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Abstract The problem of minimizing communication in a distributed networked
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exactly the state of the system, whereas local agents need todisambiguate certain

pre-specified pairs of states for purposes of control or diagnosis. This requirement

is achieved by communication, which occurs only between thecentral station and

the local agents but not among the local agents. A communication policy is defined

as a set of event occurrences to be communicated between the central station and

the local agents. A communication policy is said to be minimal if any removal

of communication of event occurrences will affect the correctness of the solution.

Under an assumption on the absence of cycles (other than self-loops) in the system

model, this paper presents an algorithm that computes a minimal communication

policy in polynomial time in all parameters of the system. These results improve

upon previous algorithms for solving minimum communication problems.

Key words distributed control, distributed diagnosis, minimum communication,

discrete-event systems

1 Introduction

Distributed networked systems are becoming more and more prevalent due to ad-

vances in technologies. Examples can be found in wireless communications, trans-

portation, telephony, and so forth. Nodes or agents in thesesystems need to com-

municate with each other and such communication is often “costly” due to one

or more of the following considerations: power, bandwidth,security, or network

topology. Because of such cost, there is a long-standing interest in minimizing

communication among nodes in distributed networked systems. This problem can
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take different forms for different modeling formalisms chosen to describe the sys-

tem, different structural assumptions about the distribution of the sensors, the de-

centralization of information in the system, and the cost function to be minimized

regarding communication. For example, the problem of minimizing the communi-

cation cost of a network management system consisting of a distributed hierarchy

of cooperating intelligent agents is considered in [4]. In [17], minimum communi-

cation between distributed Bayesian networks is considered, where the problem of

predicting the minimum expected communication cost is solved using Markov de-

cision processes. More recently, [8] proposes an efficient communication strategy

to improve response time.

Many communication problems in distributed systems can be investigated in

the framework of discrete event systems. For example, for minimum communi-

cation in control, [24] considers a problem of decentralized control with a com-

munication channel, where a necessary and sufficient condition is obtained for the

existence of such a channel. In [11], states where supervisors do not know enough

to solve the decentralized discrete event control problem are first identified. Af-

ter the identification of such states, minimum communication is incorporated into

the decentralized discrete event system so that the resulting augmented system re-

sults in supervisors with enough knowledge to make the correct control decisions.

References [1–3] consider the problem of synthesizing several communicating su-

pervisors, each with different information. Two fundamental difficulties associated

with synthesis of optimal communication policies are discussed. Results are pre-

sented on the synthesis of communication policies for controllers that do not utilize
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knowledge of the communication policy to affect their estimates. For minimum

communication in diagnosis problems, a problem of failure diagnosis in discrete

event systems with decentralized information is discussedin [7], where a coor-

dinated decentralized architecture consisting of local sites communicating with a

coordinator that is responsible for diagnosing the failures is proposed. A timed

discrete event system model is used in [12] and decentralized failure diagnosis is

proposed to treat failure diagnosis problems arising in communication networks.

Reference [5] considers the trade-off between the speed of diagnosis and the cost

of communication and computation. In the recent work [18,19], a problem of turn-

ing on/off sensors dynamically for achieving diagnosability is considered for dis-

crete event systems in the context of a general formulation based on information

structures. A good survey on minimization of communicationin the context of

diagnosis or control of discrete-event systems where the information is decentral-

ized can be found in [16]. It is generally believed that the problem of minimizing

communication for diagnosis purposes is easier than minimizing communication

for control purposes, due to the mutual coupling that occursbetween the state es-

timation policy, the control policy, and the communicationpolicy in decentralized

control problems (see [3]).

Our approach considers minimum communication ofevent occurrencesand it

can be used in both control and diagnosis problems, along theline of work in [14]

and [10]. This approach “separates” the communication problem from the diagno-

sis or control problem by assuming that the diagnosis and control policies are fixed

and givena priori. Under this assumption, a minimum communication problem is
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formulated and solved in [14], where a communication policyis defined as sets

of event occurrences communicated among agents. The communication decisions

of when, to whom, and which event occurrences to communicateare based on the

agents’ available information of the system trajectories.In other words, for any

agent, the communication decisions for the occurrences of the same event after

two different strings (trajectories) that look the same to that agent need to be con-

sistent. This is captured in the notion of feasible communication policy in [14].

Also, the notion of implementability is introduced to restrict the communication

policy to a subset of transitions of the automaton modeling the system. An algo-

rithm that finds a minimal communication policy among two agents was proposed

in [14]. The notion of minimality is a logical one: a communication policy is mini-

mal if reducing one or more communications of event occurrences in the dynamic

evolution of the system renders a correct solution incorrect (see [14] for precise

definitions). However, the general strategy employed in thealgorithm in [14] es-

sentially proceeds by exhaustive enumeration of candidatesolutions in a certain

range.

A more general formulation of the minimum communication problem than that

of [14] is proposed and investigated in [22] (see also Chapter II of [21]). It inherits

some of the features of the problem treated in [14], including similar notions of

feasibility and minimality of communication and an implementability condition

to restrict solution space. However, the formulation in [21, 22] is more general

than that in [14] in several respects: the number of agents, the communication

structure, the gaol of state disambiguation, and the algorithmic procedures. Based
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on the assumptions made on the structure of the system regarding the absence of

cycles other than self-loops, a solution procedure termed Algorithm MIN-COM-

GEN is obtained to compute a minimal communication policy for each state of

the system separately (one state per iteration). AlgorithmM IN-COM-GEN of [22],

together with the so-called “table technique” of [23] for testing potential solutions,

computes a minimal communication policy in polynomial timecomplexity in the

number of states of the system. However, Algorithm MIN-COM-GEN does not

specify a specific strategy for the necessary computations at each iteration (or each

state). The computational effort at each iteration may be substantial, as in the worst

case it is exponential in the cardinality of a set whose size is the number of active

events to the power of the number of agents in the system.

In this paper, we refine the problem formulation of [22]. We consider a dis-

tributed discrete event system withone central station and N local agents. Com-

munications occur only between the central station and the local agents but not

directly among the local agents. However, the central station may decide to relay

the information received from local agenti to local agentj, which will be con-

sidered as two communications. The entire system is modeledby one automaton

G. We assume that the events ofG are observed by the central station and/or by

at least one of the local agents. The central station must know the exact state of

the systemG at all times. Therefore, whenever an event that is observed by some

local agents but not by the central station occurs and causesa change of the state

in G, then one of these local agents must communicate that event occurrence to

the central station. Our goal is to minimize the sets of communications from the
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central station to each local agenti such that: (1) local agenti has no confusion

in its communications to the central station; and (2) local agenti can distinguish

certain pairs of states for its own control, diagnosis, or other purposes.

Examples given in [9,22] show that agents observing fewer event occurrences

may improve their knowledge of the system (as compared with when they observe

more event occurrences) in the sense of that some previouslyindistinguishable

states may become distinguishable; and this can happen evenfor feasible commu-

nication policies. Consequently, the fact that a set of event occurrences cannot be

removed from a communication policy does not mean that a superset of it can-

not be removed. This is referred to as the “lack of monotonicity” and it means

that, counter-intuitively, more communications of event occurrences do not always

mean better knowledge of the state. This brings up the following question: Does

the refined problem formulation addressed in this paper suffer from the same prob-

lem of lack of monotonicitywithin each iteration of Algorithm MIN-COM-GEN

that is used in [22] to solve the general problem? Unfortunately, the answer is yes.

