On the Singular Behavior of a Queueing System
with Random Connectivity

George Michailidis and Nicholas Bambos

Abstract—In this paper, we study the stationary dynamics of In Figure 2 the queue length processes of the model
a processing system comprised of several parallel queues and astudied in [4] (and described in the next section) are shown,
single server of constant rate. The connectivity of the server to under three different loadings which also exceed the system’s

each queue is randomly modulated, taking values 1 (connected) . . .
or 0 (severed). At any given time, only the currently connected capacity. It can be seen that this system exhibits a much

gueues may receive service. A key issue is how to Schedu|ericher behaViOI’, since in some scenarios both qgueues "blow-
the server on the connected queues in order to maximize the up’ to infinity, while in some other scenarios only one of the
system throughput. We investigate the behavior of two dynamic queues increases linearly, while the other queue continues to
schedules, when the loading of the system exceeds its capacity. ltenter the empty state.

is shown that unlike many other queueing systems that exhibit
a binary behavior -global stability or global instability- the
system under consideration exhibits a much richer behavior,
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with several partial stability modes. These modes are fully 4000}~ .

determined by the underlying traffic loading. The results are

obtained under very general stationary ergodic traffic flows and sseer )

connectivity modulation. 000 J
I. MOTIVATION aseor i
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Quee Length

Parallel queueing systems operating in randomly modu-
lated environments have received a lot of attention over the s 8
last few years. In a series of papers, allocation of resources
for throughput maximization ([2], [4], [6], [10]) and packet
loss minimization ([3], [7], [9]) have been studied within
a Markovian as well as a stationary ergodic context. In o : . L . L + + L -
particular, maximum throughput server allocation policies e
ha\{e_ been proposed_ and their propertl_es eSt_ab“Shed' Thne-ﬁfl. Queue length process for a two-gqueue system operating in a random
policies can be described as of tmax-weight/ariety, where service environment.
the server's power at any point in time is allocated to the
queue with the largest weighted queue length, with the In light of the above results, the goal of this paper is to
weight given by the prevailing service rate. study the singular behavior of the latter model and investigate

In this paper, we would like to investigate the behavior ofhe dynamics of the workload (queue length) processes.
the queue length/workload process of such a system undBhe paper is organized as follows: in section 2, the model
a maximum throughput policy, when the loading of thgs described, while in section 3 a brief overview of the
system exceeds the available server's capacity. The followimgaximum throughput policy and its properties is given. The
simulation results motivate our interest for studying thignain results dealing with the fine structure of the instability
issue: in Figure 1 the queue length processes of the modegion and the multiple partial stability modes of the system
studied in [2], [8], [10] under a maximum throughput policyare presented in section 4. Some concluding remarks are
is shown, when the loading exceeds the capacity of th@rawn in section 5.
system. It can be seen that the queue length process increases
linearly and the system can be characterized as globally  |l. MODEL STRUCTURE ANDASSUMPTIONS

unstable (see Proposition 3.1 in [2]). This behavior of the consider a queueing system comprisedkof 7., first-
queue length, as well as the workload, processes operatipgme-first-served queues and a server of constant service
under maximum throughput policies is consistent for a larggyte 1 < R.. There is a random flow of jobs arriving to
class of parallel queueing systems [1]. the queues with service requests. The queues have infinite
capacity buffers where jobs are placed while waiting to
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point process (RMPP, [1], [5])
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1600} 1 /%] = {(t?ﬂch)7 je Z}7 (1)
taeor ] describing the stochastic input to th® queue. The collec-
g 1200r 8 tion of processes
%mnm B C/V:{JVQ, qu} (2)

comprises the overalhput to the queueing system.

