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Abstract

In this paper, we study the problem of dynamic allocation of the resources of a general parallel processing
system, comprised @ff heterogeneous processors afitheterogeneous traffic flows. Each traffic flow is modeled
as a Bernoulli sequence of binary random variables, with the arrival rate depending on the job class. The service
times of the jobs are independent random variables with distributions that depend on both the job class and the
processor class. We characterize the stability region for this system and introduce a processor allocation policy that
stabilizes the system under the maximum possible traffic loadings. We also investigate some special cases of this
model and finally characterize its performance in the presence of finite buffers.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction

Consider a time-slotted queueing system consistirdd pfocessors in parallel aid infinite capacity
gueues. There aM classes of job traffic. The clagfobs wait for processing in thigh queue and arrive
according to the random proceAs= {A,();t € Z. }, whereA,(z) € {0, 1} is the number of arrivals to
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theith queue during thetime slatf 1,¢),i e M = {1, 2, ..., M}. Itis further assumed that tha; };em
processes are mutually independent sequences of Bernoullirandom variablEAy{t)] = A; € [0, 1].

There are alsdf processors, whose service times are mutually independent random variables, independent
of the arrival processes, with distributions that depend on both the job class and the processor class. Thi
processing time of a claggob assigned to a claggrocessor has distributioR; and mean O< uﬁl

< 00, j,i € M. Let M = {u;;} denote the\l x M service rate matrix, and = (A1, A2, ..., Ay) be the

arrival rate vector.

At certain points in time, a processor must decide whether or not to process a job, and if so, from
which of theM queues (job traffic classes). The decision mechanism employed by the processors at eact
of their decision points defines a processor allocation policy. If the decision points of all the processors
occur at the same times, then the processors are said to be synchronous; otherwise they are asynchronot
We are interested in characterizidgnamic processor allocation policies that achieve maximal system
throughput.

This basic queueing model captures the essence of a fundamental resource allocation problem encour
tered in many modern communication, computer, and manufacturing systems involving heterogeneous
processors and multiple classes of job traffic flows. For example, consider the dynamic routing problem
in a communication network implementing circuit-switching or wormhole royffhgViessages arrive to
the router of a source node, distinguished by their destinations, and must be routed along one of a numbe
of non-equivalent paths. For each source—destination pair, there are multiple paths through the network
The average transmission delay of a message depends on its destindtibe path along which it is
routed. Once the transmission of a message begins on a path, the path is not available to transmit othe
messages until this message has been completely received at the destination. The router faces the proble
of allocating paths to messages. For example, if the preferred (fastest) path is not available the router may
consider second best options.

As a second example, consider a heterogeneous distributed computing environment or a flexible man.
ufacturing system or a call center consisting of a collection of processors with diverse computing or
manufacturing or processing specialties and jobs with diverse processing requirements. Each processc
is capable of processing any job, however the specialty of a processor determines its speed in processin
each type of job. The objective of the scheduling policy is to dynamically assign processors to jobs so
that maximal throughput for the system is achieved.

The subject of processor allocation in systems with parallel processors has received considerable
attention in the literature. However, much of the work has concentrated on determining policies that
optimize a specific cost function in the absence of external arrivals (see for ex@hépl®,9,2).

A special case of the system described above in which there is a single class of external arrivals
and the performance measure of interest is the average number of customers in the system is stud
ied in [12,4,6] Finally, the issue of throughput has been addressed lhfor a parallel process-

ing system with activation constraints and [ib] for a parallel processing system with interacting
resources.

In this paper, we are concerned with studying the manner in which processor alloca-
tion affects stability (throughputyind average number of customers. We consider a less com-
plex topology than in[11], but permit much more general conditions on the processors and
processing times, namely, the processors may abgichronous and non-preemptive, and the
processing times of the jobs dependborh: the job class and the processor class, andanequired to be
geometrically distributed. Our model also considers more flexible interactions between the incoming job
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flows and the processors thanij. However, the stochastic framework[i] is more general; the input
job flows are assumed to be simply ergodic. This level of generality comes at a price of significantly weaker
stability results (rate ergodicity of the departure process, which does not necessarily imply finite
backlogs).