The problem of removing communications at each particular iteration (i.e., state) is

still intricate. One of the main contributions of this paperis to present an algorithm

that specializes Algorithm MIN-COM-GEN and achieves, at each iteration, poly-

nomial complexity in the number of events in the active eventset of the state under

consideration. New techniques will be introduced to make this possible: a “depen-

dency graph” and a special way of decomposing the post-language at each state.

Moreover, we will show that the synthesis of the communication policies from

the central station to the local agents can be decoupled and solved agent-by-agent.
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Therefore, the end result is the first algorithm for solving aminimum communica-

tion problem that is polynomial inall the parameters: number of states, number of

events, and number of agents.

This paper is organized as follows. Section 2 presents the details of the problem

formulation. Then, in Section 3, an algorithm termed MIN-COM-SC is presented

for the calculation of minimal communication policies for the N agents in the

distributed system; the proof of the correctness (with respect to feasibility and

local specifications) and minimality of Algorithm MIN-COM-SC is also presented

in that section. In Section 4, a detailed procedure for removal of communications

for a given state is presented based on a language decomposition analysis, together

with the proof of its correctness. The overall complexity ofAlgorithm MIN-COM-

SC is also derived in Section 4. Finally, an example is given in Section 5, followed

by concluding remarks in Section 6. A preliminary version ofsome of the results

in this paper appears in [20].

We assume basic knowledge of discrete-event systems and itscommon nota-

tions. The readers are directed to [6] for more complete introductory materials.

2 Description of Problem

2.1 System Model

We model a discrete event system as a deterministic finite-state automaton

G = (X,E, f ,Γ ,x0) (1)
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whereX is the finite set of states,E is the finite set of events,f : X×E→ X is

the transition function wheref (x,e) = y means that there is a transition labeled by

evente from statex to statey, Γ is the active event function whereΓ (x) is the set

of all eventse for which f (x,e) is defined (called the active event set ofG at x),

andx0 is the initial state.

We useL (G) to denote the language generated byG. We define the set of

transitionsTR(G) of G as

TR(G) := {(x,e) ∈ X×E : e∈ Γ (x)}. (2)

The set of local agents is denoted byA = {1,2, . . . ,N}. The set of events that

can be observed by the central station is denoted byEs. The set of events that

can be observed by local agenti is denoted byEi . We assume that every event is

observed by the central station and/or by a local agent:

E = Es∪ (
⋃

i∈A

Ei). (3)

For reasons that will become clear later on, we make the following assumption:

Assumption (A1)The graph ofG has no cycles other than self-loops, i.e., for all

x∈ X, for all e∈ E andt ∈ E∗,

[ f (x,et) is defined∧ f (x,e) 6= x]⇒ f (x,et) 6= x. (4)

From now on, we will assume that Assumption (A1) is satisfied.

2.2 Communication Model

Communications only occur from the central station to a local agent or from a

local agent to the central station. The local agents do not communicate directly
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among each other. Moreover, the central station does not broadcast or multicast to

the local agents.

Communication from the central station to local agenti is described by the

function

comsi : L (G)→ 2E\Ei , (5)

i.e., the central station can send out information from its own observations, as well

as from the communications it receives from other local agents. Communication

from local agenti to the central station is described by the function

comis : L (G)→ 2Ei\Es, (6)

i.e., local agenti can only send information from its own observations to the central

station.

Givencomis, comsi, i ∈A , we use mutual induction to define the information

mappingsθs : L (G)→ E∗ andθi : L (G)→ E∗, i ∈A , as follows. For the empty

stringε,

θs(ε) = ε, θi(ε) = ε. (7)

For all te∈L (G) with e∈ E,

θs(te) =















θs(t)e if e∈ Es∪
⋃N

i=1comis(t)

θs(t) otherwise,

(8)

θi(te) =















θi(t)e if e∈ Ei ∪comsi(t)

θi(t) otherwise.

(9)

The above definitions ofcomis, comsi, i ∈A , are string-based. For implemen-

tation on automatonG, we need to define their state-based counterparts. For this
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purpose, we introduce a so-called “implementability condition” that restricts the

communication policies to the state structure ofG. This condition is reminiscent

of the implementability condition in [14].

Implementability ConditiononG:

(∀ i ∈A ) (∀ s,s′ ∈L (G)) f (x0,s) = f (x0,s′)

⇒ [e∈ comsi(s) ⇔ e∈ comsi(s′)]

(10)

for the central station, and

(∀ i ∈A ) (∀ s,s′ ∈L (G)) f (x0,s) = f (x0,s′)

⇒ [e∈ comis(s) ⇔ e∈ comis(s′)]

(11)

for the local agents.

More specifically, under implementability, the transitions to be communicated

from the central station to local agenti can be described by

COMsi ⊆ {(x,e) ∈ TR(G) : e∈ E\Ei}, (12)

where(x,e) ∈COMsi means that

((∀ s∈L (G)) f (x0,s) = x) e∈ comsi(s). (13)

Similarly, the transitions to be communicated from local agent i to the central

station can be described by

COMis ⊆ {(x,e) ∈ TR(G) : e∈ Ei\Es}, (14)

where(x,e) ∈COMis means that

((∀ s∈L (G)) f (x0,s) = x) e∈ comis(s). (15)
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We use the 2×N matrixCOM to record all communication policies among the

central station and the local agents:

COM=









COMa

COMs









=









COM1s COM2s · · · COMNs

COMs1 COMs2 · · · COMsN









.

The transitions observed by or communicated to the central station are de-

scribed by the index functionIs : TR(G)→ {0,1} defined as

Is(x,e) :=















1 if e∈ Es or (∃ i ∈A ) (x,e) ∈COMis

0 otherwise

. (16)

The transitions observed by or communicated to local agenti are described by the

index functionIi : TR(G)→ {0,1} defined as

Ii(x,e) :=















1 if e∈ Ei or (x,e) ∈COMsi

0 otherwise

. (17)

Moreover, it is required that any two sequences of events that are indistin-

guishable to a site (either the central station or a local agent) must be followed by

the same communication decision for events whose occurrence is “known ” to the

site. Formally, from Equations (12) and (16), we define the notion of feasibilityfor

COMsi as follows.

(∀ te, t ′e∈L (G)) θs(te) = θs(t ′e) = θs(t)e= θs(t ′)e

⇒ [( f (x0, t),e) ∈COMsi⇔ ( f (x0,t ′),e) ∈COMsi],

(18)

and

(x,e) ∈COMsi ⇒ e∈ Es∨ [(∃ j ∈A ) e∈ E j ∧ (x,e) ∈COMjs]. (19)
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From Equations (14) and (17), we definefeasibility for COMis as follows.

(∀ te, t ′e∈L (G)) θi(t) = θi(t ′)

⇒ [( f (x0, t),e) ∈COMis⇔ ( f (x0,t ′),e) ∈COMis].

(20)

We note here that the feasibility ofCOMsi is different from that ofCOMis because

local agenti can only send out information about its own direct observations, as

shown in Equation (14). We introduce the following terminology: (a)COMa is

feasible iff for all i ∈A , COMis is feasible, (b)COMs is feasible iff for alli ∈A ,

COMsi is feasible, and (c) matrixCOM is feasible iff bothCOMa andCOMs are

feasible. Clearly, the notion offeasibilitycaptured in Equations (18), (19), and (20)

can be tested onG.

We use the following example to illustrate the meaning of feasibility.

