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Abstract— During the spiral inductor design process, designers
and design automation tools require efficient modeling techniques
for initial design space exploration in order to quickly pinpoint
appropriate inductor geometries. In this paper, we introduce
a new frequency-dependent model that utilizes closed-form ex-
pressions to quickly characterize square spiral inductors. Our
modeling approach is centered around new analytical expres-
sions for the inductor’s series resistance and series inductance.
The model provides several orders of magnitude performance
improvement over field solver-based approaches with typical
errors of less than 3% when compared with numerical field
solver simulations and demonstrates excellent agreement with
measured data from inductors fabricated in TSMC’s 0.18μm

mixed-mode/RF process.

I. INTRODUCTION

Rapid prototyping of analog circuits is vital to meet the
increasing demand for integrated mixed-signal systems. How-
ever, the design of integrated spiral inductors continues to
hinder the development of mixed-signal system-on-chip (SoC)
analog circuits. The large inductor design space necessitates
efficient modeling techniques that allow the designer or design
automation tools to rapidly optimize and synthesize spiral
inductor designs to meet application requirements [1].

In order to enable rapid spiral inductor design, modeling
techniques must provide the speed, accuracy and scalability
necessary to explore the inductor design space over a wide
range of process technologies, inductor geometries and op-
erating frequencies. Numerical field solvers most accurately
characterize spiral inductors but are hindered by excessive
simulation times and memory requirements, especially for
substrate modeling [2]–[4]. Previously proposed closed-form
modeling techniques either require technology specific fitted
parameters [5], [6], or may not provide enough accuracy
across the entire design space for inductor prototyping [7]–
[10], which may prohibit initial design space exploration.

In this paper, we introduce a new frequency-dependent
model that utilizes closed-form expressions to quickly charac-
terize square planer spiral inductors. Our modeling approach
is centered around new analytical expressions for the induc-
tor’s series resistance and series inductance. We compare our
model with numerical field solvers, other analytical model-
ing techniques and fabricated inductors. Our model provides
orders of magnitude performance improvement over field
solver-based approaches with typical errors of less than 3%
when compared with numerical field solver simulations and
also demonstrates excellent agreement with measured data
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Fig. 1. Key inductor design parameters include turns (n), inductor diameter
(d), conductor width (w), conductor spacing (s) and conductor thickness (t).
Using the approximations described in Section II-B, we develop an expression
for physical inductance based on 2 sets of conductors.

from spiral inductors fabricated in TSMC’s 0.18μm mixed-
mode/RF process. Section II describes our inductor modeling
methodology. In Section III, we compare our models with
two inductors fabricated in TSMC’s 0.18μm mixed-mode/RF
process. Section IV summarizes our findings.

II. SPIRAL INDUCTOR MODEL

We have developed a new model for square spiral inductors
based on closed-form analytical expressions to enable rapid
prototyping across a wide range of geometries. Key inductor
design parameters are depicted in Figure 1. Our spiral inductor
model is based on the frequency-dependent eleven-element π-
model depicted in Figure 2.

A. Series Resistance

Rs models the inductor’s free-space resistance and is de-
fined as Rs = Rcond + Rprox, where Rprox models the
contribution from proximity effect between the inductor’s
conductors using the method presented in [5]. Rcond represents
the resistance of the inductor’s conductors including skin effect
losses and is calculated using

Rcond =
ρl

w min(t, teff )
(1)

teff = δeff

(
1 − e

−t
δeff

) (
1.087 + 2.74r − 1.203r2

)
(2)
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Fig. 2. Frequency-dependent π-model used for inductor characterization.
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Fig. 3. Error compared with FastHenry for our skin effect resistance formula
(2), the current sheet formula and the first order approximation of the current
sheet formula described in Section II-A.

where l is the total length of the inductor’s conductors, r =
t/w, ρ, t and w are the conductor’s resistivity, thickness and
width, respectively, and δeff is the conductor’s effective skin
depth with an effective frequency defined as

feff = f
(
0.971 + 0.096r − 0.281r2

)
(3)

where f is the inductor’s operating frequency. Note that in
the expressions (1) - (3), if w < t, then reverse w and t to
find an effective width for the conductor. The polynomials of
t/w in teff and feff represent the dependence of the current
distribution on the cross-sectional geometry of the conductors.
The formula was developed using a form derived from the
high frequency resistance of a semi-infinite conducting sheet
with parameters fitted to 700, 000 conductor configurations
simulated using the field solver, FastHenry [2]. The fitted
parameters were determined using least squares and simplex
minimization. The formula is valid for a wide-range of con-
ductor geometries.

