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Minimization of Communication of Event
Occurrences in Acyclic Discrete Event Systems

Weilin Wang, Stéphane Lafortune, and Feng Lin

Abstract—The problem of minimizing communication of event
occurrences in systems modeled by finite-state automata is
considered. There are n communicating agents observing the
behavior of the system for purposes of control or diagnosis.A set
of communication policies for the agents is said to be minimal if
communications of event occurrences cannot be removed without
affecting the correctness of the solution. Under an assumption on
the absence of cycles (other than self-loops) in the system model,
an algorithm that computes a set of minimal communication
policies in polynomial time in the number of states of the system
is presented.

I. I NTRODUCTION

There is a long-standing interest in minimizing communica-
tion among nodes in distributed dynamic systems for reasons
of power, bandwidth, security, or network topology. A survey
of work on minimization of communication in the context of
diagnosis or control of logical (untimed) models of discrete
event systems where the information is decentralized can be
found in [1]; recent work includes [2]–[5]. Our approach
considers a general problem of minimization of communica-
tion of event occurrences and it can be used in both control
and diagnosis applications. Our contribution is to propose
a computationally-efficient algorithm for solving minimum
communication problems for a special class of systems.

The system is modeled by an automatonG, with n agents
observing the behavior ofG using their own sets of sensors.
The agents are able to communicate among each other with
negligible delay as compared with the dynamics of the system.
Agents communicateevent occurrencesto each other. The
communication structure allows agentj to immediately relay
to agentk information it just received from agenti about
an event occurrence. The agents are working as a team to
accomplish some unspecified task (monitoring, diagnosis, or
control). For this purpose, they need to be able to distinguish
unambiguously among certain pairs of states in the state space
of G; the pairs that need to be distinguished are assumed
specified at the outset. This requirement is called thelocal
specification conditionand it necessitates the exchange of in-
formation about event occurrences in real time among agents.
Moreover, for the purpose of realizing the communication
policy to be designed for each agent, the agent will need
to distinguish further pairs of states if these have different
communication decisions for some common events associated
with them; this latter requirement is calledfeasibility of the
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communication policy. The objective is to find aminimal set
of communication policies among the agents. The notion of
minimality is a logical one: a communication policy is minimal
if removing one or more communications of event occurrences
in the dynamic evolution of the system renders a correct
solution incorrect in terms of either the local specification
condition or the feasibility condition.

Our problem formulation is different from that in [2]–[5].
We borrow some of the features of the problem treated in
[6], [7], including a similar notion of minimality of com-
munication. However, our treatment is different in several
respects: number of agents (more than two), communication
structure (relaying of information allowed), local specification
condition (more general than those in [6], [7]), and algorithmic
procedure. In order to obtain a more computationally-efficient
solution procedure than that of [6], [7], an additional assump-
tion is made regarding the absence of cycles other than self-
loops in G. An important benefit of this assumption is that
it is now possible to synthesize communication policies in
polynomial-time complexity in the size of the state space ofG.
This result is one of the main contributions of this paper and
it is in contrast to the work in [6], [7] as well as to the other
relevant works reviewed in [1]. Our results were first reported
in preliminary form in [8].

II. D ESCRIPTION OFPROBLEM

A. System Model

We model the untimed discrete event system as a determin-
istic finite-state automatonG = (X,E, f ,Γ,x0) whereX is the
finite set of states,E is the finite set of events,f : X×E→ X
is the transition function wheref (x,e) = y means that there
is a transition labelled by evente from statex to statey, Γ is
the active event function whereΓ(x) is the set of all eventse
for which f (x,e) is defined (called the active event set ofG
at x), and x0 is the initial state. The transition functionf is
extended to domainX×E∗ in the usual manner.L (G) is the
language generated byG. The set of transitionsTR(G) of G
is

TR(G) := {(x,e) ∈ X×E : e∈ Γ(x)}. (1)

We define x ∈ X to be a leaf state of G if (∀ (x,e) ∈
TR(G)) f (x,e) = x.