Example 1Fig. 1 shows an automatonG that satisfies Assumption (A1). The states

areX = {0,1,2,3,4,5,6,7,8}. Suppose there are one central station and two local

agents. LetEs = /0, E1 = {a1,a2,a3,a4}, andE2 = {e1,e2,e3,e4}. Suppose agent

2 communicates everything to central station. Suppose the central station com-

municates everything except(0,e2) to agent 1. Then, agent 1 cannot distinguish

states 5 from 3 sinceθ (e2e3) = e3 = θ (e3). By the feasibility requirement, this

forces agent 1 to apply the same communication decisions to transitions(3,a3)

and(5,a3), that is, agent 1 has to communicate(3,a3) if it wants to communicate

(5,a3).

We will return to this example throughout the paper. �

Before we proceed, let us introduce the following notations: For given matri-

ces of setsB = [bi j ] andB′ = [b′i j ] for i = 1, . . . , l and j = 1, . . . ,m, B is a subset
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0

1 2 3

4 5 6

7 8

3e

41,ae

3a

4a

2e

1a

1a 3a
2a

1a

4e

2e 3e

Fig. 1 An automatonG that satisfies Assumption (A1).

(superset) ofB′, denoted byB ⊆ (⊇) B′, iff

[(∀ i, j) bi j ⊆ (⊇)b′i j ]. (21)

B is a proper subset (superset) ofB′, denoted byB⊂ (⊃)B′, iff

[(∀ i, j) bi j ⊆ (⊇)b′i j ] ∧ [(∃ i, j) bi j ⊂ (⊃)b′i j ]. (22)

For given matrices of setsB = [bi j ] andB′ = [b′i j ], we define

B\B′ = [bi j \b′i j ]. (23)

2.3 Objective for Central Station

For our system, it is required that the central station must know the exact stateG

is in, that is, for alls,s′ ∈L (G),

θs(s) = θs(s
′)⇒ f (x0,s) = f (x0,s

′). (24)

More specifically, let

Ts,spec= {(x,y) ∈ X×X : x 6= y}. (25)
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Then, Equation (24) is equivalent to

θs(s) = θs(s′)⇒ ( f (x0,s), f (x0,s′) 6∈ Ts,spec. (26)

Any communication from local agentsi, i ∈A to the central station that achieves

this requirement must satisfy

e∈ E\Es∧ f (x,e) 6= x⇒ (∃ i ∈A ) (x,e) ∈COMis. (27)

In other words, if the central station needs to know the occurrence of an unob-

servable event, then at least one local agenti must communicate this occurrence.

A communicationCOM∗is satisfying Equation (27) is minimal if no other commu-

nicationCOMis that is strictly less thanCOM∗is (i.e.,COMis⊂COM∗is) and satisfies

Equation (27). Clearly a communicationCOM∗is satisfying Equation (27) is mini-

mal if

(∀ i, j ∈A , i 6= j) COM∗is∩COM∗js = /0. (28)

DifferentCOM∗is satisfying Equations (27) and (28) are incomparable minimal so-

lutions. We denote the fact that this communication is minimal by using the super-

script∗. Let

COM∗a = [COM∗1s,COM∗2s, . . . ,COM∗Ns].

Assume that someCOM∗a satisfying Equations (27) and (28) has been picked

for all local agents. Since the central station knows all transitions that cause a

change of state inG, it can relay this information to any local agent if needed.

Lemma 1 If COM′a⊇COM∗a, then

θ ′s(s) = θ ′s(s′)⇒ f (x0,s) = f (x0,s′). (29)
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Furthermore, any COMs that satisfies Equation (19) is feasible.

Proof By construction ofCOM∗a and the fact thatCOM′a ⊇COM∗a, it is clear that

the central station knows all transitions that cause a change of state inG (only self

loops are not communicated1). Therefore, underCOM′a, for all s,s′ ∈L (G),

θ ′s(s) = θ ′s(s′)⇒ f (x0,s) = f (x0,s′). (30)

We have

(∀ se,s′e∈L (G)) θ ′s(se) = θ ′s(s′e) = θ ′s(s)e= θ ′s(s′)e

⇒ ( f (x0,s),e) = ( f (x0,s′),e).

(31)

From this equation, it follows that for anyCOMs, Equation (18) is always satisfies.

Therefore, ifCOMs satisfies Equation (19), thenCOMs is feasible. �

2.4 Objective for Local Agents

We do not require that local agents know the exact state ofG. Rather, it is only

required that local agents can disambiguate certain pairs of states ofG for their

own control, diagnosis, or other purposes. Formally, for local agenti, we specify

a relationTi,spec⊆ X×X such that no state pair(x,y) ∈ Ti,specshould be indistin-

guishable from the viewpoint of local agenti, i.e., for alls,s′ ∈L (G),

θi(s) = θi(s
′)⇒ ( f (x0,s), f (x0,s

′)) 6∈ Ti,spec. (32)

The central station must communicate sufficient information to local agenti so

that the above requirement is satisfied.

1 It can be seen by building an observerGobs that no state inGobscontains more than one

state ofG.
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Furthermore, since local agenti needs to communicateCOMis to the central

station, the central station must communicate sufficient information to local agent

i so thatCOMis is feasible. To satisfy this feasibility requirement, we define a re-

lation Ti, f eas⊆ X×X describing the state pairs that cannot be confused for main-

taining feasibility as follows. For each evente∈ Ei\Es that may need to be com-

municated to the central station, letXs(e) be the set of states wheree needs to be

communicated

Xs(e) = {x∈ X : (x,e) ∈COMis} (33)

andXns(e) be the set of states wheree is not communicated

Xns(e) = {x∈ X : (x,e) ∈ TR(G)\COMis}. (34)

In order for local agenti to communicate minimally to the central station (i.e.,

we do not want to add more communications toCOM∗is), local agenti must not

confuse states inXs(e) with states inXns(e). Therefore, we define

Ti, f eas= {(x,y) ∈ X×X : (∃ e∈ Ei\Es)x∈ Xs(e)

∧y∈ Xns(e))∨ (x∈ Xns(e)∧y∈ Xs(e))}.

(35)

Lemma 2COM∗is is feasible if and only if for all s,s′ ∈L (G),

θi(s) = θi(s′)⇒ ( f (x0,s), f (x0,s′)) 6∈ Ti, f eas. (36)

Proof The proof follows directly from the definition ofTi, f easand Equation (20).�

We are now ready to formally state the problem to be solved.
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2.5 Problem Statement

Given a distributed systemG with one central station andN local agents, and a

set of local specifications,Ti,spec, one for each local agent. Assume thatG satisfies

(A1).

Given a vector of communications

COM∗a = [COM∗1s, · · ·COM∗Ns]
(37)

that satisfies Equations (27) and (28).

Goal: Find a communication set

COM∗si⊆ {(x,e) ∈ TR(G) : e∈ E\Ei} (38)

for eachi ∈A such that

C1. COM∗is is feasible: for alls,s′ ∈L (G),

θ ∗i (s) = θ ∗i (s′)⇒ ( f (x0,s), f (x0,s
′)) 6∈ Ti, f eas

whereθ ∗i is the information mapping corresponding toCOM∗si.

C2. The local specificationTi,specis satisfied: for alls,s′ ∈L (G),

θ ∗i (s) = θ ∗i (s′)⇒ ( f (x0,s), f (x0,s
′)) 6∈ Ti,spec.

C3. There is no otherCOMsi that is strictly less thanCOM∗si (COMsi ⊂ COM∗si)

and satisfies (C1) and (C2).

To solve the problem for local agenti, can we just remove transitions in{(x,e)∈

TR(G) : e∈ E\Ei} one-by-one until we get a minimum set satisfying conditions
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(C1) and (C2)? Unfortunately, the answer is “no”: the problem is so intricate that

removing transitions one by one will not work as shown in following example.

