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Minimization of Communication of Event
Occurrences In Acyclic Discrete Event Systems

Weilin Wang, Stéphane Lafortune, and Feng Lin

Abstract—The problem of minimizing communication of event
occurrences in systems modeled by finite-state automata is
considered. There aren communicating agents observing the communication policy. The objective is to findnainimal set
behavior of the system for purposes of control or diagnosisA set ¢ communication policies among the agents. The notion of
of communication policies for the agents is said to be minimaf inimalitv is a logical ) L licy is mirg
communications of event occurrences cannot be removed witht mlnlma '_ty IS alogicalone: a Commumcatlon policy 1s mi
affecting the correctness of the solution. Under an assumjain on  if removing one or more communications of event occurrences
the absence of cycles (other than self-loops) in the systenodel, in the dynamic evolution of the system renders a correct
an algorithm that computes a set of minimal communication soplution incorrect in terms of either the local specificatio
policies in polynomial time in the number of states of the syem condition or the feasibility condition
is presented. R .
Our problem formulation is different from that in [2]-[5].
We borrow some of the features of the problem treated in
|. INTRODUCTION [6], [7], including a similar notion of minimality of com-
. L S ._munication. However, our treatment is different in several
There is a long-standing interest in minimizing communica- ) o
. S . respects: number of agents (more than two), communication
tion among nodes in distributed dynamic systems for reasons

. . structure (relaying of information allowed), local spegfiion
of power, bandwidth, security, or network topology. A syrve o . )
T S ondition (more general than those in [6], [7]), and alduritc
of work on minimization of communication in the context o

. . . : . rocedure. In order to obtain a more computationally-effiti
diagnosis or control of logical (untimed) models of dlseretp P y-&ine

. o ; %olution procedure than that of [6], [7], an additional aspu
event systems where the information is decentralized can be . .
tioh is made regarding the absence of cycles other than self-

found in [1]; recent work includes [2]-[5]. Our approacqoops in G. An important benefit of this assumption is that

considers a general problem of minimization of communica- . . . L o
it is now possible to synthesize communication policies in

tion of event occurrences and it can be used in both Contr0|lyn0mial-time complexity in the size of the state spad@. of

. . o oo 0
and dlagno_3|s appllc_a'qons. Our_ contr|but|on_ 'S to_ p_ropo%lis result is one of the main contributions of this paper and
a computationally-efficient algorithm for solving minimum.

L . it is in contrast to the work in [6], [7] as well as to the other
communication problems for a special class of systems. . : .
. . relevant works reviewed in [1]. Our results were first repdrt
The system is modeled by an automatenwith n agents

observing the behavior d& using their own sets of sensors.In preliminary form in [8].

The agents are able to communicate among each other with
negligible delay as compared with the dynamics of the system [I. DESCRIPTION OFPROBLEM
Agents communicatevent occurrenceso each other. The o system Model

communication structure allows agepto immediately relay Wi del th imed di q :
to agentk information it just received from agernt about vve mode the untimed discrete event system asa etermin-
finite-state automato® = (X, E, f,I",xg) whereX is the

an event occurrence. The agents are working as a team'SH)C

accomplish some unspecified task (monitoring, diagnosis, fgute set of _s_tatesE |s_the finite set of events;,: X x E — X
control). For this purpose, they need to be able to diststyui'> the transition function wheré(x,e) =y means that th_ere
a transition labelled by eveetfrom statex to statey, I' is

unambiguously among certain pairs of states in the staieesp . . :

of G; the pairs that need to be distinguished are assum & acyve event functlc_)n wher&(x) is the get of all evente
specified at the outset. This requirement is called ldual for which f(x_, €) is c_ie_f!ned (called the act_l\(e event _set_@f
specification conditiorand it necessitates the exchange of irft X), andxo is the_ |n|t|al* s_tate. The transition funct!oh IS
formation about event occurrences in real time among age tended to domail x E* in the usual m?’?”e’f(G) s the
Moreover, for the purpose of realizing the communicatioff '9429¢€ generated iy. The set of transition R(G) of G
policy to be designed for each agent, the agent will ne&d

to distinguish further pairs of states if these have différe TRG) :={(xe) e XxE:ecT(x)}. (1)
communication decisions for some common events associa\tﬁg definex € X to be aleaf state of G if

