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Abstract

This paper discusses the modeling and analysis of Net-
worked Control Systems (NCSs) where sensors, actua-
tors, and controllers are distributed and interconnected
by a common communication medium. Therefore, mul-
tiple distributed communication delays as well as mul-
tiple inputs and multiple outputs are considered in the
modeling algorithm. In addition, the asynchronous
sampling mechanisms of distributed sensors are charac-
terized to obtain the actual time delays between sensors
and the controller. Due to the characteristics of a net-
work architecture, piecewise constant plant inputs are
assumed and discrete-time models of plant and con-
troller dynamics are adopted to analyze the stability
and performance of a closed-loop NCS. The analysis
result is used to verify the stability and performance of
an NCS if the controller is designed without consider-
ing the impact of multiple time delays. Also, the NCS
model provided can be used as a foundation for fur-
ther controller design to compensate for the distributed
communication delays.

1 Introduction

The trend of modern manufacturing systems such as
Flexible Manufacturing Systems (FMS) and Recon�g-
urable Manufacturing Systems (RMS) is to integrate
Computer, Communication and Control into di�er-
ent levels of information processes and factory oper-
ations [1]. For example, an integrated system might
include computer-numerically-controlled (CNC) ma-
chines, computer-aided design (CAD) tools, supervi-
sory controllers, and intelligent monitoring devices.
The communication medium is a key component in
these advanced manufacturing systems. The recent
introduction of control network \bus" architectures
provides a way to improve the e�ciency, 
exibility
and reliability of these future manufacturing systems.
With these new control architectures, all devices are
interconnected by one common bus communication
medium, and, thus, information can be easily ex-
changed. Network architectures provide the features

of easy installation and recon�guration and can also
reduce the setup and maintenance costs. The health
of a system can also be monitored by adding extra de-
tecting tools or sensing devices.

These control systems where sensors, actuators, and
controllers are interconnected by communication net-
works are called Networked Control Systems (NCSs).
Research in NCSs is di�erent from that in traditional
time-delay systems where time delays are assumed to
be constant or bounded. Because of the variability of
network-induced time delays, the NCSs may be time-
varying systems which makes analysis and design more
di�cult. Wittenmark et al. [12] discussed several tim-
ing issues such as communication and computation de-
lays, processor jitter, and transient errors, existing in
NCSs. Those timing issues must be addressed when
deriving a discrete-time state-space model. In their
subsequent work, a discrete-time model with a single
sensor-controller delay and a single controller-actuator
delay was studied, and a stochastic controller design
was designed [8], [9]. Nilsson studied the case with
multiple sensor-controller and controller-actuator de-
lays [7]. However, only the case where the total maxi-
mum network delay is less than one controller sampling
period was considered.

Recently research on the analysis and modeling of
NCSs has been conducted using continuous-time and
discrete-time models. It is more natural to analyze an
NCS from the discrete-time point of view since, in typ-
ical NCS operation, physical signals (from sensors or
to actuators) are sampled and then transmitted on the
network medium after a short delay. For discrete-time
models, most researchers assume that the network is
synchronized and the sampling rates of sensors, con-
trollers, and actuators are the same. Halevi and Ray [3]
considered the case of one single time delay for sensor-
controller and controller-actuator and one single time
skew between sensor and controller sampling instants.
They used the augmented state to include the past de-
layed signals and derived a closed-loop model for NCSs.
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Figure 1: The closed-loop block diagram of a networked
control system.

In practical applications, however, sensor-controller
and controller-actuator delays are di�erent and time-
varying at di�erent networked devices due to the net-
work transmission mechanism. By further analyzing
the network protocols, Lian et al. characterized the
network delays for di�erent industrial networks [5] and
studied the inherent tradeo�s between network band-
width and control sampling rates [4]. Hence, a proper
time delay pro�le in NCSs can be characterized based
on the network transmission bandwidth and control
system bandwidth.

