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ABSTRACT

This paperconsidersthe detectionof a Markov signalin additive
white Gaussiamoise (AWGN). Here, the Markov signalis taken
to be a certainclassof randomwalk processesA closedform ex-
pressiorof thelikelihoodratio (LR) is derivedfor ageneraMarkov
signalin AWGN. Then,underthe conditionsof low signalto noise
ratio (SNR)andlong obsenationtime, necessargonditionsarede-
rivedfor the LR of the randomwalk to be approximatedy a bank
of ltered enepgy (FE) detectorsaswell asby a single FE detector
The FE detectoris anintuitive way to performdetection;however,
it is not necessarilyptimal. Theresultsareapplicableto the detec-
tion of an electronspinin a magneticresonancdorce microscoy
(MRFM) experiment.

1. INTRODUCTION

The detectionof a discrete-timeMarkov signalin AWGN is wide-

spread. Under the null hypothesis,the obsenations consist of

AWGN, while in the other they consistof a Markov signal and

AWGN. In [1], the casewhenthe Markov signalis a randomtele-

graphprocessvas considered.It was shovn thatthe optimal like-

lihood ratio test(LRT) for the randomtelegraphmodelcanbe ap-

proximatedby a FE detectorunderthe following four conditions:
low SNR,long obsenationtime, symmetrictransitionprobabilities,
and small probability of transitionbetweenconsecutie time sam-
ples. In this paper ananalogousesultis derived whenthe Markov

signalis takento bearandomwalk. We derive necessargonditions
for the LRT of a classof randomwalk processeto beapproximated
by a bank of FE detectorsand by a single FE detectorunderthe

conditionsof low SNRandlong obserationtime.

The resultsof this paperare applicableto MRFM, wherethe
detectionof a singleelectronspincanbe modelledasthe binary hy-
pothesigestconsiderecabore. Two modelswere proposedor the
Markov signalthat representghe electronspin: the randomtele-
graphand randomwalk process. CurrentMRFM single-spinex-
perimentsoccur in the regime of low SNR and long obsenation
time [1, 2], which is preciselythe regime thatis consideredn this
paper In addition,our resultscanbe appliedto [3], wherethe de-
tectionof randomwalksin capitalmarketsis of interest.In [4], the
authorsconstructa randomwalk modelfor the uctuations in the
sun's magneticeld. Ourresultscanbe appliedto determingf the
obsenationsof the sun's magnetic eld doesindeedsupporta ran-
domwalk model.

This work wassupportedn partby the DARPA Mosaicprogramunder
ARO contractDAAD19-02-C-0055andby ARO MURI grantW911NF-05-
1-0403.

2. PROBLEM FORMULATION

LetXi;i = 0;:::;N 1 denotea Markov signalwith statespace
= f 1;::1; 40, whered is the numberof possiblevaluesthat
X; canassumeletP = (pjx) 2 RY ¢ bethe probability transi-
tion matrix associatedvith X; sothatpjx = P(Xi = «jXi 1 =
i)81 i N 1. Dene W, to be AWGN noisewith vari-
ance ? andy; to bethe obserationsfori = 0;:::;N 1. Let
Yy, Iyo;::i;yn 1]7, where()T is the transposeoperator The
detectionproblemis to designa testbetweerthetwo hypotheses
Ho:vi=w; 0 i N 1
Hityi=xi+w; 0 i N 1 1)

In thisarticle,we considetthecasewhenX is a certainclassof
randomwalks. Speci cally, we assuméhattheprobabilitytransition
matrix P hasthefollowing properties(Al) it is atridiagonalmatrix;
(A2)pjj+1pj+1 > 0forl j < d;(A3)p; = Oforl j d
NotethatasP is astochastienatrix, eachp; k is anon-ngative real
andeachrow of P sumsto 1.

Letfi(Z) bethedensityof Z inducedunderhypothesiH; ;i =
0; 1. Similarly, let E;[ ] andvar, ( ) denotethe expectationandvari-
ancerespectiely underhypothesisHi;i = 0; 1. Thede nition of
SNRusedin this paperis thesameasin [1], viz.,

p -

1 2 van(Yi)var(Y;)

SNR, N 2 log van(Y;) + var(Y;)
(E1[Yi]l Eo[Yi])?

avan(Y) + van(Y)) @

whichisthe -divergenceof thedensitied 1 (y) andf o(y) with =
1=2. WhenY; is notwide-sensetationarythe SNRis afunctionof
i. Inthiscasethe SNRwill betakento bethesteady-statealue,i.e.,
SNR, limjin SNR. Theconditionof low SNRwill betakento
meanthatj «=j 1forl k d.

