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Abstract

The Majorize-Minimize (MM) optimization technique
hasreceved considerablattentionin signalandimage
processingapplicationsaswell asin the statisticsliter-

ature. At eachiterationof an MM algorithm, one con-
structsa tangent majorant function that majorizesthe
given costfunction andis equalto it at the currentiter-

ate. The next iterateis obtainedby minimizing this tan-
gentmajorantunction,resultingin asequencef iterates
that reducesthe cost function monotonically A well-

knowvn specialcaseof MM methodsare Expectation-
Maximization (EM) algorithms. In this paper we ex-

pand on previous analysesof MM, due to [12, 13],

that allowed the tangentmajorantsto be constructedn

iteration-dependemntays. Also, in [13], therewasaner

ror in oneof the stepsof the convergenceproofthatthis

paperovercomes.

There are three main aspectsn which our analysis
builds upon previous work. Firstly, our treatmentre-
laxes mary assumptiongelatedto the structureof the
costfunction, feasibleset, and tangentmajorants. For
example, the cost function can be non-coivex andthe
feasiblesetfor the problemcanbe ary corvex set. Sec-
ondly, we proposeconvergenceconditions basedon up-
per curvature bounds,that can be easierto verify than
morestandarccontinuity conditions.Furthermorethese
conditionsin somecasesallow for considerablalesign
freedomin theiteration-dependeriehaior of thealgo-
rithm. Finally, we give an original characterizatiorof
thelocalregion of corvergenceof MM algorithmsbased
on connectede.g.,corvex) tangentmajorants.For such
algorithms,costfunction minimizerswill locally attract
the iteratesover larger neighborhoodghan s typically
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guaranteeavith othermethodsThis expandedreatment
widensthe scopeof MM algorithm designsthat canbe
consideredor signalandimageprocessingpplications,
allows usto verify the corvergentbehaior of previously
publishedalgorithms,and gives a fuller understanding
overall of how thesealgorithmsbehae.

1 Intr oduction

This paperpertainsto the Majorize-Minimize (MM) op-
timization techniqué as appliedto minimization prob-
lemsof theform

min. ( ) st 2 (1.1
Here () : RP I R is acontinuouslydifferen-
tiable (but possiblynon-comex) costfunction, RP is the
spaceof lengthp columnvectors,

The MM techniquehasa long history in a rangeof
literature. In the statisticsliterature,a prominentexam-
ple is the ExpectationMaximization(EM) methodology
(commonlyattributedto [9]) which is an applicationof
MM to maximumlikelihood estimation. Furtherexam-
plescanbe found in in [14, 15, 20, 22]). Theinterest
in maximumlik elihood estimationfor tomographiam-
agereconstructiorsubsequentlyeadto mary examples
of EM, andmoregeneralMM algorithms,in theimage
processinditerature(e.g.,[28, 21,6, 7, 8, 30,32]). MM
hasalsorecevedconsiderablattentionin thesignalpro-
cessinditerature,including[24, 3,19, 23, 4].

An MM algorithmis onethat reduces monotoni-
cally by minimizing a successiorof approximationgo

The techniquehas gone by various other namesas well, such
asoptimizationtransfer SAGE, anditerative majorization.Theterm
MM wascoinedin [22].



, eachof which majorizes in a certainsense. An pirical evidencethattangenimajorantobtainedthis way
MM algorithmuseswhat we call a majorant geneator mayapproximate better(leadingto fastercorvergence)
(; ) to associate given expansionpoint ' with what thannon-blockalternatingalternatves. An exampleof
we call atangentmajorant ( ; . In thesimplestcase wheretheblock alternationtechniqudeadto fastercon-
(ilustratedfor a 1D costfunctionin Figurel), atangent vergencewaspresentedn [12]. Block alternatingMM

majorantsatis es () (; i)_ forall 2 and hasalsoseensubsequentsein [24,11,3, 19, 23,4].
(= (il; ). Thatis, (; I_).mf"‘JO”ZﬁSl With  Thereasonsvhy theMM techniquénasbeenattractie
equalityat . The constrainedminimizer 2 to algorithmdesignersaremixed, andsomeof the work

of (; ')satises( ') (). Repeatinghese i, this papermay motivate somenew reasons.Histori-
stepsiteratively, oneobtainsa sequencef feasiblevec- 5|1y themainappeabf MM is perhapshatit oftenleads
torsf 'gsuchthatf ( ')gis monotonenon-increasing. 14 aigorithmsin which theiterationupdatesaregivenby
simple closed-formformulas (e.g., [28, 6, 7, 10]) and
hencejn thesecasestendto beeasyto implement.This
is in contrastto standardgradientdescenimethodsthat
employ numericalline searches$o ensureglobal corver-
gence.For large-scalgroblemstheef cient implemen-
1 tation of line searchoperationscanrequirecomplicated
customizedsoftware implementationaswell asspecial
hardware resources.As an example, one can consider
the minimization of the Poissonloglikelihood function
1 encounteredh fully 3D PositronEmissionTomograply
(PET)imagereconstructione.g.,[26]. There,ef ciency
demandshatline searches®e implementedn sinogram
space.Doing soin turn necessitatesonsiderabldRAM,
suchaswould be availableon a parallelcomputingplat-
@ g o form. It is likely that, for this reasonjnvestigatorsin the

eld of 3D PET have lookedto MM alternatvessuchas

[28, 7]. A relatedreasonwhy MM is attractve is that,

Figure1: One-dimensionallustration of an MM algo- Whenthe iterationupdatecomputationsare simple,one
rithm. mighthopefor reducedoverall CPUtime. Thisbene tis
harderto guaranteehecausé demandsiotonly thatthe