In this study, we will �rst focus on NCSs in which
the closed-loop model can be represented by the block
diagram shown in Fig. 1 [7]. This is a multi-input
and multi-output (MIMO) system where every sensor
and actuator encounters di�erent network induced time
delays and time skews related to the controller sam-
pling instants. The characteristics of these time de-
lays depend on the network protocol used. The time-
delay characterization of typical control networks can
be found in [5]. A fundamental model of the plant
and controller in NCSs with delays will be derived in
Section 2. The impact of network transmission delays
on the relationship between the inputs and outputs of
the plant and controller is discussed in Section 3. In
Section 4 a closed-loop model and stability analysis is
provided and used for controller design issue. Section 5
presents a short example, and concluding remarks are
summarized in Section 6.

2 Fundamental Models of Plant and Controller

Consider the block diagram of a networked control sys-
tem with a single controller, but multiple sensors and
multiple actuators as shown in Fig. 1. There are N
states (x), M inputs (u), and R outputs (y) in the
plant dynamics model, and Q states (z), R inputs
(w), and M outputs (v), in the controller dynamics

model, i.e.,M actuators, R sensors and one controller,
where N;M;R;Q are positive constant numbers. We
use s1; :::; sR and a1; :::; aM to represent the sensor-
controller and controller-actuator delays, respectively.
The variables wr and um are the delayed yr and vm
signals, respectively. The relationships between these
variables will be addressed later. In the following we
will discuss the system models in continuous time and
discrete time. Time in this paper is denoted by t for
the continuous-time domain and k for the discrete-time
domain.

In Fig. 1, the continuous-time, state-space model of
the linear time-invariant plant dynamics, Gp(s), can
be described by the following standard form:

_x(t) = Apx(t) +Bpu(t);

y(t) = Cpx(t); (1)

where x(t) 2 R
N ;u(t) 2 R

M ;y(t) 2 R
R and the

constant matrices Ap;Bp; and Cp are of compatible
dimensions. Since the controller is implemented at
one digital computer, the controller is designed in the
discrete-time and the state-space model of the con-
troller dynamics, Gc(z), can be expressed as follows:

zk+1 = Fzk +Gwk;

vk = Hzk + Jwk; (2)

where zk = z(k) = z(kT ) 2 R
Q ;wk = w(k) =

w(kT ) 2 RR ;vk = v(k) = v(kT ) 2 RM and the matri-
ces F;G;H and J are of compatible dimensions. Note
that wk is a delayed version of the sensor output y(t) at
some sampling instant, and, similarly, u(t) is a delayed
version of the controller output vk.

In practical applications of networked control systems,
devices are distributed and have their own processing
units and timing functions. Hence, synchronization of
all devices is extremely di�cult. In this study, we as-
sume that the network is not synchronized; each device
may have a di�erent time skew when related to the
controller sampling instants. We also assume that the
sensor and controller sampling rates are the same, and
that actuators respond to actuation commands imme-
diately after receiving the information from the con-
troller. The detailed assumptions and notations used
in this paper are described as follows and illustrated in
Fig. 2.

1. As shown in Fig. 2, the periods of all R sen-
sors and one controller are identical and equal to
T , but there may be R di�erent time skews,
denoted as �r; r = 1; :::; R, among these sensor
sampling instants. The de�nition of �r is the
time di�erence between the sampling instant of
the rth sensor and the sampling instant of the
controller. We assume that �r's are constant.
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Figure 2: The timing diagram for sensors, controller, ac-
tuators in an NCS.

2. There are two types of time delays: processing
delay and communication delay. Processing
delays occur at the controller, sensors, and ac-
tuators, and are denoted as pc; psr(k); p

a
m(k), re-

spectively. Communication delays between sen-
sors and controller and between controller and
actuators are denoted as csr(k); c

a
m(k), respec-

tively. In this paper, we assume that the process-
ing delays are constant and can thus be added
to the communication delays. The combined
time delays are de�ned as follows. The com-
bined sensor processing-communication delay is
tsr(k) = csr(k)+psr(k) and the combined actuator-
controller processing-communication delay is
tam(k) = pc + cam(k) + pam(k). Hence, in the fol-
lowing discussion, we only consider the combined
time delays, tsr(k) and tam(k).

