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Abstract

The Majorize-Minimize (MM) optimization technique
hasreceived considerableattentionin signalandimage
processingapplications,aswell asin the statisticsliter-
ature. At eachiterationof an MM algorithm,onecon-
structsa tangent majorant function that majorizesthe
given costfunction andis equalto it at the currentiter-
ate. Thenext iterateis obtainedby minimizing this tan-
gentmajorantfunction,resultingin asequenceof iterates
that reducesthe cost function monotonically. A well-
known specialcaseof MM methodsare Expectation-
Maximization (EM) algorithms. In this paper, we ex-
pand on previous analysesof MM, due to [12, 13],
that allowed the tangentmajorantsto be constructedin
iteration-dependentways.Also, in [13], therewasaner-
ror in oneof thestepsof theconvergenceproof that this
paperovercomes.

There are three main aspectsin which our analysis
builds upon previous work. Firstly, our treatmentre-
laxes many assumptionsrelatedto the structureof the
cost function, feasibleset, and tangentmajorants. For
example, the cost function can be non-convex and the
feasiblesetfor theproblemcanbeany convex set. Sec-
ondly, we proposeconvergenceconditions,basedon up-
per curvaturebounds,that can be easierto verify than
morestandardcontinuityconditions.Furthermore,these
conditionsin somecasesallow for considerabledesign
freedomin theiteration-dependentbehavior of thealgo-
rithm. Finally, we give an original characterizationof
thelocal regionof convergenceof MM algorithmsbased
on connected(e.g.,convex) tangentmajorants.For such
algorithms,costfunction minimizerswill locally attract
the iteratesover larger neighborhoodsthan is typically

� This work was supportedin part by NIH/NCI grant 1P01
CA87634

guaranteedwith othermethods.Thisexpandedtreatment
widensthe scopeof MM algorithmdesignsthat canbe
consideredfor signalandimageprocessingapplications,
allowsusto verify theconvergentbehavior of previously
publishedalgorithms,and gives a fuller understanding
overall of how thesealgorithmsbehave.

1 Intr oduction

This paperpertainsto theMajorize-Minimize(MM) op-
timization technique1 as appliedto minimization prob-
lemsof theform

min. �( � ) s.t. � 2 � : (1.1)

Here�( � ) : � � Rp ! R is a continuouslydifferen-
tiable(but possiblynon-convex) costfunction,Rp is the
spaceof lengthp columnvectors,

The MM techniquehasa long history in a rangeof
literature. In the statisticsliterature,a prominentexam-
ple is theExpectationMaximization(EM) methodology
(commonlyattributedto [9]) which is an applicationof
MM to maximumlikelihoodestimation.Furtherexam-
ples can be found in in [14, 15, 20, 22]). The interest
in maximumlikelihoodestimationfor tomographicim-
agereconstructionsubsequentlyleadto many examples
of EM, andmoregeneralMM algorithms,in the image
processingliterature(e.g.,[28, 21,6, 7, 8, 30,32]). MM
hasalsoreceivedconsiderableattentionin thesignalpro-
cessingliterature,including[24, 3, 19,23,4].

An MM algorithm is one that reduces� monotoni-
cally by minimizing a successionof approximationsto

1The techniquehasgoneby variousother namesas well, such
asoptimizationtransfer, SAGE,anditerative majorization.Theterm
MM wascoinedin [22].
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� , eachof which majorizes� in a certainsense. An
MM algorithmuseswhat we call a majorant generator
� (�; �) to associatea givenexpansionpoint � i with what
we call a tangentmajorant � (�; � i ). In thesimplestcase
(illustratedfor a 1D costfunctionin Figure1), a tangent
majorantsatis�es �( � ) � � (� ; � i ) for all � 2 � and
�( � i ) = � (� i ; � i ). That is, � (�; � i ) majorizes� with
equality at � i . The constrainedminimizer � i +1 2 �
of � (�; � i ) satis�es �( � i +1 ) � �( � i ). Repeatingthese
stepsiteratively, oneobtainsa sequenceof feasiblevec-
torsf � i g suchthatf �( � i )g is monotonenon-increasing.
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Figure1: One-dimensionalillustration of an MM algo-
rithm.

A moreelaborateform of MM wasintroducedin [12]
that allow an iteration-dependentsequencef � i (�; �)g of
majorantgeneratorsto be used,rather than just a sin-
gle � (�; �). This generalizationallows considerablefree-
dom in choosingthe form of the majorantgeneratorat
a given iteration. For example, its form can be adap-
tively determinedbasedon theobservedprogressof the
algorithmover previous iterations. In addition,onecan
allow the tangentmajorantsf � i (�; � i )g to dependon an
i -dependentsubsetof thecomponentsof � . Thelatterre-
sultsin iterativestepsthat,similar to coordinatedescent,
reduce�( � ) asa functionof subsetsof theoptimization
variables. This technique,which we call block alter-
nation, cansimplify algorithmdesign,becausethe ma-
jorizationrequirementneedbesatis�edonly with respect
to thevariablesbeingupdated.Furthermore,becausethe
majorizationrequirementis easierto satisfy, thereis em-

pirical evidencethattangentmajorantsobtainedthisway
mayapproximate� better(leadingto fasterconvergence)
thannon-blockalternatingalternatives. An exampleof
wheretheblock alternationtechniqueleadto fastercon-
vergencewaspresentedin [12]. Block alternatingMM
hasalsoseensubsequentusein [24, 11,3, 19, 23,4].

