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ABSTRACT

This paperconsidersthe detectionof a Markov signal in additive
white Gaussiannoise(AWGN). Here, the Markov signal is taken
to be a certainclassof randomwalk processes.A closedform ex-
pressionof thelikelihoodratio (LR) is derivedfor ageneralMarkov
signalin AWGN. Then,undertheconditionsof low signalto noise
ratio (SNR)andlong observationtime,necessaryconditionsarede-
rived for theLR of the randomwalk to beapproximatedby a bank
of �ltered energy (FE) detectors,aswell asby a singleFE detector.
The FE detectoris an intuitive way to performdetection;however,
it is not necessarilyoptimal. Theresultsareapplicableto thedetec-
tion of an electronspin in a magneticresonanceforce microscopy
(MRFM) experiment.

1. INTRODUCTION

The detectionof a discrete-timeMarkov signal in AWGN is wide-
spread. Under the null hypothesis,the observations consist of
AWGN, while in the other, they consistof a Markov signal and
AWGN. In [1], the casewhenthe Markov signal is a randomtele-
graphprocesswasconsidered.It wasshown that the optimal like-
lihood ratio test (LRT) for the randomtelegraphmodelcanbe ap-
proximatedby a FE detectorunderthe following four conditions:
low SNR,long observationtime,symmetrictransitionprobabilities,
andsmall probability of transitionbetweenconsecutive time sam-
ples. In this paper, ananalogousresultis derivedwhentheMarkov
signalis takento bearandomwalk. Wederivenecessaryconditions
for theLRT of aclassof randomwalk processesto beapproximated
by a bank of FE detectorsand by a single FE detectorunderthe
conditionsof low SNRandlongobservationtime.

The resultsof this paperare applicableto MRFM, wherethe
detectionof asingleelectronspincanbemodelledasthebinaryhy-
pothesistestconsideredabove. Two modelswereproposedfor the
Markov signal that representsthe electronspin: the randomtele-
graphand randomwalk process. CurrentMRFM single-spinex-
perimentsoccur in the regime of low SNR and long observation
time [1, 2], which is preciselythe regime that is consideredin this
paper. In addition,our resultscanbe appliedto [3], wherethe de-
tectionof randomwalks in capitalmarketsis of interest.In [4], the
authorsconstructa randomwalk model for the �uctuations in the
sun's magnetic�eld. Our resultscanbeappliedto determineif the
observationsof thesun's magnetic�eld doesindeedsupporta ran-
domwalk model.

This work wassupportedin partby theDARPA Mosaicprogramunder
ARO contractDAAD19-02-C-0055andby ARO MURI grantW911NF-05-
1-0403.

2. PROBLEM FORMULA TION

Let X i ; i = 0; : : : ; N � 1 denotea Markov signalwith statespace
	 = f  1 ; : : : ;  dg, whered is the numberof possiblevaluesthat
X i canassume.Let P = (pj k ) 2 Rd� d be theprobability transi-
tion matrix associatedwith X i sothatpj k = P(X i =  k jX i � 1 =
 j ) 8 1 � i � N � 1. De�ne Wi to be AWGN noisewith vari-
ance� 2 andyi to be the observationsfor i = 0; : : : ; N � 1. Let
y , [y0 ; : : : ; yN � 1 ]T , where(�)T is the transposeoperator. The
detectionproblemis to designa testbetweenthetwo hypotheses

H 0 : yi = wi ; 0 � i � N � 1

H 1 : yi = x i + wi ; 0 � i � N � 1 (1)

In thisarticle,weconsiderthecasewhenX i is acertainclassof
randomwalks.Speci�cally, weassumethattheprobabilitytransition
matrixP hasthefollowing properties:(A1) it is atridiagonalmatrix;
(A2) pj ;j +1 pj +1 ;j > 0 for 1 � j < d; (A3) pj j = 0 for 1 � j � d.
NotethatasP is astochasticmatrix,eachpj k is anon-negative real
andeachrow of P sumsto 1.

Let f i (Z ) bethedensityof Z inducedunderhypothesisH i ; i =
0; 1. Similarly, let E i [�] andvari (�) denotetheexpectationandvari-
ancerespectively underhypothesisH i ; i = 0; 1. The de�nition of
SNRusedin thispaperis thesameasin [1], viz.,

SNR, N
�

�
1
2

log
2
p

var0(Yi )var1(Yi )
var0(Yi ) + var1(Yi )

+
(E1 [Yi ] � E0 [Yi ])2

4(var0(Yi ) + var1(Yi ))

�
; (2)

whichis the� -divergenceof thedensitiesf 1(y) andf 0(y) with � =
1=2. WhenYi is notwide-sensestationary, theSNRis a functionof
i . In thiscase,theSNRwill betakento bethesteady-statevalue,i.e.,
SNR , lim i !1 SNRi . Theconditionof low SNRwill betakento
meanthatj k =� j � 1 for 1 � k � d.

