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Abstract The problem of minimizing communication in a distributedwerked

system is considered in a discrete-event formalism wheresyistem is modeled

as a finite-state automaton. The system consists of a cetdtan and a set df

local agents, each observing a set of local events. Theatstdtion needs to know
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exactly the state of the system, whereas local agents nesimbiguate certain
pre-specified pairs of states for purposes of control orrthas. This requirement
is achieved by communication, which occurs only betweercémdral station and
the local agents but not among the local agents. A commuaicpblicy is defined
as a set of event occurrences to be communicated betweearitralcstation and
the local agents. A communication policy is said to be miifhany removal
of communication of event occurrences will affect the cotmess of the solution.
Under an assumption on the absence of cycles (other thaloeel) in the system
model, this paper presents an algorithm that computes amalommunication
policy in polynomial time in all parameters of the systeme3é results improve

upon previous algorithms for solving minimum communicatgwoblems.

Key words distributed control, distributed diagnosis, minimum coomication,

discrete-event systems

1 Introduction

Distributed networked systems are becoming more and mesalent due to ad-
vances in technologies. Examples can be found in wirelassramications, trans-
portation, telephony, and so forth. Nodes or agents in tegsems need to com-
municate with each other and such communication is oftestlgbdue to one
or more of the following considerations: power, bandwidibcurity, or network
topology. Because of such cost, there is a long-standirggdasat in minimizing

communication among nodes in distributed networked systdims problem can
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take different forms for different modeling formalisms sko to describe the sys-
tem, different structural assumptions about the distiaouof the sensors, the de-
centralization of information in the system, and the coatfion to be minimized
regarding communication. For example, the problem of mizimg the communi-
cation cost of a network management system consisting dfteliited hierarchy
of cooperating intelligent agents is considered in [4].1@][ minimum communi-
cation between distributed Bayesian networks is consitjerkere the problem of
predicting the minimum expected communication cost iseblysing Markov de-
cision processes. More recently, [8] proposes an efficiemrounication strategy

to improve response time.

Many communication problems in distributed systems camibestigated in
the framework of discrete event systems. For example, foirmim communi-
cation in control, [24] considers a problem of decentralizentrol with a com-
munication channel, where a necessary and sufficient Gondktobtained for the
existence of such a channel. In [11], states where supesvikonot know enough
to solve the decentralized discrete event control problemfiest identified. Af-
ter the identification of such states, minimum communicaisancorporated into
the decentralized discrete event system so that the mgaltigmented system re-
sults in supervisors with enough knowledge to make the cocantrol decisions.
References [1-3] consider the problem of synthesizingrabezemmunicating su-
pervisors, each with differentinformation. Two fundanauifficulties associated
with synthesis of optimal communication policies are d&sad. Results are pre-

sented on the synthesis of communication policies for odietis that do not utilize
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knowledge of the communication policy to affect their estigs. For minimum
communication in diagnosis problems, a problem of failuegdosis in discrete
event systems with decentralized information is discussdd], where a coor-
dinated decentralized architecture consisting of lodasstommunicating with a
coordinator that is responsible for diagnosing the fasduseproposed. A timed
discrete event system model is used in [12] and decentddli@kire diagnosis is
proposed to treat failure diagnosis problems arising inroamication networks.
Reference [5] considers the trade-off between the speetghdsis and the cost
of communication and computation. In the recent work [18,4 §roblem of turn-
ing on/off sensors dynamically for achieving diagnosépik considered for dis-
crete event systems in the context of a general formulatimed) on information
structures. A good survey on minimization of communicatiorthe context of
diagnosis or control of discrete-event systems where tlogrration is decentral-
ized can be found in [16]. It is generally believed that thelgdem of minimizing
communication for diagnosis purposes is easier than magicommunication
for control purposes, due to the mutual coupling that ocbetaieen the state es-
timation policy, the control policy, and the communicatjsiicy in decentralized

control problems (see [3]).

Our approach considers minimum communicatioew#nt occurrenceand it
can be used in both control and diagnosis problems, alonlingnef work in [14]
and [10]. This approach “separates” the communicationlprolirom the diagno-
sis or control problem by assuming that the diagnosis antt@igolicies are fixed

and givera priori. Under this assumption, a minimum communication problem is



Title Suppressed Due to Excessive Length 5

formulated and solved in [14], where a communication poiicgefined as sets
of event occurrences communicated among agents. The coicetion decisions
of when, to whom, and which event occurrences to communaratbased on the
agents’ available information of the system trajectoriasother words, for any
agent, the communication decisions for the occurrenceBetame event after
two different strings (trajectories) that look the samehtattagent need to be con-
sistent. This is captured in the notion of feasible commaition policy in [14].
Also, the notion of implementability is introduced to réstthe communication
policy to a subset of transitions of the automaton modelirgggystem. An algo-
rithm that finds a minimal communication policy among two rigevas proposed
in [14]. The notion of minimality is a logical one: a commuaion policy is mini-
mal if reducing one or more communications of event occu@siin the dynamic
evolution of the system renders a correct solution incorfeee [14] for precise
definitions). However, the general strategy employed inalgerithm in [14] es-
sentially proceeds by exhaustive enumeration of candistaltgions in a certain

range.

A more general formulation of the minimum communicationteon than that
of [14] is proposed and investigated in [22] (see also Chdptd [21]). It inherits
some of the features of the problem treated in [14], inclgdiimilar notions of
feasibility and minimality of communication and an implemebility condition
to restrict solution space. However, the formulation in,[22] is more general
than that in [14] in several respects: the number of agehéscommunication

structure, the gaol of state disambiguation, and the dlgoic procedures. Based
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on the assumptions made on the structure of the system regdhe absence of
cycles other than self-loops, a solution procedure termigdrBhm MiN-CoOM-
GEN is obtained to compute a minimal communication policy focleatate of
the system separately (one state per iteration). Algorihm-Com-GEN of [22],
together with the so-called “table technique” of [23] fostiag potential solutions,
computes a minimal communication policy in polynomial ticaamplexity in the
number of states of the system. However, AlgorithrmiMCom-GEN does not
specify a specific strategy for the necessary computaticeesch iteration (or each
state). The computational effort at each iteration may bstsuntial, as in the worst
case it is exponential in the cardinality of a set whose sizee number of active

events to the power of the number of agents in the system.

In this paper, we refine the problem formulation of [22]. Wasider a dis-
tributed discrete event system witine central station and N local agentSom-
munications occur only between the central station anddbal lagents but not
directly among the local agents. However, the centralstatiay decide to relay
the information received from local ageinto local agentj, which will be con-
sidered as two communications. The entire system is modsieshe automaton
G. We assume that the events®fare observed by the central station and/or by
at least one of the local agents. The central station must khe exact state of
the systentG at all times. Therefore, whenever an event that is obseryembime
local agents but not by the central station occurs and causkange of the state
in G, then one of these local agents must communicate that ecentrence to

the central station. Our goal is to minimize the sets of comigations from the
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central station to each local agerguch that: (1) local agemthas no confusion
in its communications to the central station; and (2) log@rdi can distinguish

certain pairs of states for its own control, diagnosis, bieopurposes.