We introduce next theonnectivity procesgC, t € R},
whereC; is the set of connected queues at tim®efineC,
to be the set of all values that tH€&:} process attains as

o : e L . L time evolves. This is some subset of the power séf pie.
o Ci € C C 2X. Let nows € R be the time of thé!" occurrence
of change in the server-queue connectivities and C the
a0y 1 1 1 set of connected queues that the system switches to at time
ol ] -l ] s. We also model these random quantities as elements of

another RMPP

1000 - 1 10|

‘%:{(Skvck)v kEZ}, (3)

which we call theconnectivity modulatioprocess. Based on
the switching times, we can write

G =) aligztcsia) (4)
keZ

Queue 1 Length
@
8
Queue 2 Length
©

wherel , is the indicator function.
The RMPP’s_#4 and .# are defined on some common

14 T T T T 11000

probability spacéQ,.#,P) and are assumed to B&tionary
Wl tocoo ] and ergodic with respect to time shiftz € R
| 0,42 {(t!—z0l), jez}, (5)
7000 - D
E’ % 000 - GZ%:{(SK_Zack)a kEZ}7 (6)
23; ; seoof 1 for every q € K, whereD denotes equality in distribution.
av0f 1 The numbering of jobs and connectivity switching epochs
- | on every sample path are such that?; <tj <0<tl.. <
socol ] th <t .. and..s.1 <sH<0< s << S (Simple
.| ] RMPP’s [5]). The processes are assumed to have pathwise
. S ‘ a finite number of points in every finite time interval. The
ime S traffic intensity (average workload per unit time) entering
gueueq € K is given by

Fig. 2. Queue length process for a two-queue system with random link
Connectivities, under different loading conditions.

N E
Pq =i, l t ngff,- 1{t?e[o,t>}] : 7)

) ) It is assumed thapy > 0 for everyq e K.
used to decide which queues to serve among those that argrhg system has to decide on how to allocate the processing
currently connected. power of the server to the queues that are currently connected
In this paper we study the behavior of the system at largg it. This is done according to some allocation poligyc A,
times under general stationary and ergodic job arrival flonghere A is the set of all such policies. We particularly
and server-queue connectivities. In particular, we are intEfocus on two Simp|e allocation po"cies which are shown
ested in characterizing the system dynamics for a maximugg exhibit optimal behavior among thoseAn The first one,
throughput policy, when the loading of the system exceedslled Longest Connected Que(eCQ) policy and denoted
Its capacity. o € A, allocates the server to the connected queue with
Let t? € R be the arrival time of thg'" job to arrive to  the largest number of jobs in it at every decision epoch. Such
queueqg € K = {1,2,3,...,K}, and ojq € R, its associated epochs are the times when the job currently being processed
service (processing) time requirement. These are randarompletes service, as well as the connectivity switching times
guantities which we model as elements of a random markeq. In the case that more than one queue have the same
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P, Py o cesses/ and.#, we have that if
H H {&6R5:§aqsr[ 2 F’[C]],QQK,Q#@}
qe CeC: CNQ+#D
pM (8)
q q

o e then, for any server allocation policy € A, there exists at
s least one queuq € K, such that

G

0 ; im 7 (/%) = oo ©)
1
almost surely, for eveng € R and initial statex.. That is,

Fig. 3. _An example pf_a simple system of two queues Withwhenﬁ ¢ D‘”U&D‘%, the system isunstable under any
connectivity set probabilitieB[C,| = 0.3, P[Cz] = 0.2, P[Cs] =05, iey o7 in the sense that the workload of some queues
and its capacity surface. T .

blows up to infinity at large times.

Proposition 3.2: (Finiteness of the Stationary Work-

loads under the 7, Policy) For any stationary and ergodic
(maximum) number of jobs at a decision epoch (i.e. a tiejpput and modulation processe§ and.#, if
one of them may be chosen arbitrarily. The second policy,
called Maximum Connected WorkloadMCW) policy and
denoted«,., € A, operates by allocating the server at time then
to the connected queue with maximum workload. In the case
that the workloads of two or more queues become equal, thg? = lim WS?t(,QfMCW,f)) <o, YVteR, forevery geK,
MCW policy distributes the processing power of the server S (11)

equally among these queues. Notice that the LCQ poligimost surely. Under this condition the proces$eg’.t
pursues the balancing of the queue sizes, while the MCW} qe K form afinite stationaryoperational regime of the

pebD” (10)

the balancing of the workloads. system.
Theorem 3.1:(Stability under the ., Policy)
I1l. STABILITY ASPECTS. SOME BASIC FACTS For any stationary ergodic input and modulation processes
A and A, if
We start by defining thejueueing stateof the system p ¢ D” (12)