Assume that there aren agents that observe the behavior of
G. The set of agents is denoted byA = {1,2, . . . ,n}. The set
of events that can be observed by agenti is denoted byEi ,
i ∈A . We assume that every event is observed by at least one
agent:E =

⋃n
i=1Ei .
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B. Communication Model

For the sake of generality, we start by presenting a language-
based model of communication during the evolution ofG.
Then we show how to restrict this general model to one that
is based on the state space ofG. Communications of event
occurrences occur from one agent to another. For agentsi, j ∈
A , i 6= j, the event occurrences communicated from agenti
to agent j after each string inL (G) are described by the
function comi j : L (G)→ 2E

. By addingcomii : L (G)→{ /0}
with comii (s) = /0 for all s∈L (G), we define then×n matrix
COM = [comi j ], where i, j ∈A . Given communication ma-
trix COM , we use mutual induction to define the information
mappingθi : L (G)→ E∗, i ∈ A , as follows. For the empty
string ε, θi(ε) = ε, and for allse∈L (G),

θi(se) =

{

θi(s)e if e∈ Ei ∪ (∪ j∈A , j 6=icomji (s))
θi(s) otherwise.

(2)

In words, after the occurrence ofs, the next evente is known
to agent i iff it is either directly observed by agenti or
communicated to it by some other agent. We form the vector
of information mappingΘ = [θi : i = 1,2, . . . ,n].

Given COM , event e ∈ E, and stringse∈ L (G), we
construct a graph where nodes are agents and arc(i, j) is
defined if e∈ comi j (s). The set of all chains in this graph
is denoted byζ (C OM ,s,e). For c ∈ ζ (C OM ,s,e), c(i,k)
means that chainc starts at nodei and ends at nodek. We
note thatc(i, i) is a trivial chain of nodei with no arc.

Not all arbitrary communication matricesC OM will be
“feasible” based on the information available to agents. First,
an agent can only send out information about the occurrence
of an event if it has such information as indicated in Eqn.
(3) below. Second, for each communication, the original
information source must come from direct observation at an
agent. Moreover, to guarantee feasibility, it is required that any
two sequences of events that are indistinguishable to an agent
must be followed by the same communications for events
“known” by the agent. Namely, communication matrixCOM

must be “compatible” with the vector of information mapping
Θ that is built from it as indicated in Eqn. (4) below. In all,
for all i ∈A , comi j is said to befeasibleif

(∀ se∈L (G)) e∈ comi j (s)⇒
[θi(se) = θi(s)e]∧ [(∃ c(k, i) ∈ ζ (C OM ,s,e)) e∈ Ek]

(3)

and
(∀ se,s′e∈L (G)) θi(se) = θi(s′e) = θi(s)e= θi(s′)e⇒
[e∈ comi j (s)⇔ e∈ comi j (s′)].

(4)

To check feasibility, we first calculateΘ from COM , and
then check if Eqns. (3) and (4) hold.

The above definitions ofCOM andΘ are language-based.
For their implementation on automatonG, we will define their
state-based counterparts. For this purpose, we introduce aso-
called “implementability condition” that restricts the richness
of communication policies to the state structure ofG. This
condition is reminiscent of the implementability condition
in [6].
Implementability Conditionon G:

(∀ i, j ∈A )(∀ s,s′ ∈L (G))
f (x0,s) = f (x0,s′)⇒ [e∈ comi j (s) ⇔ e∈ comi j (s′)].

(5)

More specifically, for implementability, the event occurrences
to be communicated from agenti to agent j are described by

COMi j ⊆ TR(G), (6)

where(x,e) ∈COMi j means that

((∀ s∈L (G)) f (x0,s) = x) e∈ comi j (s). (7)

The implementability condition (5) is imposed in order to
restrict the space of communication policies over which the
optimization problem will be solved. The next step is to
specialize the notion of feasibility toCOMi j .