3. DETECTION STRATEGIES

3.1. Un�lter edand �lter edenergy detector

The�ltered energy detectoris anextensionof theun�ltered energy
detector. Considerthe un�ltered energy detector:if the signaland
noiseareindependent,which is the casefor the detectionproblem
consideredhere,theenergy termshouldbehigherunderhypothesis
H 1 thanunderhypothesisH 0 . Now, if thesignalYi is lowpass,an
intuitive way to improve detectionperformanceis to pre-�lter the
observationsyi with a lowpass�lter . Most of the signalwould be
retained,but noiseoutsideof thelowpass�lter bandwidthwould be



suppressed.Effectively, theSNRis increased.Weshallusethesame
�rst-order, single-polelowpass�lter (LPF) asin [1]. Let hLP[i ] be
theimpulseresponseof the�lter with response

H LP(z) =
1 � � LP

2
1 + z� 1

1 � � LPz� 1
; (3)

wherej� LPj < 1 is requiredfor stability [5]. Let “ � ” denotethecon-
volutionoperator, sothats = y � h is de�ned by si ,

P
n yn hi � n .

The�ltered andun�ltered energy detectorsaregivenby

X

i

(y � h)2
i

H 1

?
H 0

� (4)

where,in the former, h[i ] = hLP[i ] and in the latter, h[i ] = � [i ].
Let g betheFE statistic,i.e. theLHS of (4) with h[i ] = hLP[i ], and
~yi , yi =� bethenormalizedobservations.For suf�ciently largeN ,
it canbeshown that

g � C

8
<

:

X
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� k � j
LP ~yj ~yk +

� LP

1 + � LP

X

j

~y2
j

9
=

;
(5)

whereC is aconstantindependentof theobservations[1]. Notethat
C playsno role in theperformanceof theFEdetector.

3.2. Lik elihood ratio test

The LRT is a most powerful (MP) test that satis�es the Neyman-
Pearsoncriterion: it maximizesthe probability of detection(PD )
subjectto a constrainton the probability of falsealarm (PF ) [6].
Onecanderive a closed-formexpressionof the LR for the binary
hypothesistestproblemof (1).

Several de�nitions arenecessarybeforeproceeding.We shall
adoptnotationandterminologythat areconsistentwith [1, 7]. Let
� k ; 1 � k � d be the initial probabilities of X 0 , and � ,
[� 1 ; : : : ; � d ]T . De�ne ' (� ; �; � 2) , 1p

2� �
exp[� (� � � )2=2� 2 ].

For � 2 Rd , diag(� ) is thed-by-d matrix with � alongits diagonal.
For 0 � i � N � 1, let y i , [y0 ; : : : ; yi ]T , and

n i , [' (yi ;  1 ; � 2); : : : ; ' (yi ;  d ; � 2)]T (6)

H ( i ) , diag(n i )=' (yi ; 0; � 2): (7)

For i � 1, let


 ( i ) , diag(n i )=f 1(yi jy
i � 1) (8)

l (yi jy
i � 1) , f 1(yi jy

i � 1)=f 0(yi jy
i � 1) (9)

q
i

, [P (X i =  1 jyi � 1); : : : ; P (X i =  d jyi � 1)]T (10)

Eqn.(9) de�nes the transitionlikelihoodratio, and(10) de�nes the
vectorof predictionprobabilities.

Proposition1 TheLR for thebinary hypothesistestproblemof (1)
is

L N = � T H (0) PH (1) P � � � H ( N � 1) 1 (11)

where 1 = [1; : : : ; 1]T 2 Rd , and P is the probability transition
matrix.