Our new closed-form formula for skin effect resistance
provides up to three orders of magnitude performance im-
provement over the field solver with an average error of 2.6%
with 99% of the cases with errors below 8.6%. In Figure 3, we
compare the error of our method with the classic current sheet

formulation [8], teff = δ(1−e(−t/δ)), and a standard first or-
der fitted approximation [10], teff = δ(1−e(−t/δ))(1+ t/w),
which have mean errors of 43.2% and 20.1% with 99% of
the cases with errors below 213.5% and 173.8%, respectively.
The speed and accuracy of our modeling technique provides
the means for efficient design space exploration.

B. Series Inductance

In order to calculate the spiral inductor’s physical induc-
tance, Ls, we developed a new formulation that exploits
the inductor’s symmetry to significantly reduce computational
cost over approaches based on field solvers and Greenhouse’s
Method [11]. The inductor’s physical inductance can be ex-
pressed as Ls = Lself + Lm where Lself is the inductor’s
partial self inductance and Lm is the inductor’s partial mutual
inductance that depends on the length and distance between
conductors [8]. By assuming the inductor is symmetric, the
total inductance can be calculated from the inductance con-
tributed from one of the spiral inductor’s 4 sides. In order
to further simplify the formulation, we seek to approximate
the average mutual inductance between a given conductor and
conductors on both adjacent and opposite sides of the inductor
as depicted in Figure 1. Since the mutual inductance depends
on l and d, we seek the average l and d for all possible pairs
of conductors contributing to the mutual inductance.

The average length between all possible combinations of
conductors on the same side of the inductor is

l+ =
1

n2 − n

n∑
i,j
i�=j

(
li + lj

2

)
(4)

where li and lj are the lengths of the longest conductors on
the inductor’s ith and jth turns as depicted in Figure 1. By
expanding the sum in (4), we obtain

l+ = d −
(n − 1)2p

n
(5)

where d is the inductor’s diameter as depicted in Figure 1
and p = w + s, where w and s and the conductor’s width
and spacing, respectively. The average length between pairs
of conductors on opposite sides of the inductor is

l− =
1

n2

n∑
i,j

(
li + lj

2

)
. (6)

By expanding the sum in (6), we determine that l− = l+,
which we refer to as lavg for the remainder of the paper.

Similar to the calculation of lavg , the average distance
between pairs of conductors with currents flowing the same
direction can be expressed as

d+ =
1

lavg(n2 − n)

n∑
i,j
i�=j

(
li + lj

2
d+(i,j)

)
(7)

where d+(i,j) is the distance between the conductors in the
inductor’s ith and jth turns on the same side of the inductor.
The contribution of each distance to the average distance has
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Fig. 4. Error compared with FastHenry for our inductance formula (2) and
other existing formulations described in [7], [9].

been weighted by the conductors’ average length to reflect the
proportionality of mutual inductance to the conductor’s length.
By expanding the sum in (7), we obtain

d+ =
p(2d(n + 1) + p − 2np(n− 1)

6lavg
(8)

The average distance between pairs of conductors on opposite
sides of the conductor can be similarly expressed as

d− =
1

lavgn2

n∑
i,j

(
li + lj

2
d−(i,j)

)
(9)

where d−(i,j) is the distance between the conductors in the
inductor’s ith and jth turns on opposite sides of the inductor.
Expanding the summation yields

d− =
6d2n − 6dp(n − 1)(2n − 1)

6nlavg
(10)

+
p2(n − 1)(3 + n(7n − 11))

6nlavg

Using the average length (lavg) and distance of the conduc-
tors on the same (d+) and opposite (d−) sides of the inductor,
the overall mutual inductance is

Lm = 4
(
(n2 − n)Lm(lavg, d+) − n2Lm(lavg, d−)

)
(11)

where Lm(l, d) is given in [8]. When the inductor contains
a fractional number of turns, we linearly interpolate between
the inductance results for n = �n� and n = �n� + 1. Note
that inductance formulation is physics-based and can be easily
calculated using our simple, closed-from expressions.

We compared our inductance expression’s accuracy with
the field solver, FastHenry, for 1, 737, 000 inductor designs
with typical design parameters including fractional turns.
Our method has an average error of 2.5% with 99% of
the cases having less than 6.0% error. We also compared
our new expression for Ls with other existing closed-form
expressions [7], [9], whose error distributions are depicted in
Figure 4. When compared with the inductor designs simulated
in FastHenry, the expressions [7], [9] experienced mean errors

of 6.5% and 2.8% and with 99% of the cases having less
than 10.5% and 15.0%, respectively. With smaller mean and
maxmium errors, our expression for Ls provides a reliable
means for quickly determining the physical inductance with
two order of magnitude speedup over using the field-solver,
FastHenry.