Thereasonswhy theMM techniquehasbeenattractive
to algorithmdesignersaremixed,andsomeof thework
in this papermay motivatesomenew reasons.Histori-
cally, themainappealof MM isperhapsthatit oftenleads
to algorithmsin which theiterationupdatesaregivenby
simple closed-formformulas (e.g., [28, 6, 7, 10]) and
hence,in thesecases,tendto beeasyto implement.This
is in contrastto standardgradientdescentmethodsthat
employ numericalline searchesto ensureglobalconver-
gence.For large-scaleproblems,theef�cient implemen-
tation of line searchoperationscanrequirecomplicated
customizedsoftwareimplementation,aswell asspecial
hardware resources.As an example,one can consider
the minimization of the Poissonloglikelihood function
encounteredin fully 3D PositronEmissionTomography
(PET)imagereconstruction,e.g.,[26]. There,ef�ciency
demandsthat line searchesbe implementedin sinogram
space.Doing so in turn necessitatesconsiderableRAM,
suchaswould beavailableon a parallelcomputingplat-
form. It is likely that,for this reason,investigatorsin the
�eld of 3D PEThave lookedto MM alternativessuchas
[28, 7]. A relatedreasonwhy MM is attractive is that,
whenthe iterationupdatecomputationsaresimple,one
mighthopefor reducedoverallCPUtime. Thisbene�t is
harderto guarantee,becauseit demandsnotonly thatthe
tangentmajorantsbe simple to compute/minimize,but
alsothatthey provide accurateapproximationsto � , and
thesetwo designrequirementscancon�ict. Hence,one
sometimesseesexamplesof MM in the literaturethat,
althougheasyto implement,arein factquiteslow (e.g.,
[28]). Conversley, a successfulinstanceof MM acceler-
ation waspresentedin a logisitic regressionexamplein
[22, Example11]. There,theMM algorithmwasfound
to be competitive with Newton's method. In this paper
(seeSection5), wesuggestwhatmightbea third bene�t
of MM. Namely, we discusshow theunusuallocal con-
vergencepropertiesof MM might be harnessedby cer-
tainnon-convex minimizationstrategies.

The overall endeavour of this paperis to revisit and
expandtheMM convergenceanalysisof [13]. Thescope
of [13] is theonly onethatwe know of that includessi-
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multaneouslythecasewherethemajorantgeneratorse-
quencef � i (�; �)g canvary non-trivially with i and, fur-
thermore,where minima may lie at constraintbound-
aries.Our treatmentmakesthreeprincipalcontributions
to the work begun there. (In the courseof our analysis,
wealsoremedyanerrorin [13], seeRemark4.5).

Our �rst contribution is to rework the analysisof
iteration-dependentMM while relaxing many speci�c
structuralassumptionsmadein [13] on the form of the
constraints,the cost function � , and the tangentmajo-
rants. For example, in [13], only non-negativity con-
straintswereconsidered.Conversely, in thispaper, � can
beany convex setor, in thecaseof blockalternatingMM,
any convex setappropriatelydecomposableinto aCarte-
sian product. Furthermore,in [13], � and the tangent
majorantswereboth assumedto be strictly convex. In
thepresenttreatment,casesareconsideredwhereneither
of thetwo areevenconvex. Flexibility is alsointroduced
in the domainover which the tangentmajorantsarede-
�ned. In [13], the tangentmajorantdomainswere as-
sumedto beall of � , whereashere,thedomainscanbe
strict subsetsof � . Lastly, in [13], thetangentmajorants
wereassumedtwice-differentiable,whereasin ouranaly-
sis,only once-differentiability is assumed.Thesegener-
alizationswiden therangeof applicationsto which [13]
is applicableandprovide a more�e xible framework for
algorithmdesign.Moreover, they allow us to verify the
convergence(or at leastthe asymptoticstationarity)of
somepreviously publishedblock alternatingMM algo-
rithms, which the convergenceanalysisin [13] wasnot
generalenoughto cover. Amongthesearethealgorithm
proposedin [11, Section6] for thejoint estimationof at-
tenuationandactivity imagesin PET. They alsoinclude
algorithm designsthat we proposed(see[17] and [16,
Section6.6]) for a motion-correctedPET imagerecon-
structionapplication. The convergenceanalysisin [13]
doesnot apply to theseexamplesbecausethey involve
non-convex costfunctions,andfor variousotherreasons.
Furthermotivatingexamplesfor thesegeneralizationsare
discussedin [18, Section6].

Oursecondcontributionis analternativesetof conver-
genceconditionsrequiringlocaluppercurvaturebounds.
In the MM literatureinvolving i -independentmajorant
generators(e.g., [29, 21, 25]), convergenceproofsusu-
ally invoke an assumptionthat the f � i (�; �)g arecontin-
uous (jointly in both arguments). This continuity as-
sumptionadmits an analysisusing Zangwill's conver-

gencetheorem[31, p. 91]. In [13], this line of analysis
wasgeneralizedto iteration-dependentmajorantgenera-
tors undercertainadditionalconditions,andthepresent
papercontinuesto study these. In addition, however,
we show that the continuity conditioncanbe relaxed in
favor of a requirementthat the tangentmajorantcurva-
turesareuniformly locally upperboundedin the region
of the expansionpoints. This latter condition is some-
timesmoreeasilyveri�able thanthestandardcontinuity-
basedones. Furthermore,whenblock alternationis not
used,we show that sucha curvatureboundis suf�cient
for convergencewhile admitting considerablefreedom
in theiteration-dependentbehavior of thealgorithm(see
Remark4.2).

Our third contribution is an original characterization
of the local region of convergenceof MM algorithmsto
local minima. This branchof our analysisis restricted
to tangentmajorantsthat are connected(e.g., convex),
which is a commonpracticalcase. Algorithm design-
erscommonlydesigntangentmajorantsthat areconvex
to facilitateminimization. Our resultsshow that the as-
sociatedMM algorithmwill beattractedto a local min-
ima from essentiallyany pointwithin a basin-like region
surroundingthat minimum. The sameis not generally
trueof standardderivative-basedalgorithms.This prop-
erty hasimportantimplicationsfor thetendency of com-
mon kinds of MM designsto becometrappedat local
minimain non-convex minimizationproblems.As men-
tioned,however, wealsodiscusshow thispropertymight
beharnessedby someestablishednon-convex minimiza-
tion strategies.

Therestof thepaperis organizedasfollows. In Sec-
tion 2, we formalize the classof MM algorithmscon-
sideredin this paper. Next, in Section3, we give a few
additionalmathematicalpreliminariesanddescribevari-
ousconditionsimposedin thesubsequentanalysis.Our
analysisbegins in Section4, wherewe studythe global
convergenceof bothblock alternatingandnon-blockal-
ternatingMM. In thissection,theprincipalstepis show-
ing thestationarityof MM limit pointsunderconditions
alludedto above. (This asymptoticstationarityproperty
is oftenusedasade�nition for “convergence”in thenon-
linearoptimizationliterature.)Onceasymptoticstation-
arity is established,convergenceof MM in normcanbe
proved(andwe do soin Theorem4.4) in a standardway
by imposingdiscretenessassumptions2 on thesetof sta-

2Non-isolatedstationarypointsarenot generallystable(cf. [1,
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tionary pointsof (1.1). Section5 givesour analysisof
thelocal region of convergencefor MM, andits relation
to capturebasins.A concludingsummaryfollowsin Sec-
tion 6.