Examples given in [9, 22] show that agents observing fewentoccurrences
may improve their knowledge of the system (as compared whthnithey observe
more event occurrences) in the sense of that some previmdistinguishable
states may become distinguishable; and this can happeri@veasible commu-
nication policies. Consequently, the fact that a set of eweourrences cannot be
removed from a communication policy does not mean that arsapef it can-
not be removed. This is referred to as the “lack of monotdyii@nd it means
that, counter-intuitively, more communications of evettarrences do not always
mean better knowledge of the state. This brings up the fatigwuestion: Does
the refined problem formulation addressed in this papeestrtim the same prob-
lem of lack of monotonicitywithin each iteration of Algorithm MN-CoM-GEN
that is used in [22] to solve the general problem? Unfortelyathe answer is yes.
The problem of removing communications at each partictdaaiion (i.e., state) is
still intricate. One of the main contributions of this pajseto present an algorithm
that specializes Algorithm Mi-Com-GEN and achieves, at each iteration, poly-
nomial complexity in the number of events in the active ewendf the state under
consideration. New techniques will be introduced to makepbssible: a “depen-
dency graph” and a special way of decomposing the post-Egeat each state.
Moreover, we will show that the synthesis of the commun@atpolicies from

the central station to the local agents can be decoupledadwetlsagent-by-agent.
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Therefore, the end result is the first algorithm for solvingiaimum communica-
tion problem that is polynomial iall the parameters: number of states, number of
events, and number of agents.

This paper is organized as follows. Section 2 presents ttadslef the problem
formulation. Then, in Section 3, an algorithm termed\MCom-SC is presented
for the calculation of minimal communication policies fdretN agents in the
distributed system; the proof of the correctness (with eespo feasibility and
local specifications) and minimality of Algorithm iM-CoMm-SC is also presented
in that section. In Section 4, a detailed procedure for rexhof/‘communications
for a given state is presented based on a language decoiopesialysis, together
with the proof of its correctness. The overall complexityddgorithm MiN-ComMm-
SC is also derived in Section 4. Finally, an example is gimeBaction 5, followed
by concluding remarks in Section 6. A preliminary versiorsofme of the results
in this paper appears in [20].

We assume basic knowledge of discrete-event systems aoahitsion nota-

tions. The readers are directed to [6] for more complet®dhictory materials.

2 Description of Problem

2.1 System Model

We model a discrete event system as a deterministic firate-atitomaton

G=(X,E,f,Ix) 1)
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whereX is the finite set of stateg is the finite set of eventd,: X x E — X is
the transition function wheré(x,e) = y means that there is a transition labeled by
evente from statex to statey, I" is the active event function whefgx) is the set
of all eventse for which f(x,e) is defined (called the active event set®ft x),
andxg is the initial state.

We use.Z(G) to denote the language generated@yWe define the set of

transitionsT R(G) of G as
TRG) ={(x,e) e XxE:eel(x)}. 2

The set of local agents is denoteddy= {1,2,...,N}. The set of events that
can be observed by the central station is denoteddyhe set of events that
can be observed by local agens denoted byE;. We assume that every event is

observed by the central station and/or by a local agent:

E=EU({JE). Q)

ico/

For reasons that will become clear later on, we make theviiatipassumption:
Assumption (AlYhe graph ofG has no cycles other than self-loops, i.e., for all

xe X, foralleec E andt € E,
[f(x,et) is definedA f(x,e) # X = f(x,et) #x. 4

From now on, we will assume that Assumption (Al) is satisfied.

2.2 Communication Model

Communications only occur from the central station to a ll@ggent or from a

local agent to the central station. The local agents do neingonicate directly



10 Weilin Wang et al.

among each other. Moreover, the central station does natbast or multicast to
the local agents.

Communication from the central station to local ageig described by the
function

com; : Z(G) — 25\, (5)

i.e., the central station can send out information fromvis @bservations, as well
as from the communications it receives from other local &ge@ommunication

from local agent to the central station is described by the function
coms : Z(G) — 25\Es, (6)

i.e., local agentcan only send information from its own observations to theres
station.

Givencomg, com;, i € 7, we use mutual induction to define the information
mapping®s: % (G) — E* andb : £(G) — E*, i € &/, as follows. For the empty
string e,

6s(e) =€, Bi(e)=e. )
For alltee £ (G) withec E,

buite) Bs(t)eif e EsUUN ; coms(t) @

6s(t) otherwise

6 te) — Gi(t)eif ec EjUcom(t) ©)

6i(t) otherwise

The above definitions afoms, com;, i € <7, are string-based. For implemen-

tation on automatofs, we need to define their state-based counterparts. For this
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purpose, we introduce a so-called “implementability c@indl’ that restricts the
communication policies to the state structurezfThis condition is reminiscent
of the implementability condition in [14].

Implementability Conditioon G:

(Vied) (Vs s e Z(G)) f(x,9) = f(x,5)

(10)
= [e € com(s) & e comy(s)]
for the central station, and
(Vied) (Vs s e Z(G)) f(x,9) = f(x,5)
(11)

= [e€ coms(s) < ee coms(S)]
for the local agents.
More specifically, under implementability, the transiao be communicated

from the central station to local agentan be described by

COM;i C {(x,e) e TR(G) : ec E\E}, (12)

where(x,e) € COMs; means that

(Vse Z(G)) f(xo,S) = Xx) e € com(s). (13)

Similarly, the transitions to be communicated from locatmig to the central

station can be described by

COMs C {(x,e) € TR(G) : e€ E;\Es}, (14)

where(x,e) € COMs means that

(Vse Z(G)) f(x,5) =X) e € coms(s). (15)
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We use the X N matrixCOM to record all communication policies among the

central station and the local agents:

COM, COMs COMps --- COMys
COM= =

COM;s COMy COMg, --- COMgy
The transitions observed by or communicated to the centatibe are de-

scribed by the index functiorfs : TR(G) — {0,1} defined as

lifeecEsor(3ie &) (x,e) € COMs
Ss(x,€) = . (16)

0 otherwise

The transitions observed by or communicated to local aiger@ described by the

index function.; : TR(G) — {0, 1} defined as

lifec E or(x,e) € COM;
A(xe) = - ("

0 otherwise

Moreover, it is required that any two sequences of eventsateindistin-
guishable to a site (either the central station or a locahggeust be followed by
the same communication decision for events whose occugtisriknown ” to the
site. Formally, from Equations (12) and (16), we define thiiomoof feasibilityfor

COM; as follows.