. operating under policy € A. Let #1(</,%,) be the
workload in queueq at timet (i.e. the sum of all resid- then
ual service time requirements of all jobs present in the
buffer) for an initial workload ofx, and #si(<7,%o) =

{73 (. %0), d€ K} Moreover, let%g}(s/,%o) be the o B
number of jobs (queue length) in quegeat timet and Ws?t+an(0) €Bn, s Ws?t’\‘+aN (0) €Bn] =
Ust (A, Xo) = {Us3(H %o), G€ K}. We make (where appro- o %

priate) the technicahssumptiorthat all stochastic processes tlm PV stva (Fiow 0) € Br, Fstiap (Fucw,0) € By, ..
we are studying are right-continuous and have left limits
pathwise (cadlag [1]).

tlmo P[W§t1+a1 (6) € Bl7 WSC.It2+aZ (6) € 527 (A

stm—a;\j (v‘Z{MCWa O) € BN] =
We define next the set PW% € By, W € By, ..., WE € By, ..., WIN € By] (13)
M) = K.
bT = {O‘ SR ) s LGC%Q o Bn € %, where Z is the field of Borel sets oR. That is,
given that the system starts empty and operates under the
for every Q C K, Q # 0, which is shown in [4] to be . policy, the queueing state proce&%ﬁ(%CW,O), ge
the Stability Region of the system. Moreover, we defineK} = {Ws‘f't(ﬁ)7 g€ K} converges in distribution to the proper
the topological boundary dd# (in the standard Euclidean stationary regimdW, qe K} at large times. Therefore, the

topology of RK) by oD » which corresponds to th@apac-  system can be characterizedgisbally stable
ity Surface of this queueing system. The capacity surface odRemark:The above show that thefucw policy maximizes

} for everyse R, NeZ,, ne {1,2,....N}, a, € R, g, € K,

a two-queue system is shown in Figure 3. the set of traffic intensitiep for which the system remains
The following results (rigorously proved in [4]) describeglobally stable, i.e. the global stability region.

the long-term behavior of the system under study. Remark: Analogous results to those given in Proposition
Proposition 3.1:(The Case of Instability) 3.2 and Theorem 3.1 can be established for the Longest

For any stationary and ergodic input and modulation proconnected Queugs cq policy.



IV. PARTIAL STABILITY. THE FINE STRUCTURE OF THE
INSTABILITY REGION.

A more interesting question that arises is whether the r{/ﬂrg?
workload of a certain queue is finite or infinite, for given
input and modulation processes, under the MCW and the ,
LCQ scheduling policies. It turns out that the answer dependst ﬂ

simply on the region (cell) of the rate spakE wherep lies.

We specify below these cells, and determine the queueing

Proof: We first show (16). Arguing by contradiction, assume

that there exisk # E’, such that

~ M
b g v 0.

N e NoE N

BCE,B£0

M

B/CE',B'#£0
(18)

dynamics and stability behavior of the system in each ong particular, forB = E' — E C E, the previous expression
of them. In the remainder, for ease of notation we drogmplies B

the dependence of the workload process on the policy and

write et (Fucw, X) = Wek (W),
Wet (W), g€ K, accordingly.

qgeKk, and %t(ﬁfmw X) =

o N N &g #0;

therefore, there existsc RK such thak € ®Z & € & and

(19)