The main contributions of the paper are as follows: we first providenglete characterization of
the stability region, specifying a necessary and sufficient condition for stability in terms of the input
and service rates and M, respectively. The necessity of the stability condition is established using
a coupling argumenit]. As for sufficiency, we consider a simple dynamic processor allocation pol-
icy mwwaq, Which allocates a processor to the queue with the largest weighted queue length, where
the weights are given by the elements of the service rate matridn the case of synchronous and
preemptive processors, we use drift analy3jsto show thatrywg stabilizes the system, under a nat-
ural condition on the processing time distributions, whenever the stability condition holds. The policy
mmwq therefore achieves maximal throughput. The result extends to the case of asynchronous and non-
preemptive processors, if the processing time distributions are geometric. We then consider a partially-
symmetric system wherB; = P., j # i, andu. < uj;, j, i € M, and consider another dynamic policy
mvskr, Which allocates a clagsprocessor to a claggob if one is present, and to a job from the queue
with the greatest number of jobs otherwiges M. Using a coupling argument, it is shown thajisg
not only outperformstuwg With respect to average number of customers in the system, but in the
totally symmetric system, where; = A and P;; = P, j € M, achieves minimal average system size.
Finally, by exploiting the structure ofysg we obtain a simple bound on the average system size under
TMWQ-

The paper is organized as follows.3erction 2the system dynamics are described. The stability results
appear inSection 3and the average system size results appe&ettion 4 Some concluding remarks
are drawn irSection 5

2. System evolution

Let T denote the set of all non-idling processor allocation policies. For an arbitrary pokc¥, de-
fine thekth allocation sequence generatechbysU; = {U] (t) = (U}1(t), ULL(1), ..., UL, (0)it € Z4},
where U/ /(f) € {0, 1} is equal to one only if théth processor is allocated to a claspb during the
time slot |, r + 1), k € M. Each processor may process at most one job during a time slot and so
UZ(t) € {0, e, en, ..., ey}, Wheree; is an M-dimensional basis vector with thth element equal to
one and the remaining elements equal to zero, and 04$-dimensional vector with all elements equal
to zero. LetU” = (U}, U3, ..., U},) be the allocation sequence generated by pgli&yiso define theth
processing sequence generated/tasS; = {S; (¢);t € Z,}, whereS} (¢) € {0, 1} is equal to one only if
the kth processor completes the processing of a job durinrgl, r). Lastly, define the queue length
process generated by as N” = {N”(t) = (N1 (¢), Ny(1), ..., Ni,(t));t € Z,}, where N/ (t) € Z, is
the number of jobs in théh queue, that is, the number of clasgpbs waiting to be processed, at
timer.

We restrict attention to the set of non-anticipative and stationary processor allocation pHlicies
I'. A policy = € I is a function of only the queue lengths and the processor class, taking values in the
set{0, e, ez, ..., ey}, thatis,n : Zf x M — {0, eq, es, ..., ey}. For simplicity, we assume that if at
some time, more processors are allocated to a queue than there are jobs in that queue, then a number of
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processors equal to the surplus are randomly chosen to idle during 1). For arbitraryr € I, theith
gueue length evolves according to

M
NI(t+1)= N (0)+ At + 1) = Y UEOSF( + 1), (2.1)
k=1

forr>0,i=1,2,..., M.

3. System stability issues

In this section, we address the issue of system stability. For a given service rate rlednd arrival
rate vecton., the system is said to Bezble underr € II, if the conditional expectatioB[ N™(¢) | N™(0)]
is uniformly bounded above by a constant. The set of arrival rate vectors for which the system is stable
underr is denoted by .
Let F be the set of all¥ x M stochastic matriceg = { f;;} such thatf;; € [0, 1] for i, j € M and
Y ¥, f;j = 1. Define the set

M
> - Ai fij .
A={Ae[O,l]M:Elfe]-“forwhlchZf’<1, V]eM}. (3.1)
i=1 'LL”
Intuitively the above condition says that the sum of “normalized” (by the corresponding processing
rates) flows to be served by procesgonust be less than 1 (the nominal “normalized” capacity of the
processor).
Consider next the Maximum Weighted Queue-Length (MWQ) potigwg € IT defined as