2 Mathematical Descriptionof MM Al-
gorithms

In this section,we describetheclassof MM algorithms
consideredin this paper. With no lossof generality, we
assumethat the feasibleset� is a Cartesianproductof
M � p convex sets,i.e.,

� = � 1 � � 2 � : : : � � M ; (2.1)

where� m � Rpm ; m = 1; : : : ; M and
P M

m=1 pm =
p. Since� is assumedconvex, sucha representationis
alwayspossiblewith M = 1.

To facilitatediscussion,we�rst introducesomeindex-
ing conventions. Given � = (� 1; : : : ; � p) 2 � , we can
represent� asa vertical concatenation3 of vectorparti-
tions � = (� 1; � 2; : : : ; � M ) where � m 2 � m ; m =
1; : : : ; M . If S = f m1; m2; : : : ; mqg is a subsetof
f 1; : : : ; M g, thenwewrite

� S = (� m1 ; � m2 ; : : : ; � mq )

� S = � m1 � � m2 � : : : � � mq

RS = Rpm 1 + pm 2 + :::+ pm q

to indicatecertainCartesiansub-productsandtheir ele-
ments.Thus,onecanwrite � S 2 � S � RS. Thecom-
plementof S shallbedenoted~S. We mayalsorepresent
agiven� 2 � in thepartitionedform � = (� S; � ~S), and
�( � ) maybeequivalentlywritten �( � S; � ~S).

Givenanindex setS � f 1; : : : ; M g andapoint-to-set
mappingD(�) suchthat �� S 2 D(�� ) � � S for all �� 2
� , we de�ne a majorant generator � (�; �) asa function
mappingeach�� 2 � to whatwecall a tangentmajorant,

p. 22]) underperturbationsof � . Therefore,whetheror not an al-
gorithm convergesin norm to suchpointsseemsmainly a question
of theoreticalinterest.It is for suchreasonsthatalgorithmusersof-
ten settlefor algorithmswith stationarylimit points. Nevertheless,
we have donesomework on convergenceto non-isolatedstationary
points,which theinterestedreadercan�nd in [18, Section7].

3In this paper, (a; b;c; : : :) will alwaysdenotetheverticalconca-
tentationof vectors/scalarsa; b; c; : : :.

a function� (�; �� ) : D ( �� ) � � S ! R satisfying

�( � ; �� ~S) � �( �� )

� � (� ; �� ) � � ( �� S; �� ); 8� 2 D(�� ): (2.2)

We call �� the expansionpoint of the tangentmajorant.
Given the point-to-setmappingD(�), we canalsowrite
� (�; �) : D ! R, in which

D =
�

(� ; �� ) : � 2 D( �� ) � � S; �� 2 �
	

denotesthedomainof themajorantgenerator.

To designan MM algorithm, one selectsan initial
point � 0 2 � , a sequenceof index sets

�
Si

	 1
i=0 , anda

sequenceof majorantgenerators
�

� i (�; �) : D i ! R
	 1

i =0
with domains

D i =
�

(� ; �� ) : � 2 D i ( �� ) � � S i ; �� 2 �
	

:

wheretheD i (�) � � S i arepoint-to-setmappings,each
satisfying �� S i 2 D i ( �� ) for all �� 2 � . The simplest
caseis whenD i ( �� ) = � S i andD i = � S i � � for all i .
This wastheassumptionmadein [13]. This assumption
doesnothold,however, for theMM algorithmsin [6, 17].
Oncethemajorantgeneratorsarechosen,theMM algo-
rithm is implementedby generatinganiterationsequence�

� i 2 �
	 1

i=0 satisfying,

� i +1
S i 2 argmin

� 2 D i (� i )
� i (� ; � i ) (2.3)

� i +1
~S i = � i

~S i : (2.4)

Here, we assumethat the set of minimizersin (2.3) is
non-empty. We shall referto thetotal sequence

�
� i 	 1

i =0
producedthis way asan MM sequence. In the simplest
case,in which one chooses� i (� S i ; �� ) = �( � S i ; �� ~S i )
for all i , (2.3)and(2.4)becomeageneralizationof block
coordinatedescent(e.g.,[1, p.267]),in whichthecoordi-
nateblocksarenotnecessarilydisjoint. By virtueof (2.2)
and(2.3),f �( � i )g is monotonicallynon-increasing.

A tangentmajorantis amild generalizationof whatwe
call a true tangentmajorant. A function � (�; �� ) satisfy-
ing (2.2) is a truetangentmajorantif it alsosatis�es

� (� ; �� ) � �( � ; �� ~S) 8� 2 D(�� ); (2.5)

� ( �� S; �� ) = �( �� ): (2.6)

Thatis, � (�; �� ) majorizes�( �; �� ~S) over D( �� ) andis tan-
gentto it in the sensethat equalityholds4 at �� S. These

4It is alsotangentto it in thesensethatthedirectionalderivatives
of � (�; �� ) and�( �; �� ~S ) matchat �� S exceptin specialcircumstances
(see[18, NoteA.2]).
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considerationsmotivate our choiceof the term tangent
majorant.5 Any tangentmajorantcanbemadeinto atrue
tangentmajorantby addingto it an appropriateglobal
constant.Doing sodoesnot in�uence theupdateformu-
lae(2.3)and(2.4). Thedistinctionbetweentangentma-
jorantsandtruetangentmajorantsis thereforeirrelevant
in studyingMM sequences.Thedistinctionbecomesim-
portant, however, when deriving tangentmajorantsby
compositionof functions(see[18, NoteA.1]).

Whenthe setsSi vary non-trivially with the iteration
numberi , we saythat thealgorithmis block alternating
(cf. [12, 13]). Conversely, if all Si = f 1; : : : ; M g, then
� S i = � for all i , andwe saythat the algorithmis not
block alternating(or, that theupdatesaresimultaneous).
In thelattercase,(2.2)simpli�es to

�( � ) � �( �� )

� � (� ; �� ) � � ( �� ; �� ); 8� 2 D(�� ); (2.7)

while (2.3)and(2.4)reduceto

� i +1 2 argmin
� 2 D i (� i )

� i (� ; � i ); (2.8)

The techniqueof block alternationcanbeadvantageous
becauseit canbesimplerto deriveandminimizetangent
majorantssatisfying (2.2), which involve functions of
fewer variables,thantangentmajorantssatisfying(2.7).
Block alternationcanalsoprovide fasteralternatives to
certainnon-blockalternatingalgorithmdesigns[12]. To
apply block alternationmeaningfully, � must be de-
composableinto the Cartesianproductform (2.1) with
M > 1.

