(f(Z),£x(2)). Then,
E[|U(¢z, Z)|] < oo.

Proof:
We will show that the conditional expectation E[|U((z, Z)| | Xn] < co. Because 0 < ¢p < f(X) < €x < 00 by
(A.1), it immediately follows that

E[|U (2, 2)]] = EEU(Cz, 2)] | Xn]] < oc.

For fixed X, Z € Iy or Z € By. These two cases are handled seperately.

Case 1: Z € Iy: Inthis case, f,,(Z) = £ (Z). By (A.19) and (A.1), we know that if §(Z) holds, p;/P(Z) <
£.(Z) < pu/P(Z). On the other hand, if §°(Z) holds, by (A.21) and (A.1), ¢; < f.(Z) < q.. This therefore
implies that if §(Z) holds, min{eq, pi/P(Z)} < ¢z < max{éxo,p./P(Z)} andif §°(Z) holds, min{eg, ¢} < ¢z <
max{€eso, ¢y }. Then,

E[lU(Cz, 2)| | Xn] = Ellyz)|U(Cz, 2)| | Xn]+ E[lye)|U((z, Z)| | Xn]

< Go+Ellyz suw |U/P(Z), 2)]| + max{Go,G1/C(k)}(1 — Pr(5(2)))

z€(P1,Pu)
S Go+El_sw [U(/P(2), 2)] + max{Go, G1/€(R) (1~ Pr(52)
TE€(P1,Pu
= Go+ G2+ max{G1/C(M),Gy}C(k)
= Go+ G2 +max{G1,GoC(k)} < o0 (Cy

where the final step follows from the fact that C(k) = o(1).
Case 2: Z € By: If Z € By, let Y,, be the nearest neighbor of Z in the set J . Then,
£.(2) = £.010) (C.2)
This implies that we can now condition on the event (Y7, ), and follow the exact procedure as in case 1 to obtain
ElUCz, 2)| | Xn] = E[lyy,)|U(Cz, 2) | Xn] + Ellgey,)|[U(1/Cz, Z)| | Xn]
< Go+ G2 +max{G1,GoC(k)} < o0 (C3)

where the final step follows from the fact that C(k) = o(1). This concludes the proof.

Proof of Theorem I11.1.

Proof:
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Using the continuity of ¢"”(z,y), construct the following third order Taylor series of ¢(f,(Z),Z) around the

conditional expected value E ; [fi.(Z)] = E[fi(Z) | Z].

9(£:(2), 2) = 9(Ez[f(2)], Z) + ¢/ (E2[fi(Z)], Z)e(Z)

+59" (Blii(2)], 2)6(2) + 59 (G2, 2)e" @),

where ¢z € (Ez[fy(Z)], fx(Z)) is defined by the mean value theorem. This gives

El(9(fx(2). Z) - 9(Ez[f1(Z)], Z))]

~ 5|5 (Balfu (2, 2)6*(2)| + 5| 16z 1) 2)
Let A(Z) = %9(3)(&, Z). Direct application of Lemma C.1 in conjunction with assumptions (A.5) , (A.6) implies
that E[A?(Z)] = O(1). By Cauchy-Schwarz and assumption (A.4) applied to (B.6) for the choice ¢ = 6,

’]EEA(Z)&(Z)] ‘ < \/E[?’—lGA?(Z)] E[eS(Z)] = o (%) + O(NE€(k)).
By observing that the density estimates {fi(X;)},i = 1,..., N are identical, we therefore have

EGy (R - Gf) = Elo((2), 2) — 9((2),2)
— Bly(B2[f(2)).2) - 9(/(2).2)] + B | 36" (B2 (2. 2)e*(2)| + o(1/k) + O(Ve()

By (B.12) and (B.6) for the choice ¢ = 2, in conjunction with assumption (A.4),this implies that
o 2/d
BN (] - ) = Bl (. 20@) (7)) +Ellzes—s, (001 (Z0). Z1) — o(4(2).2)

