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Proof: This is a standard result, see [2, Chapter 2].  approach is as follows. Arbitrarilipx the decision strategies
The functions\;, i =1,...,4, are calledvalue functions of all agents. Now pick one agent, sayand determine its
They represent the minimum expected future distortion thaptimal strategyassuming that the strategy of all other agents
the system in staté will incur from time 't onwards. We is bxed Agenti will use this “optimal” strategy in the future.

have the following result. Now pick another agent, say, j = i, and determine its
Theorem 4 (Concavity of Value Functiongjhe value optimal strategy assuming that the strategy of all other agents

functions'V;, i =1,...,4,t =1,...,T, given by (44) are is bxed. Agentj will use this “optimal” strategy in the future.

concave in the correspondifg. Continue in this manner by cyclically changing the strategies

Proof: Recall that'Q, %Q, and*Q are linear in' and of all agents one-by-one; if the process converges then uni-
() is concave ir? . The result of the theorem follows fromlateral deviation by any agent does not improve the system
the fact that concavity is maintained under composition gerformance. This algorithm is call@dthogonal search[43]
a concave function with a linear transformation, summaticand if it converges it can only guarantes.r.0. (person by
of concave functions, and point-wise minimunfimum of a person optimal) solutions [36]. However, for team problems
concave function. A detailed proof is presented in Appendix €.8.P.0. solutions are not always satisfactory. We want to
determine globally optimal strategies, so we do not follow
Observe that the four stép-stage sequential decompositiorthe above described approach to design decision strategies for
of (44) can be combined into a one-stépstage sequential all agents.

decomposition The second approach to solve decentralized multi-agent
Ty s o 1 1 problems is by considering the problem from the designer’s
()= |cnf6 (QR©".9) viewpoint. The designer knows the system model and the
96 W (*Q() %Q(0) Qo) ! . statistics of the primitive random variables but does not know

£c the observations of any agent. The designer is concerned

(46) with determining optimal decision rules for all agents. The
which is a deterministic dynamiprogram in function space. state of the system is appropriately bded so that it is
We present théner decomposition in Theorem 3, since thsufecient to keep track of the input-output mappings of all
Pner decomposition given by (44) has a smaller search spagents. The decisions or control actions of the designer are
than the more compact decomposition given by (46). the decision rules  of the original problem. The designer
does not take any observations, but remembers all the past
decisions. So at timét, he knows the system model, the

D. Computational Issues = o . .
Th ted ontimalit i f (44 tati @)téatlstlc_s of the primitive random variables, and his past control
e nested optimality equations of (44) are computationa tions' '>1. The optimization problem at the designer is

difbcult to solve for two reasons. THerst reason is that the conceptually equivalent to @oMpP (partially observable

mforrganol_r: statef ! |:1444 belo(rﬁ todgn UFCOL'J\;I“a?IeMarkov decision problem). FapomDP the information state
space . Hence, to solve (44) we need to discrefize Mos is given by the conditional probability density of the state

discretization techniques result in an exponential growth of t%? the system, conditioned on all the past observations and

number of points as we approximate the value function mo&%ntrol actions of the controller (see [2, Chapter 6]). For

closely, leading to the so called “curse of dimensionality’l:,roblem 1 at timét, the random vectofX, Ry, B;) can be
HOWGVGF there are random|z'ed techniques for dlscretlzatl88nsidered as the system state for the above described alternate
that avoid such an exponential growth (see [40], [41]). Thfﬁrmulation. This is becauséX,'B) is a state for input-

bigger pbstacle n tgmently solving (44) 1S that ea.Ch. St?poutput mapping at the encoder (this follows from the results
of (44) involves solving a non-convex functional optlmlzatlo%f Lemma 1 and Theorem 1) anl®, is a state for input-

problem. For example, consider the optimization problem %tput mapping at the receiver. Th(;, 'Ry, B:) is a state

4t.'The function™Vess “Q(1) * _ IS concave i, bu't '.t S for input-output mapping of the system. However, it is not a
?elthez coniave hor convex i and we need to minimize state for optimization because the designer does not observe
Vi . Q.(l) over all Cho!‘ces aﬂ' So, the only way to this state. As mentioned above, the optimization problem at
do this is to eVshlﬂAatelV'nl Q()*  over all choices of w0 yesigner is conceptually equivalent topamMpp. So, a

|. There arejm| IV 4d|fferent values forl. So the search ,qion that is equivalent to conditional probability conditioned
for optimal | at time "t is exponential in|Y|[M| . Similar —, yhe controller's observations and control action should

H 2 H 1
complexity results hold foft and®t while at't, ¢ can take o 4 information state for optimization for the problem at
uncountably many values. These features makes it challengmg designer. For this reason in IPrétion 4, we déne the
to obtain a numerical solution of (44). information state at timét as '

The computational diculty lies in the off-line solution

of (44). Once these nested optimality equations have been i =Pr X 'R,'By | 151 (47)
solved, the on-line implementation of the solution is straight-
forward. which is the “conditional probability density” of the “state”

conditioned on the all the past observations and “control

VI. DISCUSSION ,
. Fictitious play [42], which is used in game theorytind Nash equilibrium,
We believe there are two condepl approaches to solvejg aVanationpofyolrthﬂ,gona, search. 9 a

decentralized multi-agent optimization problems. Thiest 3See [45] for different notions of state.
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actions” of the designer. Technically ‘m; is not a conditional
probability measure, rather it is a unconditional probability
measure. But this fact is immaterial for the methodology to
solve the problem. The result of Lemma 3 shows that “m; is
indeed an information state for optimization which leads to
the sequential decomposition given by Theorem 3.