3 Mathematical Preliminaries and As-
sumptions

In this section,we overview mathematicalideasandas-
sumptionsthatwill arisein theanalysisto follow.

5In someliterature,the term surrogate hasbeenused,however
muchmoregeneraluseof this termhasbeenusedin otherworks.We
feel that the term tangent majorant is muchmoredescriptive of the
kind of surrogatefunctionsusedin MM speci�cally.

3.1 GeneralMathematical Background

A closedd-dimensionalball of radiusr andcenteredat
x 2 Rd is denoted

B d(r; x)
4
=

n
x0 2 Rd : jj x0� xjj � r

o
:

wherejj � jj is thestandardEuclideannorm.For themin-
imizationproblem(1.1),weshallalsousethenotation

BS(r; � )
4
= � S \

�
� 0 2 RS : jj � 0� � jj � r

	
:

to denotecertainconstrainedballs. Givena setG � Rd,
the notationcl(G); ri(G); and aff(G) shall denotethe
closure,relative interior, and af�ne hull of G, respec-
tively. Thenotation@G will denotetherelativeboundary,
cl(G) n ri(G).

A functionf : D � Rd ! R is saidto beconnected
onasetD0 � D if (see[27,p.98]),givenany x; y 2 D 0,
thereexistsa continuousfunctiong : [0; 1] ! D 0 such
thatg(0) = x, g(1) = y, and

f (g(� )) � maxf f (x); f (y)g

for all � 2 (0; 1). A setC � Rd is said to be path-
connectedif, given any x; y 2 C there exists a con-
tinuousfunction g : [0; 1] ! C suchthat g(0) = x
andg(1) = y. Convex andquasi-convex functionsare
simple examplesof connectedfunctionswith g(� ) =
� y + (1 � � )x. Also, it hasbeenshown (e.g., Theo-
rem 4.2.4 in [27, p. 99]) that a function is connectedif
andonly if its sublevel setsarepath-connected.

Often, we will needto take gradientswith respectto
a subsetof the componentsof a function's argument.
Given a function f (x; y), we shall denoteits gradient
with respectto its �rst argument,x, asr 10f (x; y). Like-
wise, r 20f (x; y) shall denotethe Hessianwith respect
to x. An expressionlike r m �( � ), m 2 f 1; : : : ; M g
shall denotethe gradientwith respectto the sub-vector
� m 2 � m of � . Similarly, r S �( � ) is thegradientwith
respectto � S.

A key questionin theanalysisto follow is whetherthe
limit pointsof anMM algorithm(i.e., the limits of sub-
sequencesof f � i g) arestationarypointsof (1.1). By a
stationarypointof (1.1),wemeanafeasiblepoint � � that
satis�esthe�rst ordernecessaryoptimalitycondition,

hr �( � � ); � � � � i � 0 8� 2 � : (3.1)
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Hereh�; �i is theusualEuclideaninnerproduct.Hence-
forth, when an algorithm producesa sequencef � i g
whoselimit points(if any exist) arestationarypointsof
(1.1), we say that the algorithmandthe sequencef � i g
areasymptoticallystationary.

3.2 Assumptionson MM Algorithms

Throughoutthearticle,weconsidercostfunctions� and
tangentmajorants� (�; �� ) thatarecontinuouslydifferen-
tiable throughoutopensupersetsof � andD( �� ) respec-
tively. For every �� , thedomainD( �� ) is assumedconvex.
In addition,for a given MM algorithmandcorrespond-
ing sequencef � i (�; � i )g, we imposeconditionsthat fall
into oneof two categories. Conditionsin the �rst cate-
gory, listednext, arewhatwethink of asregularitycondi-
tions. In this list, aconditionenumerated(Ri.j) denotesa
strongerconditionthan(Ri), i.e.,(Ri.j) implies(Ri). Typ-
ical MM algorithmswill satisfytheseconditionsto pre-
cludecertaindegeneratebehavior thatcouldotherwisebe
exhibited.

(R1) Feasibilityof thealgorithm.Thesequencef � i g lies
in a closedsubsetof � . Thus, any limit point of
f � i g is feasible.

(R1.1) Feasibility/boundednessof thealgorithm.The
sequencef � i g is containedin a compactsub-
setof � .

(R2) First orderconsistency/continuity. For each i and
� 2 � S i , theGâteauxdifferential,

� i (� ; � )
4
=



r 10� i (� S i ; � ); � � � S i

�
(3.2)

is continuousasa functionof � throughout� . Fur-
thermore,

� i (� i ; � ) =


r S i �( � i ); � � � i

S i

�
: (3.3)

Thus,thedirectionalderivativesof the tangentma-
jorantsf � i (�; � i )g at their expansionpointsmatch
thoseof thecostfunctionin feasibledirections.

(R2.1) Matchinggradients.For every i and�� 2 � S i ,

r 10� i ( �� S i ; �� ) = r S i �( �� ): (3.4)

Here,thetangentmajorantandcostfunctionderiva-
tivesmatchin all directions(not just feasibleones)
and at all expansionpoints (not just at the f � i g).
Note that, under (R2.1), the continuity of any
� i (�; � ) followsfrom (3.4)andthefactthat� is con-
tinuouslydifferentiable.

(R3) Minimumsizeof tangentmajorantdomains. There
existsanr > 0 suchthatBS i (r; � i

S i ) � D i (� i ) for
all i . In otherwords,eachtangentmajorantis de-
�ned ona feasibleneighborhoodof someminimum
sizearoundits expansionpoint.

Aside from the above regularity conditions,most re-
sultswill requirespeci�c combinationsof the following
technicalconditions. Similar to before,a conditionde-
noted(Ci.j) implies(Ci).

(C1) Connectedtangentmajorants. Each tangentmajo-
rant � i (�; � i ) is connectedon its respective domain
D i (� i ).

(C2) Finite collectionof majorantgenerators. The ele-
mentsof thesequencef � i (�; �)g arechosenfrom a
�nite setof majorantgenerators.

(C3) Continuityof majorantgenerators in botharguments.
For each �x ed i , the majorant generator
� i (�; �) is continuous throughout its domain
D i . In addition, for any closed subset Z of
� , there exists an r i

Z > 0 such that the set�
(� ; � ) : � 2 BS i (r i

Z ; � i
S i ); � 2 Z

	
lies in a

closedsubsetof D i .