A moreelaboratéorm of MM wasintroducedn [12] * tangentmajorantsbe simple to compute/minimize put
thatallow aniteration-dependergequencé '(; )g of 4i5othatthey provide accurateapproximationgo , and
majorantgeneratordo be used, ratherthanjust a sin-  {hesetwo designrequirementgancon ict. Hence,one
gle (). Thisgeneralizatiorallows considerabldree- sometimesseesexamplesof MM in the literaturethat,
domin choosingthe form of the majorantgeneratorat althougheasyto implement,arein factquite slow (e.g.,
a given iteration. For example, its form can be adap- [28]). Corversley, a successfuinstanceof MM acceler
tively determinedbasedon the obsered progresof the  54ion was presentedn a logisitic regressionexamplein
algorithmover previous iterations. In addition,onecan [22, Examplel1]. There,the MM algorithmwasfound
allow the tangentmajorantst '( ; ')g to dependonan 4 pe competitire with Newton's method. In this paper
i-dependensubsebf thecomponentsf . Thelatterre- (seeSections), we suggestvhatmight beathird bene t
sultsin iterative stepsthat, similar to coordinatedescent, ¢ M. Namely we discusshow the unusualocal con-

reduce( ) asafunctionof subsetf theoptimization \emencepropertiesof MM might be harnessedby cer
variables. This technique,which we call bloc alter-  (ain non-cowex minimizationstratgies.

nation, cansimplify algorithmdesign,becauseéhe ma-
jorizationrequiremenheedbesatis edonly with respect
to thevariablesbeingupdated Furthermorebecausé¢he
majorizationrequirements easierto satisfy thereis em-
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The overall endeaour of this paperis to revisit and
expandthe MM corvergenceanalysisof [13]. Thescope
of [13] is the only onethatwe know of thatincludessi-



multaneouslythe casewherethe majorantgeneratorse-
quencef '(; )g canvary non-trvially with i and,fur-

thermore,where minima may lie at constraintbound-
aries. Our treatmenimakesthreeprincipal contrikbutions
to thework begunthere. (In the courseof our analysis,
we alsoremedyanerrorin [13], seeRemark4.5).

Our rst contribution is to rework the analysis of
iteration-dependentMM while relaxing mary specic
structuralassumptionsnadein [13] on the form of the
constraintsthe costfunction , andthe tangentmajo-
rants. For example,in [13], only non-ngativity con-
straintswereconsidered.Corerselyin thispaper can
beary corvex setor, in thecaseof blockalternatingviM,
ary corvex setappropriatelydecomposabl@to a Carte-
sian product. Furthermorejn [13], andthe tangent
majorantswere both assumedo be strictly corvex. In
thepresentreatmentcasesareconsideredvhereneither
of thetwo areevencorvex. Flexibility is alsointroduced
in the domainover which the tangentmajorantsare de-
ned. In [13], the tangentmajorantdomainswere as-
sumedto beall of , whereashere,the domainscanbe
strictsubset®f . Lastly, in [13], thetangentmajorants
wereassumedwice-differentiablewhereasn ouranaly-
sis, only once-diferentiabilityis assumedThesegener
alizationswidenthe rangeof applicationgo which [13]
is applicableandprovide a more e xible framework for
algorithmdesign. Moreover, they allow usto verify the
corvergence(or at leastthe asymptoticstationarity) of
somepreviously publishedblock alternatingMM algo-
rithms, which the corvergenceanalysisin [13] was not
generakenoughto cover. Amongthesearethealgorithm
proposedn [11, Section6] for thejoint estimationof at-
tenuationandactiity imagesin PET. They alsoinclude
algorithm designsthat we proposed(see[17] and [16,
Section6.6]) for a motion-corrected?ET imagerecon-
structionapplication. The corvergenceanalysisin [13]
doesnot apply to theseexamplesbecausehey involve

non-comwex costfunctions,andfor variousotherreasons.

Furthemotivatingexampledor thesegeneralizationare
discussedn [18, Section6].

Oursecondcontributionis analternatve setof corver
genceconditionsrequiringlocal uppercurvaturebounds.
In the MM literatureinvolving i-independenmajorant
generatorge.g.,[29, 21, 25]), corvergenceproofs usu-
ally invoke an assumptiorthatthef '( ; )g arecontin-
uous (jointly in both aguments). This continuity as-
sumptionadmits an analysisusing Zangwill's corver

gencetheorem[31, p. 91]. In [13], this line of analysis
wasgeneralizedo iteration-dependemrhajorantgenera-
tors undercertainadditionalconditions,andthe present
papercontinuesto study these. In addition, however,
we shaw thatthe continuity conditioncanbe relaxedin
favor of a requirementhat the tangentmajorantcuna-
turesareuniformly locally upperboundedn the region
of the expansionpoints. This latter conditionis some-
timesmoreeasilyveri able thanthestandaraontinuity-
basedones. Furthermorewhenblock alternationis not
used,we shav that sucha curvatureboundis sufcient
for cornvergencewhile admitting considerabldreedom
in theiteration-dependeriehaior of thealgorithm(see
Remark4.2).

Our third contritution is an original characterization
of thelocal region of corvergenceof MM algorithmsto
local minima. This branchof our analysisis restricted
to tangentmajorantsthat are connectede.g., corvex),
which is a commonpractical case. Algorithm design-
erscommonlydesigntangentmajorantsthat are corvex
to facilitate minimization. Our resultsshowv thatthe as-
sociatedVIM algorithmwill be attractecto a local min-
imafrom essentiallyary pointwithin a basin-like region
surroundingthat minimum. The sameis not generally
true of standardderivative-basedalgorithms. This prop-
erty hasimportantimplicationsfor thetendeng of com-
mon kinds of MM designsto becometrappedat local
minimain non-coivex minimizationproblems.As men-
tioned,however, we alsodiscusshow this propertymight
beharnesselly someestablisheghon-cowex minimiza-
tion strateies.