Example 2Consider a central station and a single local agent with system model

given in Fig. 2. LetEs = {e1,e2} andE1 = /0. Let

T1,spec= {(1,3),(2,4),(2,3),(1,4)}.

It is obvious that an individual removal of communication(0,e1) causes confusion

of pair of states(1,4)∈T1,spec, and an individual removal of communication(0,e2)

causes confusion of pair of states(2,3)∈T1,spec. But, if we remove both(0,e1) and

(0,e2) together, thenT1,spec is satisfied! This can be seen from the corresponding

observer for local agent 1 in Fig. 3.

0

1e

2e
1e

2e

1

2

3

4

1e

Fig. 2 AutomatonG for Example 2.

0,1,2

4

3
2e

1e

Fig. 3 Observer for local agent 1 after central station removed communications of boxed

transitions in Fig. 2.
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The above example indicates that when removing transitions, we need to con-

sidersetsof transitions. A naive approach is to consider all possiblesubsets of

transitions

W ⊆ {(x,e) ∈ TR(G) : e∈ E\Ei}. (39)

For eachW, check if the resultingθi satisfies conditions (C1) and (C2), i.e., for all

s,s′ ∈L (G),

θi(s) = θi(s′)⇒ ( f (x0,s), f (x0,s′)) 6∈ Ti,spec∪Ti, f eas. (40)

The number of iterations for such an approach is the same as the number of all

possible communication policies. Since the system hasN local agents, there are

N COMsi that need to be considered inCOM. For eachCOMsi, the central station

needs to make decisions for each transition inTR(G), whose cardinality is in the

order of‖X×E‖. Considering all possible combinations, the set of all possible

COM’s is in the order of 2N‖X×E‖. To test each combination using the table tech-

nique in [23], the worst-case complexity is of orderO(‖E‖‖X‖2). Overall, the

worst-case complexity of such an approach reachesO(‖E‖‖X‖22n‖E‖‖X‖). This is

clearly impractical and not scalable.

Our approach to solve the minimum communication problem in acomputa-

tionally tractable and scalable manner consists of two steps, presented sequentially

in Sections 3 and 4. In Section 3, we apply the results in [21, 22] to decompose

our problem and consider the transitions of eachstateof G separately. This gives

an approach that achieves polynomial complexity with respect to the cardinality

of state space ofG. Then, in Section 4, we show how to reduce the computational
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effort for the transitionsat eachstate, resulting in polynomial complexity in the

number of such transitions at the state.

3 Problem Solution - Part I

3.1 AlgorithmM IN-COM-CS

In this section, we present a new algorithm (termed Algorithm MIN-COM-CS) for

finding a minimal communicationCOM∗si, for all i ∈ A , from the central station

to local agenti, for a given minimal communication from the local agents to the

central stationCOM∗a as specified in the previous section. In the next section, we

will show how to efficiently implement the key Step 3.2 of MIN-COM-CS.

ALGORITHM M IN-COM-CS

INPUT: COM∗a andG.

Step 1:Initialization.

1.1DefineC : X −→ {0,1} and setC (x) = 0, ∀ x∈ X.

1.2 We start with both the central station and the local agents communicating all

transitions, i.e.,COM is initially given by

COMsi = {(x,e) ∈ TR(G)},

COMis = {(x,e) ∈ TR(G) : e∈ Ei \Es},

for all i ∈A .

Step 2:Find a statexl ∈ X that satisfies the equations:C (xl ) = 0 and

(∀ e∈ Γ (xl )) ( f (xl ,e) = xl )∨ ( f (xl ,e) = xk ⇒ C (xk) = 1).
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Step 3:Remove communications of transitions at statexl as follows.

3.1For each local agenti ∈A , set

RT∗is(xl ) = {(xl ,e) ∈ TR(G) : (xl ,e) 6∈COM∗is} and

COMis ← COMis\RT∗is(xl ).

(This removes all communications corresponding to self-loops at statexl from

COMis.)

For eachi ∈A , set

RTsl
si (xl ) = {(xl ,e) : f (xl ,e) = xl} and

COMsi←COMsi\RTsl
si (xl ).

(This removes all communications corresponding to self-loops at statexl from

COMsi.)

3.2For eachi ∈A , consider the set of potentially removable transitions atxl , i.e.,

PRTs(xl ) = {(xl ,e) ∈ TR(G) : (e∈ Γ (xl )\Ei) f (xl ,e) 6= xl}. (41)

FindRT∗si(xl )⊆ PRTs(xl ) for eachi ∈A , such that under

COMsi←COMsi \RT∗si(xl ) (42)

the following conditions (I), (II) and (III) are satisfied:

I. COMis is feasible.

II. The local specificationTi,specis satisfied:

(∀s,s′ ∈L (G))[θi(s) = θi(s′)⇒ ( f (x0,s), f (x0,s′)) 6∈ Ti,spec]. (43)

III. There is no otherRT∗∗si (xl )⊆ PRTs(xl ) such thatRT∗∗si (xl ) satisfies (I) and (II)

with RT∗si(xl )⊂ RT∗∗si (xl ).
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Step 4:SetC (xl ) = 1.

Step 5:Repeat Steps 2 to 4 untilC (x) = 1 for all x∈ X.

OUTPUT: The minimal communication policyCOM∗si, i ∈A . �

Algorithm MIN-COM-CS works as follows. After the necessary initialization

in Step 1, each state ofG is examined in an order essentially determined by a

topological sort of the graph as specified by Step 2. Assumption (A1) makes this

possible. The core of the algorithm is formed in Step 3 where amatrix of maximal

removable communications at statexl is calculated. In the context of the general

problem formulation studied in [22], the method employed for finding such ma-

trix of maximal removable communications is not specified. Certainly, exhaustive

search will work. However, for the special problem considered in this paper, with

a central station communicating with a set of local agents, there is an efficient way

of implementing Step 3 (specifically, Step 3.2) as will discussed in the next sec-

tion; it is called ALGORTIHM CS-3.2. This is one of the main contributions of this

paper.

3.2 Notation

Forx∈ X andV ⊆ TR(G), we construct a subautomatonĜ(x,V) of G, denoted by

Ĝ(x,V)⊑ G, by the following procedure. First, the initial state ofĜ(x,V) is state

x. Then we define the transition function̂f of Ĝ(x,V) as

f̂ (x,e) :=















f (x,e) if (x,e) ∈V;

undefined otherwise.

(44)
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Ĝ(x,V) is the accessible part of the resulting automaton. We use thenotation

L (Ĝ(x,V)) for the language generated bŷG(x,V) and the notation̂X(x,V) for

the set of states of̂G(x,V). Furthermore, denotêG(x) = Ĝ(x,T R(G)) andX̂(x) =

X̂(x,TR(G)).

Let COM be a communication policy defined onG; thenCOM on H < G is

the communication policyCOM restricted to the set of transitions ofH.

3.3 Properties of AlgorithmM IN-COM-CS

We now show that Algorithm MIN-COM-CS is correct in the sense of it returns a

solution to the problem formulated in Section 2.5.

Algorithm MIN-COM-CS is an adaptation and refinement of Algorithm MIN-

COM-GEN of [21,22] to the specific problem formulation considered herein. This

enables us to solve our problem in polynomial complexity with respect to the car-

dinality of state space of the system. We justify Algorithm MIN-COM-CS as fol-

lows.

Lemma 3 shows that Step 3.1 of Algorithm MIN-COM-SC does not affect the

existence of a solution for Step 3.2.