(C4) Regular updatingof coordinateblocks. There ex-
ists an integer J > 0 and, for each m 2
f 1; : : : ; M g, an index set S(m) containing m, a
majorant generator� (m) (�; �), and a set I m =�

i : Si = S(m) ; � i = � (m)
	

suchthat

8n � 0; 9i 2 [n; n + J ] s.t. i 2 I m :

That is, every sub-vector� m 2 � m ; m = 1: : : M
of � is updatedregularlyby some� (m) .

(C5) Diminishingdifferences.lim
i !1

jj � i +1 � � i jj = 0.

(C5.1) Uniformstrongconvexity. The sequencef � i g
hasatleastonefeasiblelimit point. Also, there
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existsa 
 � > 0, suchthatfor all i and� ;  2
D i (� i ),



r 10� i (� ; � i ) � r 10� i ( ; � i ); � �  

�

� 
 � jj � �  jj2:

In other words, the f � i (�; � i )g are strongly
convex with curvatures that are uniformly
lower boundedin i . The fact that (C5.1) im-
plies(C5) is provenin Lemma3.4(c).

(C6) Uniformuppercurvaturebound. In addition to
(R3), thereexistsa 
 + � 0, suchthat for all i and
� 2 BS i (r; � i

S i ) (hereBS i (r; � i
S i ) is asin (R3)),



r 10� i (� ; � i ) � r 10� i (� i

S i ; � i ); � � � i
S i

�

� 
 + jj � � � i
S i jj

2
:

In otherwords,thecurvaturesof the tangentmajo-
rantsareuniformly upperboundedalongline seg-
mentsemanatingfrom their expansionpoints. The
line segmentsmustextendto theboundaryof a fea-
sible neighborhoodof sizer aroundthe expansion
points.

Thereareavarietyof standardconditionsunderwhich
Condition(R1) will hold. Thesimplestcaseis if � is it-
self closed.Alternatively, (R1)will hold if onecanshow

thatthesublevel setssublev� �
4
= f � 2 � : �( � ) � � g

of � areclosed,which is often a straightforward exer-
cise.In thelattercase,with � 0 = �( � 0), thesublevel set
sublev� 0 � is closed,andbecausef �( � i )g is montoni-
cally non-increasing,it follows that the entiresequence
f � i g is containedin this set. Similarly, if � (or just
sublev� 0 � ) is compact,then(R1.1)holds. The closure
or compactnessof sublevel setsoftenfollows if � is co-
ercive, i.e., tendsto in�nity at theboundaryof � .

The simplest case in which (R3) holds is when
D i (� ) = � S i for all i and � 2 � . A typical situa-
tion in which (C4) holds is if the index setsfS i g and
the majorantgeneratorsf � i (�; �)g arechosencyclically.
Condition (C5) hasfrequentlybeenencounteredin the
studyof feasibledirectionmethods(e.g., [27, p. 474]).
Condition(C5.1)is a suf�cient conditionfor (C5) thatis
relatively easyto verify. It is essentiallya generalization
of Condition5 in [13].

Remark 3.1 In theMM literature,thestrongercondition
(R2.1)is usedcustomarilyto ensure(R2). However, for
constrainedproblems,this canbeexcessive asdiscussed
in [18, NoteA.3].

Remark 3.2 Equation(3.3)is, in fact,impliedwhenever
aff(D i ( �� )) = aff(� S i ) and�� S i 2 ri(D i ( �� )) . Fordetails,
see[18, NoteA.2].

3.3 Lemmas

We now give several lemmasthat facilitatethe analysis
in thispaper. Mostof theselemmasareslightgeneraliza-
tionsof existing results.Theirproofsarestraightforward
exercisesand are omitted here,but the readercan �nd
full proofsin [18].

Lemma 3.3(Functionswith curvaturebounds)
Supposef : D � Rd ! R is a continuouslydifferen-
tiable functionona convex setD and�x y 2 D.

(a) If hr f (x) � r f (y); x � yi � 
 + jj x � yjj2 for
some
 + > 0 and8x 2 D, thenlikewise

f (x) � f (y) � hr f (y); x � yi +
1
2


 + jj x � yjj2:

(b) If hr f (x) � r f (y); x � yi � 
 � jj x � yjj2, for
some
 � > 0 and8x 2 D, thenlikewise

f (x) � f (y) � hr f (y); x � yi +
1
2


 � jj x � yjj2:

Lemma 3.4(Implications of limit points) Suppose
that f � i g is an MM sequencewith a limit point � � 2 � .
Then

(a) f �( � i )g & �( � � ).

(b) If � �� 2 � is another limit point of f � i g, then
�( � �� ) = �( � � ).

(c) If (C5.1)alsoholdsthen, lim
i !1

jj � i � � i +1 jj = 0.

Lemma 3.5(Convergenceto isolatedstationary points)
Supposef � i g is a sequenceof pointslying in a compact
setK � � andwhoselimit pointsS � K are stationary
points of (1.1). Let C denotethe set of all stationary
pointsof (1.1) in K. If eitherof thefollowing is true,
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(a) Cis a singleton,or

(b) Condition(C5)holdsandCis a discreteset.

thenf � i g in fact convergesto a point in C.

4 Asymptotic Stationarity and Conver-
genceto IsolatedStationary Points

In thissection,weestablishconditionsunderwhichMM
algorithmsare asymptoticallystationary. Convergence
in norm is then proved under standardsupplementary
assumptionsthat the stationarypoints are isolated(see
Theorem4.4). Theorem4.1, our �rst result,establishes
thatnon-blockalternatingMM sequencesareasymptot-
ically stationaryunderquitemild assumptions.Two sets
of assumptionsareconsidered.Onesetinvolves(C3), a
continuityconditionsimilar to thatusedin previousMM
literature(e.g., [29, 13, 25]). The continuity condition
is motivatedby early work dueto Zangwill [31, p. 91],
which establisheda broadlyapplicabletheoryfor mono-
tonicalgorithms.

In thesecondset,thecentralconditionis (C6), which
requiresa uniform local upperboundon thetangentma-
jorant curvatures.To our knowledge,we arethe �rst to
considersucha conditionin the context of MM.6 Con-
dition (C6) can be easierto verify than (C3). For ex-
ample,theSPSalgorithmof [10] is anexampleof MM
basedon quadratictangentmajorants.To verify that it
satis�es(C3), onemustshow that theoptimalcurvature
function ci (lni ) (see[10], Equation(28)) is continuous,
whichis notapparentfrom thede�ning expression.Con-
versely, to verify (C6), it is suf�cient to show thatci (lni )
bounded,a fact that follows readily from the fact that
thecostfunctionconsideredin [10] hasgloballybounded
secondderivatives.