N €m if ImM jm = ma)ﬂ'{Zl‘,Lle‘},

Q) =10 it o0, Vi,
with z € Z and j € M. If z; is the number of classjobs in theith queue at some time slatthen
the productz;u ; is a measure of how much work there is in thie queue at as seen by a class
Jj € M processor. The policymwq is then, attempting to balance weighted workloads. Moreover, when
the differences between the queue lengths are small,thag acts like an “index” policy, allocating
processors to the queues where they are the most efficient. However, if the number of jobs in a particular
queue is rapidly accumulating, thefmwg acts like a “longest queue” policy, allocating more and more
processors to the “runaway” queue. Note th@tyo doesnor require knowledge of the arrival rate
vectora.

In order to show that the proposeghwq policy stabilizes the system under the maximum possible
throughput (i.eX € A), we make use ofthe following Fact. Recallit= {Z(¢); ¢t > O}andY = {Y(¢);t >
0} are real-valued random processes, thefa(Z(r)) <,; Y () if P{X(t) > a|Z(t)} < P{Y(t) > a} for all
a € R andr > 0 (seg5]).

Fact (see Hajel3]). SupposeN = {N(¢),t € Z.} is an irreducible and aperiodic Markov chain with
countable state spaéelf, for some—oco < a < oo ande > 0, there exists a lower bounded, real-valued
(Lyapunov) functionV : £ — R such that
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(C1) E[V(N(t+1)— V(N@) | N(t)=z] < —eforallz e {x € £: V(x) > a} andt > 0.
(C2) There exists a real-valued random variablsuch that|(V(N(z + 1)) — V(N(2))| | N(¢)) < Z for
all t > 0 andE[e"?] = D is finite for somev > 0.

ThenE[V(N(z)) | N(0)] is uniformly bounded above by a constant.

It is important to note that the sét € £: V(x) < a} is not required to be finite. The intuition behind
this fact is that when the underlying state of the queueing system becomes ’large’, there exists a negative
feedback mechanism (the negative drift condition C1) that pulls the system towards the empty state. The
second condition (C2) imposes a constraint on the increments procégs @), necessary for the result
to hold (see als{8]).

3.1. Sufficiency of A: synchronous and preemptive processors

In this section, we assume that (1) the processors are synchronous (decision times coincide for
all M processors) and preemptive (processors are allowed to stop processing a particular flow and
can be allocated to another flow), and (2) that the processing time distrib&fjois geometric
with parameterwj;, j,i € M. Under these assumptions, it is easy to see Niat? is a Markov
chain.

Proposition 3.1. If A € A then the system is stable under TywQ.

Proof. Fix the input vectol € A. Then there existf;;} such thatzf‘il(x,-ﬁj/uﬁ) —1<0,forjeM.

We will prove the stability of the system under the MWQ policy by showing that both conditions of the
Fact are satisfied. Define the Lyapunov functionZ¥ — RasV(z) = (312, z2)%? = | z|. Since there

can be at most one arrival to each queue and at Mattpartures from the system during a time slot, the
second condition (C2) of the Fact is trivially satisfied. As for condition (C1), consider first the Lyapunov
function V(z) = ||z||%. Suppose

M
E[ING+ I IN®) =z < llzI®—n>_ zi + B (3.2)
i=1

for some constants > 0 andg > 0, where we have suppressed the dependencev@ from the
notation. Then there exists> 0 such that

E[IN(+ DI | N(t) = z] < (E[IN(t + )| | N(zr) = z])"/?
M 1/2
< (IIZIIZ—nZzi+ﬁ> <zl —e€ (3.3)
=1

for ™, z; large enough, and so condition (C1) holds. We must therefore show that (3) holds. Define
At +1)= At + 1) — 2, Uni()Si(t + 1), i € M. We then have
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E[ING+ D)% | N() = 2] — Izl = E[I A + 1)1 | N()) = 2]

+2E

M
Z Ni()A(t+1)| N(t) = z]

I/\
S

i=1 i=1  j=1

_m(
J

M M Ao fi
+2(> maxziu;i} > —L-1
Jj=1

i=1 :u’jl

M M
(Z Zihi — Z i Z Uji(l)ﬂji)

Ma

M )L l M
ZZ i fij ZmaX{z,u],})