. A ) . o (V (x,e) €
with them; this latter requirement is callddasibility of the TRG)) f(x,€) = x.
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B. Communication Model More specifically, for implementability, the event occurces

For the sake of generality, we start by presenting a languade Pe communicated from agento agentj are described by
based model of communic_ation_during the evolutionGf COM; C TR(G), (6)
Then we show how to restrict this general model to one that
is based on the state space ®f Communications of event Where(x,e) € COM; means that
occurrences occur from one agent to another. For aggnts _ )
<, 1+# |, the event occurrences communicated from agent (Vs€ Z(G)) 0,5) =x) e < com; (s). )
to agentj after each string inZ(G) are described by the The implementability condition (5) is imposed in order to
functioncom; : £ (G) — 2E. By addingcom; : £ (G) — {0} restrict the space of communication policies over which the
with com; (s) = 0 for all s€ .Z(G), we define thanx n matrix  optimization problem will be solved. The next step is to
€ 0./ = [comj], wherei, j € /. Given communication ma- specialize the notion of feasibility tGOM;.
trix € 0.4, we use mutual induction to define the information The transitions observed by or communicated to agen¢
mapping 8 : £ (G) — E*, i € &, as follows. For the empty described by the index functiasfi : TR(G) — {0, 1} defined
string €, 6(€) = ¢, and for allsee .Z(G), as

B(s)e if e€ EU(Ujec., jLicom;(s _ _J 1 ifecEor(xe) € (Ujey,jzCOM;)
6 (se) = { G:Es; Otherwilse( jess, j£iCOM;(S)) @ Alxe) = { 0 oo jedt j# . ®)
In words, after the occurrence sfthe next evene is known By addingCOM; = 0, we define the x n state-based commu-
to agenti iff it is either directly observed by agerit or nication matrixCOM = [COM;]. GivenCOM, we can retrieve
communicated to it by some other agent. We form the vecttive correspondin@ &.# as follows:
of information mapping@®@=[6:i=1,2,...,n|. L ) _

Given €04 , g\f)en?g € L and stringsge Z(G), we com;(s) = {e€ E - (f(x0,5),€) € COM, }. ©)
construct a graph where nodes are agents and(igj¢ is We say thatCOM is feasible if the corresponding &.#
defined if e € comj(s). The set of all chains in this graphis feasible. For each transitiofx,e) € TR(G), we construct
is denoted by((¢0.#,s,e). Force {(¥0.#,se), c(i,k) a graph where nodes are agents and (&rp) is defined if
means that chaie starts at node and ends at node. We (x,e) € COM;. The set of all chains in this graph is denoted
note thatc(i,i) is a trivial chain of node with no arc. by {(COM, (x,e)). For chainc € {(COM, (x,e)), c(i,k) means

Not all arbitrary communication matrices'¢.# will be thatc starts at nodé and ends at node From Eqns. (3), (4),
“feasible” based on the information available to agentsstFi (5), (6) and (8), the notion of feasibility is specializedd®M
an agent can only send out information about the occurrerge follows. For alli, j € <7, COM; is feasibleiff
of an event if it has such information as indicated in Eqn.