The transitions observed by or communicated to agenti are
described by the index functionIi : TR(G)→ {0,1} defined
as

Ii(x,e) =

{

1 if e∈ Ei or (x,e) ∈ (∪ j∈A , j 6=iCOMji )
0 otherwise

. (8)

By addingCOMii = /0, we define then×n state-based commu-
nication matrixCOM= [COMi j ]. GivenCOM, we can retrieve
the correspondingC OM as follows:

comi j (s) = {e∈ E : ( f (x0,s),e) ∈COMi j }. (9)

We say thatCOM is feasible if the correspondingCOM

is feasible. For each transition(x,e) ∈ TR(G), we construct
a graph where nodes are agents and arc(i, j) is defined if
(x,e) ∈COMi j . The set of all chains in this graph is denoted
by ζ (COM,(x,e)). For chainc∈ ζ (COM,(x,e)), c(i,k) means
thatc starts at nodei and ends at nodek. From Eqns. (3), (4),
(5), (6) and (8), the notion of feasibility is specialized toCOM
as follows. For alli, j ∈A , COMi j is feasibleiff

(∀ (x,e) ∈ TR(G)) (x,e) ∈COMi j ⇒
[Ii(x,e) = 1]∧ [(∃ c(k, i) ∈ ζ (COM,(x,e))) e∈ Ek]

(10)

and

(∀ se,s′e∈L (G))θi(se) = θi(s′e) = θi(s)e= θi(s′)e
⇒ [( f (x0,s),e) ∈COMi j ⇔ ( f (x0,s′),e) ∈COMi j ].

(11)

Overall,COM is feasible if

∀ i, j ∈A ,COMi j is feasible. (12)

Here, for givenCOM, the test of Eqn. (10) is straightforward
and the test of Eqn. (11) is treated in Section III-C.

We allow the possibility that two agents may not be directly
connected with each other. But we require that any two agents
can communicate with each other at least indirectly, i.e., the
connectivity graph of the agents is strongly connected. To
specify connectivity, we use, for each agenti ∈ A , a set
of agentsAnc

i ⊆ A to denote that agenti cannot directly
communicate with agentj ∈ Anc

i , i.e.,

(∀ j ∈ Anc
i ) COMi j = /0. (13)

We form the vectorAnc as Anc = [Anc
i : i = 1, . . . ,n]. Given

an Anc, we construct a graph where nodes are agents and arc
(i, j) is defined if j 6∈Anc

i . The set of all chains in this graph is
denoted byζ (Anc). For chainc∈ ζ (Anc), c(i,k) means thatc
starts at nodei and ends at nodek. Then the strong connectivity
requirement is that

(∀ i, j ∈A ) ∃ c(i, j) ∈ ζ (Anc). (14)
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Under Eqn. (14), it can be verified that the communication
policy COM= [COMi j ], where

COMi j =

{

{(x,e) : e∈ Γ(x)} j 6∈ Anc
i and j 6= i

/0 otherwise,
(15)

is feasible, and

(∀ i ∈A )(∀(x,e) ∈ TR(G)) Ii(x,e) = 1, (16)

i.e., under this specific policy, all agents can perfectly observe
the systemG.
Remark: Notation –For given matrices of setsB = [bi j ] and
B′ = [b′i j ] for i = 1, . . . , l and j = 1, . . . ,m, (an example of such
a matrix isCOM), B is a subset (superset) ofB′, denoted by
B ⊂ (⊃) B′, if

[(∀ i, j) bi j ⊆ (⊇)b′i j ] ∧ [(∃ i, j) bi j ⊂ (⊃)b′i j ]. (17)

The notationB ⊆ (⊇) B′ is defined similarly in the obvious
way. For given matrices of setsB = [bi j ] and B′ = [b′i j ], we
defineB\B′ = [bi j \b′i j ].