We start by defining the following two families of setsg c ., (note thalE U(E' — E) = EUE). From& € @t e,
(parameterized by C K), which are used to construct theye conclude that there exists a €t EUE’ such that

aforementioned cells. For any given subset of queti€s

K -0, let

CDE//:{&GRﬁ: Z}aq<r [ P[C]
ge CeC: CNQ#D, QCE

for everyQCE, Q#0 and
EJZI{&GRﬁ: %aq>r [ > P[C]
ac CeC: CriQ0, CCE
for someQ C E, Q # 0 and by convention sebz,(/ = Rﬁ.
Note that®’ and aJ‘E% are convex polyhedra iRﬁ formed

o <T
by the intersection of the K-dimensional hyperplanes defined qe‘;E’fE CeC: CNQer_g 70, CC(E'-E)
by the inequalities in the above expressions. We next defingyging the last two inequalities and accounting for the sets

the sets (cells)

~M
=0 () Peey: (14)
BCE, B#0
for any E C K. It should be noted that fde = K,
rd = =D, (15)

For everyE #K, I'E” is an unboundedconvex polyhedron
not containing theé vector, contrary to the cage=K. Let
drZ be theboundaryof I (in the standard topology of
RK).

Proposition 4.1:(Cellulization of the Rate SpaceRX)
For any stationary modulation procesg, we have that

ré () reg=o (16)
for any E,E’ C K such thatE # E’. Moreover,
U (rgf/ U argf/) —RK. 17)

ECK

That is, the family ofcells (sets){I'#’,E C K} divides up
the rate space into disjoint convex polyhedra, covering
exhaustively.

(20)

%aq>r [ > P[C]| .
ge CeC: CNQ#0,CCEUE’

Letting Qe = QNE andQg'_g = QN(E'—E) (Q=QgU
Qe/_g), we get froma € ®Z that

% Og<r g P[C]
9eQe CeC: CNQg#0,CCE

and froma € ®Z,

: (21)

P[C] (22)

participating in the right-hand side sums, we get

%aq <r l > PIC|, (23)
de CeC: CrQ7B.CC(EUEY)

which contradicts (20).

The proof of (17) is constructive. For aiy e Rﬁ denote
[G]® to be the topological closure of the $&in the standard
Euclidean topology ofRX. For any arbitrarily chosem €
RX, let Eg = {E1,Ep, ..., Ej,...,E3} be the collection of all
setsEj C K such thait € [d}{j’}c', je{1,2,...,3}. Note that,
if & € (@]9 and alsad € [@/]%, thend: € [d{ g, % thus,
Ei,Ej € Eg implies thatEj UE; € E;. Observe now that

J
Eg™=|JEj €Es (24)
j=1

is the maximal subset o€, such thait € [@Zad®. In view

of that, we conclude that for eveB/C EJ', E?;A 0, we have
that & ¢ [Phax 5%, SO & € [Ppmax 5]°'. Therefore,
o o

~ . I A I . .
o c [cbé/r;nax]c ﬂ ﬂ [CDEgcnaqu]c = r%axugré/rg]ax.
it BCET™, B#£D

(25)



ty permanently empty.

g : The system.”| o can be viewed as” being restricted t®
and absorbing all service power when queues in lgptmd

I [o} K —Q are connected (border connectivity). On the contrary,

*y|Q rejects all service power in the border connectivity
case. Note that” is identical to both,.| and*.%| .

j i Givenw = {wi, ge K}, letW|q = {WIliqeq), €K} be

D the restriction ofW to Q. For anyq € Q, define pathwise

*Ws‘jt(Q,v“v) to be the workload of queug at timet in

2 7| o given that it started operating at tirse t with initial

M workload W|g. Analogously, define*WQt(Q,vT/) for *.7|o.
F{g} Moreover, set*WSi‘t(Q,v”v) =0, for everyqge K —-Q, st €
N R. Finally, let s (Q,W) = {,Wsk(Q, W), g€ K} be the