3. As shown in Fig. 2, the sensor-controller delay
sr(k) depends on both the time skew �r and the
sampling period T . If tsr(k) � �r, then sr(k) =
�r. Otherwise, for (j�1)T +�r � tsr(k) < jT +
�r, sr(k) = jT + �r, where j 2 Z

+. Here, we
also assume that maxfsr(k); r = 1; :::; Rg � nsT ,

where ns is a constant integer. Note that this as-
sumption is true for deterministic network proto-
cols such as token passing or priority-based under
normal tra�c load. However, for those networks
with a stochastic medium access control mecha-
nism, this assumption might not be true.

4. The series of nm(2 N) arriving instants at the
mth actuator, during the kth controller sam-
pling interval [(k�1)T; kT ], can be formulated as
0 = tnm+1

m (k) � ::: � t1m(k) � t0m(k) = T . Hence,
the controller-actuator delay can be charac-
terized as follows: am(k�j+1) = tam(k�j+1) =
tjm(k) + (j � 1)T for j = 1; 2; :::nm. We also
let na be maxfnm; n = 1; :::;Mg. Note that
nm depends on the transmission and process-
ing delays as well as the selected sampling time
T . If all delays are constant and identical, then
nm = 1. If T is designed to be larger, then
nm = 1; m = 1; :::;M . However, the control
performance may degrade due to the low sam-
pling rate. On other hand, a smaller sampling
time increases the control performance as well as
the system complexity, i.e., there will be a large
variance of nm's due to the high network tra�c
load.

5. For any parameter �, we will use �� = �=T to
denote its value in terms of sampling period. In
addition, we split �� into its integer and fractional
parts as �� = �̂ + ~�, where �̂ 2 Z+ and 0 � ~� < 1.

6. The bu�er length at the controller for each sen-
sor and each actuator is equal to one. That is,
the controller only uses the newest sensor mes-
sages and never sends a stale actuator command.
Hence, vacant sampling or message rejection of
sensing signals may happen at some controller
sampling instants.

3 Delay impact on plant and controller
dynamics

One of main features of NCSs is the di�erent communi-
cation delays between the inputs and outputs of plant
and controller, respectively, as shown in Fig. 1. That
is, in general, u(t)jt=kT 6= vk and wk 6= y(t)jt=kT ,
because of existing time delays among these signals.
The actual values of these communication delays de-
pend on the network protocol adopted as well as the
network tra�c load. In this section, we will derive the
relation between each pair of variables based on the
assumptions described above.

3.1 Plant input and controller output

We �rst study the relation between the plant inputs,
u(t), and the controller outputs, vk. Since the actu-
ators receive controller commands discontinuously, we
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assume that the actuator inputs are piecewise constant
as shown in the actuator timing diagram in Fig. 2.
Hence, for the mth actuator, the input signal, um(t),
can be described as follows, for kT � t < (k + 1)T :

um(t) =

nm�1X
j=0

vm(k � j)1
(t
j+1
m (k);t

j
m(k))

(t); (3)

where

1(a(k);b(k)) (t) =

�
1 if a(k) + kT � t < b(k) + kT
0 otherwise, (4)

and

[0; T ) =

nm[
j=1

[t
j
m(k); t

j�1
m (k)): (5)

That is, um(t) is the combination of piecewise con-
stant functions. For example, consider the �rst actua-
tor at the kth sampling instant shown in Fig. 2. The
following relation holds: u1(t) = v1(k)1(t11(k);t01(k)) +
v1(k � 1)1(t21(k);t11(k)) for kT � t < (k + 1)T .

Note that the time delays tjm(k) are functions of the
controller-actuator delays as de�ned in Assumption
4. Then, u(t) = [u1(t); :::; uM (t)]T , and v(k) =
[v1(k); :::; vM (k)]T .