C. Objective for Agents

Besides the feasibility requirements specified by Eqns. (10)
and (11), we require that each agent be able to distinguish
certain pairs of states ofG for its own control, diagnosis, or
other purpose. Formally, for each agenti ∈ A , we specify a
relationTi,spec⊆X×X, which is called thelocal specification
condition. We require that no state pair(x,y) ∈ Ti,spec be
indistinguishable from the viewpoint of agenti, i.e., for all
s,s′ ∈L (G),

θi(s) = θi(s′)⇒ ( f (x0,s), f (x0,s′)) 6∈ Ti,spec. (18)

Other agents must communicate sufficient information to agent
i so that the above requirement is satisfied.

Using Ti,spec to describe the requirement of agenti is a
rather general approach. In supervisory control for instance,
key properties are controllability and observability. Onecan
deal with controllability first by computing the supremal
controllable sublanguage of the desired (specification) lan-
guage. Second, one can transformG so that the supremal
controllable sublanguage of the specification is generatedby
a subautomaton ofG. In the last step, the requirement of
observability can be translated into a state disambiguation
problem, as described in [9]. All of the above operations can
be done in polynomial complexity in the state space ofG and
of the specification language.

D. Problem Statement

We are now ready to formally state the problem to be solved.
Input: SystemG=(X,E, f ,Γ,x0), set of strongly connected

agentsA , and set of local specification conditionsTi,spec, i ∈
A , for those agents.

Goal: Calculate a minimal communicationCOM∗ =
[COM∗i j ], whereCOM∗i j ⊆ TR(G) such that:

C1. COM∗ is feasible.
C2. The local specification conditionTi,spec is satisfied

for eachi, i.e., for all s,s′ ∈L (G)

θ ∗i (s) = θ ∗i (s′)⇒ ( f (x0,s), f (x0,s′)) 6∈ Ti,spec (19)

where θ ∗i is the information map obtained from
COM∗.

C3. COM∗ is minimal, i.e., there is no otherCOM′ ⊂
COM∗ that satisfies (C1) and (C2).

E. Obtaining a Computationally Efficient Algorithm

Communications of event occurrences among agents are
interdependent. That is, in general, the determination by agent
i of when and whom to communicate to depends upon its own
“observation” of the system. But communications from agent
i affect the “observation” of the system of other agents, and,
consequently, the communication policies of these agents to
agenti. Thus it affects the “observation” of agenti. Due in
part to such interdependency, which is well-documented in [1]
and the references therein, it is fair to say that computational
obstacles arethemajor hurdle in any of the solution procedures
that have been proposed so far for the different types of
minimization of communication problems considered in the
discrete event systems literature. For the problem posed inthe
preceding section, we can always get a solution by exhaustive
search since the solution space has finite cardinality. Therefore,
our objective is to find subclasses of systems for which
computationally efficient algorithms exist. For this purpose,
we make the following assumption for the remainder of this
paper (except Section III-C):
Assumption (A1):The graph ofG has no cycles other than
self-loops, i.e., for allx ∈ X, for all e ∈ E and t ∈ E∗,
[ f (x,et) is defined∧ f (x,e) 6= x]⇒ f (x,et) 6= x.

There are classes of systems with repetitive behavior where
the only loops are from marked (aka final) states to the initial
state. This is often the case in modeling automated manu-
facturing systems; it is also the case in systems that model
“missions” that must be performed by a set of communicating
agents. For such systems, Assumption (A1) is not restrictive
as these loops can be opened and the resulting problem can be
solved using the algorithm to be presented in the next section.
In this way, we can compute a minimal communication policy
for one “run” of the system.

For the purpose of solving the problem of Section II-D, we
ask the following question: Can we remove communications
for transitions inTR(G) one by oneuntil we get a minimal set
satisfying conditions (C1) and (C2)? Unfortunately, the answer
is “no”: removing communications of event occurrences one
by one will not work in general. The reason is a so-called
“lack of monotonicity” of the set of distinguishable stateswith
respect to the set of observed event occurrences. Namely, isit
possible that two states ofG that are indistinguishable under
a feasible policyCOM will become distinguishable under a
strict subset ofCOM that is still feasible. The reader is referred
to [10] for an example. Such lack of monotonicity does not
occur when the entire set of observable events is the parameter,
as opposed toTR(G). (Note that other instances of lack of
monotonicity have been reported in the literature; for example,
it is shown in [11] that the “observer property” of projections
[12] is not monotone with respect to the set of observable
events.)