0 3 -8 P workload vector of the systemy\Q, and W&t(Q W) =
{*Wg (Q, W), g€ K} that of *.7|o-
Fig. 4. The stability region and the cells of the instability region of a Proposﬂion 4.2:(System Inequalities) For any system
simple two queue system. 7 o QC K, we have pathwise

n
Hence, every element dtﬁ belongs to the closure of one [Z}{w(ﬁ z qul{tje(s.t]}} _r /tl{canﬂ}dz]
of the previously defined cells. This completes the proof of |qc jez ' /S
the proposition. m < %*qut(va) (26)
Before proceeding to examine the fine structure of the de ’
instability region, we present in Figure 4 the stability regio
and the cells that comprise the instability region of a system ~ I .
consisting of two queues with the followirglg cgnnectivity)gets: SGEH(Q, W) < Weh (W) < "W, (Q,w) (27)
Cy = { when only queue 1 is connectgdwith P[C1] = .3,  for anyqe Q, s,t € R, s<t and any initial workload¥.
Cz = { when only queue 2 is connectgd with P[C] = .2,  proof: Relation (26) is proven by simply observing that the
andCz = { when both queues are connecfedvith P[Cs] = integral term in its left hand side (LHS) represents the work
.5. This would facilitate the presentation that follows. that the server can deliver to the queuesQrin the time
Denoting by.# the original system under consideration,interval (s, ], while being connected to at least one of them.
operating undersc,, we next introduce two families of However,,.|, may not be able to utilize (absorb) all that
modified systems.”’| 5,*.%|q, Q C K, which are needed in work, because under the;,.,, policy the workload in the set
the proof of Proposition 4.3. of connected queues in some time interval may become zero
For any Q C K, the system,.”|, is derived from the (thus, the queues empty and the server idle), while there is
original one.”” by imposing on the operation of the latterworkload in others that are not connected. Moreover, the sum
the following modifications: in the LHS is the total workload which has entered|
1) Arrivals to the queues € {K —Q} are blocked and in (s;t] plus its initial workload at times. Inequality (26)
rejected. Therefore, the workloads of queue&in Q follows immediately.

are always zero. On any fixed sample path of" and.#, we observe the
2) The initial workloadswd, for q € {K —Q}, are set to evolution in(s,t] of two copies of the systeny with initial
Zero. state x;, and *LS”|Q with initial state x,. Due to the fact

3) Queues inQ receive service according to the;., that both.#” and .# are marked point processes and the
policy. When the connectivityC; = C is such that nature of thed,,, policy, it can be easily seen that we can
CNQ#0 andCnN{K —Q} # 0, the service power partition (s,t] into a union of disjoint intervalgTm, Tm1],
is distributed (under,,) to queues IMCNQ exclu- withs=To<T1 < ... <Tm < Tmp1... < Tm—1 < Tw =t, each
sively, since those irCN{K — Q} are permanently of them having the following properties:

empty. 1) There is no job arrival in any queue {im, Tms+1)-

We also define for anyQ C K the system*.”|, 2) There is no connectivity switching im, Tmy1).
imposing on.” the same rules 1 and 2, as above but 3) The seQQ}, of queues having maximum workload.if
changing rule 3 to ‘3given below: (hence, receiving service undef,.,) remains invariant

3. For connectivitie<; = C such thatCNQ £ 0 andCn throughout(Tm, Tm:1). The same holds for the sk,

{K —Q} #0, the server is forced to idle, even if there is analogously defined for.s”|,. Note that in general
workload in queues € CNQ. Excluding the previous Qh # Q&

situation, service is provided to queups Q according The epochdl, correspond to occurrences (possibly simulta-
to the <%, policy, while queues irK —Q are again neous) of 1) job arrivals, 2) connectivity switchings and 3)



changes in the set of queues receiving service unggyr in  inductive application on consecutive time intervals (induction
& andlor,.| . on m) establishes the result.

