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Abstract—Many high-dimensional data setsof practical inter-
est exhibit a varying complexity in different parts of the data
space. This is the case, for example, of databasesof images
containing many samplesof a few texturesof differ ent complexity.
Such phenomenacan be modeled by assuming that the data
lies on a collection of manifolds with different intrinsic dimen-
sionalities. In this extended abstract, we intr oduce a method to
estimate the local dimensionality associatedwith each point in
a data set, without any prior information about the manifolds,
their quantity and their sampling distrib utions. The proposed
method uses a global dimensionality estimator based on k-
nearest neighbor (k-NN) graphs, together with an algorithm for
computing neighborhoods in the data with similar topological
properties.

Index Terms— Manifold learning, Intrinsic dimension, Nearest
neighbor graph.

|. INTRODUCTION

Continuing technological adwancesin both sensingand
mediastoragecapabilitiesareenablingthe developmentf sys-
temsthat generatenassve amountsof new typesof dataand
information. Today's medical information systemsor video
suneillance applications,for example, are producingsignals
thatare high-dimensionain their natureandthusappeartto be
very comple. However, suchsignalsoften containfundamen-
tal featureghatareconcentrate@n lower dimensionakubsets
— cunwes,surfacesor, moregenerally lower-dimensionaiman-
ifolds — thus permitting substantialdimensionreductionwith
little or no lossof contentinformation.In the recentpast,this
subjecthasreceved substantialattentionfrom researchern
machinelearning, computervision and statistics,leading to
the introduction of several manifold learningalgorithms(see
webpag€d1] for an extensve list of references).

Playing a centralrole in the analysisof high-dimensional
datais its intrinsic dimensionality given by the the dimension
of the manifold supportingthe data. Intuitively, this quantity
describeshow mary “degreesof freedom” are necessaryto
describethe dataset. Whenthe intrinsic dimensionis assumed
constantover the data set, several algorithms have been
proposedrecently to estimateit directly from only a nite
samplingof the manifold. Theserangefrom fractal dimension
[2], estimatingpackingnumbers[3], entropicgraphs[4], [5]
or maximum likelihood approach[6]. However, in several
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problemsof practical interest,data will exhibit varying di-
mensionalityacrosshe obsened dataset. For example,in the
proteindockingproblem[7], the degreesof freedomassociated
with the allowed movementsof the reacting moleculeswill
changeduring the reactiontime.

In this paper we introducea methodto estimatethe local
dimensionalityassociatedvith eachpoint in a dataset.If the
datasetis sampledfrom a union of disjoint manifolds, with
possibledifferentintrinsic dimensionalitiesthenthe algorithm
estimatesfor eachsamplepoint, the dimensionof the local
manifold where it is supported.The proposedmethod uses
a previously introducedglobal dimensionality estimator[5]
basedon k-nearestneighbor (k-NN) graphs,togetherwith
an algorithm for computingneighborhoodsn the datawith
similar topologicalproperties.

Il. THE k-NEAREST NEIGHBOR GRAPH AND GLOBAL
DIMENSION ESTIMATION

distributed (i.i.d.) randomvectorswith valuesin a compact
subsetof RY. The (1-)nearesineighborof Y ; in Y, is given
by

min
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wherejY i Y j is the usual Euclidean(L) distancein RY
betweenvector Y andY ;. For generalinteger k , 1, the
k-nearesheighborof a pointis de ned in a similar way. The
k-NN graph puts an edgebetweeneachpoint in Y, andits
k-nearestneighbors.Let Ny = Ng.i(Y,) be the setof k-
nearesteighborsof Y ; in Y,. The total edgelength of the
k-NN graphis de ned as:

X X . .
Lox(Yn) = iYi Yij s
i=1 Y 2N
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where® > 0 is a power weighting constant.

For mary data sets of interest, the random vectors Y,
are constrainedto lie on a m-dimensional Riemannian
submanifoldM of RY (m < d). A Riemannmanifold has
an associatedmetric g [8], which endavs M with both a
notion of distancevia geodesicsand also a measuret 4 via
the differential volume element.Under this framework, the
asymptoticbehaior of (1) is given by the following theorem

[5]:



Theoreml: Let (M ;g) be a compact Riemann m-

randomvectos of M with boundeddensityf relativeto * 4.

Assumem , 2,1- ° < manddene®= (mj °)=m.
Then,with probability 1,
L";k(Yn) —
nil (% 7)=dg" (2)
< 1; d°< m
- R ® (o]
mek w Fo(Y)tg(dy); d'=m
0; d°> m

whee “- « is a constantindependentof f and (M ;g).
Furthermoe, the meanlengthE [L- « (Yn)] =n® convergesto
the samelimit.