The preceding discussion shows that when removing com-
munications of event occurrences, we need to considersets
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of transitions. A naive approach is to consider all possible
COM = [COMi j ], where COMi j ⊆ TR(G). For eachCOM,
we check conditions (C1) and (C2). This can be done, for
example, by building an observer based onCOM (e.g., as is
done in [6]) and then check (C1) and (C2) by examining
observer states. IfCOM does not satisfy (C1) and (C2), we
assign 0 to it; otherwise we assign 1 to it. We can always find
a minimalCOM with assigned value 1. Any minimalCOM
will be a solution to our problem. The number of iterations
in the above approach is linear with respect to the cardinality
of the set of all possibleCOM. In the case ofn agents where
any two agents can communicate with each other, there are
n(n−1) COMi j ’s that need to considered inCOM. For each
COMi j , agent i needs to make decisions for each transition
in TR(G), which in the worst case has cardinality|X×E|.
Considering all possible combinations, the set of all possible
COM is in the order of 2n(n−1)|X×E|. Moreover, in each test, the
construction of the observer has a worst-case complexity inthe
order of |E|×2|X|. Totally, we have a worst-case complexity
of O(|E|2(n(n−1)|E|+1)|X|) for this exhaustive search approach.
(Note that in most cases, the number of states is far larger
than the number of events or the number of agents.)

One of the main contributions of this paper is to make the
number of iterationslinear with respect to|X| by exploiting
Assumption (A1). This assumption allows to decompose the
problem by ordering the states in a topological sort where there
exists a monotonicity property for the removal of communica-
tions. The specifics of the algorithm are presented in the next
section. However, linear iterations does not mean polynomial
complexity in state space within each iteration. To overcome
the exponential complexity in the number of states inX at
each iteration, we will not construct an observer, but rather,
we will show in Section III-C how to construct in polynomial
time in both |X| and |E| the list of all state pairs that are
indistinguishable under a givenCOM.

III. PROBLEM SOLUTION

A. AlgorithmM IN-COM-GEN

We present the main algorithm, called Algorithm MIN-
COM-GEN, for finding a minimal communicationCOM∗.
Algorithm M IN-COM-GEN:
Step 1: Initialization.

1.1 DefineC : X −→ {0,1}, and setC (x) = 0, ∀ x∈ X.

1.2 Start with communication1 COM = [COMi j ], where
COM satisfies conditions (C1) and (C2) in Section
II-D and in addition

(∀ i ∈A )(∀ (x,e) ∈ TR(G)) Ii(x,e) = 1 (20)

where Ii is the index function corresponding to
COM.

Step 2: Find a statexl ∈ X that satisfies the following
conditions2:

i. C (xl ) = 0, and

1An example of suchCOM is given by Eqn. (15).
2In case ofC (x) = 0 for all x∈ X, Step 2 returns a leaf state.

ii. (∀ e ∈ Γ(xl )) ( f (xl ,e) = xl ) ∨ ( f (xl ,e) = xk ⇒
C (xk) = 1).

Step 3:Remove communications of event occurrences at state
xl as follows.
Consider the matrix of potentially removable communications
PRC(xl ) = [PRCi j (xl )], wherePRCi j (xl ) is the set of commu-
nications from agenti to agentj at statexl , which are specified
by Step 1.23. Find anRC∗(xl )⊆ PRC(xl ), such that under

COM←COM\RC∗(xl )

conditions I - III below are satisfied:

I. COM is feasible;
II. The local specification conditions are satisfied;
III. There does not existRC′(xl )⊆ PRC(xl ) s.t. RC′(xl )

satisfies I and II andRC′(xl )⊃ RC∗(xl ).

