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Outline

� Background

� Channel Model

� MIMO Capacity: without training

� MIMO Capacity: with training
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Background: Capacity of MIMO Channels

What is the maximum possible rate for communication?

� Capacity of Rayleigh fading channels

– Fading channel known at the receiver (Foschini, Telatar)

– Fading unknown at the receiver (Marzetta and Hochwald)

– Asymptotic expression for capacity (Zheng and Tse)

� Capacity of Rician fading channels

– Fading known at the receiver (Farrokhi et. al.)

– Isotropically random specular component (Godavarti et. al.)

– Static specular component (Godavarti et. al.)



4

Rank One Specular Component

M-Transmit Antennas N-Receive Antennas

Independent Paths (Possibly over time)

Post-Processing N

Post-Processing 2

Post-Processing 1Pre-Processing 1

Pre-Processing 2

Pre-Processing M

Received
InformationInformation to 

be Transmitted

Figure 1. Diagram of a multiple antenna communication system
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Channel Model
� Fading Model: SendT�M signal matrixS, ReceiveT�N signal

matrix X

X =
r

ρ
M

SH+W

– H: M�N matrix of channel coefficients

� Gaussian distributed for Rayleigh channel

� deterministic for AWGN channel

– W: T�N matrix of CN (0;1) random variables

– M: Number of antennas at the transmitter

– N: Number of antennas at the receiver

– T: Symbol Coherence Interval

– ρ: Average signal to noise Ratio at the receiver antennas
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MIMO Rayleigh Capacity: avg power constraint: tr(E[SS†])�MT
� T/R-informed capacity:H =VΛU† known to both T/R

C1 = E[C(H)]; (bits=sec=hz)

C(H) = max
PSjH

I(S;XjH) = T ln

���IM +H†ΣSH

���

= T
minfM;Ng

∑
i=1
[ln(µjλi j2)]+; µ : tr(ΣS) = MT:

After T/R spatial transformations (Beamforming)

S ! SV†; X ! XU

Capacity achieving source:

S � N (0; IT

O

ΣS); ΣS= diag
�

(µ�1=jλi j2)+
�
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Figure 2. Waterpouring solution for capacity achieving mode allocation(N=M = 32)
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MIMO Rayleigh Capacity: avg power constraint: tr(E[SS†])�MT
� R-informed capacity:H known to R only

C2 = max
PS

E[I(X;SjH)]

Capacity achieving source: i.i.d. Gaussian

S � N (0; IT

O

IM)

Capacity achieving receiver: generalized beamformerY = XU

� Uninformed capacity:H unknown to either T/R

C= max
PS

E

�

logPXjS(XjS)=PX(X)
�

Capacity achieving source
S � VΛ
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Rician Channel Model

� Combined Rayleigh and Specular Multipath Fading:

H =
p

1� r G+
p

r Hm

– Gmn are i.i.d.CN (0;1)
– Hm deterministic matrix such that trfHmH†

mg= NM

– r fraction of channel energy devoted to specular component

– Hm known to both the transmitter and receiver

– G not known to the transmitter

� After spatial transformation (beamforming) at T/R:Hm = [D;0]
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R-informed Rician Capacity: Rank oneHm known to T/R

Hm =
p

NM eMeT
N =

2
6664

p

NM : : : 0
...

...
...

0 : : : 0

3
7775

Capacity:

CH = max
l ;d

TE logdet[IN +

ρ
M

H†Λ(l ;d)H]

where

Λ(l ;d) =
2

4 M� (M�1)d l1M�1

l1τ
M�1 dIM�1

3
5

� d is a positive real number such that 0� d�M=(M�1)

� l is a complex number such thatjl j �
q

( M
M�1�d)d
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Figure 3. Numerical optimization yeilds l=0and values of d shown

as a function of r for different values ofρ.
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General Rank Hm
� Capacity achieving signalS= ΦVΨ† whereΦ is independent ofV

andΨ

– Φ: T�T isotropically random unitary matrix

– V: T�M random diagonal matrix

– Ψ: M�M random unitary matrix

� Low SNR Rician capacity

CR� Tρ
h

rλmax(HmH†
m)+(1� r)N

i

� High SNR Rician capacity forT � 2M andM < N

CR�M(T�M) logρ

achieved byS=
p

TΦ for T ! ∞.
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Rayleigh Training-Based Communications
� Tt : number of channel uses devoted to training onG

� St : training signal

� κ: fraction of the energy devoted to communication

� Tc = T�Tt : number of channel uses devoted to communication

� Sc: communication signal

� Channel in the training phase

Xt = St(
p

rHm+
p

1� rG)+Wt

– Xt : Tt �N

– St : Tt �M

– Energy constraint on the training signalE[trfStS
†
t g]� (1�κ)TM
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� Generate MMSE estimate ofG via recieved training signal

Ĝ=
p

1� r(σ2IM +(1� r)S†
t St)

�1S†
t [X�

p

rStHm]

� Channel in the communication phase

Xc = Sc(
p

rHm+
p

1� rĜ)+W̃c

� Lower bound on normalized training capacity (E[trfScS†
cg]� κTM)

CT � (T�Tt)E logdet

�

IM +

ρe f f

M
H1H†

1

�

where

– H1 =
p

rnewHm+
p

1� rnewĜ

– rnew=

r
r+(1�r)σ2

Ĝ

– ρe f f =

κTρ[r+(1�r)σ2
Ĝ

]

Tc+(1�r)κTρσ2
G̃2

– G̃= G� Ĝ
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Figure 4. Plot of rnew as a function of parameter r for M= N = 5,

T = 40and Hm = IM
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Figure 5. Plot of optimal energy allocationκ as a function of Rician

parameter r for M= N = 5, T = 40and Hm = IM
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Figure 6. Capacity upper bound E[CR(H)] and lower bound CT as

function of M for T= 40, N = 40, ρ = 1, Hm = [IM;0].
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Conclusions

� Mixed specular and diffuse fading require new signaling strategies

� At low SNR ρ specular beamforming is optimal andCR =C1.

� At high SNRρ combined beamforming and unitary signaling is

optimal

� For high SNR and large coherence intervalT Rayleigh optimal

signaling achieves capacity

� Exploration of optimal power allocation and optimal transmit

diversity for training via capacity bounds

� Codes that attain these capacities?