(Vtet'ee £ (G)) Bs(te) = Bs(t'e) = Bs(t)e = 65(t')e 18)
= [(f(xo,t),€) € COMsj < (f(X0,t'),€) € COMs],

and

(x,e) cCOMsi = ec EsV[(3je o) ecEj A (x,€) cCOM].  (19)
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From Equations (14) and (17), we defifeasibility for COM;s as follows.

(Vtetec Z(G)) Bi(t) = B(t)
(20)

= [(f(xo,1),6) € COMs < (f(xo,1'),€) € COMg].
We note here that the feasibility GOM; is different from that o£OMs because
local agent can only send out information about its own direct obseovesj as
shown in Equation (14). We introduce the following termagy: (a) COM, is
feasible iff for alli € .«#, COM; is feasible, (b}COM; is feasible iff for alli € <7,
COMN;; is feasible, and (c) matri€OM is feasible iff bothCOM, andCOM; are
feasible. Clearly, the notion déasibilitycaptured in Equations (18), (19), and (20)

can be tested 0@.

We use the following example to illustrate the meaning oéieitity.

Example 1Fig. 1 shows an automat@that satisfies Assumption (Al). The states
areX ={0,1,2,3,4,5,6,7,8}. Suppose there are one central station and two local
agents. LeEs =0, E; = {a1,ap,a3,a4}, andE, = {e1, e, €3,64}. Suppose agent

2 communicates everything to central station. Suppose eh&ral station com-
municates everything exceff, ;) to agent 1. Then, agent 1 cannot distinguish
states 5 from 3 sinc@(eyes3) = e3 = 0(e3). By the feasibility requirement, this
forces agent 1 to apply the same communication decisionamsitions(3,as)
and(5,a3), that is, agent 1 has to communicé8eas) if it wants to communicate
(5,a3).

We will return to this example throughout the paper. O

Before we proceed, let us introduce the following notatidfes given matri-

ces of set8 = [bjj] andB’ = [bjj] fori=1,....l andj=1,...,m, Bis a subset
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Fig. 1 An automatorG that satisfies Assumption (Al).

(superset) oB’, denoted byB C (D) B/, iff
[(V1,1) bij € (). (21)
Bis a proper subset (superset)Bif denoted byB C (D)B/, iff
[(Vi, ) bij © (2)b] A [(3, 1) bi € (D)b]j]. (22)
For given matrices of seB = [bjj] andB’ = [bj;], we define

B\B’Z[bij\b{j]. (23)

2.3 Objective for Central Station

For our system, it is required that the central station masikkthe exact staté

isin, that s, for alls,s' € .Z(G),
0s(s) = 65(5) = f(x0,5) = f(Xo,5). (24)
More specifically, let

Tsspec={(X,y) € X X X 1 X #VY}. (25)
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Then, Equation (24) is equivalent to

B5(s) = 6s(S) = (f(X0,9), T (0,5 & Tsspec (26)

Any communication from local agenitsi € <7 to the central station that achieves

this requirement must satisfy

ec E\EsA f(xe) #x= (i€ o) (x,e) € COMs. (27)

In other words, if the central station needs to know the aene of an unob-
servable event, then at least one local agentist communicate this occurrence.
A communicatiorCOM satisfying Equation (27) is minimal if no other commu-
nicationCOMs that is strictly less tha@OM (i.e.,COMs C COMY) and satisfies
Equation (27). Clearly a communicati@Q©OMyg satisfying Equation (27) is mini-
mal if

(Vi.j €.o,i # j) COM;NCOM = 0. (28)

Different COM, satisfying Equations (27) and (28) are incomparable mihgoa
lutions. We denote the fact that this communication is maliby using the super-

script*. Let
COM; = [COM;;,COM, ...,COM.
Assume that som€OM;, satisfying Equations (27) and (28) has been picked

for all local agents. Since the central station knows alhgiions that cause a

change of state ifg, it can relay this information to any local agent if needed.

Lemma 1 If COM} O COM, then

6l(s) = BL(S) = £(x0,9) = (%0,9). (29)
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Furthermore, any COMIthat satisfies Equation (19) is feasible.

Proof By construction of£OM; and the fact thaEOM, > COM;, it is clear that
the central station knows all transitions that cause a ahahgtate inG (only self

loops are not communicat®d Therefore, undeEOM,, for all ;s € .Z(G),

Bl(s) = 64(S) = f(x0,9) = f(%0,S). (30)
We have

(VsesSeec Z(G)) 6i(se) = B(Se) = Bi(s)e= Bi(s)e 31)
1
= (f(x0,9),€) = (f(x0,5).9).
From this equation, it follows that for al§OMs, Equation (18) is always satisfies.

Therefore, ifCOM; satisfies Equation (19), th&@DM; is feasible. O

2.4 Objective for Local Agents

We do not require that local agents know the exact sta8. dRather, it is only
required that local agents can disambiguate certain paistates ofG for their
own control, diagnosis, or other purposes. Formally, fealagent, we specify
a relationT; specC X x X such that no state pa(x,y) € Ti specShould be indistin-

guishable from the viewpoint of local agent.e., for alls,s € .£(G),
8i(s) = 6(S) = (f(%0,9), f(%0,5)) & Ti spec (32)

The central station must communicate sufficient infornmatio local agent so

that the above requirement is satisfied.

1 It can be seen by building an obsen@j;,s that no state i1G,p,s contains more than one

state ofG.
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Furthermore, since local ageinheeds to communicateOM;s to the central
station, the central station must communicate sufficidiorimation to local agent
i so thatCOM; is feasible. To satisfy this feasibility requirement, wdile a re-
lation Tj feas € X x X describing the state pairs that cannot be confused for main-
taining feasibility as follows. For each event E;\Es that may need to be com-
municated to the central station, kj(e) be the set of states wheeaeeds to be

communicated

Xs(€) = {x€ X : (x,e) € COMs} (33)

andXns(e) be the set of states wheeés not communicated

Xns(€) = {x€ X : (x,e) € TR(G)\COMs}. (34)

In order for local agent to communicate minimally to the central station (i.e.,
we do not want to add more communication€XOM), local agent must not

confuse states iXg(e) with states inX,s(e). Therefore, we define

Ti.feas= {(X,y) € X x X : (Fee E\Es)x € Xs(€)

(35)
AY € Xns(€)) V (X € Xns(€) Ay € Xs(€)) }-
Lemma 2 COM; is feasible if and only if for all &' € £ (G),
6(s) = 6(s) = (f(x0,8), f(%0,5)) & Ti eas (36)

Proof The prooffollows directly from the definition &f teasand Equation (20)

We are now ready to formally state the problem to be solved.
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2.5 Problem Statement

Given a distributed systei@ with one central station and local agents, and a

set of local specificationd; speq One for each local agent. Assume tlasatisfies

(A2).
Given a vector of communications
COM; = [COMg, - --COM

that satisfies Equations (27) and (28).