Therestof the paperis organizedasfollows. In Sec-
tion 2, we formalize the classof MM algorithmscon-
sideredin this paper Next, in Section3, we give a few
additionalmathematicapreliminariesanddescribevari-
ousconditionsimposedin the subsequenanalysis.Our
analysisbeginsin Section4, wherewe studythe global
convergenceof bothblock alternatingandnon-blockal-
ternatingMM. In this section the principalstepis shav-
ing the stationarityof MM limit pointsunderconditions
alludedto above. (This asymptoticstationarityproperty
is oftenusedasade nition for “convergence’in thenon-
linear optimizationliterature.) Onceasymptoticstation-
arity is established¢ornvergenceof MM in normcanbe
proved(andwe do soin Theoremd.4)in a standardvay
by imposingdiscretenesassumptionson the setof sta-

2Non-isolatedstationarypoints are not generallystable(cf. [1,



tionary points of (1.1). Section5 givesour analysisof
thelocal region of corvergencefor MM, andits relation
to capturebasins. A concludingsummaryfollowsin Sec-
tion 6.

2 Mathematical Descriptionof MM Al-
gorithms

In this section,we describethe classof MM algorithms
consideredn this paper With no lossof generality we
assumehatthe feasibleset is a Cartesiarproductof

M  pcorvex setsj.e.,

= 1 2 M) (2.1)
where |, RPv;m = 1;:::;M and _; Pm =
p. Since is assumedorvex, sucharepresentatioms

alwayspossiblewith M = 1.

To facilitatediscussionye rst introducesomeindex-
ing conventions. Given , We can

tions

s = ( ml; mg,, mq)
ST mg m; Mg
Rg = RPm1*Pma* % Pmg

to indicatecertainCartesiarsub-productandtheir ele-
ments.Thus,onecanwrite s 2 s Rs. Thecom-
plementof S shallbedenotedS. We mayalsorepresent
agiven 2 inthepartitionedform = ( s; &),and
() maybeequvalentlywritten ( s; o).

Givenanindex setS
mappingD () suchthat s 2 D( ) s forall 2
, we de ne a majorant geneiator ( ; ) asafunction
mappingeach 2 towhatwe call atangentmajorant,

p. 22]) underperturbationof . Therefore,whetheror not an al-
gorithm corvergesin normto suchpoints seemamainly a question
of theoreticalinterest. It is for suchreasonghatalgorithmusersof-
ten settlefor algorithmswith stationarylimit points. Nevertheless,
we have donesomework on corvergenceto non-isolatedstationary
points,whichtheinterestedeadercan nd in [18, Section7].

3In this paper (a; b;c;: : ) will alwaysdenotethe vertical conca-
tentationof vectors/scalara; b; c;:::.

afunction (; ):D()
(79 ()
() (s )y 82D() (22

We call the expansionpoint of the tangentmajorant.
Giventhe point-to-setmappingD ( ), we canalsowrite
(;):D! R,inwhich

D= (;): 2D()

denoteghedomainof the majorantgenerator.

s ! R satisfying

s, 2

To designan MM algorithm, one selectsan initial
point °2 | asequencef index sets S' ilzo, anda
sequencef majorantgenerators '(; ):D'! R i1:0
with domains

D'= (;):
wheretheD'() si arepoint-to-setmappingsgeach
satisfying ¢ 2 D'( ) forall 2 . Thesimplest
caseiswhenD'( )= g andD' = for all i.
This wasthe assumptiormadein [13]. This assumption
doesnothold, however, for theMM algorithmsin [6, 17].

Oncethe majorantgeneratorgirechosenthe MM algo-
rithmisimplementedy generatin@niterationsequence

= 2D'() 2

Sis

‘2, satisfying,
ot 2 argmin '( ;") (2.3)
2Di( 1)
i+l — i .
eI (2.4)

Here, we assumethat the setof minimizersin (2.3) is
non-empty We shallreferto thetotal sequence i=0

producedthis way asan MM sequence In the simplest
case,in which onechooses '( gi; ) = ( gi; i)

foralli, (2.3)and(2.4) becomeageneralizatiorof block
coordinatadescenfe.g.,[1, p. 267]),in whichthecoordi-
nateblocksarenotnecessarilglisjoint. By virtue of (2.2)
and(2.3),f ( ')gis monotonicallynon-increasing.

A tangenmajorantis amild generalizatiorof whatwe
call atrue tangentmajorant A function (; ) satisfy-
ing (2.2)is atruetangentmajorantf it alsosatis es

(:) 8 2D(); (2.5)
(si)= () (2.6)
Thatis, (; ) majorizes( ; &) overD( ) andistan-
gentto it in the sensethat equalityholds* at 5. These

s)

“It is alsotangentto it in the sensehatthe directionalderivatives
of (; )and( ; ) matchat s exceptin specialcircumstances
(se€[18, Note A.2)).



considerationgnotivate our choiceof the term tangent
majorant® Any tangenimajorantcanbe madeinto atrue
tangentmajorantby addingto it an appropriateglobal
constant.Doing sodoesnotin uence the updateformu-
lae (2.3)and(2.4). Thedistinctionbetweenangenima-
jorantsandtrue tangentmajorantss thereforeirrelevant
in studyingMM sequencesThedistinctionbecomesm-
portant, however, when deriving tangentmajorantsby
compositionof functions(see[18, Note A.1]).

Whenthe setsS' vary non-trivially with the iteration
numberi, we saythatthe algorithmis block alternating
(cf. [12,13]). Corverselyif all S' =

s = forall i, andwe saythatthe algorithmis not
block alternating(or, thatthe updatesaresimultaneous
In thelattercase(2.2) simpli es to

() () 8 2D( ), (27)

while (2.3)and(2.4) reduceto

*1 2 argmin '( ; ');
2Di( ")

(2.8)

Thetechniqueof block alternationcanbe advantageous tinuousfunctiong : [0; 1] !

becausé canbesimplerto derive andminimizetangent
majorantssatisfying (2.2), which involve functions of

fewer variables thantangentmajorantssatisfying(2.7).