VII. SOME POSSIBLE EXTENSIONS

We have presented the real-time communication problem
for the case of zero-delay, first-order Markov source, memo-
ryless forward and backward channels, and finite time horizon.
None of these assumptions are crucial; they were made for the
ease of exposition. We will briefly describe how to proceed
when these assumptions are relaxed. Due to lack of space, we
do not present the details of how to proceed in the general
case. The details are very similar to the extensions presented
in [24] for the case of real-time communication problem with
no feedback.

Suppose the distortion measure is not zero-delay but toler-
ates a fixed-finite delay d. So, for the first d time steps the
receiver does not generate the variables Xy, ... Xg. From d+1
onwards, at time t the receiver generates an estimate X; of the
source output X;s 4 at time t  d, and incurs an instantaneous
cost of p(X;s4,X¢). This problem can be converted into a
problem equivalent to Problem 1 by using the sliding window
repackagingof the source, similar to what is done in [16],
[23], [24]. A similar approach can be used when the source is
k™ order Markov. A sliding window repackaging converts the
source to a first-order Markov source and the results of this
paper can be used.

If the forward and the backward channels have memory, the
encoder and the decoder need to keep track of the state of the
channels. Suppose ‘S, and Z§t denote the state of the forward
and the backward channel, respectively, at time ‘t. Modify the
definitions of beliefs as

B, =Pr R,’S,'S, E,
iAt:Pr iEt,iSt,igt Z‘Rt )

fori=1,...,4,t=1,...,T. Then the results of Section Il
and V can be proved using these modified beliefs. The proof
follows along the lines of [24, Section 6].

The formulation of Problem 1 can be extended to infinite
horizon, both for the total expected discounted distortion
criterion and the average distortion per unit time criterion.
Such an extension will result in a corresponding extensions of
Problem 2 to infinite horizon, which are standard centralized
infinite horizon problems and can be solved by usual fixed
point techniques. If the system is “well behaved”, the meta-
design will be stationary. But the control actions of the
deterministic optimization problem, which correspond to the
decision rules of Problem 1, will vary with time. So, optimal
infinite horizon strategies will be time varying [30], [31].

VI1Il. CONCLUSION

We have presented a systematic methodology for designing
an optimal communication strategy for real-time communi-
cation systems with noisy feedback. Optimal communication
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strategies can be determined by solving the nested optimality
equations of Theorem 3. Note that these are not typical
dynamic programming equations as each step is a functional
optimization problem. Hence, although the systematic method-
ology presented here exponentially simplifies the complexity
of finding an optimal design as compared to a brute force
approach, solving the resultant nested optimality equations is
a formidable computational task. We hope that this problem
will motivate researchers to investigate computational methods
for decentralized optimization problems similar to Problem 1.
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APPENDIX A
RELATION BETWEEN THE BELIEFS

Proof of Lemma 1:We prove the four results separately.
1) Recall that e, = (“es51,X¢), *re :=mys1, and '@'> 1=
(“9'S2,1,51). Consider any e, and *r;, then
1bt(lrt) ‘= Pr lrt let; 1(ptgl
=Pr mis1 “eis1,Xe; 4(Pt82, lis1
S2

_ } . a4 4t
= Proyes1, M1, Migo €51, Xe; 0%, g1

_ . . . L4, 152
= Promis: yis1, Mes2, €51, Xe; 0%, g1

v . o An oy AtS2
Y Proyisi,ms2 "5, % 9077, Iisa

= I[mis1 = lis1(Yes1, Mes2)]

.4, t52

. . 4
ve 1Y Proyis1,mis2 ‘e %o

mt 2 M
= I[mes1 = Ls1(yes1, Mig2)]

Y A o = -
o bes1(yes1, Mis2)

=R (s 1, his1)(Mis 1) = TF (bis 1, Lis1) (),
(48)

where (a) follows from the sequential order in which
the system variables are generated. .
2) Recall that 2e,:=(e;, z¢), 2r;:=(y;, My51), and 29 1:=
(*¢'S1,c;). Consider any 2e, and r,, then
th(Zrt) ‘= Pr Zrt 2€t; Zq)tSl
=Pr oy, ms1 e,z
=Pry; e,z mis1; l(Ptsly Cy
Proms: ‘e,z e,
b
@ Py n; N :y:=h(zi,ny)
let; 1(ptSl
=Py Ny, Ny, =h(z,n) 1bt(mté 1)
= %F (*be, 2e) (e, Mes 1) = °F by, 20) (),
(49)

