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Abstract—Efficient modeling techniques are required to acceler-
ate design space exploration for integrated spiral inductors. In this
letter, closed-form modeling techniques for the inductor’s physical
inductance and substrate eddy currents are introduced. The model
provides several orders of magnitude performance improvement
over field-solver-based approaches with typical errors of less than
4% while demonstrating excellent agreement with measured data
from fabricated inductors.

Index Terms—Design space exploration, eddy currents, induc-
tance modeling, spiral inductors, substrate modeling.

I. INTRODUCTION

D ESIGN SPACE exploration for analog circuits is vital to
meet the increasing demand for integrated mixed-signal

systems. The design of integrated spiral inductors continues to
be an important factor in the development of analog circuits
such as low-noise amplifiers, voltage-controlled oscillators, and
bandpass filters [1]. Efficient modeling techniques are required
to rapidly optimize and synthesize spiral inductor designs [2],
[3]. Numerical field solvers most accurately characterize spiral
inductors but have large simulation times and memory require-
ments [4]. While not as accurate as field solvers, closed-form
analytical models provide the speed necessary for initial design
space exploration. Previously proposed closed-form modeling
techniques for inductance either require technology specific
fitted parameters [5], [6] or may not provide enough accuracy
across the entire design space [7]–[9].

In this letter, we introduce accurate analytical modeling tech-
niques for the physical inductance and substrate eddy currents
in spiral inductors. The model provides orders of magnitude
performance improvement over numerical field-solver-based
approaches with typical errors of less than 4% and less than
10% error when compared with fabricated inductor data.

II. PROPOSED INDUCTOR MODELING TECHNIQUES

A. Analytical Inductance Model

To calculate the physical inductance of the inductor, we de-
veloped a formulation that exploits the inductor’s symmetry to
significantly reduce computational cost over approaches based
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Fig. 1. Inductor design parameters include turns (n), inductor diameter (d),
conductor width (w), conductor spacing (s), and conductor thickness (t). The
physical inductance model depends on the interaction between two pairs of
virtual conductors.

on field solvers. The physical inductance can be expressed as
the sum of self- and mutual-inductances, which can be calcu-
lated using [8]. We approximate the average mutual inductance
between a given conductor and conductors on both adjacent
and opposite sides of the inductor, as depicted in Fig. 1. The
mutual inductance depends on the weighted average length and
distance between conductors with current flowing in the same
direction (l+ and d+) and in opposite directions (l− and d−).
The average length between all combinations of conductors on
the same side of the inductor is

l+ =
1

n2 − n
n∑
i,j
i�=j

(
li + lj

2

)
= d− (n− 1)2p

n
(1)

where li and lj are the lengths of the longest conductors on the
ith and jth turns of the inductor, and p = w + s, as depicted
in Fig. 1. The average length between pairs of conductors on
opposite sides of the inductor is

l− =
1
n2

n∑
i,j

(
li + lj

2

)
. (2)

Expanding the sum in (2) reveals that l− = l+, which we refer
to as lavg for the remainder of this letter.
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The average distance between pairs of conductors with cur-
rents flowing in the same direction can be expressed as

d+ =
1

lavg(n2 − n)
n∑
i,j
i�=j

(
li + lj

2
d+(i,j)

)
(3)

where d+ is the distance between the conductors in the ith and
jth turns on the same side of the inductor. By expanding the
sum in (3), d+ is simplified to yield

d+ =
p(2d(n+ 1) + p− 2np(n− 1)

6lavg
. (4)

Similarly, the average distance between pairs of conductors on
opposite sides of the conductor can be expressed as

d− =
1

lavgn2

n∑
i,j

(
li + lj

2
d−(i,j)

)
(5)

where d− is the distance between the conductors in the in-
ductor’s ith and jth turns on opposite sides of the inductor.
Expanding the summation yields

d− =
6d2n− 6dp(n− 1)(2n− 1)

6nlavg

+
p2(n− 1) (3 + n(7n− 11))

6nlavg
. (6)

Using the average length (lavg) and distance of the conduc-
tors on the same (d+) and opposite (d−) sides of the inductor,
the overall mutual inductance is

Lmut = 4
(
(n2 − n)Lm(lavg, d+) − n2Lm(lavg, d−)

)
(7)

where Lm(l, d) can be calculated using the mutual inductance
formula in [8]. For a fractional number of turns, we interpolate
between the inductance results for n = �n� and n = �n� + 1.
Note that inductance formulation is physics-based and can be
extended to octagonal or circular geometries.

B. Substrate-Eddy-Current Model

Spiral inductors fabricated on highly conductive substrates
experience significant losses due to the magnetically induced
eddy currents. The model utilizes complex-image theory to
capture substrate eddy currents, where the substrate can be
replaced with a mirror image of the spiral inductor at a complex
depth. To determine the necessary complex depth, consider
an infinitely long conductor that lies at a height zo above the
substrate. The electric field in the region between the substrate
and the conductor can be expressed as

E =
−jµowI

2π

∞∫
0

1
λ

(
e−λ(z−zo) +R(λ)e−λ(z+zo)

)
cos(λx)dλ

(8)

where I is the current in the conductor, ω is the frequency
(rad/s), zo is the height of the conductors above the substrate,
and R(λ) is the substrate reflection coefficient [10], [11].