1i=1 Hji j=1

IA

M

<B-n)y u (3.4)
i=1

Where the last equality of the second line of (5) foIIows from the definition of the poligy and the last

,,,,,

is stable undefrywg by the Fact and\j,MWQ = A, that is the set of arrival vectovs A o that under

the MWQ policy lead to finite backlogs for all the queues in the system coincides with the maximal set
of arrival vectorsA that the system’s resources can accommodate. Hence, we can claim that the MWQ
policy maximizes the stability region of the system.[

3.2. Sufficiency of A: asynchronous and non-preemptive processors

In this section, we relax the assumption of pre-emptive processors and assume instead that (1) the
processors are asynchronous, non-preemptive, and non-idling, and (2) the following natural condition
on the processing time distributio; holds, j, i € M.

Condition 1. Let X j; be a random variable with distribution Pj;. Then there exist constants L j; < oo and
vji € (0, 1] such that

SUHP(Xﬁ—tSLﬁ |in>t)}2vji’ l,_]EM (35)
t

The above condition says that no matter how long a particular processor has been serving a particulal
job, there is a chance of at least mifv;;} that service will be completed within the next mapL_ ;;}
time slots.

For arbitrary = € I, define g™ = {B"(t) = B1(1). B5(1), ..., By (t);t € Z}, where Bi(r) €
{0,1,...,1} is the number of time slots since the last service completion beftre the kth pro-
cessor,k € M. Define the random procesb™ = {®7(r) = (N7(¢), B7(¢), U™(¢));t € Z,}. Under the
above assumption®™ is a Markov chain.

Proposition 3.2. If A € A then the system is stable under Tywq.
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Proof. Fix the input vectoh € A. Defines; = 1 — S, A, fij/wii, j € M, and lets, = min;{§,}. Since
Condition 1 above holds, antywq is stationary and non-idling, there exi&s< oo such that

M t+R-1 U TMWQ SJTMWQ 1 3*
E ; 2_: ki ()kkl (s + )|¢(t)=(z,b,u) —R(1_2M> 3.6)

for all + > O, by the Elementary Renewal Theorgtg].

We will again prove stability by using the Fact. Define the Lyapunov functionZ} x Z% x
{0,e1, e, ...,epM — RasV((z, b, u)) = ||z]|. Condition (C2) of the Fact is again trivially satisfied, so
we need only to show that condition (C1) holds. It is enough to show there existsuch that

E[ING + R = INOII | ¢(t) = (z, b, u)] < —€ 3.7

for Zi"il z; large enough, where we have again suppressed the dependence on the policy from the notation.
Now, suppose thigh processor completes the processing of a job during thetime slot| 1, ¢ + s),

and is allocated to theth queue at time + s, for k, b € M. From the definition of the MWQ policy, we

must then haveV, (¢ + s)uw, > N;i(t + s)uw, fori € M. From(2.1), Ny(t + s) < N,(t) + s andN;(z + s)

> N;(t) — Ms. Therefore,

max{N,-(t)uk,-} — Nb(t)ﬂkh < 2M,LL*S, (38)

wherep* = max;;{u j;}.
Consider the Lyapunov functiof(z, b, u) = ||z||2. As in the proof ofProposition 3.in order to show
that(3.7) holds, we need only show that

M
E[IN(t + R)I? | ¢(1) = (z, b, u)] < l|zlI> =Rz + B (3.9)
i=1
for some constants > 0 andB > 0. We have that

E[IN(t + R)I> = INDI | (1) = (z, b, u)]

R M t+R-1 M (310)
< BH2E(D D (NN A + 1) = D Ukis)Si(s + 1)) | ¢(1) = (z, b, u)} :
i=1 s=t k=1
Using first(3.8) and then(3.6), we have
M t+R-1
E|> > N (Z Uk,(s)sk(s+1)> | ¢(1) = (z, b, u)]
i=1 s=t
M t+R-1 M (s S
135353 (max{z,ma} - ame(s =) PO g < e, u)] (3.11)
i=1 s=t k=1 i

M 2
8* 2M=u*

Substituting (3.11) into (3.9) and proceeding along similar lines as in the proof of
Proposition 3.Jestablishe$3.8). Therefore, ifA € A then the system is stable undajwg by the Fact
andA =A. O

TMWQ
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3.3. Necessity of A

In the following proposition, we use a coupling argument to showithatA is a necessary condition
for stability under any policy idl. This proposition shows thatif ¢ A no control policy inIT can keep
the backlogs finite.