Lemma 3 After Step 3.1 of AlgorithmM IN-COM-SC for removing communica-

tions of state xl , the resulting COM satisfies

1. COMs and COMa are feasible, and

2. Ts,specand Ti,spec, i = 1, . . . ,N, are satisfied.

Proof Since Step 3.1 removes communications of self-loops at state xl from both

COMs andCOMa, it can be verified that Equation (19) is satisfied after Step 3.1.
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Furthermore, sinceCOMa ⊇COM∗a, by Lemma 1,COMs is feasible andTs,specis

satisfied.

If COMis is not feasible orTi,spec is not satisfied for somei ∈ A , then after

removing communication of self-loop of statexl in Equation (41), we have, re-

spectively,

(∃ s, t ∈L (Ĝ)) θi(s) = θi(t) ∧ ( f (xl ,t), f (xl ,s)) ∈ Ti,spec, (45)

or

(∃ s, t ∈L (Ĝ)) θi(s) = θi(t) ∧ ( f (xl ,t), f (xl ,s)) ∈ Ti, f eas. (46)

In either case, we can find

e∈ Γ (xl ) with f (xl ,e) 6= xl (47)

and

s′, t ′ ∈ Γ ∗(xl ) with f (xl ,s′) = f (xl ,t ′) = xl , (48)

so that the tracessandt can be expressed as

s= s′es′′ andt = t ′et′′. (49)

Since at this stage of the algorithm, for all(xl ,e) with

f (xl ,e) 6= xl , (50)

Ii(xl ,e) = 1, by the definition of information mapping, we have

θi(s
′′) = θi(t

′′). (51)
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Let f (xl ,e) = xk. We haves′′, t ′′ ∈L (Ĝ(xk)), with

( f (xk,s′′), f (xk, t ′′)) ∈ Ti,spec, (52)

or

( f (xk,s′′), f (xk, t ′′)) ∈ Ti, f eas. (53)

But θi(s′′) and θi(t ′′) have not changed since we removed the communications

in RT∗(xk). It implies the removal of communications with respect toRT∗(xk)

violates (I) or (II), which is a contradiction. �

The following important proposition states that when Algorithm MIN-COM-

CS checks, in Step 3.2, whether some communication can be further removed or

not at statexl , it is equivalent to checking thesubautomaton starting from xl .

Proposition 1 In Step 3.2 of the AlgorithmM IN-COM-CS, suppose we are given

RTsi(xl )⊇ RTsl
si (xl ). Let

COMsi←COMsi \RTsi(xl ) (54)

be the corresponding communication. Then conditions

I. COMis is feasible, and

II. no (x,y) ∈ Ti,specis indistinguishable

are satisfied for G if and only if they are satisfied forĜ(xl ).

Proof The initialization of the communication policy of Algorithm MIN-COM-

CS given by Step 1 is feasible and, under this policy, each agent will have a per-

fect observation of the system. Furthermore, Lemma 3 ensures that we can find
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a solution for Step 3 of Algorithm MIN-COM-CS. Therefore, Algorithm MIN-

COM-CS satisfies all the conditions in the proof of Proposition 1for Algorithm

M IN-COM-GEN in [22]. Hence, the proof of this proposition resembles the proof

of Proposition 1 in [22], which can be briefly summarized as follows.

In view of Assumption (A1), Algorithm MIN-COM-CS can proceed state by

state inG according to an order of topological sort. From Algorithm MIN-COM-

CS, when a statexl is selected for removal of communications, the central station

and agents communicate all transitions for all states whichare “upstream” ofxl .

Therefore, each agent as well as the central station still has perfect observation for

all strings that arrive atxl for the first time and end at that state. Thus, two strings

that become indistinguishable because of the removal of communications at state

xl at that time have to have the same prefix which reaches statexl . Because both

feasibility andTi,specare defined based on indistinguishable strings, their violation,

if any, must occur inĜ(xl ). Therefore, conditions I and II are satisfied forG if and

only if they are satisfied for̂G(xl ). �

We will use Proposition 1 to further save computational efforts for Step 3.2 in

the next section.

Theorem 1 states the correctness of Algorithm MIN-COM-CS.

Theorem 1AlgorithmM IN-COM-CSgives a solution to the minimum-communication

problem stated in Section 2.5.

Proof The proof resembles the proof of Theorem 1 in [22] and can be briefly

summarized as follows. The topological sort ensures that Algorithm MIN-COM-

CS checks and removes, if possible, communications for eachstate ofG exactly
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once. Lemma 3 ensures that we can find a solution for Step 3 of Algorithm MIN-

COM-CS. If there is a solution which is strictly better than the solution of Algo-

rithm MIN-COM-CS, then we can find a set of states for which the corresponding

communications are strictly less than those obtained by Algorithm MIN-COM-

CS. Because of Assumption (A1), for such set of states, we canfind at least one

statex whose communications are strictly less than those obtainedby Algorithm

M IN-COM-CS, but not strictly less for any of its reachable states. Statex and its

reachable part ofG form the subautomaton̂G(x). By Proposition 1, there is a con-

tradiction to the minimality of Step 3.2 of Algorithm MIN-COM-CS for this state

x. �

Theorem 1 also implies that in order to solve the problem in Section 2.5, we

only need to iterate every state inG once. At each iteration (from Step 2 to Step

4), we find a maximal set of removable communications at that state. Furthermore,

the problem can be solvedagent by agent, irrespective of (i) the number of local

agents, (ii) the events directly observed by each agent, and(iii) the local specifica-

tion Ti,spec for each agent. This decomposition of the problem leads to significant

computational savings.

Example 3Consider the automatonG of Example 1, shown in Fig. 1; each event

can be directly observed by at least one of the local agents orby the central sta-

tion. We can iterate of Step 2 to Step 4 of Algorithm MIN-COM-CS for all states

of G in an order of topological sort, such as 8,7,6,5,4,3,2,1,0 or, alternatively,

7,4,8,1,5,6,2,3,0. The problem of Section 2.5 can be solved by removing com-

munications for one state per iteration and this can be done agent by agent �
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We will revisit this example in Section 5 after we present oursolution proce-

dure for Step 3.2 of Algorithm MIN-COM-CS in the next section.

Unlike Algorithm MIN-COM-GEN of [22], where all local agents must be con-

sidered together in Step 3, in Algorithm MIN-COM-CS, each local agent can be

considered separately in Step 3. Hence, with the results presented so far, we can

solve the problem of minimization of communication for acyclic systems with a

central station in a computation effort ofO(n‖E‖‖X‖22‖E‖). The only compu-

tational hurdle remaining is that our current solution is still exponential in the

cardinality of the event setE. We resolve this issue in the next section.

4 Problem Solution - Part II

4.1 Language Decomposition

A “trivial” implementation of Step 3.2 of Algorithm MIN-COM-CS is to test all

subsets ofPRTs(xl ). But this requires an exponential number of tests with respect

to the cardinality ofPRTs(xl ). We want to develop a procedure with polynomial

number of iterations with respect to the cardinality of bothX andPRTs(xl ).

From Section 3.3, we know that given statexl , findingRT∗si(xl )⊆ PRT(xl ) for

G is equivalent to findingRT∗si(xl ) for Ĝ = Ĝ(xl ). Furthermore, besidesTi,spec, the

choice ofRT∗si in Step 3.2 of Algorithm MIN-COM-CS only depends on the given

RT∗is(xl ). Therefore, we can solveRT∗si(xl ) for each local agenti ∈ A separately

in Ĝ. This decomposition of the problem is important and very useful. The subse-

quent discussion considers a fixed agent labeled byi.



