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Basic Model

Imagine2 populationsof Bernoulliresponsedata that represent patient

responsesto treatment arms1 and2, (T1; T2).

SampleN observations

From T1 we getX 11; X 12; : : : � B (1; p1) &

Independent with (p1; p2) 2 (0; 1) � (0; 1)

From T2 we getX 21; X 22; : : : � B (1; p2) %
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Sampling Pr ocedures

De�ne an allocation rule or designasa sequenceof indicators,� i , specifying

the treatment for patient i ; i = 1; :::;N:

Thus; � (N ) = (� 1; � 2; :::; � N ) such that � i =
�

1; if T1

0; if T2

p
n1 = � N

1 � i and n2 = N � � N
1 � i

p
For adaptive rules, � i may dependon dataobservedthroughtime i � 1.
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Par t I: Loss + Cost

p
Let � = (p1 � p2). Estimate�̂ with MLEs or posteriormeans

p
ConsiderlossfunctionincorporatingnormalizedMSE(� ; �̂ )

along with a costfunctionre
ecting failuresduringthe study. .

LN (� ; �̂ n1;n2) = N 2
h
(� � �̂ n1;n2)

2
i

+
z }| {
n1(1 � p1) + n2(1 � p2)

n1 = # from T1 and n2 = # from T2

=) Goal: Find � (N ) to minimizethe expectedlossor \risk", RN (� ; �̂ n1;n2)
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Risk Function

Analytically, given(p1; p2), onecan�nd n�
1 = n�

1(N ;p1; p2) to minimize

RN (� ; �̂ n1;n2) = E
h
N 2

n
(� � �̂ n1;n2)

2
o

+ n1(1 � p1) + n2(1 � p2)
i

whereE is takenwith respect to the binomialmodel,and0 < n1 < N .

� ! But this doesn'twork unlesswe know (p1; p2).

p
We coulduseequalallocation,but loseon \ethical" cost

p
We couldguessor estimate(p1; p2) andusen�

1 = n�
1(N ; p̂1; p̂2)

=) Useadaptive/sequential design.
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Bayesian Design

? Let p1; p2 have prior distribution, � (p1; p2).

? After m observations� is updatedto getposterior� m(p1; p2 j data)

? In our examples,� is the product of independent betadistributions.

Adjustedproblem: Locate � (N ) to minimize the Bayesrisk :

R N (� ; �̂ n1;n2) = E �
h
N 2

n
(� � �̂ n1;n2)

2
o

+ n1(1 � p1) + n2(1 � p2)
i

For E � is expectationwrt prior, wherethe data follow the binomialmodel.

) Seekdesignsthat areinsensitiveto choiceof prior distribution.(
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Lar ge Sample Appr oach

p
Optimal solutionsexist theoreticallyvia dynamic programming, but are

infeasibleto compute.
p

For normalrv's, W & H (1990)usea quasi-Bayesianapproach to obtaina

lower boundfor the integratedrisk (not quiteBayessinceuseMLEs).
p

This asymptoticlower boundis attainableto secondorderfor a fairly

largeclassof of allocationrules! call these� A.
p

For a broadclassof priors,the designs,� (N ), andestimatorsare

independent of the Bayesianapproach (in the limit).
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Pra ctical Sample Sizes

Hardwick (1991)handlesbinomialcase.Comparesasymptoticboundfor

minimum Bayesrisk with exactlyoptimaldesignusingdynamicprogramming.

N MinBR/N % Di�erence

10 1.153 2.75%

50 1.134 1.15%

160 1.127 0.05%

320 1.125 0.03%

1 1.121

% Di�erence = 1�
Min BayesRisk

N � Lower Bound

NoteHardwick (1991)cannotevaluateoperatingchar. of optimaldesign.

Hardwick andStout (1995)show that generalevaluationscanbe carriedout

usingnewtechnique:Path Induction. However, despitethis thereare � !
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Objections to Full y Sequential Designs

� ! They arecomplexto implement.

� ! Responsesassumedbeforenext allocation.

� ! Allocationof next patient deterministic.

� ! While risk is minimized,trial time is maximized.

Preferable to Sample in St ages or Gr oups

� ! Allowsusto randomizewithin stages

� ! Allowsresponsesto be delayedsomewhat

� ! Concurrent patients reducestrial time
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K-St age Pr ocedures

Let L i = lengthof Stagei , andL 1i = prop. from T1; i = 1; : : : ; k:

Then� (L ) describesa k-stageprocedurewhere

L =

0

B
@

L1 L11

... ...