_ 2/d
L@ Bl (2),2)/2 (1) + OVEWw) + o (% () )

o\ 2/d
— B (@.200)] (1) + Elles-s) 621 20) - 5(1(2). D)

2/d
+E[f*(Z)g"(f(2),2)/2] (%) + O(N€(K)) + o <% + (%) )

. (%)MHQ (%) + e+ O(NE(K)) + o0 G - (%)2”) :

where the last but one step follows because, by (A.24) and (B.5), we know E z[f,(Z)] = f(Z) + o(1). This in
turn implies E[f2(Z)g" (Ez[fx(Z)], Z)/2] = E[f2(Y)g” (f(Y),Y)/2]. Finaly, by assumption (A.5) and (A.2), the
leading constants ¢; and ¢, are bounded. We have also shown in equation (B.11) that c¢3 = O((k/M)%*/?). This

concludes the proof.

Proof of Theorem V.1
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Proof: Let X denote X; for some fixed i € {1,.., N}. Also, let X_; = argmin,es, d(z, X). Using (A.25),

we can derive the following in an identical manner to (B.12):

B(Gypo(f) = E[GN,BC(EC)]_/g(f(x)ax)f(x)dx

= (E[g(fk(z),z)]—QQ(k,M))/gl(/f,M)—/g(f(x)vx)f(l’)dl’

— BIEl(9(E(2),%) — ga(h, M))/g1 (k) | X = [ 9(F(a) ) ()i
— E[El(g(E(X), X) — ga(k, M))/g1(k, M) | Xn], X € T
FE[E[(9(F(X), X) — ga(k, M) /g1 (k, M) | X, X € By]
- [ st @2 f(a)ds

. 7 (FX). X)h(X)
= Elp(/(X), X) + 5 T (/)

(9(f(X-1), X1) = g(f(X), X))

lixes—s1}
g1 (ka M)

+o((k/M)* %) + O(NE(k))] —/g(f(ar),ar)f(x)dx

= D (%)Z/d+ ST <(%)/d> + O(NER):

Because we assume the logarithmic growth condition & = O((log(M))2/(=9), it follows that O(N€(k)) =
O(N/M?) = o(1/T). Also, by (IV.3), g1 (k, M) = 1 + o(1). This implies that

B(Gnypc(fr) = (%)M +e3+o0 ((%)2/(1) . (C.4)

Proof of Theorem I11.2 and Theorem 1V.2.
Proof: By the continuity of ¢ (x, ), we can construct the following Taylor series of g(f,(Z), Z) around the
conditional expected value E z[f;(Z)].

9((2),2) = 9(Ezlfi(2)),2) + ¢ (Ez[fi(Z)]. Z)e(Z)
<Zgz) ]EZ fk ] )ez(z)> + A)()%!Z?Z)e)\(z)’

where ¢z € (g(Ez[fr(2)], g(f:(Z))). Denote (g7 (¢z, Z)) /! by ¥(Z). Further define the operator M(Z) = Z—E[Z]

and

pi = M(g(Ex, [f(X:)], Xs)),
s = Mg (]Ex [fk( )] X) (X5)),

si = M (\I/(Xi)e’\(Xi))
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The variance of the estimator G (f;,) is given by
V[Gn(fr)] = E[(G(f) - E[G(f)])?]
1
= N]E[(Pl +q+r+ 81)2]
N -1

+TE[(Z)1 +q1+71+s1)(p2+ g2+ 12+ 52)]

Because X, X, are independent, we have E[(p1)(p2 + ¢2 + 72 + s2)] = 0. Furthermore,
E[(pi+ a1+ +9)°] = Elpi®l+o(1) = V[g(Ez[f(Z)], Z)] + o(1).