(3) below. Second, for each communication, the original (v (X’ ¢ E_T RG)) (x, e).e COM,; =

information source must come from direct observation at an [4i(x.e) =1 A[3c(ki) € {(COM, (x.€))) e € B
agent. Moreover, to guarantee feasibility, it is requiteat any and

two sequences of events that are indistinguishable to amtage (VseSee Z(G))6(se) = B(se) = B(s)e= 6(s)e
must be followed by the same communications for events_, [(f(%0,5),€) € COM; & (f(x0,5),€) € COM;]. (11)
“known” by the agent. Namely, communication maté¢ . # : L

must be “compatible” with the vector of information mappiné)vera"’CONI is feasible if

@ that is built from it as indicated in Eqn. (4) below. In all, Vi, j € o/ ,COM; is feasible (12)
for all i € o7, com; is said to befeasibleif

(10)

Here, for givenCOM, the test of Eqn. (10) is straightforward
(Vsec .Z(G)) ec com;(s) = (3) and the test of Eqn. (11) is treated in Section III-C.
[6i(se) = Bi(s)e| A [(Sc(k,i) € (€04 ,s€)) ec B We allow the possibility that two agents may not be directly
and connected with each other. But we require that any two agents
(Vsesec Z(G)) B(se) = 6(se) = 6B (s)e=6(s)e= 4 can communicate with each other at least indirectly, itee, t
[e € comj(s) < ec com;(s)]. ) connectivity graph of the agents is strongly connected. To
To check feasibility, we first calculat® from € ¢.#, and specify connrlectlwty, we use, for each _agemz , a set
then check if Eqns. (3) and (4) hold. of agentsA'“ C &/ to denote that agenit cannot directly

The above definitions 68 &.# and® are Ianguage-based.Communicate with agerite AT, i.e.,

For their implementation on automat@, we will define their (V j € A"°) COM;j = 0. (13)
state-based counterparts. For this purpose, we introdsce a ) )

called “implementability condition” that restricts thechiness We form the vectorA™ as A™ = [AT¢:i =1,...,n]. Given

of communication policies to the state structureGf This anA", we construct a graph where nodes are agents and arc

condition is reminiscent of the implementability conditio (i-]) i defined ifj & A™®. The set of all chains in this graph is
in [6]. denoted by (A™). For chainc € {(A™), c(i,k) means that

Implementability Conditioron G: starts at nodeand ends at node Then the strong connectivity

(Vi,j e ) (Vs € 2(G)) - requirement is that
f(Xo,8) = f(x0,8) = [e€ comj(s) & ec com;(s)]. (Vi,je o) 3c(i,]) € {(A™). (14)
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Under Eqn. (14), it can be verified that the communication where 6* is the information map obtained from
policy COM = [COM;], where COM".
. Co C3. COM* is minimal, i.e., there is no otheeOM C
[ {(xe):eel(x} |¢A and]#i ' e, 18
COM;j = { 0 otherwise (15) COM* that satisfies (C1) and (C2).
is feasible, and E. Obtaining a Computationally Efficient Algorithm
(Vie #)(V(xe) € TRG)) .4(xe) =1, (16) Communications of event occurrences among agents are

_ _ - ) interdependent. That is, in general, the determinationgant
i.e., under this specific policy, all agents can perfectlgese ;| o \when and whom to communicate to depends upon its own

the systenGs. _ _ “observation” of the system. But communications from agent
Rlemar/k: Notation —For given matrices of se = [bij] and  affect the “observation” of the system of other agents, and,
B'=[bj]fori=1,....l andj=1,...,m (an example of such consequently, the communication policies of these agents t
a matrix isSCOM), B is & subset (superset) 8, denoted by agenti. Thus it affects the “observation” of agentDue in
Bc(O)B,if part to such interdependency, which is well-documentedjn |
[(V,]) by € (2)b}j] A [(31,]) bij € (D)bj). (17) and the references therein, it is fair to say that computatio

] L . o ) ] obstacles arthemajor hurdle in any of the solution procedures
The notationB C (2) B' is defined similarly n the /ObV'OUS that have been proposed so far for the different types of
way. For given matrices of seB = [bj] andB' = [bj;], we  minimization of communication problems considered in the

defineB\ B' = [bjj \ bfj]. discrete event systems literature. For the problem posétkin
o preceding section, we can always get a solution by exhaustiv
C. Objective for Agents search since the solution space has finite cardinality.efbss,