3.2 Plant model in discrete-time domain

In order to analyze the closed-loop system in discrete-
time, we will use the following state-space solution of
a set of �rst-order matrix di�erential equations to dis-
cretize the continuous-time plant dynamics model [2].

x(t) = exp(Ap(t� t0))x(t0) +

Z
t

t0

exp(Ap(t� q
0))Bpu(q

0)dq: (6)

We �rst discretize the plant model at the controller
sampling instants by applying Eq. (6) with t = (k +
1)T; t0 = kT . For simplicity, we let xk := x(k) =
x(kT ); A := exp(ApT ); q = q0 � kT , and �(T; q) :=
exp(Ap(T � q))Bp 2 R

N�M : Then,

xk+1

= Axk +

Z
T

0

exp(Ap(T � q))Bpu(kT + q)dq;

= Axk +

Z
T

0

�(T; q)u(kT + q)dq;

= Axk

+

Z
T

0

[�1(T; q); :::;�M (T; q)]

2
64

u1(kT + q)

.

.

.
uM (kT + q)

3
75 dq;

= Axk +
MX

m=1

Z
T

0

�m(T; q)um(kT + q)dq; (7)

where �m 2 R
N�1 and um 2 R, m = 1; :::;M .

The �rst and second equalities are obtained by def-
inition. The third and fourth equalities are used to
explicitly describe � and u in terms of their elements,
�m's and um's, respectively, m = 1; :::;M . Now, be-
cause the actuator commands arrive at di�erent times

within the sample interval, um is not constant over
[kT; (k + 1)T ]. From Eqs. (3){(5), we can compute
R T
0 �m(T; q)um(kT + q)dq as follows:

Z
T

0

�m(T; q)um(kT + q)dq

=

nmX
j=0

Z
am(k�j+1)�(j�1)T

am(k�j)�jT

�m(T; q)vm(k � j)dq;

where we also use the relations, tjm(k) = am(k � j +
1)� (j�1)T , am(k�nm)�nmT = 0, and am(k+1)+
T = T , from Assumption 4. Since vm's are constant,

we de�ne Bj
m(k) =

R am(k�j+1)�(j�1)T

am(k�j)�jT
�m(T; q)dq, and

further simplify the above equation as follows:

Z
T

0

�m(T; q)um(kT + q)dq =

nmX
j=0

B
j
m(k)vm(k � j): (8)

Therefore, by applying Eq. (8) to Eq. (7), we have:

xk+1 = Axk +
MX

m=1

nmX
j=0

B
j
m(k)vm(k � j): (9)

By using the maximum number of nm's, na, and ex-
changing the order of summations, we have the follow-
ing derivation:

xk+1 = Axk +

naX
j=0

MX
m=1

B
j
m(k)vm(k � j)

= Axk +

naX
j=0

h
B
j
1(k) B

j
2(k) ::: B

j

M (k)
i
2
6664

v1(k � j)
v2(k � j)

.

.

.
vM (k � j)

3
7775

= Axk +

naX
j=0

B
j(k)v(k � j) = Axk +

naX
j=0

B
j

kvk�j: (10)

In Eq. (10), A is time-invariant because it is indepen-
dent of the delay variables, am(k), but the B

j
k's will de-

pend on the values of am(k)'s. Therefore, if the am(k)
depend on k, the NCS model will be time-varying.

3.3 x(kT � �T ): state between sampling times

Because the sampling of sensors happens between the
sampling instants of the controller, we need to derive
the formula for the state values between sampling in-
stants, i.e., x(kT � �T ), where 0 � � < 1. By using
Eq. (6) again with t = kT ��T; t0 = kT �T , we obtain
the following derivation for x(kT � �T ).

x(kT � �T )

= A�xk�1 +

naX
j=0

B
j

�(k � 1)v(k � 1� j);

= A�xk�1 +

naX
j=0

B
j

�k�1vk�1�j ; (11)

where Bj
�k 2 R

N�M and vk�j 2 R
M�1 : Note that

B
j
�k can be formulated similarly to Bj

k and A� is not
constant but depends on �, in contrast to A in Eq. (7).
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3.4 Plant output and controller input

Similarly, for plant outputs y(t) and controller inputs
wk, we have the following relation due to the com-
munication delays between sensors and controller. By
assumption 5 and for simplicity, we have the following
equation for the rth sensor-controller delay: sr(k) =
T [ �sr(k) ] = T [ ŝr(k) + ~sr(k) ] where ŝr is an integer
and 0 � ~sr < 1. Therefore, for any value of sr(k) and
by Eq. (11),

x(kT � sr(k))

= x(kT � �sr(k)T ) = x((k � ŝr(k))T � ~sr(k)T )

= A~sr(k)xk�1�ŝr(k)

+

naX
j=0

B
j

~sr(k)
(k � 1 � ŝr(k))v(k � 1 � ŝr(k) � j)); (12)

where we let � = ~sr(k) in Eq. (11). At the kth instant,

wk = w(kT )

=

2
64

w1(kT )

.

