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Abstract— Many high-dimensional data setsof practical inter-
est exhibit a varying complexity in differ ent parts of the data
space. This is the case, for example, of databasesof images
containing many samplesof a few texturesof differ ent complexity.
Such phenomena can be modeled by assuming that the data
lies on a collection of manifolds with differ ent intrinsic dimen-
sionalities. In this extendedabstract, we intr oduce a method to
estimate the local dimensionality associatedwith each point in
a data set, without any prior information about the manifolds,
their quantity and their sampling distrib utions. The proposed
method uses a global dimensionality estimator based on k-
nearest neighbor (k-NN) graphs, together with an algorithm for
computing neighborhoods in the data with similar topological
properties.

Index Terms— Manif old learning, Intrinsic dimension,Nearest
neighbor graph.

I . INTRODUCTION

Continuing technological advances in both sensing and
mediastoragecapabilitiesareenablingthedevelopmentof sys-
temsthat generatemassive amountsof new typesof dataand
information. Today's medical information systemsor video
surveillanceapplications,for example,are producingsignals
thatarehigh-dimensionalin their natureandthusappearto be
very complex. However, suchsignalsoftencontainfundamen-
tal featuresthatareconcentratedon lower dimensionalsubsets
– curves,surfacesor, moregenerally, lower-dimensionalman-
ifolds – thus permitting substantialdimensionreductionwith
little or no lossof contentinformation.In the recentpast,this
subjecthasreceived substantialattentionfrom researchersin
machinelearning, computervision and statistics,leading to
the introductionof several manifold learningalgorithms(see
webpage[1] for an extensive list of references).

Playing a central role in the analysisof high-dimensional
datais its intrinsic dimensionality, givenby the thedimension
of the manifold supportingthe data.Intuitively, this quantity
describeshow many “degreesof freedom” are necessaryto
describethedataset.Whentheintrinsic dimensionis assumed
constant over the data set, several algorithms have been
proposedrecently to estimateit directly from only a �nite
samplingof themanifold.Theserangefrom fractaldimension
[2], estimatingpackingnumbers[3], entropicgraphs[4], [5]
or maximum likelihood approach[6]. However, in several
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problemsof practical interest,data will exhibit varying di-
mensionalityacrosstheobserveddataset.For example,in the
proteindockingproblem[7], thedegreesof freedomassociated
with the allowed movementsof the reactingmoleculeswill
changeduring the reactiontime.

In this paper, we introducea methodto estimatethe local
dimensionalityassociatedwith eachpoint in a dataset.If the
dataset is sampledfrom a union of disjoint manifolds,with
possibledifferentintrinsic dimensionalities,thenthealgorithm
estimates,for eachsamplepoint, the dimensionof the local
manifold where it is supported.The proposedmethoduses
a previously introducedglobal dimensionalityestimator[5]
basedon k-nearestneighbor (k-NN) graphs, togetherwith
an algorithm for computingneighborhoodsin the data with
similar topologicalproperties.

I I . THE k-NEAREST NEIGHBOR GRAPH AND GLOBAL

DIMENSION ESTIMATION

Let Yn = f Y 1; : : : ; Y n g be n independentand identically
distributed (i.i.d.) randomvectorswith values in a compact
subsetof Rd. The (1-)nearestneighborof Y i in Yn is given
by

arg min
Y 2Y n nf Y i g

jY ¡ Y i j ;

where jY ¡ Y i j is the usualEuclidean(L 2) distancein Rd

betweenvector Y and Y i . For generalinteger k ¸ 1, the
k-nearestneighborof a point is de�ned in a similar way. The
k-NN graphputs an edgebetweeneachpoint in Yn and its
k-nearestneighbors.Let N k ;i = Nk ;i (Yn ) be the set of k-
nearestneighborsof Y i in Yn . The total edgelength of the
k-NN graphis de�ned as:

L ° ;k (Yn ) =
nX

i =1

X

Y 2N k ;i

jY ¡ Y i j° ; (1)

where° > 0 is a power weightingconstant.
For many data sets of interest, the random vectors Yn

are constrained to lie on a m-dimensional Riemannian
submanifoldM of Rd (m < d). A Riemannmanifold has
an associatedmetric g [8], which endows M with both a
notion of distancevia geodesicsand also a measure¹ g via
the differential volume element.Under this framework, the
asymptoticbehavior of (1) is given by the following theorem
[5]:



Theorem1: Let (M ; g) be a compact Riemann m-
dimensionalsubmanifoldof Rd. SupposeY 1; : : : ; Y n are i.i.d.
randomvectors of M with boundeddensityf relative to ¹ g.
Assumem ¸ 2, 1 · ° < m and de�ne ® = (m ¡ ° )=m.
Then,with probability 1,

lim
n !1

L ° ;k (Yn )
n(d0¡ ° )=d0 = (2)

8
<

:

1 ; d0 < m
¯ m;° ;k

R
M f ®(y ) ¹ g(dy ); d0 = m

0; d0 > m
;

where ¯ m;° ;k is a constant independentof f and (M ; g).
Furthermore, the meanlengthE [L ° ;k (Yn )] =n® convergesto
the samelimit.

Theorem1 provides the basisfor developing a consistent
estimatorof the intrinsic dimensionalitym of data set Yn .
On the one hand, the growth rate of the length functional
is strongly dependenton m. In particular, the only way to
obtaina nonzero�nite limit in (2) is by normalizingthelength
functional by the right power ® of n, i.e., ® = (m ¡ ° )=m
when d0 = m. On the other hand,that nonzero�nite limit is
determinedby theintrinsic Rényi ®-entropy of themultivariate
densityf on M :

H (M ;g)
® (f ) =

1
1 ¡ ®

log
Z

M
f ®(y ) ¹ g(dy ) : (3)

Theseobservations motivate the following estimatorfor m.
De�ne ln = logL ° ;k (Yn ). According to (2), ln has the
following approximation

ln = a logn + b+ ²n ; (4)

where

a = (m ¡ ° )=m ;

b = log¯ m;° ;k + ° =m H (M ;g)
® (f ) ;

(5)

and²n is an error residualthat goesto zerow.p.1 asn ! 1 .
Using the additive model (4), a simplenonparametricleast

squaresstrategy basedon subsamplingfrom thepopulationYn

of points in M can be adopted.Speci�cally, let p1; : : : ; pQ ,
1 · p1 < : : : ; < pQ · n, be Q integers and let N
be an integer that satis�es N=n = ½ for some �x ed ½ 2
(0; 1]. For eachvalue of p 2 f p1; : : : ; pQ g randomly draw
N bootstrapdatasetsY j

p , j = 1; : : : ; N , with replacement,
wherethe p datapoints within eachY j

p are chosenfrom the
entiredatasetYn independently. Fromthesesamplescompute
the empirical mean of the k-NN length functionals ¹L p =
N ¡ 1 P N

j =1 L ° ;k (Y j
p ). De�ning ¹l = [log ¹L p1 ; : : : ; log ¹L p1 ]T ,

write down the linear vectormodel

¹l = A
·

a
b

¸
+ ² (6)

where

A =
·

logp1 : : : logpQ

1 : : : 1

¸ T

:

Now, takingamethod-of-moments(MOM) approach,in which
(6) is usedto solve for thelinear leastsquares(LLS) estimates

Fig. 1. Building local neighborhoods.From left to right: start with point
y i ; ®nd its 3-NN points;for eachof the NN pointsjust found,computetheir
3-NN points.

â; b̂ of a;b, m̂ and Ĥ can be determinedby inversionof the
relations(5). After making a simple large n approximation,
this approachyields the following estimates:

m̂ = roundf ° =(1 ¡ â)g

Ĥ (M ;g)
®̂ =

m̂
°

³
b̂¡ log ¯ m̂ ;° ;k

´
:

(7)

I I I . LOCAL INTRINSIC DIMENSION ESTIMATION

Let fM 1; : : : ; M P g be a collection of disjoint compact
Riemannsubmanifoldsof Rd andde�ne M = [ P

j =1 M j . Each
manifoldM j hasunknown intrinsicdimensionm j ¸ 2, which
may be different from manifold to manifold. Let f i be the
density(with respectto ¹ gi ) of thesampleson eachmanifold.