Block alternationcanalso provide fasteralternatvesto

certainnon-blockalternatingalgorithmdesigng12]. To

apply block alternationmeaningfully =~ must be de-
composabldanto the Cartesianproductform (2.1) with

M > 1

3 Mathematical Preliminaries and As-
sumptions

In this section,we overview mathematicaldeasandas-
sumptionghatwill arisein theanalysisto follow.

5In someliterature, the term surrogate hasbeenused,however
muchmoregeneraliseof thistermhasbeenusedin otherworks. We
feel thatthe termtangent majorant is muchmore descriptve of the
kind of surrogatefunctionsusedin MM speci cally.

3.1 GeneralMathematical Background

A closedd-dimensionaball of radiusr andcenteredat
x 2 RYis denoted

drp- 4_no d . 5iy0 i ©
BYr;x)= x"2RY :jjx° xj r

wherejj jj is thestandarceuclideamorm. For the min-
imizationproblem(1.1),we shallalsousethe notation
4 .. ..
Bs(r; )= s\ °2Rs:jj % j r
to denotecertainconstrainedalls. GivenasetG RS,
the notation cl(G); ri(G); and aff(G) shall denotethe
closure, relative interior, and afne hull of G, respec-
tively. Thenotation@s will denoteherelatve boundary
cl(G) nri(G).

A functionf : D RY! Rissaidto beconnected
onasetDy D if (seg27,p.98]),givenary x; y 2 Do,
thereexistsa continuoudunctiong : [0; 1]! Dg such
thatg(0) = x, g(1) = y,and

f(a( )

forall 2 (0; 1). AsetC RYis saidto be path-
connectedf, givenary x;y 2 C thereexists a con-
C suchthatg(0) = x
andg(l) = y. Corvex andquasi-comex functionsare
simple examplesof connectedfunctionswith g( ) =
y+ (1 )x. Also, it hasbeenshavn (e.g., Theo-
rem4.2.4in [27, p. 99]) thata functionis connectedf
andonly if its sublevel setsarepath-connected.

maxff (x);f (y)g

Often, we will needto take gradientswith respectto
a subsetof the componentsf a function's argument.
Given a function f (x;y), we shall denoteits gradient
with respectoits rst agumentx, asr °f (x;y). Like-
wise, r 2°f (x;y) shall denotethe Hessianwith respect

shall denotethe gradientwith respecto the sub-\ector
m 2 m of . Similarly,r s ( ) isthegradientwith
respecto s.

A key guestionin theanalysigo follow is whetherthe
limit pointsof anMM algorithm(i.e., the limits of sub-
sequencesf f 'g) arestationarypointsof (1.1). By a
stationarypointof (1.1),we meanafeasiblepoint  that
satis esthe rst ordernecessargptimality condition,

hr (): i 0 8 2 (3.1)



Hereh; i is theusualEuclideaninner product. Hence- Here,thetangenimajorantandcostfunctionderiva-

forth, when an algorithm producesa sequencef 'g tivesmatchin all directions(not just feasibleones)
whoselimit points(if any exist) are stationarypointsof and at all expansionpoints (not just at the f 'g).
(1.1), we saythat the algorithmandthe sequencé ig Note that, under (R2.1), the continuity of ary
areasymptoticallystationary. '(; ) followsfrom (3.4)andthefactthat is con-

tinuouslydifferentiable.

3.2 Assumptionson MM Algorithms (R3) Minimumsizeof tangentmajorantdomains There
existsanr > OsuchthatBgi (r; &) D( ') for
Throughouthearticle,we considercostfunctions and all'i. In otherwords, eachtangentmajorantis de-
tangentmajorants ( ; ) thatarecontinuouslydifferen- ned on afeasibleneighborhooaf someminimum
tiablethroughoutopensupersete®f andD( ) respec- sizearoundits expansionpoint.

tively. Forevery ,thedomainD( ) isassumedornvex.

In addition, for a given MM algorithmand correspond-  asjde from the above regularity conditions,mostre-
: a . -

ing sequencé '(; ')g, weimposeconditionsthatfall gy tswill requirespeci ¢ combinationsof the following

into oneof two categories. Conditionsin the rst cate- tachnjcalconditions. Similar to before,a condition de-
gory, listednext, arewhatwethink of asregularity condi-  yoted(Ci.j) implies(Ci).

tions. In thislist, aconditionenumerate@Ri.j) denotesa
strongerconditionthan(Ri), i.e., (Ri.j) implies(Ri). Typ-
ical MM algorithmswill satisfytheseconditionsto pre-
cludecertaindegeneratdehaior thatcouldotherwisebe

(C1) Connectedangentmajorants. Each tangentmajo-
rant '(; ') is connectedn its respectie domain

exhibited. DY
(C2) Finite collectionof majorantgeneators. The ele-
(R1) Feasibilityof thealgorithm. Thesequencé 'glies mentsof the sequencé '(; )g arechosenfrom a
in a closedsubsetof . Thus,ary limit point of nite setof majorantgenerators.

f 'gisfeasible. (C3) Continuityof majorantgenertorsin botharguments.

(R1.1) Feasibility/boundednesaf the algorithm. The For each xed i, the majorant generator
sequencé g is containedn a compactsub- i(, ) is C(_)ntlnuous throughout its domain
setof D'. In addition, fo_r ary closed subsetZ of

, there exists an r; > 0 such that the set

(R2) Firstorder consistency/continuityFor eachi and (:): 2 Bsii(r'zi g)i 2Z lies in a

2 i, theGateauxdifferential, closedsubsedf D'.

a 10 L (C4) Raular updatingof coodinateblodks. There ex-

(;)= 717" "(si; ) si 3.2) ists an integer J > 0 and, for eachm 2

_ _ _ f1;:::;Mg, anindex set S(™ containingm, a

is continuousasafunctionof throughout . Fur majorant generator (M(: ), anda setlm =
thermore, i - si=sm: i= (M gychthat

()= rs () s ¢ (33) 8n 0,9 2 [n;n+J]sti2lm:

Thus,the directionalderiativesof the tangentma- Thatis, everysub-vector , 2 ;m= 1:::M

jorantsf '(; ')g attheir expansionpoints match of isupdatedegularly by some (M),

thoseof the costfunctionin feasibledirections. . .
(C5) Diminishingdifferences,llilm ji "t 'ij = 0.
I!