Goal: Find a communication set

COM; C {(x,e) c TR(G) :ec E\E}
for eachi € & such that

C1. COM; is feasible: for alk, s’ € .Z(G),

6°(s) = 87(s) = ((x0.9), f(X0,5)) & Ti,feas

where8" is the information mapping corresponding@®M;.

C2. The local specificatiol specis satisfied: for alk,s' € .2 (G),

6 (s) = 67(s) = (f(x0,9), f(x0,9)) & Ti:spec

(37)

(38)

C3. There is no otheCOM; that is strictly less tha@OM; (COMs; C COM)

and satisfies (C1) and (C2).

To solve the problem for local ageintan we just remove transitions{ix, e) €

TR(G) : ec E\E;} one-by-one until we get a minimum set satisfying conditions
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(C1) and (C2)? Unfortunately, the answer is “no”: the prable so intricate that

removing transitions one by one will not work as shown indaling example.

Example 2Consider a central station and a single local agent witregyshodel

givenin Fig. 2. LetEs = {e1,e,} andE; = 0. Let

Tl,specz {(1’ 3)5 (2’ 4)’ (2’ 3)5 (1’ 4)}

Itis obvious that an individual removal of communicati@ye; ) causes confusion

of pair of stateg1,4) € T spec and an individual removal of communicatith e,)
causes confusion of pair of sta{&s3) € Ty spec But, if we remove botti0, ;) and
(0,e0) together, they specis satisfied! This can be seen from the corresponding

observer for local agent 1 in Fig. 3.

Fig. 2 AutomatonG for Example 2.

Fig. 3 Observer for local agent 1 after central station removednsonications of boxed

transitions in Fig. 2.
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The above example indicates that when removing transijtiwasieed to con-
sider setsof transitions. A naive approach is to consider all possgibsets of

transitions

W C {(x,e) e TR(G):ec E\E}. (39)

For eachW, check if the resultin@, satisfies conditions (C1) and (C2), i.e., for all

s,s € Z(G),

6(s) = 6(s) = (f(%0,9), f(x0,5)) & Ti.spec Ti eas (40)

The number of iterations for such an approach is the sameeasuimber of all
possible communication policies. Since the systemMéascal agents, there are
N COM,; that need to be considered@OM. For eachCOM;, the central station
needs to make decisions for each transitioit R(G), whose cardinality is in the
order of || X x E||. Considering all possible combinations, the set of all fibss
COMs is in the order of YIX<Ell To test each combination using the table tech-
nique in [23], the worst-case complexity is of ord€t||E||||X||?). Overall, the
worst-case complexity of such an approach reaeh@ || || X||22"EIIXI). This is
clearly impractical and not scalable.

Our approach to solve the minimum communication problem aom@puta-
tionally tractable and scalable manner consists of twossf@esented sequentially
in Sections 3 and 4. In Section 3, we apply the results in [2]lt@ decompose
our problem and consider the transitions of esteieof G separately This gives
an approach that achieves polynomial complexity with respethe cardinality

of state space db. Then, in Section 4, we show how to reduce the computational
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effort for thetransitionsat eachstate, resulting in polynomial complexity in the

number of such transitions at the state.

3 Problem Solution - Part |

3.1 AlgorithmMIN-CoM-CS

In this section, we present a new algorithm (termed Algarmitin-Com-CS) for
finding a minimal communicatio@OM;, for all i € 7, from the central station

to local agent, for a given minimal communication from the local agentshte t
central statiorCOM; as specified in the previous section. In the next section, we
will show how to efficiently implement the key Step 3.2 oiMCom-CS.
ALGORITHM MIN-COM-CS

INPUT: COM; andG.

Step 1:Initialization.

1.1Define% : X — {0,1} and setf'(x) =0, V x € X.

1.2 We start with both the central station and the local agentsneconicating all

transitions, i.e.COM is initially given by
C(),VISI - {(Xa e) € TR(G)}v
COMs = {(x,e) € TR(G) : e€ E; \ Eg},

foralli € 7.

Step 2:Find a stateq € X that satisfies the equatiorig(x ) = 0 and

(Veel (x)) (f(x,e)=x)V (f(x,8) =% = €(x%) =1).
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Step 3:Remove communications of transitions at statas follows.

3.1For each local agente o7, set

RT:(%) = {(x.6) € TR(G) : (x,€) ¢ COMz} and
COM;s «— COMs\ RTZ(X).
(This removes all communications corresponding to selptoat stateq from
COM:s.)
For each € o7, set
RTS'(x) = {(x.€): f(x,€) =x} and
COMs; «— COMs;i\ RTE!(x).
(This removes all communications corresponding to selptoat stateq from
COM;.)

3.2For each € <7, consider the set of potentially removable transitions dte.,

PRE(X) = {(x,e) e TRG): (ec T (x)\E) f(x,e) #x}. (41)

FindRT (%) € PRE(x) for eachi € <7, such that under

COMs;i «— COMsi \ RTg (X)) (42)
the following conditions (1), (I1) and (l11) are satisfied:
I. COM;s is feasible.
[l. The local specificatiofi specis satisfied:
(V8,8 € Z(G))[6(5) = (S) = (f(%0,9), F(%0,5)) & Tisped-  (43)

[ll. There is no otheRTg*(x) € PRT(X ) such thaRT;*(x ) satisfies (1) and (11)

with RTg (%) C RTS*(%).
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Step 4:Set% () = 1.
Step 5:Repeat Steps 2 to 4 unff(x) = 1 for all x € X.
OuTPUT: The minimal communication policROM;, i € &7 |
Algorithm MIN-CoM-CS works as follows. After the necessary initialization
in Step 1, each state @ is examined in an order essentially determined by a
topological sort of the graph as specified by Step 2. Assum\1) makes this
possible. The core of the algorithm is formed in Step 3 wheratix of maximal
removable communications at statels calculated. In the context of the general
problem formulation studied in [22], the method employedffoding such ma-
trix of maximal removable communications is not specifiedrt@inly, exhaustive
search will work. However, for the special problem consédein this paper, with
a central station communicating with a set of local agehtsg is an efficient way
of implementing Step 3 (specifically, Step 3.2) as will dssed in the next sec-
tion; itis called A.GORTIHM CS-3.2. This is one of the main contributions of this

paper.

3.2 Notation

Forx e X andV C TR(G), we construct a subautomat@ix,V) of G, denoted by
G(x,V) C G, by the following procedure. First, the initial state®fx,V) is state
x. Then we define the transition functidrof G(x,V) as

f if ;
fce) = (x,e) if(x,e)eV (44)

undefined otherwise
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G(x,V) is the accessible part of the resulting automaton. We usenditegtion
Z(G(x,V)) for the language generated B(x,V) and the notatio’X(x,V) for
the set of states dB(x,V). Furthermore, deno®(x) = G(x, TR(G)) andX (x) =
X(x, TR(G)).

Let COM be a communication policy defined @y thenCOMonH = G is

the communication polic€OM restricted to the set of transitions ldf

3.3 Properties of AlgorithnMIN-CoM-CS

We now show that Algorithm MN-CoM-CS is correct in the sense of it returns a
solution to the problem formulated in Section 2.5.