Given a setof n samplesYn 2 M , the goal is to estimate
the local dimension associatedwith each sample Y i , i.e.,
the dimensionof manifold M j where Y i lies. Of course,
this has to be accomplishedwithout any prior knowledge
on the numberof different manifolds, intrinsic dimensions,
sampling distribution or segmentation of the data. If the
segmentationof the datasetaccordingto local manifoldswas
known in advance,then repeatedapplicationsof Theorem1
to eachmanifoldsegmentwould yield consistentestimatesfor
eachpoint. However, such information is not available and
local neighborhoodswith similar geometricstructurehave to
be automaticallydeterminedfrom the data.We proposethe
following generalalgorithm(seeFigure1):

for i = 1 to n do

1. Grow a local k-NN graphfor y i :
a) initialize N = f y i g,
b) for all y 2 N computethe setof its k-nearest

neighbors,Nk ;y (Yn ).
N Ã [ y 2N Nk ;y (Yn );

c) goto b) until stoppingcriterion is met.

2. Apply the estimationalgorithmdescribedin SectionII
to the graphbuilt in step1, andobtaina local dimen-
sion estimatem̂ (y i ).

end .

The challengingpart of the algorithm describedabove is
the selectionof a criterion that stopsthe growing of the local



k-NN graph. On the one hand, the graph should be small
enoughso thatonly thegeometryof the local manifoldwhere
samplepoint y i lies is capturedby the graph.On the other
hand, the graph should include enoughsamplesso that the
asymptoticregime describedby Theorem1 is valid, resulting
in statisticallyconsistentestimates.Any stoppingrule should
take into accountthis tradeoff betweenlocal geometryand
asymptoticconsistency. We proposean heuristic rule based
on the geometricandasymptoticpropertiesof k-NN graphs.

The k-NN graphsatis�es certaingeometricproperties,like
subadditivity and superadditivity [9], which imply that the
graph can be approximatelycomputedin a greedy fashion
in the following way. First partition Rd into a �nite number
of disjoint sets.Then, build a k-NN graph on the samples
that fall on eachdisjoint setandcomputeits total edgelength
functional. Summingall contributions from each total edge
lengthfunctionalprovidesa goodapproximationfor theglobal
value of the functional, as long as the number of samples
falling oneachindividualpartitionsetis signi�cant. According
to [10], the numberof samplesthat minimizesupperbounds
on the convergence rate of (2) to its asymptotic limit is
roughly of orderO

¡
n1=d

¢
. Accordingto this result,a simple

stoppingrule canthenbe to grow the local k-NN graphuntil
it incorporatesa total of O

¡
n1=d

¢
samplepoints.

We are currently studying other stopping rules basedon
adaptiveneighborhoodgraphs[11] that have provable geo-
metric properties.

IV. RELATED METHODS

The local dimensionestimationmethodproposedhere is
conceptuallyrelatedto the estimationof the following func-
tional of the densityof the samplepoints:

log
Z

B (y 0 ;r )
g(f (y )) ¹ (dy ) ; (8)

whereg is a strictly increasingfunction and B (y 0; r ) is the
ball of radius r centeredat y 0. Under suitable regularity
conditionson f andg, using the meanvalue theoremresults
in:

log
Z

B (y 0 ;r )
g(f (y )) ¹ (dy ) = my 0

log r + c + o(1) ; (9)

wherec is a constantdependingon f ; g andthevolumeof the
unit sphereando(1) ! 0 whenr ! 0. Compareequation(9)
to equation(4). By choosingdifferent functionsg andradii r
one can develop new estimatorsfor the local dimensionality
my 0

.
For example,by choosingg(u) = 1, thenfunctional(8) can

be estimatedby the numberof points falling into B (y 0; r ).
This is the motivation behindcorrelationdimensionmethods
[3], [12]. If r is chosenadaptively accordingto the distance
from y 0 to its k-nearestneighbor, Tk (y 0), then (8) is given
by k=n, the proportionof sampleswithin a radiusTk (y 0) of
y 0. This is thestartingpoint for earliermethodsfor estimating
intrinsic dimensionbasedon k-NN distances[13].