Due to the structure of the system, for every inter- The proof of (29) follows analogously, by comparing
mediate epochz € (st] and every initial statex we *.7|5 to ., when the connectivity SeC is (Tm, Tm:1) is
have Wst (Q,W) = \W,;(Q, Ws,(Q,W)), and*Wst(Q,W) =  such thatC C Q. However, if C is such thatCNQ # 0
Wt (Q,*Ws2(Q,W)). Therefore, in order to establish (27) itandCN{K — Q} # 0, then (29) follows trivially because no
suffices to show pathwise that change of workloads occurs WiQ by construction in 3

o . - . That completes the proof of the Proposition. m
WSW = W x(QuaW) < Wy x(W) (28) Proposition 4.3: For any stationary and ergodic input and
and modulation processes)” and .#, and for anyF C K, we
W <*W = W, x(W) <*Ws,x(Q,*W)  (29) have that if

where W = Wss, (QW), *W = Wks,(W) and *W =
“Ws3s,,(Q,W) (vector inequalities hold component-wise), ancthen
then apply induction on consecutive inter-epoch intervals. ~q

Working in (T, Tmy1), letW, =g, (W) be the workload =~ W' <, VteR,  forevery qecF (32)
of .7 at epochTy and W, = \TVS,Tm(VT/z) that of *5’|Q. We Wi=w VteR, for every qeF =K -HK33)
show that

p e ¥, (31)

. . Under this condition, the process@a’, t e R}, ge K form
Wy <Wo = Wi (W) <Wr, ,(W5) (30) astationaryoperational regime for the system, which is finite
for queuesy € F and infinite otherwise.

for everyze (Tm, Tm1) (vector inequalities hold component- Proof: Note first thatp € [/ implies that

wise), by considering the following cases. Since for every
z¢€ (Tm, Tm:1), the sets of queues receiving servigh, and
Q?, remain invariant, we see that
1) For every queuel ¢ QnLUQZ, we haveW (W) = {55 eRK: zAaq <r [ s P[C]
wy < wiy =W (W) for z€ (Tm, Tmy1), Since queues e ceC: crifzo, ccF
not belonging tle UQ?Z do not receive service. (34)
2) For every queug € QU Q3, we consider the follow-
ing two cases:

a) If QL C @2, then for any arbitrarily chosen
g € Qh we have W] (W) < W (W) < Z)pq> QZ P[C]. (35)
W (W) = WAL (W), for z& (T, Tn:1). The Th o e sem e
second mequality follows from the fact that To prove (32), we consider the systérr’|- and note that
wa <wd, while the service rate im* for .7 due to Proposition 4.2 we hawsg} (0)<*Wg}(F,0) for any
is r/|Qk|, which is faster than the correspondingq eF, steR, s<t. Notice that we can use a Loynes-type
service rater /|QZ| in 5”|Q (since Qt, C Q3). [1] procedure to construct a stationary operational regime for
The previous values of service rates are true whe@ subset of queue|§ of the system. Observe that for every
all queues under consideration are nonempty; i§ <s, we havew, (0) < W} L (W s(0) = Wq ( ). Therefore,
not, a slight modification leads to the same resultsincew? (o) is increasing as— — o, we can pathwise define
b) If Qf is not a subset ofQ3 (Qf,— Q% #0), the processes
let mi 1102 {IWeT (W be attained on N .
some qanEQQUmQ {Q;T (Sin()ja q° ¢ Q3, it does W= lim W} (0) = fim 74i(Ficu, 0) (36)
not receive service in.”?, so quT (Wp) =

ped =

. ACF, A#£0

and, for every nonempty set of quelugs K —F there exists
a setQ C FUB, such that

for everyq € F, which are shown below to provide a proper

qm,z(Wz) = Mingotgz {Wrm W)} for (finite) stationary operational regime of that subset of the
all z € (Tm, Tmy1)- Therefore V\Ar W) < system.
Mot 3 W (W)} = W) < W < Therefore, in view of (36), it is enough to prove that

q q W
wo! = m'nqul L, W, (W, )} < V\'er (W), for Jim “Wee(F, 0) = “W,(F) < o. 37)

all ge Q4 UQS andz € (T, Tmi1).