Algorithm MIN-CoM-CS is an adaptation and refinement of Algorithnmivi
Com-GEN of [21, 22] to the specific problem formulation consideredsire This
enables us to solve our problem in polynomial complexityhwéspect to the car-
dinality of state space of the system. We justify AlgorithmiNViCoMm-CS as fol-
lows.

Lemma 3 shows that Step 3.1 of Algorithmii Com-Sc does not affect the

existence of a solution for Step 3.2.

Lemma 3 After Step 3.1 of AlgorithnMIN-Com-Sc for removing communica-
tions of state x the resulting COM satisfies

1. COM; and COM, are feasible, and

2. Tsspecand T’speg | = :I.7 ey N, are SatISerd

Proof Since Step 3.1 removes communications of self-loops a stétom both

COM; andCOM,, it can be verified that Equation (19) is satisfied after Stdp 3
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Furthermore, sinc€EOM, DO COM;, by Lemma 1COM is feasible andsspecis
satisfied.

If COMs is not feasible ofT specis not satisfied for somee <7, then after
removing communication of self-loop of statein Equation (41), we have, re-

spectively,

(3stec.2(6) 6(s) = 8(t) A (f(x,1), F(x,9)) € Tispes (45)

or

(IsteZ(G)) (s = b(t) A (F(x,1),f(x,9) € Ti reas (46)
In either case, we can find
ee I (x) with f(x,e) #x (47)
and
g.t' e M*(x) with f(x,s) = f(x,t') =x, (48)
so that the tracesandt can be expressed as
s=ded andt = t'et’. (49)
Since at this stage of the algorithm, for &ff,e) with
f(x,€) #x, (50)
Zi(x,e) =1, by the definition of information mapping, we have

B(s’) = (") (51)
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Let f(x,€) = xc. We haves”,t” € .Z(G(x)), with

(f(xkvsl/)v f(kat”)) € Ti,SpeG (52)

or

(f (%, S"), f(X;t")) € Ti feas (53)

But 6(s”) and 6 (t”) have not changed since we removed the communications
in RT*(x«). It implies the removal of communications with respectR®* (x)

violates (1) or (Il), which is a contradiction. O

The following important proposition states that when Aigan MiN-CoMm-
CS checks, in Step 3.2, whether some communication can treefuemoved or

not at statex, it is equivalent to checking th®ibautomaton starting from .x

Proposition 1 In Step 3.2 of the AlgorithivIN-Com-CS, suppose we are given
RTi(x) 2 R (x). Let

COMs;i — COMs;i \ RTgi(%) (54)
be the corresponding communication. Then conditions

I. COM;s is feasible, and

Il. no (X,y) € Tispecis indistinguishable
are satisfied for G if and only if they are satisfied @x).
Proof The initialization of the communication policy of Algorith MIN-CoM-

CS given by Step 1 is feasible and, under this policy, eachtagdl have a per-

fect observation of the system. Furthermore, Lemma 3 esghet we can find
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a solution for Step 3 of Algorithm Mi-Com-CS. Therefore, Algorithm M-
Com-CS satisfies all the conditions in the proof of PropositiofoilAlgorithm
MIN-CoM-GEN in [22]. Hence, the proof of this proposition resembles thaop
of Proposition 1 in [22], which can be briefly summarized dbfes.

In view of Assumption (A1), Algorithm NN-Com-CS can proceed state by
state inG according to an order of topological sort. From AlgorithmNvCoMm-
CS, when a statg is selected for removal of communications, the centraimstat
and agents communicate all transitions for all states wareh‘upstream” of; .
Therefore, each agent as well as the central station ssilpkeeaect observation for
all strings that arrive a; for the first time and end at that state. Thus, two strings
that become indistinguishable because of the removal ohmamications at state
X at that time have to have the same prefix which reachesstadBecause both
feasibility andT; specare defined based on indistinguishable strings, their tiaia
if any, must occur irG(x ). Therefore, conditions | and Il are satisfied @if and

only if they are satisfied foB(x; ). O

We will use Proposition 1 to further save computational éfféor Step 3.2 in
the next section.

Theorem 1 states the correctness of AlgorithnmiMCoM-CS.

Theorem 1 AlgorithmM IN-CoM-CSgives a solution to the minimum-communication

problem stated in Section 2.5.

Proof The proof resembles the proof of Theorem 1 in [22] and can lxflor
summarized as follows. The topological sort ensures thgo#thm MIN-CoM-

CS checks and removes, if possible, communications for staté ofG exactly
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once. Lemma 3 ensures that we can find a solution for Step 3gafriéhm MiN-
CoM-CS. If there is a solution which is strictly better than tlséusion of Algo-
rithm MIN-CoM-CS, then we can find a set of states for which the correspgndin
communications are strictly less than those obtained by#tlym MiN-Cowm-
CS. Because of Assumption (A1), for such set of states, wdigdrat least one
statex whose communications are strictly less than those obtdigedlgorithm
MIN-CoM-CS, but not strictly less for any of its reachable stateateé&tand its
reachable part d& form the subautomatotﬁ(x). By Proposition 1, there is a con-
tradiction to the minimality of Step 3.2 of Algorithm iM-Com-CS for this state
X. O
Theorem 1 also implies that in order to solve the problem ictiSe 2.5, we
only need to iterate every state @once. At each iteration (from Step 2 to Step
4), we find a maximal set of removable communications at tlad¢ sFurthermore,
the problem can be solveayent by agentirrespective of (i) the number of local
agents, (ii) the events directly observed by each agentiénttie local specifica-
tion T specfor each agent. This decomposition of the problem leadsptoiftant

computational savings.

Example 3Consider the automatdd of Example 1, shown in Fig. 1; each event
can be directly observed by at least one of the local agerty tine central sta-
tion. We can iterate of Step 2 to Step 4 of AlgorithmMCom-CS for all states

of G in an order of topological sort, such as7$6,5,4,3,2,1,0 or, alternatively,
7,4,8,1,5,6,2,3,0. The problem of Section 2.5 can be solved by removing com-

munications for one state per iteration and this can be dgeetdy agent [
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We will revisit this example in Section 5 after we present soiution proce-
dure for Step 3.2 of Algorithm My-CoM-CS in the next section.

Unlike Algorithm Min-CoMm-GEN of [22], where all local agents must be con-
sidered together in Step 3, in AlgorithmiM-Com-CS, each local agent can be
considered separately in Step 3. Hence, with the resulsepted so far, we can
solve the problem of minimization of communication for aaysystems with a
central station in a computation effort &f(n||E||||X|?2/Ell). The only compu-
tational hurdle remaining is that our current solution il sxponential in the

cardinality of the event s&. We resolve this issue in the next section.