From assumption (A.4) applied to (B.6) and (B.7), in conjunction with assumption (A.3), it follows that

e E[p1?] = V[Q(Ez[fk(z)]v 7))
e Elq1g2] = Vg (Ez[fe(2)), Z) £(2)] (57) + 0 (%) + O(NC(k))

2/d

. Elgirs] = $25 0 (s ) + O M) +O(NE(R)) = o (&) + O(NE®))
2,,2/d
o Blrirs] = X2, Y375 0 (o) + O (W) L ONE®)) = o () + O(NE®))
Since ¢; and sy are 0 mean random variables
Elgis] = E [019(X2)(E(Xa) — Ex, [B(X2)])*

=B [ql‘I’(Xz)(f(Xz) — Ex, [fr (X2)))*

< B0 E [ (0K ~ Ex. )
E[07(Z) ( (kﬂ) + O(N(?(k)))

Direct application of Lemma C.1 in conjunction with assumptions (A.5), (A.6) implies that E [\112( )] O(1).
Note that from assumption (A.3), o () = o(1/M) . In a similar manner, it can be shown that E[rs;] =
o (&) + O(NC(k)) and E[s1s2] = o () + O(NC(k)). Finaly, by (A.24) and (B.5), we know Ez[fy(Z)] =
E[fi(Z)] = f(Z) 4 o(1). This implies that

(N -1
N

VGy ()] = NE[P12]+

— V(B (2).2)] (7 ) + VI el (2).2)12) (ﬁ) oe) +o( 7+ )

— Vig((Z), 2) (%) +VIg'(£(2). 2)1(2)] (%) + O(NE(k)) +o (% " %)

I (%) T (%) + O(NE(k)) + o (% + %) ,

where the last but one step follows because, by (A.24) and (B.5), we know E z[fi(Z)] = f(Z) + o(1). This in
turn implies Vig(Ez[f(2), )] = VIg(f(Z).2)] and V(¢ (Ez[E:(2)],Z)£(Z)] = V' (f(Z),Z)f(Z)]. Finally, by
assumptions (A.5) and (A.2), theleading constants ¢4 and ¢5 are bounded. This concludes the proof of Theorem 111.2.
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Under the logarithmic growth condition & = O((log(M))%/(*=9)), go(k, M) = o(1) and g, (k, M) = 14 o(1) by
assumption (IV.3). Theorem IV.2 follows by observing that Gy o (i) = (G (£r) — g1 (k, M)/ go(k, M) [
Bias of Baryshnikov's estimator: Proof of equation (I11.2)
Proof: We will first prove that

B(Gw () = O((k/M)"* +1/k), (C5)

Because the standard £-NN density estimate ka(Xi) is identical to the partitioned k-NN density estimate fk(Xi)
defined on the partition {X;} and {Xy,.., X7} — {X;}, it follows that

B(Gn(fis)) = O((k/T)"* + 1/k). (C6)

From the definition of set 8’ in section A-A2, we can choose the set 8', such that Pr(Z ¢ 8') = O((k/M)'/4).

E[Gn(E)] - G(f) = Ely(t(Z), Z) — 9(f(Z), Z)]
= E[l{zes19(E(Z). Z) — 9(f(Z), Z)] + ElLzes s19(E:(2), Z) — g(f(Z), Z)]
=I1+1I (C7)

Using the exact same method as in the Proof of Theorem I11.1, using (A.24) and (A.59), and the fact that
Pr(Z ¢ 8" =0((k/M)"?) = o(1), we have

2/d 2/d
Il (1(2).20@] (1) + @) (72, 2)/2 (1) + O +o (% +(5) ) ,

Because we assume that g satisfies assumption (A.6), from the proof of Lemma C.1, for Z € 8§ — 8, we have
Elg(f.(2), Z) — g(f(Z), Z)] = O(1). This implies that,

Il = Ellyzes-sy19(f(2),Z) — g(f(Z),Z)]
= E[Elg((2), 2) — 9(£(2), 2)] | Lizes-s1)] x Pr(Z ¢ 8)
= O(1) x O((k/M)/*) = O((k/M)"/*). (€9

This concludes the proof.