Besides the feasibility requirements specified by Eqns) (1@ur objective is to find subclasses of systems for which
and (11), we require that each agent be able to distinguishmputationally efficient algorithms exist. For this puspo
certain pairs of states db for its own control, diagnosis, or we make the following assumption for the remainder of this
other purpose. Formally, for each agemt o7, we specify a paper (except Section I11-C):
relationT; specC X x X, which is called thdocal specification Assumption (A1)The graph ofG has no cycles other than
condition We require that no state paix,y) € Tispec be self-loops, i.e., for allx € X, for all ec E andt € E*,
indistinguishable from the viewpoint of agenti.e., for all [f(x,et) is definedA f(x,e) # x| = f(x,et) # x.

s,s € Z(G), There are classes of systems with repetitive behavior where
the only loops are from marked (aka final) states to the Initia

6i(s) = 8(s) = (f(x0,9), f(%0,5)) & Tisspee (18) state. This is often the case in modeling automated manu-

Other agents must communicate sufficient information tavigdacturing systems; it is also the case in systems that model
i so that the above requirement is satisfied. “missions” that must be performed by a set of communicating

Using Tispec to describe the requirement of agents a agents. For such systems, Assumption (Al) is not resteictiv
rather general approach. In supervisory control for ingtan as these loops can be opened and the resulting problem can be
key properties are controllability and observability. Oren  solved using the algorithm to be presented in the next sectio
deal with controllability first by computing the supremaln this way, we can compute a minimal communication policy
controllable sublanguage of the desired (specification} lafor one “run” of the system.
guage. Second, one can transfofnso that the supremal For the purpose of solving the problem of Section II-D, we
controllable sublanguage of the specification is generbyed ask the following question: Can we remove communications
a subautomaton o6. In the last step, the requirement offor transitions inT R(G) one by onauntil we get a minimal set
observability can be translated into a state disambignatisatisfying conditions (C1) and (C2)? Unfortunately, thevaer
problem, as described in [9]. All of the above operations cas “no”: removing communications of event occurrences one
be done in polynomial complexity in the state spac&aind by one will not work in general. The reason is a so-called

of the specification language. “lack of monotonicity” of the set of distinguishable stateih
respect to the set of observed event occurrences. Namdly, is
D. Problem Statement possible that two states @ that are indistinguishable under

We are now ready to formally state the problem to be solve%l.f,eaSible policyCOM V\_’i” pecomg distinguishablg under a
Input: SystemG= (X, E, f, ", %o), set of strongly connected SICt subset o€OM that is still feasible. The reader is referred

to [10] for an example. Such lack of monotonicity does not
7, for those agents. occur when the entire set of observable events is the pagamet

Goal: Calculate a minimal communicatiofcOM* — @s opposed td R(G). (Note that other instances of lack of

[COM*J'], WhereCOM’] C TR(G) such that: mpnotonicity have been repjorted in the Iiteratlire; for eplkmm
Cl. COM: is feasible. it is shown in [11] that the “observer property” of project®

C2. The local specification conditiof spec is Satisfied L{/Ze]nltz )not monotone with respect to the set of observable
for eachi, i.e., for all 5,5 € 2(G) The preceding discussion shows that when removing com-
8" (s) = 6"(s) = (f(x0,9), f(%0,9)) & Tispec (19) munications of event occurrences, we need to consedes

agentse/, and set of local specification conditioffisspes | €
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of transitions. A naive approach is to consider all possibleii. Veel()) (f(x,e) =x) vV (f(x,8) =x =
COM = [COM;j], where COM;j C TR(G). For eachCOM, C (%) =1).

we check conditions (C1) and (C2). This can be done, fgfep 3: Remove communications of event occurrences at state
example, by building an observer based@@M (e.g., as is y as follows.