(R2.1) Matching gradients.Foreveryi and 2 g,

0 (C5.1) Uniform strongcorvexity. The sequencé 'g
r (si; )=rsi( ) (3.4) hasatleastonefeasibleimit point. Also, there



ex_istsa > 0, suchthatforalliand ; 2
DI( I)’
r 10 i( . i) r 10 i( . i).

i g%
In other words, the f (; ")g are strongly
corvex with cunatures that are uniformly
lower boundedin i. Thefactthat(C5.1)im-
plies(C5)is provenin Lemma3.4(c).

(C6) Uniformuppercurvatue bound. In addition to
(R3),theree_xistsa + 0, s_uchthatfor alli and
2 Bsi(r; i) (hereBsi(r; ) isasin (R3)),

r10 i( ; i) r10 i( lS“ i); iSi
i L

In otherwords,the cunaturesof the tangentmajo-
rantsare uniformly upperboundedalongline sey-
mentsemanatingrom their expansionpoints. The
line sgmentsmustextendto the boundaryof a fea-
sible neighborhoodf sizer aroundthe expansion
points.

Thereareavarietyof standaradconditionsunderwhich
Condition(R1) will hold. Thesimplestcaseisif isit-
selfclosed.Alternatively, (R1) will holdif onecanshov

thatthesublevel setssublev = f 2 () g
of areclosed,which is often a straightforvard exer-
cise.In thelattercasewith o= ( 0),thesubIe/eI set
sublev, is closed,andbecauséd ( "g is montoni-

Remark 3.1 IntheMM literature thestrongeicondition
(R2.1)is usedcustomarilyto ensureg(R2). However, for
constrainegroblemsthis canbe excessve asdiscussed
in [18, Note A.3].

Remark 3.2 Equation(3.3)is, in fact,implied wheneer
aff(D'( )) = aff( gi)and g 2 ri(D'( )). Fordetails,
see[18, Note A.2].

3.3 Lemmas

We now give several lemmasthat facilitate the analysis
in this paper Mostof thesdemmasareslightgeneraliza-
tionsof existing results.Their proofsarestraightforvard
exercisesand are omitted here, but the readercan nd
full proofsin [18].

Lemma 3.3 (Functionswith curvature bounds)

Supposd : D RY I R is a continuouslydifferen-
tiable functionona corvexsetD and x y 2 D.
@ If hrf(x) rf(y);x i *iix yjj2 for
some * > 0and8x 2 D, thenlikewise
I N
F) fy) Ffyix yi+ S iix yj®
(b) If hrf(x) rf(y);x i jix yii?, for
some > 0and8x 2 D, thenlikewise
.1 N
f) fy) FEEix yi+ s jix yj*

cally non- increasingit follows that the entire sequence LemmaS 4 (Implications of limit points) Suppose

f 'gis containedin this set. Similarly, if  (or just
sublev, ) is compactthen(R1.1)holds. The closure
or compactnessf subleel setsoftenfollowsif s co-
ercive,i.e.,tendsto in nity attheboundaryof

The simplest case in which (R3) holds is when
D'()= g foralliand 2 . A typical situa-
tion in which (C4) holdsis if the index setsfS 'g and
the majorantgenerators '( ; )g arechosencyclically.
Condition (C5) hasfrequentlybeenencounteredn the
study of feasibledirectionmethods(e.qg.,[27, p. 474]).
Condition(C5.1)is asufcient conditionfor (C5) thatis

relatively easyto verify. It is essentiallya generalization setkK

of Condition5in [13].

thatf 'gisanMM sequencevith alimit point 2
Then

@f( Ng& ().

(b) If 2 is another limit point of f 'g, then
C )=0 ).

(c) If (C5.1)alsoholdsthen, lim j b= o.
Lemma 3.5 (Convergenceto isolated stationary points)
Supposé 'gis a sequencef pointslying in a compact
andwhoselimit pointsS K are stationary
points of (1.1). Let C denotethe setof all stationary
pointsof (1.1)in K. If eitherof thefollowingis true,



(a) Cisasingleton,or Proof Suppose 2 isalimit pointoff 'g (it must
. ) ) liein  dueto (R1))and,aimingfor a contradiction]et
(b) Condition(CS) holdsandCis a discreteset. us assumethat it is not a stationarypoint. Thenthere

existsa °6 2  suchthat

thenf 'gin factconvemesto a pointin C.
0

r( ):m <O (4.1)
Sincer is continuousthen,with (R2) and(R3), it fol-
lowsthatthereexistsaconstant < 0 andasubsequence
f 'kg satisfying,for all k,

4 Asymptotic Stationarity and Conver-
genceto Isolated Stationary Points

In this sectionwe establishconditionsunderwhich MM

algorithmsare asymptoticallystationary Corvergence i © i min(r;jj © ii=2) 2 t; (4.2)
in norm is then proved under standardsupplementary

assumptionghat the stationarypoints are isolated(see wherer is asin (R3), and

Theoremd.4). Theoremd.1, our rst result,establishes

thatnon-blockalternatingMM sequenceareasymptot- 10 K/ . iy 0 _
ically stationaryunderquite mild assumptionsTwo sets r ¢ ) j o ~ Tijj ¢ (4.3)
of assumptionsire considered Onesetinvolves(C3), a _ o
continuityconditionsimilarto thatusedin previousMM  De ne theunit-lengthdirectionvectors
literature(e.g.,[29, 13, 25]). The continuity condition 0 i 0
is motivatedby early work dueto Zangwill [31, p. 91], K2 ———— 2 ——