30 Weilin Wang et al.

Because of the problem of lack of monotonicity, before we canefficiently re-

move the communications at statexl , i.e., calculateRT∗si(xl ), we analyze the rela-

tions among transitions defined at statexl for an arbitrary fixedRTsi(xl ). To do so,

we first partition event setE according to its observability properties and to the

communication policy of corresponding transitions at state xl as follows:

– Observable or communicated non self-loop:

V1 = {e∈ Γ (xl ) : f (xl ,e) 6= xl ∧ Ii(xl ,e) = 1}, (55)

– Unobservable and non communicated non self-loop:

V2 = {e∈ Γ (xl ) : f (xl ,e) 6= xl ∧ Ii(xl ,e) = 0}, (56)

– Non self-loop:

Vns = {e∈ Γ (xl ) : f (xl ,e) 6= xl} (57)

– Observable or communicated self-loop2:

V3 = {e∈ Γ (xl ) : f (xl ,e) = xl ∧ e∈ Ei} (58)

– Unobservable and non communicated events:

V4 = E \ (V1∪V3). (59)

Based on the above partition of event setE, we wish to decompose the lan-

guageL (Ĝ) in order to obtain an efficient solution procedure for Step 3.2. This

decomposition has four steps.

2 Because the communications for self-loops have already been removed by Step 3.1 of

Algorithm MIN-COM-CS, we only need to consider the set of events defined as self-loops

with e∈ Ei here.
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1. Define the set of strings that self-loop at statexl :

L1 = {s∈L (Ĝ) : f (xl ,s) = xl}. (60)

2. Define

TR1 = {(x,e′) ∈ TR(Ĝ) : Ii(x,e′) = 0 ∨ e′ ∈V3}. (61)

It corresponds to unobservable and non-communicated transitions or to transi-

tions with events in observable self-loops. DefineL2(e) the set of strings which

leavexl with an evente∈V2 and only use transitions inTR1 afterwards,

L2(e) = {s∈L (Ĝ) : s∈ L1eL (Ĝ( f (xl ,e),TR1))}. (62)

Define L2 =
⋃

e∈V2
L2(e). Hence, anys ∈ L2 will cause confusion between

statesxl and f (xl ,s).

3. Fore∈V1, define

L3(e) = {s∈L (Ĝ) : s∈ L1eL (Ĝ( f (xl ,e)))}. (63)

L3 =
⋃

e∈V1
L3(e). (64)

Hence,L3 is the set of strings that leave statexl by observable or communicated

events.

4. Fore1 ∈V2, e2 ∈V1∪V4,

L4(e1,e2) = { s∈L (Ĝ) : ∃ te2 ∈ s, t ∈ L2(e1), I ( f (xl ,t),e2) = 1}, (65)

wheres is the prefix closure of strings.

L4 = ∪e1∈V2∪e2∈V1∪V4 L4(e1,e2). (66)
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In words,L4 is the set of strings which start with a string in∪e1∈V2L2(e1)

followed by observable transition( f (xl , t),e2), then followed by any suffix.

Note that the labele2 of the transition( f (xl ,t),e2) which leaves language

⋃

e1∈V2
L2(e1) is not the label of a transition defined atxl nor is it the label of

an observable self-loop atxl . Hence, this labele2 is in the setV1∪V4 and after

( f (xl ,t),e2) happens, we know that the trace has left language∪e1∈V2L2(e1).
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Fig. 4 Decomposition ofL (Ĝ) asL1, L2, L3, andL4.

Using 1.– 4. above, as shown in Fig. 4, languageL (Ĝ) can be decomposed as

follows:

L (Ĝ) = L1∪ (∪e∈V2L2(e))∪ (∪e∈V1L3(e)) ∪(∪e1∈V2∪e2∈V1∪V4 L4(e1,e2)).(67)

We illustrate language decomposition by the following example.

Example 4Consider the language generated byG in Fig. 1 of Example 1. We de-

composeL (G) from the point of view of agent 1. Suppose that only(0,e3),(2,e3)
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are unobservable to agent 1, i.e., agent 1 does not know the occurrence ofe3 after

states 0 and 2. LetL be the prefix-closure of languageL, let xl be state 0. Then,

V1 = {e2,e4}, V2 = {e3}, V3 = {a4}, andV4 = {a1,a2,a3,e1,e3}. In the notation

of regular expressions,

L1 = (e1 +a4)
∗
,

L2 = L2(e3) = (e1 +a4)
∗e3a4,

L3 = L3(e2)+L3(e4) = (e1 +a4)
∗(e2e3a∗1a3 +e4a∗1e2a1), and

L4 = (e1 +a4)
∗e3(a3a∗3a4a2 +a4a2).

(68)

It can be verified thatL (G) = L1∪L2∪L3∪L4. �

To examine (I) and (II) for a givenRT(xl ), it is sufficient to examine all pairs

of traces(s,t) ∈L (Ĝ)×L (Ĝ). Building on the above decomposition ofL (Ĝ),

we partitionL (Ĝ)×L (Ĝ) into five sets of pairs of traces asPi, i = 1, . . . ,5:

P1 = [L1∪ (∪e∈V2L2(e))∪ (∪e1∈V2∪e2∈V1∪V4 L4(e1,e2))]

×[L1∪ (∪e∈V2L2(e))∪ (∪e1∈V2∪e2∈V1∪V4 L4(e1,e2))],

(69)

P2 = [∪e∈V1L3(e)]× [∪e∈V1L3(e)], (70)

P3 = [L1∪ (∪e∈V2L2(e))]× [∪e∈V1L3(e)]

∪[∪e∈V1L3(e)]× [L1∪ (∪e∈V2L2(e))],

(71)

P4 = [∪e1∈V2 ∪e2∈V1∪V4∪e3∈V1,e3 6=e2L4(e1,e2)×L3(e3)]

∪[∪e1∈V2∪e2∈V1∪V4∪e3∈V1,e3 6=e2L3(e3)×L4(e1,e2)],

(72)

P5 = [∪e1∈V2∪e2∈V1 L4(e1,e2)×L3(e2)]

∪[∪e1∈V2∪e2∈V1 L3(e2)×L4(e1,e2)].

(73)
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Note thatP4 and P5 correspond to the complementary case wheree2 = e3. By

Equation (67), we can write

L (Ĝ)×L (Ĝ) = ∪5
i=1Pi. (74)

From now on, the mention of “Pi test” means testing all pairs of traces(s,t) ∈ Pi

for ( f (xl ,s), f (xl , t)) ∈ Ti,spec∪Ti, f eas, that is, testing (I) and (II).

We now describe how to test (I) and (II) overL (Ĝ)×L (Ĝ) by testing these

conditions over the setsPi, i = 1, . . . ,5. It turns out that the casesP2,P3, andP4

always satisfy (I) and (II):

– For (s,t) ∈ P2, we constructG′, a subautomaton of̂G, as

G′ = Ĝ(xl ,TR(Ĝ)\ {(xl ,e) : e∈V2})

with state spaceX′. We haveG′ ⊑ Ĝ. Because for all(x,e) ∈ TR(G′), Ii(x,e)

does not change before and after removing communications inRT∗si(xl ) for all

i ∈A in Step 3.2, the checking of these pairs of traces will alwayspass.

– For(s,t) ∈P3, all traces inL3 have at least one observed transition correspond-

ing to an event fromV1. But for all t ∈ L1∪ (∪e∈V2L3(e)), no such transition is

available. We can conclude thatθi(s) 6= θi(t).

– For(s,t) ∈ P4, the first observed eventse2,e3 ∈V1∪V4 contained insandt are

different. Hence, we also haveθi(s) 6= θi(t).