Proposition 3.3. If the system is stable under a policy & € 11, then AeA.

Proof. We establish the result for the case of synchronous and preemptive processors, and geometric pro
cessing times with parameters, j, i € M. The proof is easily extended to the case where the processors
are asynchronous and non-preemptive, and the processing time distrib®jians arbitrary.

Fix 2 € [0, 1]. Since the system is stable unaéeiN™ is an irreducible and positive recurrent Markov
chain, which may be taken to be stationary. We must then have

ri = puE[UL0)] + n2 E[UZO] + - - - + e E[TUG O] + - + wai E[Ujy;(0)] (3.12)
fori € M. Definef;; = ;i E[U7(1)]/4;. From(3.12) we havey- Y., f;; = >0 i E[UR (0] /Ain i € M,

and sof € F. Since a processor can only serve one job at a time, we also havg that; f;/ 1 i =
YoM, E[U%()] < 1, for j € M. Thereforei € A, where

M

A:{Ae[O,l]M;EIfe}' forwhichz);lf”gl VjeM}. (3.13)
i=1 i

Now sincelN” is positive recurrent, there exists- 0 such tha‘rP(Zf.‘i1 N (1) =0) > 6. Picke; > 0,i €

M, such tha@f‘il € < s, Wherep, = min;{u;; . wj;; > 0}. Increase the arrival rate to tiih queue

by €;, so that the total arrival rate to tli#h queue is.; = 1; + ¢;. Color an arriving classjob “red” with

probability 2, /1. and “blue” with probabilitye; /1!. Let policy = give priority to the red jobs, and serve

blue jobs only when the system is completely empty. By hypothesis, the conditional expected number of

red jobs is uniformly bounded. Singe/”, €; < 8., the conditional expected number of blue jobs must

also be uniformly bounded (using the Fact). Therefore, it follows ihat A and since alk; > O that

Are A [

Remark. It should be noted that all the results go through if we generalize the model to have a num-
berc; > 1 of typej processors. The stability regioh is then characterized by the set of inequalities

Z?il)"ifij/ﬂji < Cj, V] e M.
3.4. Partially-symmetric systems

In this section, we restrict attention to the case whgre= P,, j # i, anduj; > ., j, i € M. Thus the
classj processor is most efficient when serving clgisbs. Fora € [0, 117, letB; = {i e M @ A; > i}
In this case the stability region is given by

A:{Ae[O,l]M:ZM<Z<1—M>}. (3.14)

ieB; c i¢B; i
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Intuitively this condition says that the extra capacity available in the system from the procassars
B; exceeds the excess demand from the job classBs in
Now consider the Maximum Service Rate (MSR) poligysg € II defined by

ej ifz;>0,
mvsr(z, J) = {em  if z; =0 andz,, = max{z;},
0 if i = OVi,

z € 7! andj € M. Under the MSR policy, a clagprocessor is allocated to a clggsb if one is present;
otherwise, it is allocated to a job from the queue with the greatest number of jobs. In other words, the
policy MSR policy allocates a processor accordingigo, only if the queue where it is the most efficient

is empty. Note that this policylso doesnor require knowledge of the arrival rate vectoor the service

rate matrixM. In the following proposition, we use a coupling argument to show jilygk achieves
maximal throughput.

Proposition 3.4. If A € A then the system is stable under mysg.

Proof. We show the case in which the processors are synchronous and preemptive, and the processing
time distribution Pj; is geometric with parameter ;, j,i € M. The proof easily extends to the case
where the processors are asynchronous and non-preemptive, and the processing time dis®jpat®ns
arbitrary. _

Fixie A.LetG={ieM: A < p;}andB={i e M: x; > u;}. Sincer € A, there exis{ f;;} € F
such thatf; + 3~ ;¢ fij = 1 for all traffic flowsi € B, and such that; f;; < u j; for all processorg € B
and) ;.5 fijhi/1e + X j/1j; < 1forall processorg € G. Consider the policyt, € IT defined as follows.
If traffic flow i € G, then each classarrival is routed to théth queue. If traffic flowi € 3, then a class
arrival is routed to théth queue with probability;;, and to thgth queue with probability’;;, with j € G.
On the processor side, the class M processors only serve the jobs that have been routed tiththe
gueue, and give priority to the clagpbs. Underr,, if the ith queue is empty at time> 0, then a class
i processor withi € G may only serve a clad$ job.