Theorem4.1(Stationarity without block alternation)
Supposethat all Si = f 1; : : : ; M g, that f � i g is an MM
sequencegenerated by (2.8), and that the regularity
conditions(R1), (R2), and (R3) hold. Supposefurther
that either (C6) or the pair of conditionsf (C2), (C3)g
holds. Thenanylimit point of f � i g is a stationarypoint
of (1.1).

6Curvatureboundsalsoarisein the convergencetheoryof trust-
regionmethods,e.g.,[5, pp.121-2].

Proof. Suppose� � 2 � is a limit point of f � i g (it must
lie in � dueto (R1)) and,aimingfor a contradiction,let
us assumethat it is not a stationarypoint. Then there
existsa � 0 6= � � 2 � suchthat

�
r �( � � );

� 0� � �

jj � 0� � � jj

�
< 0: (4.1)

Sincer � is continuous,then,with (R2)and(R3), it fol-
lowsthatthereexistsaconstantc < 0 andasubsequence
f � i k g satisfying,for all k,

jj � 0� � i k jj � min(r; jj � 0� � � jj=2)
4
= �t; (4.2)

wherer is asin (R3),and

�
r 10� k (� i k ; � i k );

� 0� � i k

jj � 0� � i k jj

�
� c: (4.3)

De�ne theunit-lengthdirectionvectors

sk 4
=

� 0� � i k

jj � 0� � i k jj
; s� 4

=
� 0� � �

jj � 0� � � jj

and,for t 2 [0; �t ], thescalarfunctions

hk (t)
4
= � i k (� i k + tsk ; � i k )

�
�
� i k (� i k ; � i k ) � �( � i k )

�
: (4.4)

Due to (R3) and (4.2), all hk are well-de�ned on this
commoninterval. The next several inequalitiesfollow
from (2.8),(2.7),andLemma3.4(a),respectively,

hk (t) � � i k (� i k +1 ; � i k ) �
�
� i k (� i k ; � i k ) � �( � i k )

�

� �( � i k +1 ) (4.5)

� �( � � ): (4.6)

Theremainderof theproofaddressesseparatelythecases
wheref (C6)g andf (C2), (C3)g hold.

First, assumethat (C6) holds. This, togetherwith
Lemma3.3(a),impliesthatfor t 2 [0; �t ],

hk (t) � hk (0) � _hk (0)t +

 +

2
t2:

However, hk (0) = �( � i k ), while _hk (0) � c dueto (4.3).
Theseobservations,togetherwith (4.6),leadsto

�( � � ) � �( � i k ) � ct +

 +

2
t2 t 2 [0; �t ] :

8



Passingto thelimit in k,

ct +

 +

2
t2 � 0; t 2 [0; �t ] :

Finally, dividing this relation throughby t and letting
t & 0 yields c � 0, contradictingthe assumptionthat
c < 0, andcompletingtheproof for thiscase.

Now, assumef (C2), (C3)g. In light of (C2), we can
rede�ne our subsequencef � i k g so that, in addition to
(4.2)and(4.3),� k (�; �) equalssome�x edfunction�̂ (�; �)
for all k. Thatand(4.5)give, for t 2 [0; �t ],

hk (t) = �̂ (� i k + tsk ; � i k ) �
h
�̂ (� i k ; � i k ) � �( � i k )

i

� �( � i k +1 ): (4.7)

From(R1),weknow thatf � i k g lies in aclosedsubsetZ
of � . With (C3), therethereforeexistsa positive r Z � �t
suchthathk (t), asgiven in (4.7), convergesask ! 1

to h� (t)
4
= �̂ (� � + ts� ; � � ) �

h
�̂ (� � ; � � ) � �( � � )

i
for

all t 2 [0; r Z ]. Lettingk ! 1 in (4.7) thereforeyields,

h� (t) � �( � � ) 8t 2 [0; r Z ] : (4.8)

Thefunctionh� (t) is differentiableat t = 0 dueto (R2).
Now, hk (0) = �( � i k ), so that in the limit, h� (0) =
�( � � ). Thus,we have that (4.8) holdswith equalityat
t = 0, from which it follows that

_h� (0) � 0: (4.9)

However, _hk (0) � c dueto (4.3),andthecontinuity re-
quirementin (R2) impliesthat _hk (0) convergesto _h� (0)
ask ! 1 . Thus,we have in thelimit that _h� (0) � c <
0, contradicting(4.9). 2

Remark 4.2(Curvatureand iteration-dependence)
Note in Theorems4.1 that, when the curvature upper
bound(C6) holds, thereis essentiallyno restrictionon
how f � i (�; �)g candependon i .

The next result addressesthe block alternatingcase,
but requiresadditionalconditions,namely(C4)and(C5).
(Although,Condition(C2) is no longerrequired.)These
conditions,however, areno strongerthanthoseinvoked
previously in [13]. Condition(C4) is a generalizationof
[13,Condition6]. Condition(C5)is animpliedcondition
in [13], asshown in Lemma3 in thatpaper.

Theorem4.3(Stationarity with block alternation)
Supposethat f � i g is anMM sequencegeneratedby(2.3)
and (2.4) and that the regularity conditions(R1), (R2),
and (R3) hold. Suppose, further, that (C4), (C5) and
either (C6) or (C3) holds. Thenany limit point of f � i g
is a stationarypointof (1.1).

Proof. Suppose� � 2 � is a limit point of f � i g (it
mustlie in � dueto (R1))and,aimingfor acontradiction,
let us assumethat it is not a stationarypoint. In light
of (2.1), therethereforeexists a � 0 6= � � 2 � andan
m 2 f 1; : : : ; M g, suchthat



r m �( � � ); � 0

m � � �
m

�
< 0 (4.10)

andsuchthat � 0
~m = � �

~m , 8 ~m 6= m. Then,with S(m) as
in (C4), it follows from (4.10)that,

*

r S( m ) �( � � );
� 0

S( m ) � � �
S( m )

jj � 0
S( m ) � � �

S( m ) jj

+

< 0: (4.11)

Now, considera subsequencef � i k g converging to � � .
We canassumethat Si k = S(m) and � i k = � (m) , for
otherwise,in light of (C4), we could constructan alter-
native subsequencef � i k + Jk g; Jk � J which doeshave
this property. Furthermore,this alternative subsequence
wouldconvergeto � � dueto (C5).