done in [6]) and then check (C1) and (C2) by examiningonsider the matrix of potentially removable communiaagio
obs_erver states. IltOM does not sat|sfy_ (C1) and (C2), WepRQ(x ) = [PRG;j (x)], wherePRG; (x) is the set of commu-
assign 0 to it; otherwise we assign 1 to it. We can always figications from ageritto agentj at statex;, which are specified

a minimal COM with assigned value 1. Any minim&OM by Step 1.2. Find anRC*(x) € PRQx;), such that under
will be a solution to our problem. The number of iterations

in the above approach is linear with respect to the cardjnali COM — COM\ RC*(x)
of the set of all possibl€OM. In the case oh agents where

any two agents can communicate with each other, there ganditions | - Il below are satisfied:

n(n—1) COM;’s that need to considered @OM. For each . COM is feasible;

COM;, agenti needs to make decisions for each transition Il The local specification conditions are satisfied;
in TR(G), which in the worst case has cardinalit¢ x E|. ~ Ill.  There does not exisRC(x) C PRQx) st.RC(x)
Considering all possible combinations, the set of all pussi satisfies | and Il andRC(x) > RC*(x).

COM is in the order of 2"~DX*El Moreover, in each test, the Step 4: Set¢'(x) = 1.
construction of the observer has a worst-case complexityen Step 5: If there existsx € X such thats’(x) =0 , repeat Steps
order of |[E| x 2XI. Totally, we have a worst-case complexity? to 4.
of ¢(|E|20n(—VIEI+LIXI) for this exhaustive search approachOtherwise, se€COM* « COM. O
(Note that in most cases, the number of states is far largealgorithm MiIN-Com-GEN works as follows. After the
than the number of events or the number of agents.) necessary initialization in Step 1, each stat&sds examined
One of the main contributions of this paper is to make thia an order determined by a topological sort of the graph as
number of iterationdinear with respect to|X| by exploiting specified by Step 2. The major subroutine of the algorithm
Assumption (Al). This assumption allows to decompose thein Step 3, where a matriRC*(x;) of maximal removable
problem by ordering the states in a topological sort wheeesth communications at state is calculated. NN-CoM-GEN is
exists a monotonicity property for the removal of communica “general” algorithm because the specific method employed
tions. The specifics of the algorithm are presented in thé nésr searching over all candidaRC*(x) is not specified. The
section. However, linear iterations does not mean polyabmiesting of conditions | and 1l of Step 3 can be done in
complexity in state space within each iteration. To overeonpolynomial time in the state space &, according to the
the exponential complexity in the number of statesXimt methods to be presented in Section IlI-C. FindiRG*(x)
each iteration, we will not construct an observer, but nathéy exhaustive search over all the subsets of the active event
we will show in Section IlI-C how to construct in polynomialset at each state @ will of course work. In special problem
time in both [X| and |E| the list of all state pairs that areinstances, where more structural assumptions about thensys
indistinguishable under a giveDOM. model are made, more efficient ways of searching over these
subsets can be devised, as in the case considered in [13].

Ill. PROBLEM SOLUTION

A. AlgorithmMIN-CoM-GEN B. Properties of AlgorithmMIN-CoM-GEN
We present the main algorithm, called Algorithminv The main element of the proof of correctness of Algorithm
CoMm-GEN, for finding a minimal communicatioGOM*. MIN-COM-GEN is the minimality of the solution that it
Algorithm MIN-COM-GEN: returns. This proof requires several intermediate resitse
Step 1:Initialization. to space limitations, these results are stated withoutfpfoo
1.1 Define?: X — {0,1}, and seté(x) =0, Yxe€ X.  « For x e X andV C TR(G), we construct the subautomaton