C. Other π-Model Elements

To capture the impact of single layer substrate eddy cur-
rents, we utilize the method based on complex image theory
presented in [12], where Meddy =

√
R2

eddy/ω2 + L2
eddy. Cs

is calculated using the distributed capacitance model presented
in [13]. Gsub and Csub are calculated using the modeling
techniques presented in [14] and [8] based on the total length
of the inductor’s conductors. To determine Cox, we utilize a
modified version of the method described in [8] to account for
the fringe capacitance.

III. MEASURED RESULTS

Two square, hollow-core inductors were designed and fab-
ricated in the 0.18 μm mixed-mode/RF process available from
Taiwan Semiconductor Manufacturing Company (TSMC). Ta-
ble I summarizes the design parameters for each fabricated
inductor. A die micrograph is shown in Figure 5. Test mea-
surements were acquired by probing the fabricated die using
a Cascade Microtech RF-1 microwave probe station and
40GHz air coplanar probes with a 100 μm pitch ground-signal
ground configuration (ACP-40-GSG-100). The wafer chuck
was grounded, thus grounding the backside of the die and
the substrate. An Agilent 8753ES vector network analyzer and
Agilent Intuilink GPIB software were used to capture the data.
The short-open-load (SOL) technique was used to calibrate
the ACP-40 probes and the corresponding correction factor
was applied internally in the 8753ES. All measurements were
acquired at a sample rate of 1601 data points per 600ns. An
open probe pad structure was measured in order to de-embed
the scattering parameters of the device under test from the
electrical parasitics associated with the probe pads. The scat-
tering parameters were the converted to admittance parameters.
Once converted, the parasitic admittance values can simply be
subtracted from the measured admittance parameters.

Figures 6 and 7 display the measured and simulated
quality factor, Im(Z11)/Re(Z11), and effective inductance,
Im(Z11)/ω, for each inductor where Z11 are the inductors’
impedance parameters and ω is the operating frequency in
radians per second. We simulated 1601 data points corre-
sponding to the frequencies that we measured. For the 6nH
inductor, the mean error for the quality factor was 4.1%,
while the mean error for the effective inductance was 3.8%.
Similarly for the 8nH inductor, the mean quality factor error
was 9.9% and the mean effective inductance error was 7.5%.
For spiral inductor optimization, the peak quality factor and
its associated frequency are typically important quantities [1].
For the 6nH inductor, the maximum quality factor has 6.2%
error and the maximum quality factor frequency has 9.0%
error as compared with the measured data. For the 8nH
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Turns Width Diameter Spacing Thickness Simulation Time Simulation Time
(n) (w) (d) (s) (t) for Our Model for Field Solver

6nH Inductor 4.5 15μm 250.5μm 1.5μm 2.0μm 1.23s 25477.59s
8nH Inductor 4 12μm 293.0μm 1.5μm 2.0μm 0.93s 23110.04s

TABLE I
DESIGN PARAMETERS AND SIMULATION TIMES (1601 FREQUENCY POINTS) FOR FABRICATED INDUCTORS

Fig. 5. Die micrograph of the inductor test chip fabricated in TSMC’s 0.18
μm MM/RF process.
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Fig. 6. Quality factor for the fabricated inductors and our model.

inductor, the maximum quality factor has an error of 9.0%
while the maximum quality factor frequency has an error of
7.3%. The model accurately determines the inductors’ quality
factors and effective inductances for inductor design space
exploration. Once the most promising designs are located
using our analytical model, field solver-based models can
provide the final inductor characterization.

The model’s overall speed enables its utilization in rapid
inductor prototyping. As shown in Table I, our spiral inductor
model simulates 1601 frequency points in approximately 1
second for both inductors. In contrast, when using the field
solver, FastHenry [2], extracting the inductor’s inductance and
resistance takes approximately 40,000s. With up to 4 orders
of magnitude improvement in performance, our model enables
efficient design space exploration to rapidly prototype spiral
inductors for mixed-signal SoC applications.

IV. CONCLUSION

In order to meet the challenge of mixed-signal integration,
fast and accurate on-chip spiral inductor modeling is cru-
cial. The new model presented in this paper utilizes closed-
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Fig. 7. Effective inductance for the fabricated inductors and our model.

form expressions to quickly characterize square planer spiral
inductors. The model agrees with data from FastHenry and
fabricated inductors with orders of magnitude improvement in
performance. Our spiral inductor model will provide designers
and design automation tools with the means to rapidly explore
the inductor design space to meet the demands of tomorrow’s
mixed-signal SoC applications.
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