In light of (4.11), we canalsochoosef � i k g so that,
similar to theproofof Theorem4.1,

jj � 0� � i k jj � min( r; jj � 0� � � jj=2)
4
= �t:

and
*

r 10� (m) (� i k
S( m ) ; � i k );

� 0
S( m ) � � i k

S( m )

jj � 0
S( m ) � � i k

S( m ) jj

+

� c:

for somec < 0. Now de�ne

sk 4
=

� 0
S( m ) � � i k

S( m )

jj � 0
S( m ) � � i k

S( m ) jj

and,for t 2 [0; �t ]

hk (t)
4
= � (m) (� i k

S( m ) + tsk ; � i k )

�
h
� (m) (� i k

S( m ) ; � i k ) � �( � i k )
i

:

Theform andpropertiesof this hk (t) is a specialcaseof
thatde�ned in (4.4).Under(C6),averbatimargumentas
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in theproofof Theorem4.1thereforeleadsto thecontra-
diction c � 0, completingtheproof for this case.Like-
wise,thehk (t) abovehasthesameformandpropertiesas
in (4.7). Theargumentsin theproof of Theorem4.1 fol-
lowing (4.7) reliedonly on (C3),andcompletetheproof
of this theoremaswell. 2

In the following theorem,we deduceconvergencein
normby addingdiscretenessassumptionson thestation-
arypointsof (1.1).

Theorem4.4(Convergencein norm) Supposef � i g is
an MM sequencesatisfying(R1.1), aswell asthecondi-
tionsof eitherTheorem4.1or Theorem4.3. Suppose, in
addition,thateitherof thefollowing is true.

(a) Theproblem(1.1) hasa uniquesolutionas its sole
stationarypoint,or

(b) Condition(C5) holdsand(1.1)hasa discretesetof
stationarypoints.

Thenf � i g convergesto a stationarypoint. Moreover, in
case(a), thelimit is theuniquesolutionof (1.1).

Proof. Under(R1.1), f � i g lies in a compactsubsetof
� . Moreover, thelimit pointsof f � i g areall guaranteed
to be stationaryby eitherTheorem4.1 or Theorem4.3.
Theresultthenfollows from Lemma3.5. 2

Remark 4.5(An error remedied) The convergence
analysisin [13] is less generalthan stateddue to an
error in the proof of Lemma6 in that paper. The error
occurswhere it is argued “if r 10

k � (k) (� i
S( k ) ; � i ) > 0

then � i +1
k > � i

k ”. This argumentwould be valid only
if, in additionto what wasalreadyassumed,� (k) (�; � i )
werea functionof a singlevariable.Dueto theanalysis
in thepresentpaper, however, wecanclaim thatthecon-
clusionsof [13] areindeedvalid, even if the arguments
arenot. This follows from Theorem4.4(a)above,which
implies convergenceunderconditionsno strongerthan
thoseassumedin [13].

5 Region of Local Convergence for
ConnectedTangentMajorants

In the study of minimization algorithms, one often
wishesto know over whatsurroundingregion of a strict

local minimizer an algorithmis guaranteedto converge
to that minimizer. In this section,we characterizethis
region of capturefor MM algorithmsthatuseconnected
(e.g.,convex) tangentmajorants.It is a prevalentdesign
choiceto make the tangentmajorantsconvex, sincethis
facilitatestheir minimization. We show in Theorem5.6
that any unimodal, basin-shapedregion surroundinga
minimizeris a regionof capture.

This is to becontrastedwith thestandardtheorycon-
cerningderivative-basedmethods(e.g., gradient,New-
ton's, Levenberg-Marquardt). If one examinessome
standardlocalconvergenceproofs(e.g.,[1, p. 51,Propo-
sition1.2.5]and[1, p.90,Proposition1.4.1(a)])for these
methods,one�nds that captureis only guaranteedin a
neighborhoodwhere the derivatives are in suf�ciently
closeagreementwith the derivatives at the minimizer.
Suchaneighbourhoodcanbeasigni�cantly smallsubset
of abasin-shapedregionaroundtheminimizer. Evenjust
by considering1D examples(e.g.,Figure1 in theinterval
[B ; C]), onecanseethatthe�rst andsecondderivatives
of a cost function can vary greatly throughouta basin.
Thus,our �ndings suggestthatconnectedtangentmajo-
rantsleadto larger regionsof capturethanfor non-MM
derivative-basedalgorithms. This propertyhasvarious
practicalimplicationsthatweshalldiscuss.

To proceedwith our analysis,we require a formal
mathematicalde�nition of a “basin”. Thefollowing def-
inition describeswhatwe call a generalizedbasin. It in-
cludesthekind of regionsthatonetraditionallythinksof
asabasin-shapedregionasaspecialcase.

De�nition 5.1 We saythata setG � � is a generalized
basin(with respectto theminimizationproblem(1.1))if,
for some� 2 G, thefollowing is neverviolated

�( � ) < �( ~� ); ~� 2 cl(G) \ cl(� n G): (5.1)

Moreover, wesaythatsucha � is well-containedin G.

Thus, a point is well-containedin G if it has lower
costthanany point ~� in thecommonboundarycl(G) \
cl(� nG) betweenG andits complement.Thede�nition
is wordedsothatcl(G) \ cl(� n G) canbeempty. Thus,
for example,thewholefeasibleset� alwaysconstitutes
a generalizedbasin(provided that it containssome� ),
becausecl(�) \ cl(� n �) is empty, implying that(5.1)
canneverbeviolated.
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Remark 5.2 Theregionsdescribedby De�nition 5.1are
a bit moregeneralthan traditionalnotionsof a capture
basin in a few ways. In particular, the de�nition re-
quiresneitherthat � beunimodalover G, nor thatG be
path-connected.However, it is straightforward to show
thatany generalizedbasinG musthave thesamedimen-
sion as � , in the sensethat aff(G) = aff(�) (see[18,
NoteA.5]). Thus,for example,if � = R2, no line seg-
mentinside� canconstitutea generalizedbasin.This is
consistentwith commonintuition.

Remark 5.3 Any sublevel setG = f � 2 � : �( � ) � � g
is ageneralizedbasinsolongas� is not theglobalmini-
mumvalueof � over� . Moreover, any globalminimizer
� � is well-containedin G.

The following propositionlays the foundationfor the
resultsof this section. It assertsthat, if the expansion
point of a connectedtangentmajorantis well-contained
in a generalizedbasinG, thenany point that decreases
the cost value of that tangentmajorant(relative to the
expansionpoint) is likewisewell-containedin G.