The resultcanbe obtainedby using[1, (15)] andthe fact that

 ( i ) = H ( i ) (l (yi jyi � 1)) � 1 for i � 1. It canbeshown that

qT
i

= qT
i � 1

H ( i � 1)

l (yi � 1 jyi � 2)
P ; i � 2 (12)

TheLR isL N =
Q N � 1

i =1 l (yk jyk � 1)�L 1 , whereL 1 , f 1(y0)=f 0(y0).
Startingwith

l (yN � 1 jyN � 2) = qT
N � 1

nN � 1(' (yN � 1 ; 0; � 2)) � 1

= qT
N � 1

H ( N � 1) 1 (13)

andrepeatedlyapplying(12),onearrivesat

N � 1Y

i =1

l (yk jyk � 1) = qT
1

H (1) PH (2) : : : PH ( N � 1) 1 (14)

Theresultfollowsby usingL 1qT
1

= � T H (0) P . �

3.3. Approximation to the LRT

We are interestedin deriving an approximationto the LRT of the
randomwalk underthe regime of low SNR and long observation
time, i.e. largeN . Weshallbegin with two propositions.

Proposition2 SupposeA = (aj k ) 2 Rd� d is a real tridiagonal
matrix. If ak k = 0 for 1 � k � d, thenwhenever � 2 R is an
eigenvalueof A , sois (� � ).

Referto [8]. �

Proposition3 Theprobability transitionmatrix P that satis�esas-
sumptionsA1–A3hasthefollowingproperties:

B1. Let � 1 ; : : : ; � d be the eigenvaluesof P . Then,they can be
orderedas� 1 > � 2 > : : : > � d with � k 2 R for 1 � k � d

B2. � k + � d+1 � k = 0 for 1 � k � d

B3. � 1 = 1

First, let us show B1. Now, the matrix P = (pj k ) for a random
walk is tridiagonal. Sincepj ;j +1 pj +1 ;j > 0 for 1 � j < d by
assumptionA2, P hasonly real simpleeigenvalues[9]. To show
B2, applyProp.2. Finally, B3 follows from thefactthatthespectral
radiusof astochasticmatrix is 1 [10, p. 3].

ConsiderH ( i ) , which is a diagonalmatrix with the (k; k)-th
entryequalto

' (yi ;  k ; � 2)
' (yi ; 0; � 2)

= exp
�

2yi  k �  2
k

2� 2

�
� e�

 2
k

2 � 2

�
1 +

 k yi

� 2

�
;

(15)
wherethe laststatementis justi�ed by usingthe low SNRassump-
tion andthe approximatione� � 1 + � for small j� j. Use(15) in
Prop.1; then,expand(11). Theresultis thatL N � L N ;1 + L N ;2a +
L N ;2b+ higherorderterms,where

� L N ;1 is anexpressionthat is linearin yi , 0 � i � N � 1. If
E1 [Yi ] = E0 [Yi ] 8 0 � i � N � 1, thento the�rst moment,
L N ;1 doesnotplaya role in theLRT.

� L N ;2a is the effect of y0 on the LR. When N is large, we
expectthattheeffect is negligible comparedto L N ;2b.

� L N ;2b consistsof termsof the form yj yk for 1 � j < k �
N � 1.

Let us examine L N ;2b in further detail. De�ne the matri-
ces Q , P � diag(e�  2

1 =2� 2
; : : : ; e�  2

d =2� 2
) and R , Q �

diag( 1=� ; : : : ;  d=� ). It can be shown that Q satis�es B1 and
B2 [8]. Let � 1 ; : : : ; � d be theeigenvaluesof Q, with � 1 > : : : >
� d . Then, � 1 � 1 [8]. Let U Q be the matrix that containsthe



eigenvectorsof Q, and� Q , diag(� 1 ; : : : ; � d ). U Q is invertible
sincetheeigenvalues� i areall distinct. De�ne e� Q , � � 1

1 � Q and
eR , U � 1

Q RU Q . Denote� 0
k , � k =� 1 for 1 � k � d, so that

e� Q = diag(� 0
1 ; : : : ; � 0

d ), where1 = � 0
1 > : : : > � 0

d = � 1. L N ;2b

canbeexpressedas

L N ;2b =
1
� 2

1

X

1� j <k � N � 1

~yj ~yk aT � [j; k]b (16)

where: � [j; k] , e� j � 1
Q

eR e� k � 1� j
Q

eR e� N � 1� k
Q (17)

anda; b areindependentof theobservations. For N large,mostof
the� [j; k]'swill have j and(N � k) suf�ciently largesothat

e� j � 1
Q � diag(1; 0; : : : ; 0; (� 1)j � 1) and

e� N � 1� k
Q � diag(1; 0; : : : ; 0; (� 1)N � 1� k ) (18)

Let J j k bead-by-d matrixwith all zerosexceptfor a1 in the(j; k)-
th position.Using(18),