.

.
wR(kT )

3
75 =

2
64

y1(kT � s1(k))

.

.

.
yR(kT � sR(k))

3
75

=

2
64

C1x(kT � s1(k))

.

.

.
CRx(kT � sR(k))

3
75

=

2
6666664

C1(A~s1(k)
xk�1�ŝ1(k)

+
Pna

j=0 B
j

~s1(k)
(k � 1� ŝ1(k))v(k � 1� ŝ1(k) � j))

.

.

.
CR(A~sR(k)xk�1�ŝR(k)

+
Pna

j=0 B
j

~sR(k)
(k � 1� ŝR(k))v(k � 1� ŝR(k) � j))

3
7777775

=

nsX
i=1

�i
kxk�i +

na+nsX
i=1

�ikvk�i; (13)

where

�i
k =

2
666664

�i1
k

.

.

.

.

.

.
�iR
k

3
777775 ; �ir

k =

(
CrA~sr(k); if ŝr(k) = i � 1;

0; otherwise;

and

�
i
k =

2
666664

�i1k
.
.
.

.

.

.
�iRk

3
777775 ;

�
ir
k =

8<
:

CrB
i�ŝr(k)

~sr(k)
(k � 1 � ŝr(k)); if ŝr(k) � i � ŝr + na;

0; otherwise:

(14)

4 Closed-loop model

In order to analyze the system property and pro-
vide guidelines for controller design, we will derive
the closed-loop model that combines the discrete-time
plant model, Eq. (10), controller model, Eq. (2), and
Eq. (13).

xk+1 = Axk +

naX
j=0

B
j

kvk�j;

xk+1 = Axk +B
0
kvk +

naX
j=1

B
j

k
vk�j

xk+1 = Axk +B
0
k(Hzk + Jwk) +

naX
j=1

B
j

k
vk�j

xk+1 = Axk +B
0
kHzk

+B0
kJ(

nsX
i=1

�i
kxk�i +

na+nsX
i=1

�ikvk�i) +

naX
j=1

B
j

k
vk�j : (15)

Also, the controller dynamics, Eq. (2), can be further
expressed as follows:

zk+1 = Fzk +G(

nsX
i=1

�i
kxk�i +

na+nsX
i=1

�ikvk�i) (16)

vk = Hzk + J(

nsX
i=1

�i
kxk�i +

na+nsX
i=1

�ikvk�i): (17)

By further combining Eqs. (15){(17), and de�ning
Xk = [xTk x

T
k�1 ::: x

T
k�ns

j zTk j vTk�1 ::: v
T
k�na�ns

]T , we
obtain the closed-loop dynamics as follows:

Xk+1 = �kXk; (18)

where

�k =

2
6666664

�k(1; 1) �k(1; 2) �k(1; 3)

�k(2; 1) �k(2; 2) �k(2; 3)

�k(3; 1) �k(3; 2) �k(3; 3)

3
7777775
; and

�k(1; 1) =

2
64
A B0

kJ�
1
k ::: B0

kJ�
ns
k

I 0 � � � 0

3
75 ;

�k(1; 2) =

2
64
B0
kH

0

3
75 ;

�k(1; 3) =

2
6664
B0
kJ�

1
k +B1

k ::: B0
kJ�

na
k

+B
na
k

B0
kJ�

na+1
k

::: B0
kJ�

na+ns
k

0

3
7775 ;

�k(2; 1) =
�

0 G�1
k ::: G�ns

k

�
;

�k(2; 2) = F;

�k(2; 3) =
�
G�1

k ::: G�na
k

G�na+1
k

::: G�na+ns
k

�
;

�k(3; 1) =

2
64

0 J�1
k ::: J�ns

k

0

3
75 ;

�k(3; 2) =

2
64
H

0

3
75 ;

�k(3; 3) =

2
64
J�1

k ::: J�na
k

J�na+1
k

::: J�na+ns
k

I 0 � � � 0 � � � 0

3
75 :

The closed-loop system could be time-varying since �k
will depend on the network delay characteristics. If
the network delays are constant, then the closed-loop
system will be time-invariant.