4 Problem Solution - Part Il

4.1 Language Decomposition

A “trivial” implementation of Step 3.2 of Algorithm Mi-Com-CS is to test all
subsets oPRTs(x ). But this requires an exponential number of tests with retspe
to the cardinality oPRT(x ). We want to develop a procedure with polynomial
number of iterations with respect to the cardinality of b¥tandPRT(x; ).

From Section 3.3, we know that given stagefinding RTg; () € PRT(x) for
Gis equivalent to findingRT; (x) for G = G(x ). Furthermore, besidé speo the
choice ofRT in Step 3.2 of Algorithm MN-CoMm-CS only depends on the given
RT:(x). Therefore, we can soMRT(x ) for each local agerite </ separately
in G. This decomposition of the problem is important and veryfuls@he subse-

guent discussion considers a fixed agent labeled by
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Because of the problem of lack of monotonicity, before we efficiently re-
move the communications at stagei.e., calculatRTg (x ), we analyze the rela-
tions among transitions defined at statéor an arbitrary fixedRTsi(X ). To do so,
we first partition event sef according to its observability properties and to the

communication policy of corresponding transitions ateskais follows:
— Observable or communicated non self-loop:

Vi={eel(x): f(x,)#£x A J(x,e) =1}, (55)

Unobservable and non communicated non self-loop:

Vo={eel(x): f(x,6) #X A Fi(x,e) =0}, (56)

Non self-loop:

Vis={eel(x): f(x,e)#x} (57)

Observable or communicated self-IGop

Va={eel(x): f(x,e)=x A ecEy} (58)
— Unobservable and non communicated events:
V4= E\ (V1UV3). (59)

Based on the above partition of event Egtwe wish to decompose the lan-
guage.,iﬂ(é) in order to obtain an efficient solution procedure for Step Fhis

decomposition has four steps.

2 Because the communications for self-loops have already teaoved by Step 3.1 of
Algorithm MIN-CoM-Cs, we only need to consider the set of events defined as sqiloo

with e € E;j here.
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1. Define the set of strings that self-loop at state
Li={se Z2(6): f(x,9) =x}. (60)
2. Define
TR ={(x,€)eTRG): 4(x€)=0V € €Va}. (61)

It corresponds to unobservable and non-communicatedticarssor to transi-
tions with events in observable self-loops. Definée) the set of strings which

leavex with an evene € V, and only use transitions iR, afterwards,

Lo(e) = {se Z(G) :se LieZ(G(f(x,e),TR))}. (62)

DefineLy, = Ueevs Lo(e). Hence, anys € L, will cause confusion between
statesq andf(x,s).

3. Foree Vy, define

La(e) = {se€ Z(G) :se L1eZ(G(f(x,e))}. (63)

Ls = Uecy, L3(e). (64)

Hencel s is the set of strings that leave statdy observable or communicated
events.

4. Forey € Vo, & € V1 UVy,

La(er, &) = { s€ .Z(G): Itep €5 t € Ly(er), 7 (f(x,1),e2) = 1}, (65)

wheresis the prefix closure of string

La = Ugyev, Ueyeviuv, La(er, €). (66)
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In words, L4 is the set of strings which start with a string iR, ev,L2(e1)
followed by observable transitiofif (x,t),e»), then followed by any suffix.
Note that the labek, of the transition(f(x,t),e;) which leaves language
Ue,ev, L2(€1) is not the label of a transition definedxatnor is it the label of
an observable self-loop &t Hence, this labed; is in the seW; UV, and after

(f(x,t),e2) happens, we know that the trace has left language,,L>(e1).

Fig. 4 Decomposition of,%(é) aslq, Lo, L3, andL4.

Using 1.— 4. above, as shown in Fig. 4, Ianguég(é) can be decomposed as
follows:
Z(G) = L1U (Ueev,L2(€)) U (Ueev, La(€)) U(Uerev, Ueyevaiv, La(er, €2)). (67)
We illustrate language decomposition by the following egpén

Example 4Consider the language generated®in Fig. 1 of Example 1. We de-

compose? (G) from the point of view of agent 1. Suppose that oflyes), (2, e3)
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are unobservable to agent 1, i.e., agent 1 does not know thereace ok; after
states 0 and 2. Ldt be the prefix-closure of languade let x, be state 0. Then,
Vi = {ex,e4}, Vo = {e3}, Va = {a4}, andV, = {ay,ap,a3, €1, e3}. In the notation

of regular expressions,

L1 = (e1+aq)",
Ly = Lo(e3) = (e1+ as)*esay,
(68)
Lz = L3(€2) +La(€es4) = (61 +ay)" (e2€3a83 + 427281 ), and
La = (€1 + a4)"€3(a3a38432 + A4d2).
It can be verified that?(G) = L1 ULy UL3ULy. O

To examine (1) and (l1) for a giveRT(x), it is sufficient to examine all pairs
of traces(s,t) € .Z(G) x Z(G). Building on the above decomposition &f(G),

we partition.Z(G) x .Z(G) into five sets of pairs of traces &si = 1,...,5:

P = [L1U (Ueev,L2(€)) U (Ueyev, Ugyevyv, Laler, €2))]

(69)

X [L1U (Ueev,L2(€)) U (Ueyev, Ueyeviuv, La(er, €2))],
Py = [Ueev, L3(€)] X [Ueev; L3(€)], (70)

P3 = [L1U (Ueew,L2(€))] X [Uecv, L3(€)]
(71)
UlUeev, La(€)] x [L1U (Ueew, L2(8))],

Ps = [Ueev, Ueyevivy Uesevs e e, La(€1,€2) X La(€3)] 72)

U[Ueyev, Ueyeviv Uesevs ese, L3(€3) X La(er, €2)],
Ps= [Uelevz Uegyevy La(er,e) x L3(e)] (73)

U[UEJ_GVz U62€V1 L3(62) X L4(e17 eZ)]
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Note thatP; and Ps correspond to the complementary case where- e3. By

Equation (67), we can write

Z(G) x Z(G)=U2,R. (74)

From now on, the mention of test” means testing all pairs of tracest) € R
for (f(x,9), f(x,1)) € TispedJ Ti feas that is, testing (1) and (I1).

We now describe how to test (1) and (I1) ovéf(G) x .Z(G) by testing these
conditions over the sef§, i = 1,...,5. It turns out that the casés,P;, andP,

always satisfy (1) and (ll):

— For(s,t) € P,, we construcG’, a subautomaton @, as
G =G(x, TRG)\{(x.,6) e Vy})

with state spacX’. We haveG' C G. Because for al{x,e) € TR(G), . (x, )
does not change before and after removing communicatioREjiix ) for all
i € o7 in Step 3.2, the checking of these pairs of traces will alwzgss.

— For(st) € P, all traces inL3 have at least one observed transition correspond-
ing to an event fronV;. But for allt € L1 U (Uecy, L3(€)), N0 such transition is
available. We can conclude th@{s) # 6 (t).