In order to model the contribution of the substrate to the
electric field with an image conductor, R(λ) in (8) can be
replaced with R(λ) = f(λ)e−αλ −→ f(λ) = R(λ)eαλ, where
f(λ) is an unknown function. Since f(λ) is an exponential
function, df/dλ = f(λ)g(λ, α), where g(λ, α) is a function
of the argument in the exponential of f(λ). The complex-
image depth, α, is then determined by solving the equation
g(λ, α) = 0 and using the low-order terms in the Taylor series
expansion of f(λ). We have verified the expression for the
complex-image depth for a single-layer floating substrate pre-
sented in [11] and derived the following explicit expressions for
the complex-image depths for 2- and 3-layer floating substrates:

α2 =
2(γ1 + γ2AB)
γ1(γ1A+ γ2B)

α3 =
2γ2A(γ2B + γ3C) + 2γ1(γ2 + γ3BC)
γ1γ2(γ1A+ γ2B) + γ1γ3(γ2 + γ1ABC)

(9)

A= tanh(γ1h1), B=tanh(γ2h2), C=tanh(γ3h3)

γ1 =
1 + j
δ1

, γ2 =
1 + j
δ2

, γ3 =
1 + j
δ3

(10)

where h1, δ1, h2, δ2, h3, and δ3 are the heights and skin depths
of substrate layers 1, 2, and 3, respectively, where layer 1
is the top layer of the substrate. Once the complex-image
depth is known, substrate eddy currents can be modeled by
placing a mirror image of the inductor at a complex distance
D = 2tox + α, where tox is the height of the inductor above the
substrate. The impact of substrate eddy currents on the inductor
is then captured using Leddy = Limage(Re(D)) and Reddy =
−ωIm(Limage(D)), where Limage is the mutual inductance
between each segment of the inductor and the image conductors
separated by a complex distance D.

III. RESULTS

We compared the analytical model results with both current
closed-form inductance modeling techniques and simulated
results. The model is also compared with measurements taken
from inductors fabricated in a 0.18-µm RF-CMOS process. For
quality factor and effective inductance calculations, the analyt-
ical physical inductance and eddy-current models are used in
a frequency-dependent eleven-element π model [3]. Capacitive
effects due to substrate leakage currents are modeled using [12].
We capture high-frequency resistive effects in the conductors,
including skin effect, using the modeling techniques described
in [13]. The series inductance model is compared with the field
solver, FastHenry, for numerous inductor designs with typical
geometric dimensions and operating frequencies, which are
listed in Table I. Our method has an average error of 2.5%
with 99% of the cases having less than 6.0% error. When
compared with the inductor designs simulated in FastHenry, the
expressions in [9] and [7] have mean errors of 6.5% and 2.8%
and with 99% of the cases having less than 10.5% and 15.0%,
respectively.

To evaluate the accuracy and performance of the eddy-
current formulation, 650 spiral inductor designs were simulated
over highly conductive one-, two-, or three-layer substrates with



1000 IEEE ELECTRON DEVICE LETTERS, VOL. 27, NO. 12, DECEMBER 2006

TABLE I
DESIGN PARAMETERS FOR INDUCTOR SIMULATIONS

the process parameters listed in Table I using both complex-
image theory and the field solver. For the effective inductance
contributed by substrate eddy currents, the average error pro-
duced by the analytical model was 0.1% with a maximum error
of 0.6% while the average error for the effective resistance was
3.9% with 93% of the cases experiencing less than a 10% error.
Cases with a thin highly conductive top substrate layer and a
low-conductivity bulk layer experienced the most error from
the truncated higher order terms in the Taylor series approxi-
mation of f(λ).

For physical validation of the modeling techniques, two
square hollow-core inductors were fabricated in a 0.18-µm
RF-CMOS process with a 2-µm-thick top metal layer. A
die micrograph is shown in Fig. 2. Test measurements
were acquired by probing the fabricated die using a mi-
crowave probe station and 40-GHz air coplanar probes with a
100-µm pitch ground-signal ground configuration (ACP-40-
GSG-100). Fig. 3 displays the measured and simulated quality
factor Im(Z11)/Re(Z11) and effective inductance Im(Z11)/ω
for each inductor, where Z11 is the impedance parameter of the
inductor, and ω is the operating frequency in radians per second.
For the 6nH inductor, the mean error for the quality factor
was 4.1%, while the mean error for the effective inductance
was 3.8%. Similarly, for the 8nH inductor, the mean quality
factor error was 9.9%, and the mean effective inductance error
was 7.5%. Our spiral inductor model simulates 1601 frequency
points in Fig. 3 in approximately 1 s for both inductors, while
the field solver, FastHenry [4], requires 40 000 s for inductance
and resistance extraction.

IV. CONCLUSION

In this letter, we present closed-form modeling techniques
for physical inductance and substrate eddy currents in spiral in-
ductors. The model agrees with field-solver data and measured
results from fabricated inductors with orders of magnitude
improvement in computational performance. The proposed

Fig. 2. Die micrograph of the 0.18-µm inductor test chip.

Fig. 3. (a) Quality factor and (b) effective inductance for the fabri-
cated inductors and the model. (Color version available online at http://
ieeexplore.ieee.org.)

model will provide designers and design-automation tools with
the means to rapidly explore the inductor design space to meet
the demands of tomorrow’s mixed-signal systems.
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