Step 4: SetC (xl ) = 1.
Step 5: If there existsx∈ X such thatC (x) = 0 , repeat Steps
2 to 4.
Otherwise, setCOM∗←COM. �

Algorithm MIN-COM-GEN works as follows. After the
necessary initialization in Step 1, each state ofG is examined
in an order determined by a topological sort of the graph as
specified by Step 2. The major subroutine of the algorithm
is in Step 3, where a matrixRC∗(xl ) of maximal removable
communications at statexl is calculated. MIN-COM-GEN is
a “general” algorithm because the specific method employed
for searching over all candidateRC∗(xl ) is not specified. The
testing of conditions I and II of Step 3 can be done in
polynomial time in the state space ofG, according to the
methods to be presented in Section III-C. FindingRC∗(xl )
by exhaustive search over all the subsets of the active event
set at each state ofG will of course work. In special problem
instances, where more structural assumptions about the system
model are made, more efficient ways of searching over these
subsets can be devised, as in the case considered in [13].

B. Properties of AlgorithmM IN-COM-GEN

The main element of the proof of correctness of Algorithm
M IN-COM-GEN is the minimality of the solution that it
returns. This proof requires several intermediate results. Due
to space limitations, these results are stated without proofs.4

For x∈ X andV ⊆ TR(G), we construct the subautomaton
Ĝ(x,V) of G by definingx to be the initial state and by only
keeping the part ofG that is accessible under the transitions
in V. We use the notation̂f for the transition function of
Ĝ(x,V) andX̂(x,V) for its set of states. We also defineĜ(x) =
Ĝ(x,TR(G)) and X̂(x) = X̂(x,T R(G)).

Lemma 1 states that for any nonempty subsetY of states,
there exists at least one state in the subset where all strings
starting at that state never visit any other states inY, i.e., once
a strings leaves that state, it leavesY.

3In case such initialization is given by Eqn. (15),PRCii = /0 and for i 6= j,
PRCi j (xl ) = {(xl ,e) ∈ TR(G) : e∈ Γ(xl )}.

4All proofs, as well as other intermediate results and examples of the
application of MIN-COM-GEN, can be found in the technical report at URL
www.eecs.umich.edu/umdes/publications.cgi.
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Lemma 1:Let Lns(xl ) = L (Ĝ(xl ,TR(G)))\E∗sl(xl ), where
Esl(xl ) is the set of events that self-loop at statexl . For anyY⊆
X, Y 6= /0, there existsxl ∈Y such that5 (∀ t ∈ Lns(xl )) f (xl ,t) 6∈
Y.

Lemma 2 shows that if the states inX have not all been
examined, then Step 2 of Algorithm MIN-COM-GEN will find
the next state to be examined.

Lemma 2: If there exitsx∈ X with C (x) = 0, then we can
find anxl in Step 2 of Algorithm MIN-COM-GEN.

Lemma 3 shows that once a state is picked by Step 2 of
Algorithm MIN-COM-GEN, the communication policies of all
its reachable states remain fixed afterwards.

Lemma 3:By Step 2 of Algorithm MIN-COM-GEN, at the
time when Algorithm MIN-COM-GEN examines statexk, all
other statesx ∈ X̂(xk) \ {xk} have been examined and their
communications will remain unchanged afterwards.

The next two results are key to the proof of Theorem 1
below. Given automataG and G′ with G′ a subautomaton of
G, let COM = [COMi j ] be the communication matrix forG.
Then,COM′ = [COM′i j ] is the restriction ofCOM to G′.

Lemma 4:For a givenCOM, if the feasibility and local
specification are satisfied forG, then they are also satisfied
for Ĝ(x), for all x∈ X.

Proposition 1: In Step 3 of Algorithm MIN-COM-GEN,
suppose that we are examiningRC(xl ). Let COM′ = COM\
RC(xl ) be the corresponding communication. Then the follow-
ing two conditions are satisfied forG iff they are satisfied for
Ĝ(xl ).