Theorem1 provides the basisfor developing a consistent

estimatorof the intrinsic dimensionalitym of datasetY,.
On the one hand, the growth rate of the length functional
is strongly dependenton m. In particular the only way to
obtainanonzeronite limit in (2) is by normalizingthelength
functional by the right pover ® of n, i.e.,® = (mj °)=m
whend®= m. On the otherhand,that nonzero nite limit is
determinedy theintrinsic Réryi ®-entropy of themultivariate

densityf onM :
z
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Theseobsenations motivate the following estimatorfor m.
Dene |, = logL-«(Yn). According to (2), In has the
following approximation

HE' O(F) =

(4)

In = alogn+ b+ 2, ;
where
a=(mj °)=m;
b= log me x + *=mHM 9(f) ;

and?, is anerrorresidualthatgoesto zerow.plasn! 1 .

(®)

Fig. 1. Building local neighborhoodsFrom left to right: startwith point
Y ®nd its 3-NN points;for eachof the NN pointsjust found, computetheir
3-NN points.

a;Dof a;b, m and¥ canbe determinedby inversionof the
relations(5). After making a simple large n approximation,
this approachyields the following estimates:

h = rou3nd°:(1i a)g
. ] _
ﬁé)M 9) = - Bi l0g m:

I1l. LOCAL INTRINSIC DIMENSION ESTIMATION
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Riemannsubmanifoldof RY andde ne M = [ P.1M . Each
manifoldM ; hasunknavn intrinsicdimensiomm; , 2, which
may be different from manifold to manifold. Let f; be the
density(with respecto ! ;) of the sampleson eachmanifold.

Given a setof n samplesY,, 2 M , the goal is to estimate
the local dimension associatedwith each sampleY ;, i.e.,
the dimensionof manifold M ; whereY ; lies. Of course,
this has to be accomplishedwithout any prior knowledge
on the number of different manifolds, intrinsic dimensions,
sampling distribution or seggmentation of the data. If the
segmentationof the datasetaccordingto local manifoldswas
known in adwance,then repeatedapplicationsof Theorem1

Using the additve model (4), a simple nonparametrideast to eachmanifold segmentwould yield consistenestimategor

squarestratgy basedn subsamplingrom the populationY

1 - pr < :55< po n, be Q integers and let N
be an integer that satises N=n = %“for some x ed %22

N bootstrapdatasetsy}, j .
wherethe p datapoints within eachY), are chosenfrom the

entiredatasetY, independentlyFromthesesamplesompute

the elg1pirical mean of the k-NN length functionals ﬁp =
Ni 1" X Ley(Y)). Dening t = [logk,,;:::;logly, T,
write down the linear vector model

= A g’+z (©)

where

logp1
1

Now, takinga method-of-moment@MOM) approachin which

log p o7
_ Q
A= 1

each point. However, suchinformation is not available and
local neighborhoodswith similar geometricstructurehave to
be automaticallydeterminedfrom the data. We proposethe
following generalalgorithm (seeFigure 1):

for i=1to ndo
1. Grow alocal k-NN graphfor y;:
a) initialize N = fy;g,

b) for all y 2 N computethe setof its k-nearest
neighbors,Nk;y(Yn).
N A [yan Ny (Yn);
c) goto b) until  stoppingcriterionis met.
2. Apply the estimationalgorithm describedn Sectionll
to the graphbuilt in stepl1, and obtaina local dimen-
sion estimaterh (y;).

end.

The challengingpart of the algorithm describedabove is

(6) is usedto solve for thelinearleastsquaregLLS) estimates the selectionof a criterion that stopsthe growing of the local



k-NN graph. On the one hand, the graph should be small
enoughso that only the geometryof the local manifold where
samplepoint y; lies is capturedby the graph.On the other
hand, the graph should include enoughsamplesso that the
asymptoticregime describedby Theorem1 is valid, resulting
in statistically consistentestimatesAny stoppingrule should
take into accountthis tradeof betweenlocal geometryand
asymptoticconsisteng. We proposean heuristic rule based
on the geometricand asymptoticpropertiesof k-NN graphs.