� [j; k] � J 11 eR e� k � 1� j
Q

eRJ 11 +

(� 1)N � k + j J dd eR e� k � 1� j
Q

eR J dd +

(� 1)j � 1 J dd eR e� k � 1� j
Q

eR J 11 +

(� 1)N � 1� k J 11 eR e� k � 1� j
Q

eRJ dd (19)

The �rst two termsof (19) arefunctionsof (k � j ), while the last
two arenot. In theeventthatthe�rst two termsof (19)aredominant,
cj k , aT � [j; k]b will consistof a weightedsum of exponential
terms,andwill bea functionof (k � j ). Indeed,wecanseethatthe
exponentialtermsin cj k will have theform (� 0

i )
k � j . Consequently,

L N ;2b �
dX

n =1

X

j <k

An (� 0
n )k � j ~yj ~yk (20)

for someconstantsA n , 1 � n � d. The RHS of (20) for 1 <
n < d looks like the sumof (d � 2) FE statistics,cf. (5). In the
FE statistic,however, therearetermsof the form ~y2

j . Nonetheless,
undercertainconditions,they canbeshown to benegligible [8]. For
n 2 f 1; dg =) j� n j = 1, andthecorrespondingtermsin (20) can
begeneratedby second-orderpolynomialsin ~yk . To summarize,

Proposition4 For theLRof theclassof randomwalksthatwecon-
sider to be approximatedby a bankof FE statisticsunderthe con-
ditionsof low SNRandlargeN , thefollowingconditionsareneces-
sary:

C1. Therandomwalk X i is zero meanin steady-state. That is,
lim i !1 E [X i ] = 0.

C2. Thecoef�cient cj k = aT � [j; k]b is approximatelya function
of (k � j ).

C3. The squared terms ~y2
j in the FE statisticsusedto generate

L N ;2b in (20)arenegligiblecomparedto thecross-terms~yj ~yk ,
j 6= k.

It is interestingto notethatL N ;2b is a functionof theeigenval-
uesof Q. Perhapsthis is a generalresultthat is truewhenP is an
arbitraryprobabilitytransitionmatrix.

If conditionsC1–C3aresatis�ed,and

cj k � C0� k � j (21)

for someC0 and� , thennecessaryconditionsexist for the LRT of
therandomwalk to beapproximatedby asingleFEstatistic.

Let usfurtherinvestigateconditionC2and(21). Let eR = (� j k ).
An asteriskin eithertherow or columnindex shalldenoteall valid
values. For example,the notation� 1� refersto the �rst row of eR ,
� � d refersto thelastcolumnof eR , etc. For � ; � 2 Rd , let � � � ,
[� 1 � 1 ; : : : ; � d � d ]T . De�ne S : Rd ! R by S(� ) =

P d
i =1 � i . Let

� 0 , [� 0
1 ; : : : ; � 0

d ]T andusethenotationthat for � 2 Rd ; � <i> =
[� i

1 ; : : : ; � i
d ]T . � [j; k] canbere-writtenas:

� [j; k] = S(( � 0)<k � 1� j > � � T
1� � � � 1)J 11 +

(� 1)N � k + j S(( � 0)<k � 1� j > � � T
d� � � � d )J dd +

(� 1)j � 1S(( � 0)<k � 1� j > � � T
d� � � � 1)J d1+

(� 1)N � 1� k S(( � 0)<k � 1� j > � � T
1� � � � d )J 1d (22)

sothatthedependenceon � 0
i and� j k is clear.

We shall saythatcj k is approximatelya functionof (k � j ) if
thetermsof thevectors(� T

d� � � � 1) and(� T
1� � � � d ) arenegligible

comparedto (� T
1� � � � 1) and(� T

d� � � � d ). For example,thel1 norm
couldbeused,sothatcj k is approximatelya functionof (k � j ) if

k� T
1� � � � 1k1 ; k� T

d� � � � dk1 � k� T
d� � � � 1k1 ; k� T

1� � � � dk1

(23)
Supposethat, in addition,thereexistssome1 < i < bd

2 c such
that

� T
1� � � � 1 � C1ei and � T

d� � � � d � C2ed+1 � i (24)

for someC1 ; C2 2 R, wheretheei 'sarethestandardunit vectorsin
Rd . Consequently,

cj k � C0� k � j

where: C0 = [C1aT J 11 b+ (� 1)N � 1C2aT J dd b](� 0
i )

� 1 (25)

� = � 0
i (26)

andtheLRT canbeapproximatedby a singleFE detector. Speci�-
cally, if C1 is satis�ed,then

L N � L N ;2b � C0� � 2
1

X

j <k

� k � j ~yj ~yk

Thestatisticcanbeimplementedby setting� LP = � = � 0
i in theFE

detector, cf. (5), if C3holds.