Consequently, for testing (I) and (II) in Step 3.2 of Algorithm MIN-COM-CS

for givenRT′(xl ) ⊆ PRT(xl ), we only need to testP1 andP5. We use this fact to

design the following algorithm for Step 3.2 of Algorithm MIN-COM-CS.
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4.2 Algorithm for Step 3.2 ofM IN-COM-CS

Here we are concerned with communications from the central station to local agent

i. The goal is to findRT∗si(xl ) for Step 3.2 of Algorithm MIN-COM-CS. We present

the following algorithm for this purpose.

ALGORITHM CS-3.2:

INPUT: Intermediate communication policy of Algorithm MIN-COM-CSCOMsi, i ∈

A of previous iteration, observable event setsEi for agenti, i ∈A .

3.2.1.For each(e1,e2) with e1 ∈ Vns\Ei , e2 ∈ Vns, e1 6= e2, test (I) and (II) for

L4(e1,e2)×L3(e2). Construct directed graphD (Dependency Graph) whose nodes

aree∈Vns and arcs are(ei ,ej) if the test ofL4(ei ,ej)×L3(ej) failed.

3.2.2.SetV2 = /0, V1 = Ei ∩Vns, andVT ←Vns\V1.

3.2.3.Find a minimal setV ′2 ⊃V2, andV ′2 \V2⊆VT , which satisfies the following

conditions: for alle∈ V ′2, there are no directed paths starting withe and ending

with e′ 6∈V ′2.

3.2.4.Test (I) and (II) for currentP1 with respect toV ′2.

– If it satisfies the test, setV2←V ′2.

– If it does not, setV1←V1∪ (V ′2 \V2), and then, set

V1←V1∪{e∈VT : ∃ a directed path from e toe′ ∈V2}.

3.2.5.SetVT ←VT \ (V1∪V2).

If VT 6= /0 go back to Step 3.2.3. Otherwise, setV∗2 ←V2, RT∗si(xl ) = {(xl ,e) : e∈

V∗2 } and

COMsi←COMsi\RT∗si(xl ).
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Go to Step 4 of Algorithm MIN-COM-CS.

OUTPUT: Updated intermediate communication policyCOMsi, i ∈A .

Remark:We perform corresponding tests for every(e1,e2) with e1 ∈ Vns\

Ei , e2 ∈Vns, e1 6= e2 such that the Dependency Graph is constructed forP5 tests of

all possible solutions instead of a particularRTsi(xl ) as in Section 4.1.

4.3 Properties of AlgorithmCS-3.2

We now show the correctness of Algorithm CS-3.2, when it is used to implement

Step 3.2 of Algorithm MIN-COM-CS.

Lemma 4 Consider testing the removal of communications for the transitions go-

ing out of state xl and labeled by events in V′2⊆Vns. Then, the test for P5 in Equa-

tion (73) is successful iff, for all e∈V ′2, all directed paths that start with event e in

Dependency Graph D constructed in Step 3.2.1 contain only events in set V′2.

Proof The proof follows directly from the construction of the Dependency Graph D.�

Theorem 2AlgorithmCS-3.2gives an RT∗(xl ) that satisfies (I), (II) and (III) of

Step 3.2 of AlgorithmM IN-COM-CS.

Proof By Step 3.2.1, Step 3.2.4, and language decomposition analysis, we can

conclude that the resultingRT∗(xl ) satisfies (I) and (II). It remains to prove that

(III) holds.

Consider the iterations of Steps 3.2.3 to 3.2.5. We have tested in previous iterations

that the communications of transitions for all events withinV2 are removable. Then
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we find a minimal setV ′2 ⊃V2 with e∈V ′2 \V2, whereV ′2 satisfies the requirement

of Step 3.2.3. By Lemma 4, we only need to testP1 for V ′2. Suppose that in Step

3.2.4 the test ofV ′2 fails. Suppose there existsV ′′2 ⊃V2 with e∈ V ′′2 , and suppose

the communications of events inV ′′2 are removable. Then, the removal ofV ′′2 must

satisfy the test ofP5. By Lemma 4, there are no directed paths coming out ofV ′′2 in

the Dependency GraphD. By minimality ofV ′2, we haveV ′′2 ⊇V ′2.

By Lemma 4 and Step 3.2.3, we only need to testP1 for V ′′2 . Let testP′1 andP′′1

denote theP1 tests corresponding toV ′2 andV ′′2 , respectively. The failure of testP′1

indicates

(∃s,t ∈L (Ĝ)) θi(s) = θi(t) ∧ ( f (xl ,s), f (xl ,t)) ∈ Ti,spec∪Ti, f eas. (75)

But, for both testsP′1 andP′′1 , the information mappings are the same fors and

t. Consequently,s andt should also cause a failure for testP′′1 . This is a contra-

diction. We can conclude that, in each iteration of Steps 3.2.3 to 3.2.5, there are

no supersets ofV2 containing events inV ′1 with corresponding communications re-

movable. SinceV∗2 ∪V ′1 = Vns, we have thatV∗2 contains a maximal set of events in

Vns whose corresponding communications are removable. This result shows that

RT∗(xl ) satisfies (III). �

4.4 Tests in Step 3.2

In this subsection, we first suggest an algorithm for calculating confusable states

for an automaton with given information mapping. Then, we consider the test

L4(ei ,ej)×L3(ej) in Step 3.2.1 of Algorithm CS-3.2 and the testP1 in Step 3.2.4.
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4.4.1 Calculating Confusable StatesWe can use the table technique in [23] or

the nondeterministic product automaton in Chapter II of [21] (related to the M-

Machine in [15] and the verifier in [25]) to calculate, in polynomial time, the set

of confusable state pairs. Then we use the set of confusable state pairs to verify

feasibility and local specifications for a given communication policy with corre-

sponding index functionIk for each agentk (defined in Equation (17)).

Let cpi be the set of all confused pairs for agenti obtained by any of the

methods mentioned above. Clearly, Equations (18) and (20) for feasibility holds

iff

(∄ (x,y) ∈ cpi) [(x,e),(y,e) ∈ TR(G)]

∧ [(x,e) ∈COMis ∧ (y,e) 6∈COMis]

(76)

for all local agentsi ∈A .

Equation (32) for local specification conditions holds iff

(∀ i ∈A ) cpi ∩Ti,spec= /0 (77)

for all local agentsi ∈A .

4.4.2 Tests in Step 3.2.1The algorithm for testingL4(ei ,ej)× L3(ej) is as fol-

lows.

Step 1.Construct a deterministic automaton̄G as follows:

Construct an automatonG′m(ei ,ej) to represent marked languageL4(ei ,ej) as a

subautomaton of̂G. Let X′m represent the corresponding marked states of the re-

sulting automaton. Here, the marking of states can be done asfollows. Forx∈ X′m,

to mark statex, we change the label of statex to x′.
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Construct an automatonG′′m(ej) to represent marked languageL3(ej ) as a subau-

tomaton ofĜ. Let X′′m represent the corresponding marked states of the resulting

automaton. Here, the marking of states can be done as follows. Forx∈X′′m, to mark

statex, we change the label of statex to x′′.

ConstructG by merging the initial states ofG′m(ei ,ej) andG′′m(ej), both labeled by

xl , as initial state but keeping all other transitions and states in both ofG′m(ei ,ej)

andG′′m(ej). Note that self-loops at initial statexl of both automata match before

these two states are merged.