The above arguments prove (30) ([, Tmi1). At time  To see this, recall that” |- is the restriction of the actual
Tme1, @any combination of the following events may occur:system into the set of queuds, excluding all connectivity
1) connectivity switching, 2) change @@ and/orQ3, 3) sets that reach across to bdthandK —F (i.e. suppressing
job arrivals to one or more queues. Since the workloathe sets{Ce C: CNF # 0, CNn{K —F} # 0}). Hence,
processe¥V. (W) andW, ,(W,) are right-continuous and *.#| operates in isolation from the rest of the queuek in
have left limits, (30) naturally extends o= Tm.1, thus, F. Considering".”|z as an isolated system, we see that it
holding for everyz € (Tm, Tm+1]. As mentioned before, its falls into the realm of Proposition 3.2 and its global stability



region isd)i?/. From (34) and Proposition 3.2, (32) follows {s,, b€ Z.} of {sa} with limp_,S = —, and a queue

immediately.

To prove the more intricate case of (33), we argue by
contradiction, supposing that there exists some non-empty

BC K —F, such that\{ < oo, e BUF, whileW? =, qe
(K —F)—B. Then, from (35)), there must exist sor@eC
F UB, such that

%pq > P[C].
qe CeC: CNQ#D, CCFUB

Writing Qe = QNF, Qs = QnNB and s = FUB, and
applying (32) forQg, we get

Pq < g
90k cec: cnQr#0, CCF

Subtracting (39) from (38), we get

P> 3 PO+ 3 PO
0eQp CeC: CNQ#0, CCFg Cew

where ={CeC:CCF,CNQ#0,CNB#0,CNQg =
0}, because{lCe C:CCF,CNQ#0} ={CeC:CC
F.CNQr #0}N{CeC:CCR,CNQs#0}NZ is a union
of disjoint sets. From (40), we eventually have
Pq > PIC].
ac0p CeC: UBCNQg+£0, CCFa

We define next the set of active queuRs, (receiving

service under,,) at timex > s,

Rsx = {q € Cx : W5\, = max{
T geCk

(38)

P[C]. (39)

(40)

(41)

WEE>01CC (42)

given that the system has started empty at tinia case all
queues inCy are empty, we can naturally sBx = 0. We
then define the random time

75(Qg) =inf{ze [s;t] : RexNFg =0,
whenCyN (K —Fg) #0, v¥xe[zt]}, (43)

which implies that for everk € (75(Qg),t], no queue inFg
receives service under;q,, while CxN (K — Fg) #£ 0. In view
of the above, we can establish the following pathwise relatio

W > o~ T D Z(7s(Qe) 7 t)—
F02 M J e 0

' / LicicrecinQe-01 0% (44)
J75(QB)

where 2%(15(Qg)~,t) is defined as ?9zt) =
Sjez ) Lide(zyy-
We next prove that
Jim_ 75(Qp) = —o. (45)

Indeed, arguing by contradiction, suppose that there ex-

ists a decreasing subsequengs, a < Z,} of {s} with
liMg_e Sa = —0, such that
6I1irr(1)o 75, (QB) = T, > —o0. (46)

From the definition ofzs(Qg), arguing in the spirit of

0- € Qg and another ong, € K — Fg, such that

qs« o]
Wso T (Q8) — .75, (Qs) (“7)
for every b € Z,. Observe now thaw® < Wghy —

.75, (Q8) —

2% (14, (Qs), )+rfT Qo) ) Lic.crs.a.cc,d% hence, taking the
limits asb—o and usmg (46) and the fact that € Qg (so
thatW™* < «), we eventually get

o
I'?ffpw%a e < (48)
Moreover, observe tha\l\/q* Wq* 59 (g % (Q8):1),

%(QB)
thus, again taking the I|m|t§°d$—>oo and using (46) and the

fact thatd, € K — Fg (o thatW™ = ), we get

I|m|anq*

b—o0

T4 (Q)

Finally, taking the limits ad— in (47) and using (48) and
(49) we get a contradiction proving (45).