Fig. 2. Estimatingthe local dimensionof the Swiss roll and the sphere.
The estimatedlocal dimensionwas2 for the black pointsand3 for the blue
points.

In [6], a similar approachis followed, but the (binomial)
numberof points falling in B (y 0; Tk (y 0)) is approximated
by a Poissonprocess,for samplesuniformly distributed over
the manifold. Then the intrinsic dimensionis estimatedby
maximumlikelihood,resultingin thefollowing local estimate:

m̂y 0
=

1
k ¡ 1

k ¡ 1X

j =1

log
Tk (y 0)
Tj (y 0)

:

V. SIMULATIONS

We now illustrate the applicationof the proposedmethod
on collections of synthetic manifolds of known dimension.
We compareit to the maximum likelihood (MLE) method
proposedin [6] for dimensionestimation.

We �rst start with simple low-dimensionalmanifoldsem-
beddedin R3 for thepurposeof visualization.Figure2 shows
the results of applying the proposedalgorithm to a three-
dimensionaldata set composedof two manifolds. This set
consistsof 200 hundredpoints sampleduniformly on the 2-
dimensional”Swissroll” and300pointssampleduniformly on
the 3-dimensionalsphere.The black pointshave an estimated
local dimensionof 2, while the blue pointshave an estimated
local dimensionof 3. Figure 3 shows the histogramof the
local dimensionestimates.As it canbeseen,almostall points
werelabeledwith thecorrectdimension,exceptfor a few that
live closeto the intersectionof both manifolds.

The histogramof local dimensionestimatesobtainedby
the MLE method is also shown is Figure 3, where it can
be observed to have a slightly better performance.This is
due to the fact that that the MLE approachrelies on an
approximationof a binomial processby a Poissonprocess.
This approximationconvergesat a rate of order O

¡
n¡ 1

¢
, as

opposedto a muchslower rateof orderroughlyO
¡
n¡ 1=d

¢
for

the graphbasedmethods.As such,for higherdimensions,the
MLE methodwill tend to outperformthe proposedmethod.
However, this comesat a cost,asthe fastconvergencerateof
the MLE methodis only valid for the caseof samplepoints
uniformly distributed over the manifold. When the density
of the samplesdepartsfrom a uniform distribution on the
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(b) MLE method[6]

Fig. 3. Histogramof local dimensionestimatedfor the Swissroll + Sphere
dataset.
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(b) MLE method[6]

Fig. 4. Histogramof local dimensionestimatedfor the non-uniform 6-D
hyper-sphere.

manifold, the effective convergence rate may be less than
orderO

¡
n¡ 1

¢
, asit will be slowed down by the variationsof

the distribution. This phenomenoncanbe observed in Figure
4 that shows the histogramof dimensionestimatesfor a 6-
dimensionalhyper-spheresampledaccordingto a Bingham
distribution [14], whosedensitywith respectto the Lebesgue
measureon the hyper-shereis

f (y ) ® expf y T K yg ;

whereK is a symmetricmatrix.
Figure5 shows similar resultsto the onesdescribedprevi-

ously for a datasetconsistingof a 3-dimensionalsphereand
the 2-dimensionalS curve in R3. As it canbe seen,all points
were labeledwith the correctdimension.