3. DETECTION STRATEGIES

3.1. Unlter edand lter ed enemyy detector

The Itered enegy detectoris an extensionof the un ltered enegy
detector Considerthe un ltered enegy detector:if the signaland
noiseareindependentwhich is the casefor the detectionproblem
consideredhere the enegy termshouldbe higherunderhypothesis
H1 thanunderhypothesisHo. Now, if thesignalY; is lowpass,an
intuitive way to improve detectionperformances to pre- lter the
obsenationsy; with alowpass Iter. Most of the signalwould be
retained put noiseoutsideof the lowpassIter bandwidthwould be



suppressedcEffectively, the SNRis increasedWe shallusethesame
rst-order, single-polelowpass lter (LPF)asin [1]. Let hyp[i] be
theimpulseresponsef the Iter with response

1

1 wp 1+ 2
H = :

Lr(2) 5 1 ez U (3)
wherej pj < 1lisrequiredfor stability [5]. Let* ” delgotethecon-
volution operatorsothats =y hisdenedbys; , 2 Ynhi .
The Itered andun Iltered enegy detectorsaregivenby

X , M
(y hi ? 4
i Ho
where,in the former, h[i] = hyp[i] andin thelatter, h[i] = [i].

Let g bethe FE statistic,i.e. the LHS of (4) with h[i] = hp[i], and
¥i , yi= bethenormalizedobsenrations.For sufciently largeN,
it canbeshowvn th%t

<X _ X =
g C.  Blwwri— W )
'j<k LP i ’

whereC is aconstanindependensf theobsenrations[1]. Notethat
C playsnorolein the performancef the FE detector

3.2. Lik elihoodratio test

The LRT is a mostpowerful (MP) testthat satis es the Neyman-
Pearsorcriterion: it maximizesthe probability of detection(Pp )
subjectto a constrainton the probability of falsealarm (Pg) [6].
One canderive a closed-formexpressionof the LR for the binary
hypothesigestproblemof (1).

Several de nitions are necessaryefore proceeding. We shall
adoptnotationandterminologythat are consistentwith [1, 7]. Let

k1 k d be the initial probabilitiesof X, and _ ,
1y 9]’ Dene’ (55 %), es—expl ( )2=2 2]

For 2 RY, diag ) is thed-by-d matrixwith _ alongits diagonal.

ForO i N 1lety, [yo;::::yi]",and
N, [y o 2t (visoas AT (6)
H® | diagn,)=" (vi;0; ?): (7
Fori 1,let
O diagn;)=f1(yijy" ) ®
Iyijy' D). falyily' H=folyily' ) €)
q. POXi= 4y DinPXio= iy DT 0)

Eqn.(9) de nesthetransitionlik elihoodratio, and(10) de nes the
vectorof predictionprobabilities.

Proposition1 ThelLR for the binary hypothesigestproblemof (1)
is
HN D1

Ln = _"THOPHOP (11)

matrix.

~Theresultcanbe obtainedby using[1, (15)] andthe factthat
O = HO®Uyjy' b)) fori 1. It canbeshawn that

L R L
=9  —P;i
4 -4 1y’ ?)

i o1 |(yI 2 (12)

ThelLRisLy = Qr‘zlll(ykjyk 1) L1, whereL1, fi(yo)=fo(yo).

Startingwith
= a0y o n 50 At
:g-rl\—‘ 1H(N 1)1

I(yn 2jy"

(13)
andrepeatedhapplying(12), onearrivesat

N{l ok 1y AT 1) @) ... (N 1)

[(ykjy )—ng PH ::PH 1

i=1

(14)

Theresultfollows by usingL1q; = _TH® P.

3.3. Approximation to the LRT

We areinterestedn derving an approximationto the LRT of the
randomwalk underthe regime of low SNR and long obsenation
time,i.e.largeN . We shallbegin with two propositions.

Proposition2 Supposéd = (ajx) 2 RY ¢ is a real tridiagonal
matrix. If axx = Oforl k d, thenwheneer 2 Risan
eigervalueof A, sois ().

Referto [8].

Proposition3 Theprobability transitionmatrix P that satis esas-
sumptionsAl-A3hasthefollowing properties:

orderedas 1> > :::> 4with
B2. x+ 441 k=0forl k d
B3. 1=1

k2Rforl k d

First, let us shov B1. Now, the matrix P = (p;«) for a random
walk is tridiagonal. Sincep;j+1 pj+1; > Oforl j < dby
assumptiorA2, P hasonly real simple eigervalues[9]. To shav
B2, applyProp.2. Finally, B3 follows from thefactthatthe spectral
radiusof a stochastianatrixis 1 [10, p. 3].