APPENDIX D

CLT FOR INTERCHANGEABLE PROCESSES
Define the random variables {Y ps;i = 1,..., N} for any fixed M
Vo — 9(£:(X4), Xs) — E[g(Fe (X), X3)]
Mi — — ’
Vig(fr(Xi), X))

and define the sum S m
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where the indices NV and M explicitly stress the dependence of the sum S 5, on the number of random variables
N+ M. Observethat the random variables {Y 5;,;;¢ = 1,..., N} belong to an 0 mean, unit variance, interchangeable
process [36] for al values of M. To establish the CLT for S x s, we will exploit the fact the random variables
{Yumq;i=1,...,N} are interchangeable by appealing to DeFinetti’s theorem, which we describe below.

A. De Finetti’s Theorem

Let F be the class of one dimensiona distribution functions and for each pair of real numbers = and y define
F(z,y) ={F € F|F(x) < y}. Let B bethe Borel field of subsets of F generated by the class of sets F(x, y). Then
De Finetti’s theorem asserts that for any interchangeable process {Z;} there exists a probability measure 1. defined
on B such that

PT{B}:LPTF{B}dU(F), (D.1)

for any Borel measurable set defined on the sample space of the sequence {Z;}. Here Pr{B} is the probability of
the event B and Prr{B} is the probability of the event B under the assumption that component random variables

X; of the interchangeable process are independent and identically distributed with distribution F'.

B. Necessary and Sufficient conditions for CLT

For each F' € F define m(F) and o*(F) as m(F) = [*_xdF(z), o(F) = [*_x*dF(x) — 1 and for &l real

numbers m and non-negative real numbers o ? let ¥, ,» bethe set of F' € F for which m(F) = m and 0%(F) = o2.

Let {Z;;i = 1,2,...} be an interchangeable stochastic process with 0 mean and variance 1. Blum etal [36]
showed that the random variable S y = ﬁ Ef;l Z; convergesin distribution to N (0, 1) if and only if 1(Fo0) = 1.
Furthermore, they show that the condition 1 (Fo) = 1 is equivalent to the condition that Cov(Z,,Z) = 0 and
Cov(Z3,72%) = 0. We will extend Blum etal’s results to interchangeable processes where Cov(Z 1, Z-) = o(1) and
Cov(Z3,72) = o(1).

In particular, we will show that Cov(Y a1, Yar2) and Cov(Y3, 1, Y3, ,) ae O(1/M). Subsequently we will
show that the random variable Sy = x/_lﬁ Zf\il Y i converges in distribution to N(0,1) and conclude that
Theorem 111.3 holds.
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C. CLT for Asymptotically Uncorrelated processes
Let X be a random variable with density f. In the proof of Theorem 111.2, we showed that
Cov(g(F:(Xi), Xi), 9(F(X;). X,))
V VI E(X0), X0 VIg (e (X,). X))
Cov(p; +q; +7i + si,pj +q; + 715 +55)
V VI E (X0, X0 VI (e (X,), X))
Cov(pi +qi +1i+8i,pj + 45 + 15 +55)
V VI (Ee (X0, X0 Vg (B (X)), X))

_ VUX)X)fX) (1Y (1
o V[g(f(Xs), Xi)] <M>+ <M)+O(N(‘3(k))

_ V@UX)X)fX) (1Y, (1
o Vig(f(X), X)) <M>+ <M) (D-2)
(

where the last but one step follows by observing that NC(k)/M — 0 under the logarithmic growth condition
k = O((log(M))?/(1=9)). Definethe function d(z, y) = g(z,y)(g(z, y)—c), where the constant ¢ = E[g(f;.(X), X)].