1.2 Start with communicatidnCOM = [COM;], where G(X’\./) thG by deftiginhgx FO be the _iglitial s(;ate snd by iny
COM satisfies conditions (C1) and (C2) in Sectior%\(eep'ng the part ol t at_ IS accessible under the tra}nS|t|ons
. " in V. We use the notatiorf for the transition function of
II-D and in addition A - ) A
G(x,V) andX(x,V) for its set of states. We also defix) =
(Vie o)V (xe) e TRG)) .4(xe)=1 (20) G(x,TRG)) andX(x) = X(x,TR(G)).
. ) . ) Lemma 1 states that for any nonempty subseif states,
where . is the index function corresponding toihere exists at least one state in the subset where all string
COM. starting at that state never visit any other state¥,ine., once
Step 2: Find a statex; € X that satisfies the following a strings leaves that state, it leavés
conditiong:
: _ 3In case such initialization is given by Eqn. (1BRG = 0 and fori # j,
¢(4) =0, and PRG; (4) = {(x.6) € TRG) -e€ I (x)}.
4All proofs, as well as other intermediate results and exampf the

1An example of suctCOM is given by Eqn. (15). application of MN-CoM-GEN, can be found in the technical report at URL
2In case of¢'(x) =0 for all x€ X, Step 2 returns a leaf state. www.eecs.umich.edu/umdes/publications.cgi.
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Lemma 1:Let Lps(X) = Z(G(x, TR(G))) \ E4(x), where  X(x) \ {x})
Eqi(x) is the set of events that self-loop at stateForanyy C = COM’ satisfies (I) and (ll) foiG (by Proposition 1).

X, Y #0, there exists) € Y such that (Yt € Lns(X)) f(x,t) & On the other hand, sind@OM* is the solution obtained by
Y. Algorithm MIN-Com-GEN, RC*(x) is a maximum set whose
Lemma 2 shows that if the states ¥ have not all been corresponding communicatio@OM’ satisfy (1) and (II). This

examined, then Step 2 of AlgorithmIM-Com-GEN will find  leads to a contradiction to Step 3 of AlgorithmiCowm-

the next state to be examined. GEN becaus&®kC™(x) > RC*(x), and the correspondir@OM’
Lemma 2:If there exitsx € X with €’ (x) =0, then we can satisfies (I) and (Il) foIG(x). O
find anx in Step 2 of Algorithm MN-Com-GEN. By using Algorithm MN-CoOM-GEN together with ob-

Lemma 3 shows that once a state is picked by Step 2 sdrvers for the tests required in Step 3, we can solve the min-
Algorithm MIN-Com-GEN, the communication policies of all imization of communication problem formulated in Section
its reachable states remain fixed afterwards. [I-D for acyclic systems in a worst-case computational effo

Lemma 3:By Step 2 of Algorithm MN-CoMm-GEN, at the of &(|E||X[2""-DIEI+X) To achieve polynomial complexity
time when Algorithm MN-CoMm-GEN examines statey, all in terms of the size of the state spaceé®fwe need a different
other statesx € X(x¢) \ {x} have been examined and theitesting method for Step 3 than the construction of observers
communications will remain unchanged afterwards. This is the topic of the next section.

The next two results are key to the proof of Theorem 1
below. Given automat& and G’ with G' a subautomaton of C. Tests in Step 3 of Algorithi IN-COM-GEN
G, let COM = [COM;| be the communication matrix fd®.
Then,COM = [COM;] is the restriction oCOM to G'.

Lemma 4:For a givenCOM, if the feasibility and local
specification are satisfied fa@g, then they are also satisfied
for G(x), for all x € X.

We now discuss how to efficiently implement the testing of
conditions (I) and (ll) at each agent for each candidateetubs

ccand € PRQx) in Step 3 of Algorithm MN-CoMm-GEN.
This is equivalent to testing all equations that specifyséhe
two conditions. Testing of Eqgn. (10) is straightforward and

Proposition 1:In Step 3 of Algorithm MN-Com-GEN, can be easil i -
o . y resolved by the corresponding definitions. For
suppose that we are examinifRf(x). Let COM' = COM\ tests of Eqns. (11) and (18), it is important, at each agent

.RC(X') be the_ qorrespondir_lg_commqnication. Thef? the fouo"‘fb construct the list of state pairs ¥ix X that are “confused”
ing two conditions are satisfied f@ iff they are satisfied for |, 0" the information mappingfa" that resuilts fromRCea"d,