Step 2.Calculate pairs of states in̄G which are confusable using any of the meth-

ods mentioned above. If there existx′ ∈ X′m andy′′ ∈ X′′m with (x′,y′′) confusable

with each other and(x,y) ∈ Ti, f eas∪Ti,spec, we can conclude that for statexl the

removal of communication of eventei depends on removal of communication of

eventej .

4.4.3 Tests in Step 3.2.4The algorithm for testing Step 3.2.4 is as follows.

Step 1.Construct an automatoñG as a subautomaton of̂G to represent language

L1∪ (∪e∈V2L2(e))∪ (∪e1∈V2∪e2∈E\V3
L4(e1,e2)). (78)

Step 2. Calculate pairs of states iñG which are confusable using any of the

methods mentioned above. If there exists(x,y) confusable with each other and

(x,y) ∈ Ti, f eas∪Ti,spec, we can conclude that the test ofPi for V ′2 fails. Otherwise,

the test passes.

In order to construct the Dependency Graph, we need to consider each pair

of transitions for a particular state. Therefore, in the worst case we need to con-
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sider‖E‖2 pairs. For each of those event pairs, we need to build an automaton

that representsL4(ei ,ej)×L3(ej), which needs a computational effort of the order

‖X×E‖. A test for eachL4(ei ,ej)×L3(ej) has complexity‖E‖‖X‖2 if we use the

table technique in [23]. Then, the number of iterations of Steps 3.2.3 to 3.2.5 is

upper bounded by number of events‖E‖. And for each iteration, the computation

for testing I and II can be done by using the table technique, which has a computa-

tional efforts‖E‖‖X‖2. In all, Algorithm CS-3.2 is of the same order as building

the Dependency Graph, which is‖E‖3‖X‖2.

4.5 Computational Complexity

As a consequence of the iterative procedure in Algorithm MIN-COM-CS, the pro-

cedure described in Section 4 to resolve Step 3.2 of Algorithm MIN-COM-CS,

together with the strategies described in Section 4.4 for the tests of Step 3.2, the

following result on computational complexity can be obtained.

Theorem 3The problem formulated in Section 2.5 can be solved with polynomial

complexity with respect to the cardinality of the state space of G, the cardinality of

the event set of G, and the number of local agents.

Proof The number of iterations for Algorithm MIN-COM-CS is‖X‖. The amount

of computation for each iteration is determined by the computation complexity of

Algorithm CS-3.2, which is in the order of‖E‖3‖X‖2. Since there areN agents,

overall, in the worst case, the complexity of solving the problem in Section 2.5 is

O(N‖E‖3‖X‖3). �
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5 Illustrative Examples

Example 5This example continues Example 2 presented earlier. By iterating Al-

gorithm MIN-COM-CS for Example 2, we examine states 4,3,2,1 in this order.

No communications are removed for these states. Next, by Step 2, we examine

2e1e

Fig. 5 Dependency Graph for transitions at state 0 of Example 2.

state 0. Go to Step 3. Step 3.1 is trivial here. Go to Step 3.2. By Step 3.2.1, we find

that the removal of communications of transitions(0,e1) and(0,e2) are mutual de-

pendent. The Dependency Graph is shown in Fig. 5. Go to Step 3.2.2. Iterate Step

3.2.3 to Step 3.2.5. By looking at the observer in Fig. 3 or by using the techniques

discussed in Section 4.4.1, we find that we can remove(0,e1) and(0,e2) together.

Finally

COM∗s1 = {(1,e2),(2,e1)}, COM∗1s = /0. (79)

Example 6We continue Examples 1 and 3 presented earlier. Consider thesystem

model given in Fig. 1. LetEs = /0, E1 = {a1,a2,a3,a4} andE2 = {e1,e2,e3,e4}.

Suppose the only requirement forCOMs1 is to satisfy the feasibility ofCOM∗1s,

that is,T1,spec= /0. However, agent 2 needs to distinguish state pair{(3,8)}, that

is, T2,spec= {(3,8)}. From Equations (27) and (28) in Section 2.3, we have

COM∗1s = {(3,a4),(4,a1),(5,a3),(6,a2)}, and

COM∗2s = {(0,e4),(0,e2),(0,e3),(1,e2),(2,e3)}.
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Thus, we haveT1, f eas= {(0,3), (3,5), (4,5), (1,4)}, andT2, f eas= /0.

Initially, by Step 1 of Algorithm MIN-COM-CS,

COMs1 = COM2s = {(0,e1),(0,e2),(0,e3),(0,e4),(1,e2),(2,e3)},

COMs2 = COM1s = {(0,a4),(1,a1),(3,a3),(3,a4),(4,a1),(5,a1),(5,a3),(6,a2)}.

By iterating Algorithm MIN-COM-CS, we examine states 8, 7, 6, 5, 4, 3, 2, 1 in

this order. Remove the communications of transitions(5,a1),(3,a3),(1,a1) from

COM1s. Remove the communication of transition(2,e3) fromCOMs1. Remove the

communication of transitions(6,a2),(5,a1),(5,a3),(4,a1),(3,a3),(1,a1) fromCOMs2.

Notice that the removal of communication(3,a4) from COMs2 will cause agent 2

to confuse(3,8), which violatesT2,spec. So far there is nothing to be removed

for COM2s. Now, by Step 2, we examine state 0. By Step 3.1, we further remove

(0,e1) from COMs1 andCOM2s, and remove(0,a4) from COM1s andCOMs2. Go

to Step 3.2.1. The automaton used for testingL4(e4,e2)×L3(e2) is shown in Fig.

6, where all boxed transitions are “unknown” to local agent 1in the test. State

04

1
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e
2e

1a

1a

4e

2e

3e 3a

1

2”
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7’

8”

1a

Fig. 6 Automaton for testingL4(e4,e2)×L3(e2) in Ĝ(0).

4′ is confused with state 5′′ by agent 2 because agent 2 has no information about

(0,e4) or (2′′,e3). Since(4,5) ∈ T1, f eas, this indicates that the removal ofe4 de-

pends on the removal ofe2. It can be verified that no further dependencies exist.
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The Dependency Graph for this case is shown in Fig. 7. Go to Step 3.2.2. Iterate

Step 3.2.3 to Step 3.2.5. We try to remove communication(0,e3). The automaton

used for testingP1 is shown in Fig. 8. The test fails due to the confusion of pair

2e4e 3e

Fig. 7 Dependency Graph for transitions at state 0 ofĜ(0).
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Fig. 8 Automaton for TestingP1 for removal of(0,e3).

of states(0,3) ∈ T1, f eas. Then, we further remove communications(0,e2), (0,e4)

in this order fromCOMs1 because the correspondingP1 tests passed. Finally, we

have

COM∗s1 = {(0,e3),(1,e2)},

COM∗1s = {(3,a4),(4,a1),(5,a3),(6,a2)}

COM∗s2 = {(3,a4)},

COM∗2s = {(0,e2),(0,e3),(0,e4),(1,e2),(2,e3)}.

6 Conclusion

Building on the novel approach proposed in [21,22] for solving general minimum-

communication problems, we have considered the important special case of one
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central station communicating with a set of local agents. Wehave proposed a spe-

cialized version of Algorithm MIN-COM-GEN of [21,22], termed MIN-COM-CS,

which exploits the special features of the problem to improve the computational

efficiency of MIN-COM-GEN, namely, MIN-COM-CS achieves polynomial com-

plexity in all key parameters (the cardinality of the state space, the cardinality of

the event set, and the number of local agents). The techniques used to achieve this

result, such as dependency graph and language decomposition, may prove appli-

cable to other classes of minimum-communication problems.This remains to be

investigated.
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