. . . Ik
which established broadlyapplicabletheoryfor mono- J I I I

tonicalgorithms. .
9 and,fort 2 [0; t], thescalarfunctions

In the secondset,the centralconditionis (C6), which
requiresa uniform local upperboundon thetangentma- 4 Qi K. iy
jorantcunatures. To our knowledge,we arethe rst to (1) = (_ + ts K ) _
considersucha conditionin the context of MM.® Con- (G ) ) (4.4)
dition (C6) can be easierto verify than (C3). For ex-
ample,the SPSalgorithmof [10] is an exampleof MM
basedon quadratictangentmajorants. To verify that it
satis es(C3), onemustshaw thatthe optimal curvature
function ¢ (I") (see[10], Equation(28)) is continuous, hi(t) IYGLSETTS YT N
whichis notapparenfrom thede ning expressionCon- 41
versely to verify (C6), it is sufcient to shav thatc; (") ( ) (4.5)
bounded a fact that follows readily from the fact that ( ) (4.6)
thecostfunctionconsideredhn [10] hasgloballybounded
secondderiatives.

Due to (R3) and (4.2), all hy are well-de ned on this
commoninterval. The next several inequalitiesfollow
from (2.8),(2.7),andLemma3.4(a) respectiely,

Theremaindef theproofaddresseseparatelyhecases
wheref (C6)g andf (C2), (C3)g hold.

Theorem 4.1 (Stationarity without block alternation) ~ FIrst, assumethat (C6) holds. This, togetherwith
Supposghatall S' = f1;:::;Mg, thatf 'gisanmm Lemma3.3(a)impliesthatfor t 2 [0; t],
sequencegenerted by (2.8), and that the regularity +
conditions(R1), (R2), and (R3) hold. Supposdurther he(t)  he(0) by (O)t + 7'[25

that either (C6) or the pair of conditionsf (C2),(C3)g

holds. Thenanylimit pointof f 'gis a stationarypoint However, h(0) = (), whilehy(0) cdueto (4.3).

of (1.2). Theseobsenations,togethemwith (4.6),leadsto
éCunatureboundsalsoarisein the corvergencetheory of trust- i + 2
region methodse.qg.,[5, pp. 121-2]. ( ) (') ct+ 7t t2][0; t]:



Passingto thelimit in k,

+
ct+ 7t2 o; t2[0; t]:

Finally, dividing this relation throughby t and letting
t & Oyieldsc 0, contradictingthe assumptiorthat

¢ < 0, andcompletingthe prooffor this case.

Now, assumd (C2),(C3)g. In light of (C2), we can
rede ne our subsequencé 'kg so that, in addition to
(4.2)and(4.3), ¥(; ) equalssomex edfunction”(; )
for all k. Thatand(4.5)give,fort 2 [0; t],

h [
"
4.7)

he(t) = °( Tk + ts; k)
( ik+l):

From(R1),we know thatf 'kgliesin aclosedsubse®
of . With (C3),therethereforeexistsapositverz t
suchthathy(t), asgivenin (4.%),con/ergesask 1
toh(@®) 2" +ts;: ) "~ : ) ( ) for
allt 2 [0; rz]. Lettingk ! 1 in (4.7)thereforeyields,

h@® ()

Thefunctionh (t) is differentiableatt = 0 dueto (R2).
Now, hg(0) = ( '), sothatin thelimit, h (0) =
(). Thus,we have that (4.8) holdswith equality at
t = 0, from whichit follows that

8t2[0;rz]: (4.8)

h (0) O (4.9)
However, hy(0)  c dueto (4.3), andthe continuity re-
qguirementin (R2) impliesthathy (0) corvergesto h. (0)
ask ! 1 . Thus,wehaveinthelimit thath (0) c<
0, contradicting(4.9). 2

Remark 4.2 (Curvature and iteration-dependence)
Note in Theorems4.1 that, when the curvature upper
bound(C6) holds, thereis essentiallyno restrictionon
howf '(; )gcandepencni.

The next resultaddresseshe block alternatingcase,
but requiresadditionalconditions hamely(C4) and(C5).
(Although, Condition(C2) is nolongerrequired.)These
conditions,however, areno strongerthanthoseinvoked
previouslyin [13]. Condition(C4)is a generalizatiorof
[13, Condition6]. Condition(C5)is animplied condition
in [13], asshovn in Lemmag3 in thatpaper

Theorem 4.3 (Stationarity with block alternation)
Suppos¢hatf 'gisanMM sequenceeneatedby (2.3)
and (2.4) and that the regularity conditions(R1), (R2),
and (R3) hold. Supposgfurther, that (C4), (C5) and
either (C6) or (C3) holds. Thenany limit pointof f 'g
is a stationarypoint of (1.1).

Proof Suppose 2 s alimit pointof f g (it
mustliein  dueto (R1))and,aimingfor acontradiction,
let us assumehat it is not a stationarypoint. In light

of (2.1), therethereforeexistsa ° 6 2 andan
m 2 f1;:::;M g, suchthat
rm( ), & o <0 (4.10)

andsuchthat % =, 8m 6 m. Then,with S(™ as
in (C4), it follows from (4.10)that,
* +

0
S(m) <O

stm) (4.11)

I gm . ~
sm ()i g Sm sl

Now, considera subsequencé 'kg cornverging to

We canassumehat Stk = S(M and 'k = (M for
otherwise,in light of (C4), we could constructan alter
native subsequenck '¥*Jkg; J,  J which doeshave
this property Furthermorethis alternatve subsequence
would corvergeto  dueto (C5).