G(x). We say thatx,y) € X x X is a confused pairfor agentk if
l. COM is feasible.
Il.  The local specification conditions are satisfied. Gaiﬂ% Z(G))Ci:d(xs?’s) =X f(x0,8) =Y 1)
We are now ready to prove the correctness of Algorithm A6E(S) = 62™(s)]-
MIN-COM-GEN. Observers could be used to identify all confused state pairs

Theorem 1:Algorithm MiN-CoMm-GEN gives a solution to at each agent under a given communication policy, but the
the minimum communication problem formulated in Seoworst-case computational complexity of their constructis
tion 11-D. exponential in|X|. Instead, we propose two methods that can

Proof: By contradiction, suppose that Algorithm N+ identify all confused pairs in polynomial time in bofK| and
CoM-GEN gives a solutionCOM*, but there exists a bet- |E|. The first method is called the “table technique” and it can
ter solution COM** with COM* C COM*. By Lemma 2, be found in [9]. The second method that we have developed
after the execution of Algorithm Mi-Com-GEN, all states is called the “product automaton technique.” Inspired by th
x € X have been examined for removing communicationgpproach in [14], we construct a nondeterministic product
Let RC*(x) and RC*(x) be the communications removed agutomaton fromG (actually, G(x) suffices) and a given
statex corresponding t&€ OM* andCOM** respectively. Since communication policy with corresponding index functiofy
COM*™ C COM*, we haveRC*(x) C RC*(x) for all xe X. Let for agent (defined in Eqn. (8)). Denote the product automaton
Z = {xe X : RC*(x) C RC*(x)}. SinceCOM** c COM*, we by Gf; its initial state is(xo,Xo), wherexg is the initial state
haveZ # 0. By Lemma 1, we can find ar € Z, such that of G. Its nondeterministic transition functioff’((x,y),e) is
for all t € Z(G(x)) \ Esi(%)*, f(X,t) & Z, whereEg(xc) is defined as follows:
the set of events that self-loop at state fP((xy),e) =

Let COM be the matrix of communications just before ( (f(x e),f(y,e)) if Z(x.e)=.7(y.e)=1
Algorithm MIN-COM-GEN examined statey. Let COM’ = (f(x,€),y) if Z(x,€) = F(y,e) =0
COM\ RC*(x) and QOM’ = COM\ RC*(x). Using the re- (x, f(y,e)) if Zk(x,e) = %(y,e) =0
sults developed previously, we have: (f(x,€),y) if (S(y,e) =1V (y,e) ¢ TRG)) (22)
COM* is a solution to the minimal communication problem AFk(x,€) =0
= COM™ satisfies (I) and (Il) forG (x,f(y,e)) if (Ak(x,€) =1V (x,e) ¢ TRG))
= COM™ satisfies (I) and (Il) forG(xc) (by Lemma 4) NI (y,e) =0
= COM satisfies (I) and (Il) forG(x«) undefined otherwise

(by Lemma 3, communications remain unchanged in ) .
Let the accessible state space@jrunder the above transition

%In caseY = X, all leaf states satisfy Lemma 1. function f§ beX?. For agenk andx,y € X, the fact that state
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x can be confused with stateis equivalent to the existence

of state (x,y) € XE corresponding ta%. (Proofs of these 1]
properties are straightforward and omitted.) Clearly, Had)

for feasibility holds iff

(B (xy) € X7) [(x.€),(y,€) € TRG)]
A [Si(x.e) = Ji(y.e) =1
A[(x,e) € COMj A (y,e) € COM;j]

for all i, j € o. It is also be clear that Eqn. (18) for the local
specification condition holds iff

(2]

(23)
[3]

[4]

(Vie o)X NTispec=0 (24) 18]

The computational effort of the above methods is deter—6]
mined by the complexity of the product automaton (or 011
the table of indistinguishable state pairs) plus the coriple

of testing Egns. (11) and (18). The computational effort fof’]
using the product automaton is upper boundedXjy x |E|;
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