At the �rst step of analysis procedures, we assume the
controller has been designed. Then the bound of dif-
ferent network delays could be found based on the sta-
bility criterion that all the eigenvalues of �k are less
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than 1. However, in the MIMO case, there are M +R
di�erent time delays and it is very di�cult to deter-
mine the upper bound of delay values. The models,
Eqs. (15){(17), provide the system structure under net-
work delays. For the controller design, although the
exact value of the system matrices are unknown, an es-
timation algorithm can be developed to identify on-line
the constant system parameters when the system has
constant network delays. For random time delays due
to a network protocol or random processing times, a
stochastic controller may be used to guarantee stabil-
ity and performance.

5 Numerical Examples

In this section, we consider a two-axis example of a
three-axis milling machine tool. Each axis moves on
a linear slide and is driven through a ball screw by a
DC motor with a tachometer which provides an angu-
lar velocity measurement. The DC motor is driven by
a PWM drive with control input between 0 (negative)
and 255 (positive). Each axis also has a linear encoder
that provides linear position measurement. Therefore,
both position and velocity feedback are available. The
two axes operate independently. The mathematical
model of each axis between the PWM input (U) and
the position output (P) is described by a second-order
linear system:

G(s) =
P (s)

U(s)
=

K

s(�s + 1)
(19)

The time constants � (sec) for each axis are
0:055 (X) and 0:056 (Y) and the overall gains K
((mm=sec)=PWM) are 28:346 (X) and 28:956 (Y), re-
spectively.

Then, we de�ne x1 = Px; x2 = Vx; x3 = Py; x4 =
Vy; u1 = ux; and u2 = uy, where Pi and Vi are the
position and velocity variables of the i-axis. The state
space form of the two-axis system can be expressed as
follows:

2
64

_x1
_x2
_x3
_x4

3
75 =

2
64

0 1 0 0
0 �18:18 0 0
0 0 0 1
0 0 0 �17:86

3
75
2
64

x1
x2
x3
x4

3
75

+

2
64

0 0
515:38 0

0 0
0 517:07

3
75
�
u1
u2

�

or _x = Apx+Bpu (20)

We further assume that tsr(k) � �r, t
a
m(k) < T , and

max(am) < T - max(sr), for r = 1; :::; 4 and m = 1; 2,
respectively. These assumptions can be achieved by
properly selecting the sampling period T given sensing
and actuation delays. Based on Assumptions 3 and 4 in
Section 2, we have the following relations: sr = �r and
am = tam(k), for r = 1; :::; 4 and m = 1; 2, respectively.
Hence, from Eq. (3), the plant input signals, u1(t)

and u2(t), can be described as follows, for kT � t <
(k + 1)T :

u1(t) = v1(k � 1)1(kT;kT+a1)(t) + v1(k)1(kT+a1;(k+1)T )(t)

u2(t) = v2(k � 1)1(kT;kT+a2)(t) + v2(k)1(kT+a2;(k+1)T )(t)

If these actuator delays am are constant and known in
advance, say a1 = 1 ms and a2 = 2 ms, by applying
Eq. (10), we can obtain the discrete-time plant model
(at T = 10 ms) as follows:

xk+1 =

2
64

1 0:0091 0 0
0 0:8338 0 0
0 0 1 0:0092
0 0 0 0:8365

3
75xk

+

2
64

0:0198 0
4:2788 0

0 0:0158
0 3:8547

3
75vk +

2
64

0:0045 0
0:4336 0

0 0:0086
0 0:8807

3
75vk�1:

We can further calculate the signal xr(kT � sr) by ob-
taining the sensing delays of sr, says s1 = 3, s2 = 4,
s3 = 5, and s4 = 6 (ms). For example, by applying Eq.
(12), x1(kT � s1) can be described as follows:

x1(kT � s1) = [ 1 0:0066 0 0 ]xk�1

+ [ 0:0198 0 ]vk�1 + [ 0:0045 0 ]vk�2:

Therefore, Eq. (13) becomes:

wk =

2
64

w1(k)
w2(k)
w3(k)
w4(k)

3
75 =

2
64

x1(kT � s1)
x2(kT � s2)
x3(kT � s3)
x4(kT � s4)

3
75

=

2
64

1 0:0066 0 0
0 0:8966 0 0
0 0 1 0:0048
0 0 0 0:9311

3
75xk�1

+

2
64

0:0089 0
2:4632 0

0 0:0023
0 1:0159

3
75vk�1 +

2
64

0:0032 0
0:4663 0

0 0:0040
0 0:9803

3
75vk�2:

In order to validate the stability and performance of
standard controller design, we �rst consider a memo-
ryless state feedback controller, i.e., u(t) = �Kx(t),
where K is designed based on the pole placement in
continuous time domain. In this case, F;G, and H are
zero matrices of compatible dimension, but J = �K.
Therefore, by letting Xk = [xTk xTk�1 z

T
k vTk�1 v

T
k�2 ]

T

the closed-loop dynamics can be obtained as follows:

Xk+1 = �Xk (21)

In this example, the system dimension is 13. However,
if there are no time delays, then the system dimension
becomes 7, i.e., Xk = [xTk zTk vTk�1 ]T . The 13 eigen-
values (`o') of � are plotted in Fig. 3 along with the
7 eigenvalues (`x') of the closed-loop systems without
delays. Fig. 3(a) and 3(b) show two di�erent feedback
gains K. The values of time delays (sr; r = 1; 2; 3; 4
and am;m = 1; 2) are identical in Fig. 3(a) and 3(b).
In each plot, the dotted lines are the real and imagery
axes and the solid line is the unit circle. The `o' sym-
bols are the locations of the eigenvalues of the closed-
loop system with delays and the `x' symbols are those

p. 6



0 0.2 0.4 0.6 0.8 1
−0.4

−0.3

−0.2

−0.1

0

0.1

0.2

0.3

0.4

Eigenvalues: x: without delay, o: with delays

Real

Im
ag

e

0 0.2 0.4 0.6 0.8 1

−0.4

−0.3

−0.2

−0.1

0

0.1

0.2

0.3

0.4

Eigenvalues: x: without delay, o: with delays

Real

Im
ag

e

(a) (b)

Figure 3: The location of eigenvalues of closed-loop sys-
tems.

without delays. However, only the four right-most ones
map to the the eigenvalues of original closed-loop sys-
tem, i.e., eig(Ap � BpK). From this comparison, we
�nd that the closed-loop systems with multiple time
delays will perform di�erently if the controller designer
does not consider these time delays at the �rst design
stage. In fact, at some combination of di�erent time
delays and sampling periods, the closed-loop systems
could be unstable.

6 Summary and Future Work

Although the introduction of control networks to send
sensor and actuator data in control systems provides

exibility and reliability from a design point of view,
it also induces asynchronous time delays among dif-
ferent devices. These time delays could degrade the
system performance and may introduce instability in
high bandwidth or complex systems.

In this paper, we analyzed and modeled a MIMO Net-
worked Control System with multiple time delays. The
time delays between sensor-controller and controller-
actuator and the time skews at di�erent devices' sam-
pling instants were considered time-variant and in-
cluded in the derivation of this discrete-time MIMO
model. By including these time delay parameters, both
the control system and network system designers can
utilize this model to design networked control systems
and optimize their overall performance.

The closed-loop NCS model here only includes a stan-
dard controller designed without considering the time
delay e�ect a priori. Therefore, this closed-loop stabil-
ity analysis is used as a veri�cation tool of the stability
and performance of an NCS. If the closed-loop system
does not meet the requirement, a new controller can
be designed based on the NCS model provided. Our
future work will focus on the design of controllers for
NCS which take into account the time delays.
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