Couple the realization®] of the queue length processes under poligieandysg by giving theith
gueue in each system the same arrival progessyl, and giving theith processor in each system the
same service outcomes during all time slots except those slots during which one of these processors is
allocated to thegth queue and the other is ngte M. During the intervals of time in which

m%x{NZ’MSR(t)} = Max{N;" (1)}, (3.15)
I1S 1S
the number of clasB jobs undetrysr is less thamd times the number af jobs undetrysg. During the
intervals of time in which
max{ N/™*(1)} < maxN/™*(¢)}, (3.16)
ieG ieB
whenever a clas§ queue undefrysg empties, the “associated” servers are allocated to dagseues,

that is, the servers undeiysg act like those under,. Moreover, the difference between the number
of classB jobs underrysg andzw, during such an interval is never greater than their difference at the
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beginning of that interval, which is in turn less than the number of dfagsbs undermysg at the
beginning of the interval. Since the individual queue§ ire stable under bothysg andr,, if the class
B queues undetysg are not stable, then neither are the cl&sgieues undet,, which is a contradigtion
sincer;fj; < uj; forall j e Bandy .z fijhi/me + Aj/uj; < 1 for all j € G. We then conclude. e
Anyene O

Remark. In the general case, a poligye IT analogous tarysgr, Which allocates a processor according

to mmwo only if the queue where it is the most efficient is empty, does not generally achieve maximal
throughput. Indeed, consider a system consisting of three queues and three processors. Let the servic
rate matrix be

a00
M= |leaa

Baa
Assumer; + A3 < a, ande < B < . Undermywg, a necessary condition for stability is

)»2+)»3) _

A1<a+,3+6<1—

Now consider the policyr € IT defined by

€j if Zj > 0,
7(z, j) = qem ifz;=0andz,u , = max{ziu;},
0 ifz; =0, Vi,

with z € Z_"f and;j € M. Underx, a necessary condition for stability is
A A
A1 <a+e(l— 2) —{—,8(1— 3) < AX
o o

4. Average system size issues

In this section, we address the issue of average system size. However, we need to restrict attentior
to the partially symmetric system of the previous subsection. In addition, we assume the processors
are synchronous and preemptive, and the processing distribBticsmgeometric with parameter; >
Ke, i € M. In the following proposition, we show that,sg outperformsrywg with respect to average
system size.

Proposition 4.1. If re A, then

M
> NM™C(r) | N™we(0) (4.1)
i=1

M
E |30 NSS() | N™s5(0)
i=1

fort > 0, provided NT"*(0) = N;"°(0),i € M.

<E
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Proof. The proposition is established via a standard interchange argumeiit $pedt suffices to show
there exists a policy € IT which followsmysg atr = 0 (and is appropriately defined at all other decision
instants), and is such that

M
E > NM(r) | N™e(0) (4.2)

i=1

M
SN INT(O)| < E
i=1

for ¢+ > 0. By inductively applying the argument, we establish the proposition.

Without loss of generality, assunié™(0) = N™we(0) = z andz; > M, i € M. Suppose that thé&h
queue initially contains the greatest number of jobs. Deflge= {k € M : N;(0) > 0 andU;""?(0) #
ex} to be the set of processors thatz at 0, are not allocated bywwqo to the queues where they are most
efficient; by definition, these processors must be allocated tétthgueue at = 0.

Couple the realizations of the queue length processes aR@gy andr as follows. Give théth queue
in each system the same arrival procéss M. If k£ ¢ Ap, then during [01), thekth processor in each
system is allocated to either thh queue or théth queue, depending on whether kle queue is initially
empty or not. During [Qoo), let thekth processor under take the same actions and experience the same
service outcomes as thth processor underywg, k ¢ Ao.