The k-NN graphsatis es certaingeometricproperties like
subadditivity and superdditivity [9], which imply that the
graph can be approximatelycomputedin a greedy fashion
in the following way. First partition RY into a nite number
of disjoint sets. Then, build a k-NN graph on the samples
thatfall on eachdisjoint setand computeits total edgelength
functional. Summingall contributions from eachtotal edge
lengthfunctionalprovidesa goodapproximatiorfor the global
value of the functional, as long as the number of samples
falling on eachindividual partitionsetis signi cant. According
to [10], the numberof samplesthat minimizesupperbounds
on the convergence ratgof (2) to its asymptoticlimit is
roughly of orderO n%=9 . Accordingto this result,a simple
stoppingrule canthenbe tq grows the local k-NN graphuntil
it incorporatesa total of O n'=  samplepoints.

We are currently studying other stopping rules basedon
adaptive neighborhoodgraphs[11] that have provable geo-
metric properties.

IV. RELATED METHODS

The local dimensionestimationmethod proposedhere is
conceptuallyrelatedto the estimationof the following func-

tional of the densityof the samplepoints:
Z

log o(f (y)) * (dy) ;
B(Yoir)

whereg is a strictly increasingfunction and B (y;r) is the
ball of radiusr centeredat y,. Under suitable regularity
conditionson f andg, usingthe meanvalue theoremresults
in:

(8)

z

log : g(f (y)) * (dy) = my_logr+ c+ o(1) ; (9)

Yoir)

wherec is a constandependingn f ; g andthe volume of the
unit sphereando(1) ! 0 whenr ! 0. Compareequation(9)

to equation(4). By choosingdifferentfunctionsg andradii r

one can develop new estimatorsfor the local dimensionality
my .
Foorexample,by choosingg(u) = 1, thenfunctional(8) can
be estimatedby the numberof points falling into B (y;r).

This is the motivation behind correlationdimensionmethods
[3], [12]. If r is chosenadaptiely accordingto the distance
from y, to its k-nearestneighbor Ty (y,), then (8) is given
by k=n, the proportionof sampleswithin a radiusTy(y,) of

Y- Thisis the startingpoint for earliermethodgor estimating
intrinsic dimensionbasedon k-NN distanceq13].

Fig. 2. Estimatingthe local dimensionof the Swissroll and the sphere.
The estimatedocal dimensionwas 2 for the black pointsand 3 for the blue
points.

In [6], a similar approachis followed, but the (binomial)
numberof points falling in B(yq; Tk(Y)) is approximated
by a Poissonprocessfor samplesuniformly distributed over
the manifold. Then the intrinsic dimensionis estimatedby
maximumlik elihood, resultingin thefollowing local estimate:

o o 1 To)
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log
j=1

V. SIMULATIONS

We now illustrate the applicationof the proposedmethod
on collections of synthetic manifolds of knowvn dimension.
We compareit to the maximum likelihood (MLE) method
proposedn [6] for dimensionestimation.

We rst startwith simple low-dimensionalmanifolds em-
beddedn R? for the purposeof visualization.Figure2 shovs
the results of applying the proposedalgorithm to a three-
dimensionaldata set composedof two manifolds. This set
consistsof 200 hundredpoints sampleduniformly on the 2-
dimensional'Swissroll” and300pointssampleduniformly on
the 3-dimensionalkphereThe black points have an estimated
local dimensionof 2, while the blue pointshave an estimated
local dimensionof 3. Figure 3 shaws the histogramof the
local dimensionestimatesAs it canbe seenalmostall points
werelabeledwith the correctdimension exceptfor a few that
live closeto the intersectionof both manifolds.

The histogramof local dimension estimatesobtained by
the MLE methodis also shavn is Figure 3, where it can
be obsened to have a slightly better performance.This is
due to the fact that that the MLE approachrelies on an
approximationof a binomial processby a Poissoinprogess.
This approximationcorvergesat a rate of order(lD nit. as
opposedo a muchslower rateof orderroughlyO "ni ¢ for
the graphbasedmethods As such,for higherdimensionsthe
MLE methodwill tendto outperformthe proposedmethod.
However, this comesat a cost,asthe fastconvergencerate of
the MLE methodis only valid for the caseof samplepoints
uniformly distributed over the manifold. When the density
of the samplesdepartsfrom a uniform distribution on the
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(a) 4-NN graph (b) MLE method[6]

Fig. 3. Histogramof local dimensionestimatedfor the Swissroll + Sphere
dataset.
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(a) 4-NN graph (b) MLE method[6]
Fig. 4. Histogramof local dimensionestimatedfor the non-uniform 6-D
hypersphere.

manifolclj, the effective corvergencerate may be less than

orderO ni 1, asit will besloweddown by the variationsof

the distribution. This phenomenorcan be obsered in Figure
4 that shows the histogramof dimensionestimatesfor a 6-

dimensionalhyperspheresampledaccordingto a Bingham
distribution [14], whosedensitywith respectto the Lebesgue
measureon the hypershereis

f(y)®expfy' Kyg;

whereK is a symmetricmatrix.