L k L1k

1

C
A

with n �
P i � 1

j =1 L j < L i < n and L i � 1 � L1i � L i
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Flexible 3-St age Pr ocedure
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Asymptotics Again

p
Thereis cottageindustryof literatureon secondorderasymptotically

optimal3-stagedesigns.
p

In fact, � A, (from W & H) includesproceduresthat allocatepatients in

3-stages.
p

Nowherearetheregood guidelinesfor choosingstagesizesin practice.
p

(As a rule, 2-stagedesignsachieveonly �rst order asymptotic

optimality.)
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Explicit W & H 3-St age Pr ocedure

Recalln�
1(N ;p1; p2) is number on T1 that minimizesRN (� ; �̂ n1;n2)

Stage 1: SampleL1
2 from each treatment (soL 11 = L12 = L1

2 ).

Stage 2: SampleL 21 morefrom T1 andL22 morefrom T2, where

L11 + L21 = min
�

N � L12 � L3; maxf L11; n�
1(L1 + L2; bp1(L11); bp2(L12)g

	

andL22 = N � L1 � L3 � L21.

Stage 3: SampleL 31 morefrom T1 andL32 morefrom T2, where

� 3
1L i1 = min

�
N � L12+L22; maxf L11+L21; n�

1(N ; bp1(L11+L21); bp2(L12+L22)g
	

andL32 = N � L1 � L2 � L31.
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Ho w to choose st age sizes?

Well, that all looked very speci�c ... except that

=) From W & H we getonly

lim
N !1

L1 + L3

N
= 0 and lim

N !1

N logN
L3

p
L1

= 0

We'l l see that theseguidelinesare of little usefor practical

samplesizes. In fact, they're conceptually wrong for moderate N.
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Optimal k-st age Pr ocedures

p
An optimal k-stageprocedureis onethat achievesmin� (L ) R(� ; � (L ))

p
Usedynamicprogramming. Massive computingrequired.

p
Determinebest1-stageprocedurestartingat any possiblepoint in the

experiment. (Cansometimesbe doneanalytically)

p
For all 1 < i < k, determineoptimal i -stagerule startingat any point in

the experiment by evaluatingall choicesfor samplingin this stageand

then �nishing with optimal (i -1)-stagecontinuation.

p
Evaluateall possibleparameterchoicesfor the initial stageof the k-stage

procedureusingthe optimal (k-1)-stagecontinuation.
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St age Lengths f or Optimal Rule as N Increases
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Efficiency Compared to Full y Sequential Design

0 � E�ciency( � ) =
Riskusingany �

RiskOptimal Procedure
� 1

DesignType L1 E(L2) E(L3) E�ciency

Optimal 3-Stage 33 4 13 0.9994

Optimal WH 6 40 4 0.9990

Optimal 2-Stage 38 12 { 0.997

WH usingguess 34 4 12 0.790

p1 � Be(1; 10); p2 � Be(10; 1) andN = 50
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Par t I I: Simple 2-St age Pr oblem

Goal: Maximizetotal successesamongN observations,using2 stages.

Note: Allocateall of 2ndstageto arm observedto be bestduring1st stage.

Thusonly needto determine

How many observationsshouldbe allocatedto each arm for stage1?

Answer will dependon N andpriors.
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Pr oblem has an Extensive Histor y

p
Colton(1965): 1st stageequalallocation,optimal �rst stagesizeunknown.

p
Canner(1970): (Still EA for 1st stage)Analytically: Bayesianwith

uniformpriors,optimal1st stagesize�
p

2N + 4� 2.

? Conjecture: optimal1st stage�(
p

N ) for arbitrary betapriors.

p
Cheng(1996): Analytically: O(

p
N ) upper boundfor optimalallocation

to each arm on stage1. No longerEA.

p
Hardwick & Stout (1995): Computationally:exactoptimalallocationfor

arbitrary priors.
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First St age Size

\Upper Bound" is from Cheng,asarethe priors
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2-St age 2-Arm Bandit Epilogue

Cheng,Su,andBerry (2002): �nal ly obtainanalyticasymptoticallyoptimal

1st stageallocationfor each arm for a generalclassof priors. Allocationis

�(
p

N ).

This wasafter many yearsof work, by severalpeople,on this simpleobjective

functionwith a degenerate2ndstage.

By changingoneline in our program,we canoptimizenewobjective

functions,evenvery complexones.
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Resul ts

? May not always needoptimaldesignsbut they providemeasuringstick for

otherdesigns

? Asymptoticanalyticsoftendi�cult to apply to usefulsamplesize

? Work applicableto arbitrary objective functions(must be additive,no

minimax)

? Optimal 2- and3-stagedesignscanbe highly e�cient

? Newalgorithmsandgood implementationsallow oneto optimizeand

analyzedesignsfor practicalsamplesizes.
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Some Future Work

p
Applicationsto correctselection,hypothesistesting

p
Incorporatingdecisionandexperimental costs

p
Frequentist andBayesianevaluations

p
Extrapolatingdesignsto samplesizeslargerthan canbe optimized

p
Visualizingdesignsto understandthembetter
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