If k € Ao, then during [01), thekth processor is allocated to tiigh queue undemryuwg, and to the
kth queue undet. Definen; > 0 to be the first time that thigh processor in the system operating under
mmwo IS allocated to théth queuek € Ag. Undermuwg, if a classi processor; # j, is allocated to a
classi job at some time, then all the clasgprocessors must be allocated to clgsdbs atr. Therefore,
occurs before the first time that thth queue empties, which occurs in finite time singgyq is stable,

k € Ao.During[1, n,) and g, + 1, 00), let thekth processor undertake the same actions and experience
the same service outcomes as ktte processor undetywag, k € Ao. At t = 1, let 7 allocate thekth
processor to théth queue. Give théth processor in the system operating undéhe service outcome
during [, n« + 1) that thekth processor in the system operating unago experienced during [AL),
and vice versak € Ap. This shows that4.2) holds, sinces. < wjj, j € M.

If z; < M for somei € M, then by appropriately reallocating surplus processors in the event that more
processors are allocated to a queue than there are jobs in that queue, it can be shdu#) timdds. [

For a general processing system, the MSR policy has a smaller stability region than the MWQ policy
(see also Remark at the endSdction 3. However, for a general two-queue, two-processor system with
diagonally dominaniM service rate matrix, the stability regions of the two policies coincide and we can
glean someinsight aboutthe relative merits of the two policies regarding average systemissues. The systerr
under consideration has geometric service times with yates- 0.8, 12 = 0.2, up; = 0.3, ug = 0.7.

In Fig. 1 the interpolated surfaces of the average backlogs for the two queues (calculated from 100
simulations) of the system are given. It can be seen that the MSR policy clearly outperforms the MWQ
policy at the “corners” close to the axes of the stability region, where the almost uninterrupted allocation
of the most efficient processor proves beneficial from a backlog point of view. Additional simulations
for larger systems with a similar diagonally dominant service rate matrix confirm this finding. It can
also be seen that for this small system the MSR policy is extremely competitive throughout the stability
region.

Remark. For systems with complete load balancing, ie= A for all i € M, and in addition total
symmetry with respect to their service structure, ug.= n and u > ., i € M we can establish
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following analogous arguments as Broposition 4.1that whenever a clagsprocessor is available,
and thejth queue is empty, it is optimal to allocate it to the queue with the greatest number of
jobs.

By exploiting the structure ofysg we can obtain a few simple (loose) bounds on the average system
size. DefineB(p, q) = ((p/q)/(L — p/q))(1 — p) for p,q € [0,1] andp/q < 1. Fix A € A and assume
that N™sk s stationary. LetG; = M — B;. Consider the policyr’ defined as follows. Clasg € M
processors give priority to claggobs. If there are no classjobs present in the system, then class
processors idle if € B; and are allocated to clags jobs (but never to other clagg jobs) if j & B;. It
is clear that the number of cla#g(G;) jobs underrysg is stochastically lower (upper) bounded by the
number under poIicyr/ (due to the construction of this policy). This gives

E _Z N™sR| > B (Z A Z Wii + Z e (l — )) (4.3)

L1€B; ] ieB; ieB; igB;
E Z NZTMSR < Z B ()“i’ /’Lii) ) (44)
Li€5;. ] i¢B;

where we have dropped the dependence, @inceN™sr is taken to be stationary. Now, turning to
the general case, let" = max;.;{u;;} and assume; > u*, i € M. Then by stochastic dominance and
Proposition 4.1and assuminfy™we js stationary, we have

ZN:{MWQ Z N”MWQ > B (Z A, Z Mii + Z ,lL (1 — M>) . (45)
ieB;

ieB; ieB; igB; u

> FE

5. Concluding remarks

In this paper, the problem of dynamic allocation of the resources of a general processing system
comprised of varying efficiency processors is studied. It is shown that the MWQ policy that does not
require knowledge of the system loading achieves maximum throughput under both preemptive and non-
preemptive service disciplines. For systems with a certain degree of structural symmetry a second policy
(MSR) is introduced and its performance characteristics both with respect to throughput and average
backlogs is analyzed.

An interesting issue for further investigations is whether appropriate modifications of these policies
continue to exhibit optimal behavior in the presence of finite buffers.
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