Based on (45), we can now clinch the proof, by dividing
(44) by (t — 15(Qg)), letting s— — w, noting thatW’ < o
becauseay € Qg C B, and using (45) and the fact that
29(zt)

t—7 Pg:

(49)

lim

Z——00

(50)

We then get

0EQs CeC: CnQa#0, CCFg

which is a contradiction to (41). This completes the proof of
Proposition 4.3. m
Theorem 4.1:(Partial aew
Scheduling Policy )
For any stationary and ergodic input and modulation
processes/” and .Z

(51)

Stability under the

p e ¥ (52)

the following are true:
5 For every queug € K —F, we have

lim PME(©) <b] =0

for everyb € R, so the queues iK —F can be characterized
asunstable
b) For anyqg € F, we have that

Ilm P[VV t+a1( ) € Bla W, t+a2(6) € BZa

(53)

Wst+an(0) €Bn, .. Wst+aN (6) €Bn] =
Ilm P[Wsp"al (%CW’ O) € Bl’ WSI—&-&Q (%CW) O) € 827
%HaN( wew, 0) € By =
P[V~\/(,j|11 € By, W§22 €By, ..., Wa‘L2 €Bn, ..., V~V§,L< € By (54)

for everyse R, NeZ,, ne{1,2,...,N}, a, € R, B, € %,
where 4 is the set of Borel sets @&. That is, given that the

(?7), we see that there must exist a decreasing subsequesgstem starts empty and operates underdfyg, policy, the



workload processed4] (e, 0) = Wet(0) of queuesqe  [9] A. Ganti, E. Modiano and J.N. Tsitsiklis, Optimal Transmission
; iatrib it ' ; ey Scheduling in Symmetric Communication Models with Intermittent

F converge in _dl_strlbuuon to _proper stationary reglmé’ _ Connectivity, Technical Report, LIDS. MIT, 2004

(almost surely finite) at large times. Therefore, the queues jio k. wasserman and T.L. Olsen, On Mutually Interfering Parallel

F can be characterized atable Servers subject to External Disturbanc@perat. Res.vol. 49, 2001,
Proof: The proof is analogous to that of Theorem 3.1, using PP 700-709
now Proposition 4.3. m

Remark 4.1:Using the forward argument in Proposition
4.3 we can actually show that Iimwws?t(ﬁ) = oo almost
surely forge K —F.

Remark 4.2:(Crossing the Global Stability Region
Boundary. The Transition to Instability). Note that the
system switches from a global strong stability mode, when
operating undetzucw, to an at least partial instability mode
under any policys € A (including <ucw), asp crosses
from cell I to cell T#, whereF is any proper subset of
K. However, under the#ycw policy, if g € F*F/// then all
gueues inF remain strongly stable, while all queues fin
become unstable.

Remark 4.3:(The Critical Case. Stability on the
Boundaries.) There is a final issue to be discussed concern-
ing the stability mode of the system in the case fhatelongs
to ar# for someF C K. In that case, the system can not be
characterized in terms of stability in @aimost surelymanner.
Indeed, Proposition 4.3 and Theorem 4.1 collapse. Therefore,
the system may exhibit distinct behaviors on different sample
paths. No almost sure characterization of system behavior
can be established in this case.

V. CONCLUDING REMARKS.

In this paper we have investigated the behavior of the
workload and queue length processes of a system comprised
of K parallel queues and a server, with random queue-server
connectivities, under general ergodic job arrival flows and
gueue-server connectivities, when the traffic loading exceeds
the capacity of the system. It has been shown that this system
exhibits a much richer behavior than most other parallel
gueueing systems; in particular, it possesses nyanial
stability modes that depend on the position of the traffic
loading vectorp in RX.
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