Ct

Ct

Pr ms1
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where (b) follows from the sequential order in which

the system variables are generated. 5
3) Recall that 3e; = %e;, 3r; == (y;, m;51), and 'St =
(?9'S1,g;). Consider any 3e; and 3r;, then
%.Cr) =Pr °r, 151
= Pr ytv mtél

©
=2 Pr oy, ms; 2e; 2051

=1 2b,(ys, Mis 1) = 20, Cry), (50)

35 -3
etv (p

2, .2,.t51
€70 7, 0t

where (c) follows from the sequential order in which
the system variables are generated. )

4) Recall that “e,:=(3e;, 7,), *r.:=(y;, m;s1), and *@'S1:=
(Co?S1,E,). Consider any “e, and “r;, then

*be(*ry) = Pr *r, "'et"‘(ptSl

— N 3,.tS1
=Pr y;,ms1

3., ¥:; %051, T
_ Pr oy, mis1, ¥ Ses; (Pt81,5t
Pr §, 3e;%p!S1¢,

(51)

Now consider

g . 35 .3,151 ~
Pr Vi, y:.mis1 e 70", C

= Pr ¥, ze, ye, Mg
3 7

_ & 7 . 3,.3.t51 ~

= Pr ¥e Zi,y:, mise, e, "0 7, G
3 7 5 . 3,.3.¢S1
zz Pr Zt YtamtSL et! (p

3, .3,t51 =
€ @ 7, Cy

3, .3,t51 ~
SV (R o

G
Pr y,, ms1

g e N9, =h@, )

: 7 L[Z; = Ti(ys, Mis1)]

Pry, mis1 e %0t

= Pi A N 1§ = h(Z:, Fir)

: 7 L[Z; = Ti(ys, Mis1)]
Sbt()/t, m:s1), (52)

where (d) follows from the sequential order in which the
system variables are generated. Observe that Pr(¥; Sey;
3¢tS1.T,) is the marginal of the LHs of (52). Com-
bine (51) and (52) to obtain

*0e(*re) = *F Cor, T, T (Ve Mis 1)
=“F (Sbty Ve, Et)(4rt)’ (53)

where “F is defined by (51) and (52).

[ |
Proof of Lemma 2:We prove the five results separately.

1) Recall that le; == (x’,z/51,§%51), 'R, == m;s1, and
1ptS1 .= (ctS1,gtS1 51 |1S1), Consider any te; and

Ir,, then
ta,(fe;) =Pr 'e; 'Ry 1(Pts1
=Pr x', 251,951 m,gq; tg!S?
1
" Pr mgy lgfSt
Pr Xt,ztél,ytél,y'tglymtél l(pt§1
TI:Z: ;'\Y/l tt 12
(54)

Now consider

Pr Xt,ZtSl,ytSl,VtSl tS1 1(ptSl

=Pz, (X1) I[z1 = c1(X1)]

Py N1 N :y1 =h(zi,n) I[Z1 =T(y1)]
Pg A1 N1 =h(Z, 1) I[my = li(y1)]
tS1

Pxiixi +(Xi Xis1)
i=2

Iz, = Ci(xi’2i§1’~£§1)
N 1y, = h(z;,n,)
I[Z; = T(y:, mis1)]

Py fi; N :§ =h(@@, )

Py n;

I[m; = 1;(y;, Mg 1)]
Pxyxe + (X X¢51)- (55)

Observe that Pr(m;s1 1(ptS 1) is the marginal of the
LHS of (55). Combine (54) and (55) to obtain

lat(let)
th( a;, mis1, CtSl ~S1 ItSl)(X Z y’tSl)
th( a;, Msq, CtSl ~S1 ItSl)(le) (56)
where YK, () is given by (54) and (55).
2) Recall that %e, = (*ey,z¢), Ry = (Y1, Ms1), and
2151 .= (9'S1,c,). Consider any 2e, and 2r,, then
Zat(Zet) ‘= Pr 2 e, 2(ptSl
=Pr ‘e,z yt,mt51,1cpt31 c
Prte, 2,y Mis1; 9t ¢

- ot (57
Pry, msi;'otSt,c 1)

Now consider

1 Lo.1.tS1
Pr “eqzy,y: mMyse; 077, ¢
_ 1 1
- Pr yt Zt! etamtSL (p
1,81
Pr z etamtSla @, C

Pr e, msq;%!St ¢,

Dpyn, Ny =h@,n)
Iz = Ct(let)
Prle, mgy;leS?

N 1y, = h(zs,ny)

I Zy = Ct(let)

‘a;(er), (58)

tS1 ,Ct

=Py Ny
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