— For(s,t) € P4, the first observed evengs, e; € V; UV, contained irsandt are

different. Hence, we also ha@(s) # 6 (t).

Consequently, for testing (1) and (II) in Step 3.2 of Algbrt MIN-CoM-CS
for givenRT () C PRT(x ), we only need to ted®, andPs. We use this fact to

design the following algorithm for Step 3.2 of AlgorithmiNtCom-CS.
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4.2 Algorithm for Step 3.2 dflIN-COM-CS

Here we are concerned with communications from the certatibs to local agent
i. The goalis to findR T (x ) for Step 3.2 of Algorithm MN-Com-CS. We present
the following algorithm for this purpose.

ALGORITHM CS-3.2:

INPUT: Intermediate communication policy of AlgorithmiM-Com-CSCOM;j, i €
o/ of previous iteration, observable event detfor agenti, i € 7.

3.2.1.For each(e;, &) with e € Viis\ Ei, & € Vs, €1 # €, test (1) and (l1) for
L4(e1,e0) x L3(e2). Construct directed grafgh (Dependency Graph) whose nodes
aree € Vpsand arcs arée , g;) if the test ofL4(g, €) x Lz(e;) failed.

3.2.2.5etV, = 0, Vi = Ej NV, andV T «— Vps\ V1.

3.2.3.Find a minimal seV; D V,, andV}\ V> C VT, which satisfies the following
conditions: for alle € V;, there are no directed paths starting wétand ending
with € ¢ V3.

3.2.4.Test (1) and (II) for currenP; with respect to/;.

— If it satisfies the test, s&b — V.

— Ifit does not, seV; — V1 U (V5 \ V»), and then, set
Vi —ViU{ee VT : Jadirected path frome & V1.

3.25.8etVT «VT\ (ViUV,).
If VT + 0 go back to Step 3.2.3. Otherwise, ¥§t— Vo, RT;(x) = {(x,€) 1 e€
V' } and

COMj « COMi\ RT (x).
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Go to Step 4 of Algorithm NN-CoMm-CS.

OuTPUT: Updated intermediate communication pol€®M;,i € <.
Remark:We perform corresponding tests for eveif,e;) with e; € Vps\

Ei, & € Vs, €1 # & such that the Dependency Graph is constructe@foests of

all possible solutions instead of a particuRikj(x ) as in Section 4.1.

4.3 Properties of Algorithn€S-3.2

We now show the correctness of Algorithm CS-3.2, when it edus implement

Step 3.2 of Algorithm MN-Com-CS.

Lemma 4 Consider testing the removal of communications for theditaons go-
ing out of state xand labeled by events i)\Z Vy,s. Then, the test forfAn Equa-
tion (73) is successful iff, for all € V;, all directed paths that start with event e in

Dependency Graph D constructed in Step 3.2.1 contain orlgitevn set Y.

Proof The prooffollows directly from the construction of the Deplency Graph O]

Theorem 2 Algorithm CS-3.2gives an RT(X ) that satisfies (1), (II) and (Ill) of

Step 3.2 of AlgorithnM IN-CoM-CS.

Proof By Step 3.2.1, Step 3.2.4, and language decomposition siealye can
conclude that the resultingT*(x;) satisfies (I) and (Il). It remains to prove that
(1) holds.

Consider the iterations of Steps 3.2.3 to 3.2.5. We havedeastprevious iterations

that the communications of transitions for all events witlti are removable. Then
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we find a minimal se¥; O V, with e € V;\ V,, whereV; satisfies the requirement
of Step 3.2.3. By Lemma 4, we only need to tBsffor V. Suppose that in Step
3.2.4 the test oY/} fails. Suppose there exis§’ O V, with e € V}/, and suppose
the communications of events\j’ are removable. Then, the removahgf must
satisfy the test os. By Lemma 4, there are no directed paths coming oioih
the Dependency Gragh. By minimality of V;, we havevy D V.

By Lemma 4 and Step 3.2.3, we only need to ®sfor V. Let testP; andP;
denote the; tests corresponding ¥ andV,’, respectively. The failure of te§{

indicates

(Fstec.2(G)) B(s) =8(t) A (f(x,8),f(x,1) € TispedI Tifeas (75

But, for both test?] and Py, the information mappings are the same $and

t. Consequentlys andt should also cause a failure for tét. This is a contra-
diction. We can conclude that, in each iteration of Steps33@ 3.2.5, there are
no supersets of, containing events ik with corresponding communications re-
movable. Sinc&; UV] = Vi, we have that; contains a maximal set of events in
Vhs Whose corresponding communications are removable. Thidtrehows that

RT*(x ) satisfies (IIl). O

4.4 Tests in Step 3.2

In this subsection, we first suggest an algorithm for catoudaconfusable states
for an automaton with given information mapping. Then, wagider the test

Lsa(e,€j) x La(gj) in Step 3.2.1 of Algorithm CS-3.2 and the t&tn Step 3.2.4.
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4.4.1 Calculating Confusable State8Ve can use the table technique in [23] or
the nondeterministic product automaton in Chapter Il of| [@&lated to the M-
Machine in [15] and the verifier in [25]) to calculate, in pofymial time, the set
of confusable state pairs. Then we use the set of confustdie gairs to verify
feasibility and local specifications for a given communi@atpolicy with corre-
sponding index functio’, for each agerk (defined in Equation (17)).

Let cp be the set of all confused pairs for agerdbtained by any of the

methods mentioned above. Clearly, Equations (18) and @Okhsibility holds

iff
(B (xy) €cp)[(x.©),(y,€) € TRG)]
(76)
A [(x,e) € COMs A (y,e) € COMg]
for all local agents € 7.
Equation (32) for local specification conditions holds iff
(Vie o) cpNTispec=0 (77)

for all local agents € «7.

4.4.2 Tests in Step 3.2.1The algorithm for testind.4(e,€j) x L3(gj) is as fol-
lows.

Step 1.Construct a deterministic automatGnas follows:

Construct an automatoB,(e,ej) to represent marked languabg(e,ej) as a
subautomaton o6. Let X/, represent the corresponding marked states of the re-
sulting automaton. Here, the marking of states can be dofotlews. Forx € X/,

to mark statex, we change the label of stateo x'.
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Construct an automatd®,(ej) to represent marked langualg(ej) as a subau-
tomaton ofG. Let X/: represent the corresponding marked states of the resulting
automaton. Here, the marking of states can be done as folkaws € X}, to mark
statex, we change the label of stateto X”.

ConstrucG by merging the initial states @&!,,(e;, ej) andGJ,(e;j), both labeled by
X, as initial state but keeping all other transitions andesta both ofGy, (e, €;j)
andGp(ej). Note that self-loops at initial state of both automata match before
these two states are merged.

Step 2.Calculate pairs of states @ which are confusable using any of the meth-
ods mentioned above. If there exiéte X/, andy” € X, with (X',y") confusable
with each other andx,y) € Ti teasU Ti spec We can conclude that for staxethe
removal of communication of evest depends on removal of communication of

evente;.