ConsiderH (7, which is a diagonalmatrix with the (k; k)-th
entryequalto

2

N B i « i KYi .
(yil0; 2) 22 e s 1+ —

0 2 P
(15)

wherethe last statements justi ed by usingthelow SNR assump-
tion andthe approximatione 1+ for smallj j. Use(15)in
Prop.1;then,expand(11). TheresultisthatLy  Ln:1+ Ln:2a+
Ln.2p+ higherorderterms,where

Ln.1 isanexpressiorthatislineariny;,0 i N 1. If
E1[Yi] = Eo[Yi]80 i N 1, thentothe rst moment,
Ln:1 doesnotplayarolein the LRT.

=N

Ln2a is the effect of yo on the LR. WhenN is large, we
expectthatthe effectis negligible comparedo L  -2p.
L n;2n consistsof termsof theform y; yi for 1
N 1L
Let us examine Ly .2p in further detail. De ne the matri-
cesQ , P diage i2°;:::e a2°)andR , Q
diagl 1= ;:::; 4= ). It canbe shown that Q satis esB1 and
B2[8]. Let 1;:::; 4 betheeigemwaluesof Q,with 1 > :::>
d- Then, 1 1[8]. Let Ug be the matrix that containsthe

i<k



eigervectorsof Q, and o ,

sincetheeigevalues ; areall distinct. Dene €9, ,' o and
R, UQlRUQ. Denote { , =i:forl k d,sothat
€q =diag %;:::; §),wherel= 9> :::> §= 1Ly
canbeexpresseds
1 X T
Lni2zb = — yvivka [i; klb (16)
11 jk N 1
where: [ k], €, 'Reg T IRey X 17)

anda; b areindependenbf the obsenations. For N large, mostof
the [j; k]'swill havej and(N k) sufciently largesothat

eyt diag1;0;:::;0;( 1)) ') and

ey ' diag1;0;::;0( DY Y (18)

LetJ;« bead-by-d matrixwith all zerosexceptfor alin the(j; k)-
th position.Using(18),

b k] Jllﬁeé VIRI i+
( DV TR ES T T RIw+
(1) "JwRES ' IRIn+
( DY P FIuRES T T RI (19)

The rst two termsof (19) arefunctionsof (k  j), while the last
two arenot. In theeventthatthe rst two termsof (19) aredominant,
Gk , a' [j; klbwill consistof aweightedsum of exponential
terms,andwill beafunctionof (k  j). Indeedwe canseethatthe
exponentiaftermsin ¢;x will have theform ( 9k 1 Consequently

An( D" Ty w (20)

n=1 j<k

Ln;2p

for someconstantsA,, 1 n d. The RHS of (20) for 1 <
n < dlookslikethesumof (d 2) FE statistics,cf. (5). In the
FE statistic,however, therearetermsof the form y?. Nonetheless,
undercertainconditions they canbeshawvn to benggligible [8]. For
n2fl;dg=) j nj= 1, andthecorrespondingermsin (20) can
be generatedby second-ordepolynomialsin y . To summarize,

Proposition4 For theLR of theclassof randomwalksthatwe con-
siderto be approximatedby a bankof FE statisticsunderthe con-
ditionsof low SNRandlarge N, thefollowing conditionsare neces-
sary:
C1. Therandomwalk X is zelo meanin steady-state Thatis,
|imig1 E[Xi]: 0.
C2. Thecoefcient ¢jx = a’
of(k j).

C3. Thesquaed termsy]2 in the FE statisticsusedto geneate
L n ;20 in (20) are negligible compaedto thecross-termsy y«,
i 6 k.

[j; k]bis apptroximatelya function

It is interestingto notethatL y .2 is afunction of the eigerval-
uesof Q. Perhapghis is a generalresultthatis truewhenP is an
arbitraryprobability transitionmatrix.

If conditionsC1-C3aresatis ed,and

Gk COKI (21)

for someC®and , thennecessargonditionsexist for the LRT of
therandomwalk to be approximatedy a singleFE statistic.

Let usfurtherinvestigateconditionC2and(21). LetR = ( ).
An asteriskin eitherthe row or columnindex shalldenoteall valid
values. For example,the notation ; refersto the rst row of R,

4 refersto thelastcolumnof R, etc. For _; 2 RdF,IeL .,
11;:::; ddl".DeneS:RY!I RbyS() = ?:1 i Let
%, [ %555 81" andusethenotationthatfor _ 2 RY;_* =
[ Lo 417 [i; kK] canbere-writtenas:
b kl=s(™ ' 77 1 )du+
( 1)N k+jS((_())<k 1 j> ‘(Ij’ d)-]dd+
(1 st g 1)Jart
(DY PESEA™ P T Qdw (22)
sothatthedependencen P and jy is clear
We shallsaythatc;k is approximatelya functionof (k ) if

thetermsof thevectors( | 1) and( | 4) arenggligible

comparedo ( ] 1) and( J 4). Forexamplethel; norm

couldbeusedsothatc; « is approximatelyafunctionof (k ) if

k 1 ki kg aki kg 1k ;K g aki
(23)