In light of (4.11), we canalsochoosef kg so that,
similar to the proof of Theoren¥.1,

i % i omin(rji © =)=t
and
* . +
. . 0( ) Ik( )
10 . . sim sS(m .
r (m)( Isk(m)1 Ik)1 =0 M .. c:
Iosm  dmll
for somec < 0. Now de ne
4 O( ) ik
i sm  gmli

and,fort 2 [0; t]
hie(t) £ (m)(hisk(m) +ts; 1)
MW G )

Theform andpropertiesof this hy(t) is a specialcaseof
thatde nedin (4.4). Under(C6),averbatimargumentas



in theproofof Theoremd.1therefordeadsto thecontra-
dictionc 0, completingthe proof for this case.Like-
wise,thehy(t) abore hasthesamdorm andpropertiesas
in (4.7). Theargumentdn the proof of Theoremé.1fol-
lowing (4.7) reliedonly on (C3), andcompletethe proof
of thistheoremaswell. 2

In the following theorem,we deducecorvergencein
normby addingdiscretenesassumptionsn the station-
ary pointsof (1.1).

Theorem 4.4 (Convergencein norm) Supposd 'g is
an MM sequencsatisfying(R1.1) aswell asthe condi-
tionsof eitherTheoem4.1 or Theoem4.3. Supposgin
addition, that eitherof thefollowingis true.

(a) Theproblem(1.1) hasa uniquesolutionasits sole
stationarypoint, or

(b) Condition(C5) holdsand(1.1) hasa discretesetof
stationarypoints.

Thenf 'gconvemesto a stationarypoint. Moreover, in
case(a), thelimit is theuniquesolutionof (1.1).

Proof Under(R1.1),f 'gliesin a compactsubsebf

local minimizer an algorithmis guaranteedo corverge

to that minimizer. In this section,we characterizehis

region of capturefor MM algorithmsthatuseconnected
(e.g.,cornvex) tangentmajorants.lt is a prevalentdesign
choiceto malke the tangentmajorantscornvex, sincethis

facilitatestheir minimization. We shav in Theoremb.6

that ary unimodal, basin-shapedegion surroundinga

minimizeris aregion of capture.

This is to be contrastedvith the standardheorycon-
cerning derivative-basedmethods(e.g., gradient, New-
ton's, Levenbeg-Marquardt). If one examinessome
standardocal corvergenceproofs(e.g.,[1, p. 51, Propo-
sition1.2.5]and[1, p. 90, Propositionl.4.1(a)])for these
methods,one nds that captureis only guaranteedn a
neighborhoodwhere the derivatives are in sufciently
close agreementvith the derivatives at the minimizer.
Suchaneighbourhoo@danbeasigni cantly smallsubset
of abasin-shapetkgionaroundthe minimizer Evenjust
by considerindlD exampleqe.g.,Figurelin theintenal
[B; C]), onecanseethatthe rst andseconderivatives
of a costfunction canvary greatly throughouta basin.
Thus,our ndings suggesthat connectedangentmajo-
rantsleadto larger regionsof capturethanfor non-MM
derivative-basedalgorithms. This property hasvarious

. Moreover, thelimit pointsof f g areall guaranteed practicalimplicationsthatwe shalldiscuss.

to be stationaryby either Theorem4.1 or Theorem4.3.
Theresultthenfollows from Lemma3.5. 2

Remark 4.5(An error remedied) The  corvergence
analysisin [13] is less generalthan stateddue to an
errorin the proof of Lemmaé in that paper The error
occurswhereit is agued*if r 0 W L, ;1) > 0
then ' > |”. This agumentwould be valid only

if, in additionto whatwasalreadyassumed, ®K(; ")

werea function of a singlevariable. Dueto the analysis
in the presenpaper however, we canclaim thatthe con-
clusionsof [13] areindeedvalid, evenif the aguments
arenot. Thisfollows from Theoremd.4(a)above, which

implies corvergenceunder conditionsno strongerthan

thoseassumedn [13].

5 Region of Local Convergence for
ConnectedTangentMajorants

In the study of minimization algorithms, one often
wishesto know over what surroundingregion of a strict

To proceedwith our analysis,we require a formal
mathematicatle nition of a“basin”. Thefollowing def-
inition describesvhatwe call a generlizedbasin It in-
cludesthekind of regionsthatonetraditionally thinks of
asabasin-shapetkgion asa specialcase.

De nition 5.1 We saythatasetG is agenealized
basin(with respecto theminimizationproblem(1.1))if,
forsome 2 G, thefollowingis neverviolated
~2cl(G)\ cl( nG):

()< (7 (6.1

Moreover, we saythatsucha is well-containedn G.

Thus, a point is well-containedin G if it haslower
costthanary point ~ in the commonboundarycl(G) \
cl( nG) betweerG andits complementThede nition
iswordedsothatcl(G)\ cl( nG) canbeempty Thus,
for example,thewholefeasibleset alwaysconstitutes
a generalizedasin (provided that it containssome ),
becausel() \ cl( n ) isemptyimplyingthat(5.1)
cannever beviolated.
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Remark 5.2 Theregionsdescribedy De nition 5.1are
a bit more generalthan traditional notionsof a capture
basinin a few ways. In particular the de nition re-
quiresneitherthat beunimodalover G, northatG be
path-connectedHowever, it is straightforvard to shov
thatary generalizedasinG musthave the samedimen-
sionas , in the sensehataff(G) = aff() (see[18,
Note A.5]). Thus,for example,if = R?, noline seay-
mentinside canconstitutea generalizedasin.Thisis
consistentvith commonintuition.

Remark 5.3 Any sublevel setG = f 2

is ageneralizedasinsolongas is nottheglobalmini-

mumvalueof over . Moreover, ary globalminimizer
is well-containedn G.

The following propositionlays the foundationfor the
resultsof this section. It assertghat, if the expansion

() 9

wherethe equalityin (5.4) is dueto (5.2). Also, since
9(0)= 26,

2 supf 2[0;1]:g( )2Gg

is well-de ned. Finally, let = g( ).Combiningthe
de nitions of g() and , the continuity of g(), andthe
factthat 2 n G, onecanreadily shav that 2
cl(G)\ cl( nG).