A. Complexity Segmentation

We now apply the proposedmethodto a syntheticimage
database.The goal is to classify imagesaccordingto their
complexity, i.e., the intrinsic dimensionality of the model
used to generatethem. In our simpli�ed experiment, we
generatedgray scale 3 £ 3 pixel images according to the
following model.For a d-dimensionaldatabase,choosed seed
pixels that will be generatedindependentlyfrom eachother.
The remainingpixels are generatedaccordingto a linear or
nonlinear function of the seedpixels. For example, Figure

Fig. 5. Estimatingthe local dimensionof the S curve and the sphere.The
estimatedlocal dimensionwas2 for theblackpointsand3 for thebluepoints.

7(a) shows a 2-D databasewhere the �rst two columnsof
eachimageare linearly dependenton the seedpixel located
at the uppper rightmost corner, while the last column is a
linear function of the upperleftmostcornerpixel. If I ij is the
intensityof pixel ij , then the model is:

f I ij g =

2

4
1 c12 1

c21 c22 c23

c31 c32 c33

3

5 ¢

2

4
I 11 0 0
0 I 11 0
0 0 I 13

3

5 ;

where I 11 and I 13 are the independentrandom seedsand
cij are �x ed coef�cients. Figure 7(b) shows a 3-D database,
whereeachcolumnis generatedindependently, accordingto:

f I ij g =

2

4
1 1 1

d21 d22 d23

d31 d32 d33

3

5 ¢

2

4
I 11 0 0
0 I 12 0
0 0 I 13

3

5 ;

for �x ed coef�cients dij and independentrandomseedsI 11,
I 12 andI 13. The aim of thesemodelsis to simulatedatabases
that contain images/textureswith different patternsor edges,
for example,which areinherentlyof differentintrinsic dimen-
sionality, and thuscomplexity.

Figure7 shows the histogramsresultingfrom applying the
discussedmethodsto a databaseconsistingof merging 400
samplesof 2-D imageswith 400 samplesof 3-D images.
Unlike the MLE method,the proposedmethodsucceedsat
�nding the right proportionof samplesfrom eachdimension-
ality. However, regarding classi�cation rates,i.e, the number
of sampleswhosedimensionalitywascorrectlyestimated,both
methodsbehave similarly, with ratesof correctclassi�cations
around75%.

VI. CONCLUSIONS

We have introduced a new method to estimateintrinsic
local dimensionalityassociatedwith eachdata sample.This
representsthe �rst attempttowardsdeveloping a robust non-
parametricmethodthatwill beableto segmenta datasetinto
regions of different complexities. This complexities can be a
productof, for example,different textures,numberof edges,
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Fig. 6. Samplesfrom imagedatabaseswith differentcomplexities.
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(b) MLE method[6]

Fig. 7. Histogramof local dimensionestimatedfor the 2-D and3-D image
databases.

etc, that imposenonlinearconstraintson the dataset.Several
issueshave to be addressedbeforeachieving this goal.

The key block behind a local dimensionalityestimatoris
an algorithmthat �nds a local adjacency graphthat connects
points with similar geometric properties.We are currently
studyingadaptive neighborhoodgraphsthat �nd local neigh-
borhoodsof pointsthat lie on the samemanifold.We arealso
implementinga two step procedurethat usesthe �rst com-
plexity segmentationto constructnew adjacency graphsusing
only the pointsclassi�ed with the sameintrinsic dimension.

Another possibleimprovement to the performanceof the
algorithm is the development of a block resampling and
bootstrapprocedurethat will account for the dependencies
amongresamplingswhenestimatingtheslopein equation(4).
This methodmight alsoprove usefulfor extendingthecurrent
methodologyto non i.i.d. samples.Examplesof such data
setsinclude,amongothers,time seriesobtainedfrom Internet
traf�c traces.

Also of interestareapplicationsto streamingdataproblems.
This will require developing algorithms to compute k-NN

graphneighborhoodsrecursively.
Finally, wearedevelopingtheasymptoticanalysisnecessary

to guaranteethestatisticalconsistency of theproposedmethod.
We remark that the problemof samplinga manifold with

noise was not consideredin this paper. That is a subjectof
future work.
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