I. COM′ is feasible.
II. The local specification conditions are satisfied.

We are now ready to prove the correctness of Algorithm
M IN-COM-GEN.

Theorem 1:Algorithm MIN-COM-GEN gives a solution to
the minimum communication problem formulated in Sec-
tion II-D.

Proof: By contradiction, suppose that Algorithm MIN-
COM-GEN gives a solutionCOM∗, but there exists a bet-
ter solution COM∗∗ with COM∗∗ ⊂ COM∗. By Lemma 2,
after the execution of Algorithm MIN-COM-GEN, all states
x ∈ X have been examined for removing communications.
Let RC∗(x) and RC∗∗(x) be the communications removed at
statex corresponding toCOM∗ andCOM∗∗ respectively. Since
COM∗∗⊂COM∗, we haveRC∗(x)⊆RC∗∗(x) for all x∈X. Let
Z = {x∈ X : RC∗(x) ⊂ RC∗∗(x)}. SinceCOM∗∗ ⊂COM∗, we
haveZ 6= /0. By Lemma 1, we can find anxk ∈ Z, such that
for all t ∈L (Ĝ(xk)) \Esl(xk)

∗, f (xk, t) 6∈ Z, whereEsl(xk) is
the set of events that self-loop at statexk.

Let COM be the matrix of communications just before
Algorithm MIN-COM-GEN examined statexk. Let COM′′ =
COM\RC∗∗(xl ) and COM′ = COM\RC∗(xl ). Using the re-
sults developed previously, we have:
COM∗∗ is a solution to the minimal communication problem
⇒ COM∗∗ satisfies (I) and (II) forG
⇒ COM∗∗ satisfies (I) and (II) forĜ(xk) (by Lemma 4)
⇒ COM′′ satisfies (I) and (II) forĜ(xk)
(by Lemma 3, communications remain unchanged in

5In caseY = X, all leaf states satisfy Lemma 1.

X̂(xk)\ {xk})
⇒ COM′′ satisfies (I) and (II) forG (by Proposition 1).

On the other hand, sinceCOM∗ is the solution obtained by
Algorithm MIN-COM-GEN, RC∗(x) is a maximum set whose
corresponding communicationsCOM′ satisfy (I) and (II). This
leads to a contradiction to Step 3 of Algorithm MIN-COM-
GEN becauseRC∗∗(x)⊃RC∗(x), and the correspondingCOM′′

satisfies (I) and (II) forĜ(xk). �

By using Algorithm MIN-COM-GEN together with ob-
servers for the tests required in Step 3, we can solve the min-
imization of communication problem formulated in Section
II-D for acyclic systems in a worst-case computational effort
of O(|E||X|2n(n−1)|E|+|X|). To achieve polynomial complexity
in terms of the size of the state space ofG, we need a different
testing method for Step 3 than the construction of observers.
This is the topic of the next section.

C. Tests in Step 3 of AlgorithmM IN-COM-GEN

We now discuss how to efficiently implement the testing of
conditions (I) and (II) at each agent for each candidate subset
RCcand⊆ PRC(xl ) in Step 3 of Algorithm MIN-COM-GEN.
This is equivalent to testing all equations that specify these
two conditions. Testing of Eqn. (10) is straightforward and
can be easily resolved by the corresponding definitions. For
tests of Eqns. (11) and (18), it is important, at each agentk,
to construct the list of state pairs inX×X that are “confused”
under the information mappingθ cand

k that results fromRCcand.
We say that(x,y) ∈ X×X is a confused pairfor agentk if

(∃s,s′ ∈L (G)) [ f (x0,s) = x, f (x0,s′) = y]
∧[θ cand

k (s) = θ cand
k (s′)].