Proposition5.4 Supposethat � (�; �� ) is a tangentmajo-
rant that is connectedon its domainD( �� ) � � S and
whoseexpansionpoint �� 2 � is well-containedin a gen-
eralizedbasinG. Suppose, further, that � 2 � satis�es

� S 2 D(�� ); � ~S = �� ~S;

� (� S; �� ) � � ( �� S; �� ); (5.2)

Then� is likewisewell-containedin G.

Proof. It is suf�cient to show that� 2 G. For takingany
~� 2 cl(G) \ cl(� n G), andthencombining(5.2),(2.2),
andthefactthat �� is well-containedin G,

�( � ) � �( �� ) < �( ~� ); (5.3)

implying that � is alsowell-containedin G. Aiming for
a contradiction,supposethat � 2 � n G. Since� (�; �� )
is connectedonD( �� ), thereexistsa continuousfunction
g : [0; 1] ! � with g(0) = �� ; g(1) = � ; andsuchthat,
for all � 2 (0; 1), onehas

[g(� )]S 2 D(�� );

[g(� )] ~S = �� ~S;

� ([g(� )]S ; �� ) � maxf � ( �� S; �� ); � (� S; �� )g

= � ( �� S; �� ); (5.4)

wherethe equality in (5.4) is due to (5.2). Also, since
g(0) = �� 2 G,

� � 4
= supf � 2 [0; 1] : g(� ) 2 Gg

is well-de�ned. Finally, let  = g(� � ).Combiningthe
de�nitions of g() and� � , thecontinuityof g(), andthe
fact that � 2 � n G, one can readily show that  2
cl(G) \ cl(� n G).

Therefore,from the rightmostinequality in (5.3), we
have,with ~� =  ,

�( �� ) < �(  ) = �([ g(� � )]S; �� ~S): (5.5)

With (2.2), this implies that � ([g(� � )]S; �� ) > � ( �� S; �� )
contradicting(5.4). 2

UsingProposition5.4, we obtainthe following result
as an immediateconsequence.It articulatesa capture
propertyfor MM sequences.

Theorem5.5(Captureproperty of MM) Supposethat
f � i g is anMM sequencegeneratedby(2.3)and(2.4). In
addition,supposethat someiterate� n is well-contained
in a generalizedbasinG and that the tangent majorant
sequencef � i (�; � i )g1

i = n satis�es(C1). Thenlikewise� i

is well-containedin G for all i > n.

Proof. The result follows from Proposition5.4 andan
obviousinductionargument. 2

Finally, weobtaintheprincipalresultof thissection.

Theorem5.6(Regionof Convergence) In addition to
theassumptionsof Theorem5.5,supposethat thecondi-
tionsof eitherTheorem4.1or Theorem4.3are satis�ed.
Supposefurther that G is boundedandcl(G) containsa
singlestationarypoint � � . Thenf � i g convergesto � � .

Proof. SinceG is bounded,it followsfrom Theorem5.5
thatthesequencef � i g liesin thecompactsetK = cl(G).
Moreover, all limit pointsof f � i g arestationary, asas-
suredby eitherTheorem4.1 or Theorem4.3. The con-
clusionsof thetheoremthenfollow from Lemma3.5(a).
2

As mentioned, Theorem 5.6 implies that MM al-
gorithms,basedon connectedtangentmajorants,have
wider local regionsof capturethantraditionalderivative-
basedalgorithmsgenerallyhave. Therearea mixtureof
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positive andnegative practicalimplicationsto this prop-
erty. Sinceit is commonto useconvex (andhencecon-
nected)tangentmajorants,it isessentialfor algorithmde-
signersto beawareof theseimplications.

A positiveconsequenceis thatglobalminimizerswill,
asaspecialcase,attracttheiteratesover largerdistances.
Thus, the algorithm may only require a a moderately
goodinitial guessof thesolutionto performwell. A neg-
ative consequenceis that sub-optimallocal minimizers
will alsoattractthe iteratesover largerdistances.Thus,
if not even a moderatelygoodinitial guessis available,
thechancesof failurecanbehigh,dependingon thepre-
ponderanceof sub-optimallocal minima in thegraphof
� .

A potential application of Theorem5.6 is to non-
convex optimizationstrategiesthatdecomposetheprob-
lem into a sequenceof local minimizationsteps.These
include a method due to [2] called GraduatedNon-
Convexity (GNC), in which a parametricfamily of ap-
proximationsto the cost function � are locally mini-
mizedatsuccessive incrementsof theparameter. These-
quenceof localminimizersaremeantto traceaparamet-
ric curve to theglobalminimumof � . Anotherexample
is the strategy of selectinga meshof initial pointsand
locally minimizing � aroundeachpoint so as to probe
for the global minimum. In thesestrategies,MM with
connectedtangentmajorantsseeman appropriatetool
for implementingthe local minimizationstepssince,of
course,local minimizationtasksbene�t from a wide re-
gionof convergence.

6 Summary

In this paper, we have revised the analysisof [13] in
an expandedframework, introducedalternative conver-
genceconditions,andprovidedoriginal insightsinto the
locally convergentbehavior of iteration-dependentMM.
In the courseof doing so, we alsoremediedan error in
the previous convergenceproof (seeRemark4.5). The
coreresultsof ourglobalconvergenceanalysiswereThe-
orems4.1and4.3,which provedasymptoticstationarity
for non-blockalternatingandblock alternatingMM re-
spectively. Thecoreresultof our localconvergenceanal-
ysiswasProposition5.4,which provedthefundamental
propertyof MM algorithmsemploying connectedtan-
gentmajorantsto becometrappedin basin-like regions

of thecostfunction.Our treatmenthere,webelieve,pro-
videsenhancedinsight into thebehavior of MM, aswell
asa highly broadand�e xible framework for MM algo-
rithm design. The resultshave beenuseful in verifying
the convergenceof previously proposedalgorithmsfor
differentPETimagingapplications[11, 17,16].

An unresolved theoreticalquestionis whetherMM
will converge in normwhenthestationarypointsof the
optimizationproblemare non-isolated. It is rare to be
ableto prove this behavior for iterative optimizational-
gorithmsin general.However, it hasbeenprovenfor the
EM algorithmof SheppandVardi [28], a prominentex-
ampleof MM in the�eld of emissiontomography. Thus,
it is temptingto think thatthisbehavior maybeprovable
in wider generalitywithin the classof MM algorithms.
Our preliminarywork on this questionin [18] maybea
startingpoint for futureanalysis.
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