Figure 5 shavs similar resultsto the onesdescribedprevi-
ously for a dataset consistingof a 3-dimensionalsphereand
the 2-dimensionalS curve in R3. As it canbe seenall points
were labeledwith the correctdimension.

A. Compleity Segmentation

We now apply the proposedmethodto a syntheticimage
databaseThe goal is to classify imagesaccordingto their
compleity, i.e., the intrinsic dimensionality of the model
used to generatethem. In our simplied experiment, we
generatedgray scale 3 £ 3 pixel imagesaccordingto the
following model.For a d-dimensionaldatabasechoosed seed
pixels that will be generatedndependentlyfrom eachother
The remainingpixels are generatedaccordingto a linear or
nonlinear function of the seedpixels. For example, Figure

Fig. 5. Estimatingthe local dimensionof the S curve andthe sphere.The
estimatedocal dimensionwas? for the black pointsand3 for the blue points.

7(a) shavs a 2-D databasewnhere the rst two columns of
eachimage are linearly dependenbn the seedpixel located
at the uppper rightmost corner while the last column is a
linear function of the upperleftmostcornerpixel. If 15 is the
intensity of pixel ij , thenthe modelis:

2
1 C12 1 |11 0 0
flijg=4 cn C» c35¢4 0 13 0 5;
C31 Cz2 Cs3 0 0 g3

where 111 and 113 are the independentrandom seedsand
cj are x ed coefcients. Figure 7(b) shavs a 3-D database,
whereeachcolumnis generatedndependentlyaccordingto:

2 3 3
1 1 1 l;n7 O 0
flijg=4dy dpp 3 ©¢4 0 I 0 5 ;
d3; dsz das 0 0 I3

for x ed coefcients d; andindependentandomseeds| 11,
I 1o andl 13. The aim of thesemodelsis to simulatedatabases
that containimages/tgtureswith different patternsor edges,
for example,which areinherentlyof differentintrinsic dimen-
sionality andthus compleity.

Figure 7 shavs the histogramsresultingfrom applying the
discussedmethodsto a databaseconsistingof meiging 400
samplesof 2-D imageswith 400 samplesof 3-D images.
Unlike the MLE method, the proposedmethod succeedsat
nding the right proportionof samplesrom eachdimension-
ality. However, regarding classi cation rates,i.e, the number
of samplesvhosedimensionalitywascorrectlyestimatedboth
methodsbehae similarly, with ratesof correctclassi cations
around75%

VI. CONCLUSIONS

We have introduceda new methodto estimateintrinsic
local dimensionalityassociatedvith eachdata sample.This
representshe rst attempttowardsdeveloping a robust non-
parametrianethodthatwill be ableto segmenta datasetinto
regions of differentcomplexities. This compleities canbe a
productof, for example, differenttextures,numberof edges,
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Finally, we aredevelopingthe asymptoticanalysisnecessary
to guaranteghe statisticalconsisteng of the proposednethod.
We remarkthat the problemof samplinga manifold with
noise was not consideredn this paper That is a subjectof
future work.
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Fig. 7. Histogramof local dimensionestimatedor the 2-D and 3-D image
databases.

etc, thatimposenonlinearconstraintson the dataset. Several
issueshave to be addressedbeforeachieving this goal.

The key block behind a local dimensionalityestimatoris
an algorithmthat nds a local adjaceng graphthat connects
points with similar geometric properties.We are currently
studyingadaptve neighborhoodgraphsthat nd local neigh-
borhoodsof pointsthatlie on the samemanifold. We are also
implementinga two step procedurethat usesthe rst com-
plexity segmentationto constructnen adjaceng graphsusing
only the pointsclassi ed with the sameintrinsic dimension.

Another possibleimprovementto the performanceof the
algorithm is the development of a block resampling and

(1]
(2]

(3]

(4]

(5]

(6]

(7]

(8]
El

(10]

bootstrapprocedurethat will accountfor the dependencies [11]

amongresamplingsvhenestimatingthe slopein equation(4).
This methodmight alsoprove usefulfor extendingthe current
methodologyto non i.i.d. samples.Examplesof such data
setsinclude,amongothers time seriesobtainedfrom Internet
trafc traces.

Also of interestareapplicationgo streamingdataproblems.
This will require developing algorithms to compute k-NN

(12]

(13]

(14]
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