4.4.3 Tests in Step 3.2.4The algorithm for testing Step 3.2.4 is as follows.

Step 1.Construct an automatda as a subautomaton Gfto represent language

L1 U (Ueew,L2(€)) U (Ugyev, Ueyer\v; La(E1, €2)). (78)

Step 2. Calculate pairs of states i which are confusable using any of the
methods mentioned above. If there exiétsy) confusable with each other and
(X,y) € Ti teasU Ti spec We can conclude that the test®ffor V; fails. Otherwise,
the test passes.

In order to construct the Dependency Graph, we need to censith pair

of transitions for a particular state. Therefore, in the st@ase we need to con-
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sider||E||? pairs. For each of those event pairs, we need to build an atom
that representiss(g, ej) x La(ej), which needs a computational effort of the order
X x E||. A test for eachLa(e, €)) x L3(€j) has complexity|E||||X||? if we use the
table technique in [23]. Then, the number of iterations @&pSt3.2.3to 3.2.5 is
upper bounded by number of evelj&||. And for each iteration, the computation
for testing | and Il can be done by using the table techniqiéghivhas a computa-
tional efforts||E||||X||?. In all, Algorithm CS-3.2 is of the same order as building

the Dependency Graph, which|i& ||3||X||2.

4.5 Computational Complexity

As a consequence of the iterative procedure in Algorithm NCom-CS, the pro-
cedure described in Section 4 to resolve Step 3.2 of AlgoriMin-Com-CS,
together with the strategies described in Section 4.4 fetdlsts of Step 3.2, the

following result on computational complexity can be obéain

Theorem 3 The problem formulated in Section 2.5 can be solved withnoohial
complexity with respect to the cardinality of the state spaicG, the cardinality of

the event set of G, and the number of local agents.

Proof The number of iterations for Algorithm M-Com-CS is||X||. The amount
of computation for each iteration is determined by the cotafien complexity of
Algorithm CS-3.2, which is in the order ¢fE||3|| X ||. Since there ar8l agents,
overall, in the worst case, the complexity of solving thelgdeon in Section 2.5 is

O (N[E[F[IX]F°). 0
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5 lllustrative Examples

Example 5This example continues Example 2 presented earlier. Batitey Al-
gorithm MIN-Com-CS for Example 2, we examine state84,1 in this order.

No communications are removed for these states. Next, iy Bteve examine

Fig. 5 Dependency Graph for transitions at state 0 of Example 2.

state 0. Go to Step 3. Step 3.1 is trivial here. Go to Step 3/ 5tBp 3.2.1, we find
that the removal of communications of transitigAse; ) and(0, e;) are mutual de-
pendent. The Dependency Graph is shown in Fig. 5. Go to S&p. 3terate Step
3.2.3to Step 3.2.5. By looking at the observer in Fig. 3 or img the techniques
discussed in Section 4.4.1, we find that we can renfOwe ) and(0, e2) together.

Finally

COM; = {(1,&),(2,e1)}, COM; = 0. (79)
Example 6We continue Examples 1 and 3 presented earlier. Consideytiem
model given in Fig. 1. LeEs = 0, E; = {a3,ap,83,84} andE; = {e1,e,€3,€4}.
Suppose the only requirement f6OM, is to satisfy the feasibility oCOM;,
that is, Ty spec= 0. However, agent 2 needs to distinguish state pedr8)}, that
is, T2 spec= {(3,8)}. From Equations (27) and (28) in Section 2.3, we have

COWS = {(37 a4)7 (47 al)a (Sa a3)7 (67 a2)}7 and

COMES: {(0764)7 (0762)7 (0763)7 (1762)7 (2763)}
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Thus, we havdy teas= {(0,3), (3,5), (4,5), (1,4)}, andTy feas= 0.

Initially, by Step 1 of Algorithm Mn-Com-CS,

COMgs, = COMps = {(0,61), (0762)7 (0763)7 (0764)7 (1762)7 (2763)}7

CONISZ = COMlS = {(07 a4)7 (17 al)a (3a a3)7 (3,&4), (4a al)a (Sa al)7 (57a3)a (6a aZ)}'

By iterating Algorithm MN-Com-CS, we examine states 8, 7, 6,5, 4, 3,2, 1 in
this order. Remove the communications of transitisy ), (3,as3), (1,a;) from
COM;s. Remove the communication of transiti@ e3) from COMg;. Remove the
communication of transition®, ay), (5,a1), (5,a3), (4,a1), (3,a3), (1,a1) fromCOMg.
Notice that the removal of communicati¢8 as) from COMg will cause agent 2

to confuse(3,8), which violatesT,spec SO far there is nothing to be removed
for COMps. Now, by Step 2, we examine state 0. By Step 3.1, we furtheovem
(0,e1) from COMy andCOMs, and remove0, a4) from COMs andCOMg. Go

to Step 3.2.1. The automaton used for testiney, &) x L3(e2) is shown in Fig.

6, where all boxed transitions are “unknown” to local agerim the test. State

Fig. 6 Automaton for testind4(es, ) x L3(e2) in G(0).

4" is confused with state”’sby agent 2 because agent 2 has no information about
(0,e4) or (2", €3). Since(4,5) € Ty feas this indicates that the removal ef de-

pends on the removal @. It can be verified that no further dependencies exist.
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The Dependency Graph for this case is shown in Fig. 7. Go to S&2. Iterate
Step 3.2.3 to Step 3.2.5. We try to remove communicaioes). The automaton

used for testing®; is shown in Fig. 8. The test fails due to the confusion of pair

Fig. 7 Dependency Graph for transitions at state G¢®).

as

T
ay ay a
C@ (3—=(e—"2(8)

Fig. 8 Automaton for Testind? for removal of(0, e3).

of states(0,3) € Ty reas Then, we further remove communicatidifse,), (0, es)
in this order fromCOMg because the correspondiRgtests passed. Finally, we

have

CON@:L = {(an3)a (1,82)},
COM;, = {(3.24). (4.31). (5.2, (6,22)}

COM;; = {(0,€2),(0,€3),(0,€4), (1,€),(2,€3)}.
6 Conclusion

Building on the novel approach proposed in [21,22] for saMgeneral minimum-

communication problems, we have considered the imporfzatial case of one
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central station communicating with a set of local agentsh@les proposed a spe-
cialized version of Algorithm MN-CoMm-GEN of [21,22], termed MN-CoOM-CS,
which exploits the special features of the problem to imprthe computational
efficiency of MiIN-Com-GEN, namely, MN-CoMm-CS achieves polynomial com-
plexity in all key parameters (the cardinality of the stgtace, the cardinality of
the event set, and the number of local agents). The technitgezl to achieve this
result, such as dependency graph and language decomppsitgy prove appli-
cable to other classes of minimum-communication problérhg remains to be

investigated.
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