Supposdhat, in addition,thereexistssomel < i < b%c such
that

T 1 Cig and d  Coegsr i (24)

for someCy; C, 2 R, wherethee;'s arethe standardiunit vectorsin
RY. Consequently

G cO ki
where: C°= [Cia" Juib+ (1) 'Coa’ Jaabl( ) ' (25)
=7 (26)

andthe LRT canbe approximatedy a single FE detector Speci -
cally, if Clis satis ed,then

X _
C’y?2 Mlywm
j <k

Ln  Lns2o

Thestatisticcanbeimplementedy setting (p= = CintheFE

detectorcf. (5), if C3holds.

4. SIMULATIONS

Evaluationof the detectorsvasdoneusingrecever operatingchar
acteristic(ROC) curves.EachROC curwe s aplot of the probability
of falsealarm (Pg ) vs. the probability of detection(Pp ), andwas
generatedising20 simulations.The averagesvereplottedfor each
curve, alongwith error barsof onestandarddeviation. The follow-
ing detectorswere evaluated: the un Itered enegy (UE) detector;
the FE detector;the optimalrandomwalk LRT (RW-LRT); andthe
matchedlter bound(MF). Whenthesignalx , [Xo;:::;Xn 1]"
is known to therecever, the optimal LRT is thematchedlter. It is
unimplementablén reality, astherecever doesnothave knowledge
of x. However, it providesanabsolutaupperboundwhencomparing
the ROC cunes.

In the simulationsN = 6 10* andd = 117. Two random
walk modelswere studied. The rst hadthe probability transition
matrix P 1 givenby

05 1<j<dk=j 1

P10 k) = 0 otherwise @7



whereP 1 (j; k) denoteghe (j; k)-th elementof P 1. There ecting
boundaryconditionsmanifestasP 1(1;2) = P1(d;d 1) = 1;and
theremainingelementof the rst andlastrow of P, arezero.The
secondrandomwalk model studiedhad the probability transition
matrix P ; givenby

8
< 045 j2(L; %R0 3%dy k=) 1
Po(ji k)= 055 j 2 (1 T][ (3d+1 d); k— +1
" 05 j2 (dl;3d+12]k—j l

(28)
with the rst andlastrow beingidenticalto P4, i.e., the samere-
ecting boundaryconditions.

ThesimulatedROC curve for therandomwalk modelassociated
with P isgivenin Fig. 1 for SNR= 44:0dB.Asmaxx | k= j
1:76 10 2, the detectionproblemis in the regime of low SNR.
The performanceof the FE detectoris approximatelythe sameas
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Fig. 1. SimulatedROC curwe for therandomwalk modelwith prob-
ability transitionmatrixP; atSNR=44:0 dB.

the optimal RW-LRT. The MF boundhasthe bestperformanceas
wasexpected. The UE detectorhasthe worst performanceandis

no betterthan ipping a fair coin. ConditionsC1, (23), (24), and
C3 hold for the rst randomwalk model. Consequentlythe nec-
essaryconditionsfor the RW-LRT to be approximatedy a single
FE detectoraresatis ed. The simulatedROC curve for therandom
walk modelassociatedavith P ; is givenin Fig. 2 for SNR=2:50

dB. As before,the MF boundhasthe bestperformanceandthe UE

detectorthe worst. For the secondrandomwalk model, however,

the FE detectomperformsnoticeablypoorerthanthe RW-LRT. How-

ever, condition C1 is not satis ed, and so we would not expecta
single FE statisticto well approximatehe RW-LRT. For the second
model,maxyj «=j 9:88 10 3. Thedetectionproblemisin

theregime of low SNR, eventhoughthe SNRis higherthanin the
previousexample.

5. CONCLUSIONS

In this paper we presenteca closedform expressionfor the LR
of a Markov signalin AWGN. The LRT is the optimal test,in the
Neyman-Pearsosensefor the binary hypothesisproblem. Neces-
saryconditionswereobtainedor the LRT of a classof randomwalk
processefo be approximatedy abankof ltered enegy detectors
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Fig. 2. SimulatedROC curve for therandomwalk modelwith prob-
ability transitionmatrix P, atSNR= 2:50 dB.

underthe regime of low SNR andlong obsenration time. An ad-
ditional conditionis requiredfor the LRT to be approximatedy a
single Itered enegy detector A simulationstudyproducedesults
thatwereconsistentvith theanalysis.
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