Therefore,from the rightmostinequalityin (5.3), we
have,with == |

()< )=@9C s; o) (5.5)
With (2.2),thisimpliesthat ([g( Jls; ) > ( s; )
contradicting(5.4). 2

Using Proposition5.4, we obtainthe following result
as an immediateconsequence.lt articulatesa capture

point of a connectedangentmajorantis well-contained propertyfor MM sequences.

in a generalizedbasinG, thenary point that decreases

the costvalue of that tangentmajorant(relative to the
expansionpaint)is likewisewell-containedn G.

Proposition5.4 Supposehat (; ) is atangentmajo-
rant that is connectecbn its domainD( ) s and
whoseexpansiorpoint 2 iswell-containedn a gen-
eralizedbasinG. Supposgfurtherthat 2  satis es

s2D(); s~ o
(si) (si )

is likewisewell-containedn G.

(5.2)

Then

Proof It issufcient toshavthat 2 G. Fortakingary
~2 cl(G)\ cl( nG),andthencombining(5.2),(2.2),
andthefactthat iswell-containedn G,

() C)<(7

implying that is alsowell-containedn G. Aiming for
a contradiction,supposghat 2 nG. Since (; )
is connectednD ( ), thereexistsa continuougunction

(5.3)

g:[0; 1]! with g(0) = ;g(1) = ;andsuchthat,
forall 2 (0; 1), onehas
[9( )]s 2 D( );
[9( )]s = o
([9( )ls; ) maxft (s; ) (si)g
= (s ) (5.4)

Theorem5.5(Capture property of MM) Supposé¢hat
f 'gisanMM sequencegeneatedby (2.3)and(2.4). In

addition, supposéahat someiterate " is well-contained
in a generlizedbasinG and that the tangent majorant
sequencé (: i)gi1=n satis es(C1). Thenlikewise '

is well-containedn G for all i > n.

Proof. Theresultfollows from Proposition5.4 andan
obviousinductionargument. 2

Finally, we obtainthe principalresultof this section.

Theorem 5.6 (Regionof Convergence) In addition to
theassumptionsf Theoemb5.5, supposehat the condi-
tionsof eitherTheoem4.1or Theoem4.3 are satis ed.
Supposdurtherthat G is boundedandcl(G) containsa
singlestationarypoint . Thenf 'gcorvemesto

Proof. SinceG is boundedit follows from Theorenb.5
thatthesequencé 'gliesin thecompacsetK = cl(G).
Moreover, all limit pointsof f 'g arestationary asas-
suredby eitherTheorem4.1 or Theorem4.3. The con-
clusionsof thetheorenthenfollow from Lemma3.5(a).
2

As mentioned, Theorem5.6 implies that MM al-
gorithms, basedon connectedangentmajorants,have
wider local regionsof capturethantraditionalderivative-
basedalgorithmsgenerallyhave. Therearea mixture of
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positive andnegative practicalimplicationsto this prop-
erty. Sinceit is commonto usecorvex (andhencecon-
nectedYangenmajorantsit is essentiafor algorithmde-
signersto be awareof theseimplications.

A positive consequencis thatglobalminimizerswill,
asaspecialcaseattracttheiteratesover largerdistances.
Thus, the algorithm may only require a a moderately
goodinitial guesf thesolutionto performwell. A neg-
ative consequenceés that sub-optimallocal minimizers
will alsoattractthe iteratesover larger distances.Thus,
if notevena moderatelygoodinitial guessis available,
thechance®f failure canbe high, dependingnthepre-
ponderancef sub-optimalocal minimain the graphof

A potential application of Theorem5.6 is to non-
cornvex optimizationstrategiesthatdecomposéhe prob-
lem into a sequenc®f local minimizationsteps. These
include a method due to [2] called GraduatedNon-
Convexity (GNC), in which a parametricfamily of ap-
proximationsto the cost function  are locally mini-
mizedat successieincrementof theparameterThese-
guenceof local minimizersaremeantto tracea paramet-
ric curve to the globalminimumof . Anotherexample
is the stratgyy of selectinga meshof initial pointsand
locally minimizing aroundeachpoint so asto probe
for the global minimum. In thesestratgies, MM with
connectedtangentmajorantsseeman appropriatetool
for implementingthe local minimization stepssince,of
course Jocal minimizationtasksbene t from a wide re-
gion of corvergence.

6 Summary

In this paper we have revised the analysisof [13] in
an expandedframenork, introducedalternatve corver-
genceconditions,andprovided original insightsinto the
locally corvergentbehaior of iteration-dependeriiM.
In the courseof doing so, we alsoremediedan errorin
the previous corvergenceproof (seeRemark4.5). The
coreresultsof ourglobalcorvergenceanalysisvereThe-
orems4.1and4.3,which proved asymptoticstationarity
for non-blockalternatingandblock alternatingMM re-
spectvely. Thecoreresultof ourlocal corvergenceanal-
ysiswasPropositions.4, which proved the fundamental
property of MM algorithmsemplging connectedan-
gentmajorantsto becometrappedin basin-like regions

of the costfunction. Ourtreatmentere we believe, pro-
videsenhancednsightinto the behaior of MM, aswell
asa highly broadand e xible framewvork for MM algo-
rithm design. The resultshave beenusefulin verifying
the corvergenceof previously proposedalgorithmsfor
differentPETimagingapplicationd11, 17, 16].

An unresoled theoreticalquestionis whether MM
will corverge in normwhenthe stationarypointsof the
optimization problemare non-isolated. It is rareto be
ableto prove this behaior for iterative optimizational-
gorithmsin general.However, it hasbeenprovenfor the
EM algorithmof SheppandVardi[28], a prominentex-
ampleof MM in the eld of emissiortomograply. Thus,
it is temptingto think thatthis behaior maybeprovable
in wider generalitywithin the classof MM algorithms.
Our preliminarywork on this questionin [18] maybea
startingpointfor futureanalysis.
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