COU(YM’i,YM_’j) =

Then, similar to the derivation of (D.2), we have,
Cov(d(f.(X;),X,), d(£(X;), X))
VVIE (X, X)IVd(E (X)), X,)]

SR e

OOU(Y%M, YJQV[J)

Proof of Theorem I11.3 and Theorem 1V.3.
Proof:

Let §,(M) and 6, (M) be a strictly positive functions parameterized by M such that §,(M) = o(1); m
0(1), 6,(M) = o(1); 3752y = o(1). Denote the set of F € F with T 507 := {m*(F) > §,(M)}; Tosmr 1=
{0*(F) > 05(M)}; T3, 500 = {m?*(F) € (0,6,(M))} and F7 5, == {0*(F) € (0,0,(M))}. Denote the measures
of these Sets by fum, 5,05 Ho,s,0M4 Hry, 500 @D ) 5 5, respectively. We have from (D.1) that

/ mz(F)du(F) = Cov(Ym, Ya,)
F
| PEraur) = [ Erlz - 1P = Convi Vi), (D.4)
Applying the Chebyshev inequality, we get
(M) prm,5,00 < Cov(Yara, Yar),
S0 (M) o500 < OO’U(Y?W,i7Y]2\/[7j)'

Because the covariances decay at O(1/M), pm.s5,m @d piy 5.0 — 0 8 M — co. From the definition of Fons. 0

and 57 5 5, we also have that p, 5 5, and p; 5 5, — 0 @ M — oo. We also have
1= (ftm,o,0 =+ Hor o.M+t 5.0 + Mo s00) < 1(Fo,0) <1,
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and therefore
Jim p(Fo,0) = 1. (D.5)

We will now show that Gy (fi) = (Gn (fi) — E[Gn(F)])/(1/ VG (E)]) converges weakly to N(0, 1). Denote
g(fu(X,),X;) by g;. Observe that

lim Pr{Gny(fy) < a} = lim / Pre{Gny(fr) < a}du(F)
A—0 A—=0 Jg

= lim PrF{GN(f'k) < aldu(F)+ Aiglo/ ].{Feg?_gro’g}P’f'F{GN(fk) < a}du(F)
F

A—0 Fo.0
= tim [ PretGu@) < )+ [l (Leer o0 PrelGa) < of ) du() (06)
= Jim i Pri{Gn () < a}du(F) (D.7)
. 1o~ [ 9(E(Xa), Xa) — E[g(fs(X0), X))
= lim Prpd — <a pdu(F)
250 Jae {N g ( VG (F)] ) } '
i [ el LS (oEX). X)) - Blg@(X0) X)) _
=0 ) {N 2 (W[giw T 1>/N>00v[gi,gj]> : } g )
N ~ i
= Jim. Prp {%Z ( g(£f:(X3), X)) — E[g(£(X;), X)) ) <a }CMF)
Too =\ VIgil/N + (N — 1)/N) VT Vg, Cov[Yars, Yo
B 1 [ g(Fe(X0), X0) — Elg(Fi(X0), X))
= lim . Prp {N ; < TN ) <a }du(F) (D.8)
N
_iiglo 5 PTF{LZYMlga}du(F)

= [ d(a)du(F) = ¢(a), (D.9)

F
where ¢(.) is the distribution function of a Gaussian random variable with mean 0 and variance 1. Step (D.6)

follows from the Dominated Convergence theorem. By (D.5), lim A 0 1{res—g,,3 = 0 amost surely. This gives
Step (D.7). Step (D.8) is obtained by observing that, by (D.4), Cov[Y s, Y ;] = 0 when F' € F . The last step
(D.9) follows from the CLT for sums of 0 mean, unit variance, i.i.d random variables and (D.5). This concludes the
proof of Theorem I11.3.

To show Theorem 1V.3, observe that under the logarithmic growth condition & = O((log(M)) 2/(=9)), go(k, M) =
o(1) and g1 (k, M) = 140(1) by assumption (IV.3). Since G x o (fi) = (Gn(F) — g1 (k, M))/go(k, M), it follows

that the asymptotic distribution of A _ R _
Gn,sc(fr) — E[Gn,go(fr)]

VG, o (fr)]
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is equal to the asymptotic distribution of Gy (fi) = (Gn(f) — E[Gn (£.)])/(1/ V[G n ()]).
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