4. SIMULA TIONS

Evaluationof thedetectorswasdoneusingreceiver operatingchar-
acteristic(ROC)curves.EachROCcurve is aplot of theprobability
of falsealarm(PF ) vs. the probability of detection(PD ), andwas
generatedusing20 simulations.Theaverageswereplottedfor each
curve, alongwith errorbarsof onestandarddeviation. Thefollow-
ing detectorswereevaluated: the un�ltered energy (UE) detector;
theFE detector;theoptimal randomwalk LRT (RW-LRT); andthe
matched�lter bound(MF). Whenthesignalx , [x0 ; : : : ; xN � 1 ]T

is known to thereceiver, theoptimalLRT is thematched�lter . It is
unimplementablein reality, asthereceiverdoesnothaveknowledge
of x. However, it providesanabsoluteupperboundwhencomparing
theROCcurves.

In the simulations,N = 6 � 104 andd = 117. Two random
walk modelswerestudied. The �rst hadthe probability transition
matrixP 1 givenby

P 1(j; k) =
�

0:5 1 < j < d; k = j � 1
0 otherwise (27)



whereP 1(j; k) denotesthe(j; k)-th elementof P 1 . There�ecting
boundaryconditionsmanifestasP 1(1; 2) = P 1(d; d � 1) = 1; and
theremainingelementsof the�rst andlastrow of P 1 arezero.The
secondrandomwalk model studiedhad the probability transition
matrixP 2 givenby

P 2(j; k) =

8
<

:

0:45 j 2 (1; d+1
2 ] [ ( 3d+1

2 ; d); k = j � 1
0:55 j 2 (1; d+1

2 ] [ ( 3d+1
2 ; d); k = j + 1

0:5 j 2 ( d+1
2 ; 3d+1

2 ]; k = j � 1
(28)

with the �rst andlast row being identical to P 1 , i.e., the samere-
�ecting boundaryconditions.

ThesimulatedROCcurvefor therandomwalk modelassociated
with P 1 is givenin Fig. 1 for SNR= � 44:0 dB. As maxk j k =� j �
1:76 � 10� 2 , the detectionproblemis in the regime of low SNR.
The performanceof the FE detectoris approximatelythe sameas
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Fig. 1. SimulatedROCcurve for therandomwalk modelwith prob-
ability transitionmatrixP 1 atSNR= � 44:0 dB.

the optimal RW-LRT. The MF boundhasthe bestperformance,as
wasexpected.The UE detectorhasthe worst performance,andis
no betterthan �ipping a fair coin. ConditionsC1, (23), (24), and
C3 hold for the �rst randomwalk model. Consequently, the nec-
essaryconditionsfor the RW-LRT to be approximatedby a single
FE detectoraresatis�ed. ThesimulatedROC curve for therandom
walk modelassociatedwith P 2 is givenin Fig. 2 for SNR= � 2:50
dB. As before,theMF boundhasthebestperformance,andtheUE
detectorthe worst. For the secondrandomwalk model, however,
theFEdetectorperformsnoticeablypoorerthantheRW-LRT. How-
ever, condition C1 is not satis�ed, and so we would not expect a
singleFE statisticto well approximatetheRW-LRT. For thesecond
model,maxk j k =� j � 9:88 � 10� 3 . Thedetectionproblemis in
the regimeof low SNR,even thoughtheSNR is higherthanin the
previousexample.

5. CONCLUSIONS

In this paper, we presenteda closedform expressionfor the LR
of a Markov signal in AWGN. The LRT is the optimal test, in the
Neyman-Pearsonsense,for thebinaryhypothesisproblem. Neces-
saryconditionswereobtainedfor theLRT of aclassof randomwalk
processesto beapproximatedby a bankof �ltered energy detectors
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Fig. 2. SimulatedROCcurve for therandomwalk modelwith prob-
ability transitionmatrixP 2 atSNR= � 2:50 dB.

underthe regime of low SNR and long observation time. An ad-
ditional conditionis requiredfor the LRT to be approximatedby a
single�ltered energy detector. A simulationstudyproducedresults
thatwereconsistentwith theanalysis.
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