(21)

Observers could be used to identify all confused state pairs
at each agent under a given communication policy, but the
worst-case computational complexity of their construction is
exponential in|X|. Instead, we propose two methods that can
identify all confused pairs in polynomial time in both|X| and
|E|. The first method is called the “table technique” and it can
be found in [9]. The second method that we have developed
is called the “product automaton technique.” Inspired by the
approach in [14], we construct a nondeterministic product
automaton fromG (actually, Ĝ(xl ) suffices) and a given
communication policy with corresponding index functionIk

for agentk (defined in Eqn. (8)). Denote the product automaton
by GP

k ; its initial state is(x0,x0), wherex0 is the initial state
of G. Its nondeterministic transition functionf P

k ((x,y),e) is
defined as follows:

f P
k ((x,y),e) =















































( f (x,e), f (y,e)) if Ik(x,e) = I (y,e) = 1
( f (x,e),y) if Ik(x,e) = Ik(y,e) = 0
(x, f (y,e)) if Ik(x,e) = Ik(y,e) = 0
( f (x,e),y) if (Ik(y,e) = 1∨ (y,e) 6∈ TR(G))

∧Ik(x,e) = 0
(x, f (y,e)) if (Ik(x,e) = 1∨ (x,e) 6∈ TR(G))

∧Ik(y,e) = 0
undefined otherwise.

(22)

Let the accessible state space forGP
k under the above transition

function f P
k beXP

k . For agentk andx,y∈ X, the fact that state
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x can be confused with statey is equivalent to the existence
of state (x,y) ∈ XP

k corresponding toIk. (Proofs of these
properties are straightforward and omitted.) Clearly, Eqn. (11)
for feasibility holds iff

(∄ (x,y) ∈ XP
i ) [(x,e),(y,e) ∈ TR(G)]

∧ [Ii(x,e) = Ii(y,e) = 1]
∧ [(x,e) ∈COMi j ∧ (y,e) 6∈COMi j ]

(23)

for all i, j ∈A . It is also be clear that Eqn. (18) for the local
specification condition holds iff

(∀ i ∈A ) XP
i ∩Ti,spec= /0 (24)

The computational effort of the above methods is deter-
mined by the complexity of the product automaton (or of
the table of indistinguishable state pairs) plus the complexity
of testing Eqns. (11) and (18). The computational effort for
using the product automaton is upper bounded by|X|2×|E|;
this is of the same order as testing Eqns. (11) and (18). (The
complexity of the table technique is also of the same order.)
Therefore, testing of C1 and C2 in Step 3 of Algorithm MIN-
COM-GEN can be done in an order ofO(|X|2× |E|). Note
that the results in this section still apply even if Assumption
(A1) does not hold.

D. Complexity of AlgorithmM IN-COM-GEN

As a consequence of the iterative procedure in Algorithm
M IN-COM-GEN and of the strategy described in Section III-C
for the implementation of Step 3, we have the following result.

Theorem 2:The problem formulated in Section II-D can be
solved with polynomial time complexity with respect to the
cardinality of the state space ofG.

IV. CONCLUSION

Algorithm MIN-COM-GEN is the first of its kind to achieve
polynomial time complexity in the state space of the system
for minimization of communications of event occurrences. In
the context of Algorithm MIN-COM-GEN, the specific details
on how to efficiently implement the search over candidate
solutions in Step 3 is left unspecified. We have identified a
special case, involving a set of agents each communicating
with a central station, where the search in Step 3 can be
organized in a way that is of polynomial complexity in
the set of agents and in the set ofactive eventsat each
state. These results are presented in [13]. It would be of
interest to find other special cases than the one in [13] where
Step 3 of Algorithm MIN-COM-GEN is amenable to efficient
implementations.

The correctness proof of Algorithm MIN-COM-GEN is
centered on the “decomposition” result in Proposition 1, which
is itself dependent on the acyclic assumption (A1). It remains
an open problem to identify other ways to circumvent the
lack of monotonicity of candidate solutions mentioned in
Section II-E and obtain computationally-tractable algorithms
for solving communication problems in more general classes
of systems.
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