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Abstract—The effectiveness of application-layer coding in a 1 ‘ 1
system with a large number of users is considered. The end use : : :
encode data packets before transmitting them. The effect aiddi- :

tional packets on the system performance is twofold: (i) aditional i C)WD—> m|O — o
gy :

packets increase the offered load, which results in higher rdp ’ @
probability, and (ii) some of dropped packets can be recoverd at - :
the receivers after decoding. The paper establishes an asptotic N N

regime in which systems with and without coding have the same :
performance. The space of all systems is partitioned into ta Sources  Encoders Decoders  Receivers
regions Wh.e!’e coding is beneﬂC'a.l and demmema.l’ respewely. Fig. 1. The source, 1 < i < N, generatesAg\[) (t) packets in the time
Informally, itis argged that appll(;atlon-layer coding mp roves the slot t. When application-layer coding is employed, source-gggedr packets
performance only in systems with low loss probabilities (Wthout  4re encoded into coded packets by individual encoders. @dkets from the
coding), and employing such coding in systems with high 10Ss encoders ofV sources are transmitted to a single link of capaciyf with a
probabilities only degrades the performance. buffer of sizeBY. The packets that are not dropped from the buffer are first
delivered to the decoder of each source and decoded intaitfiead packets.
End users receive the output packets of their own decoders.

|I. INTRODUCTION

The primary reason for losses in packet networks is buffer _ L L
overflow — each link in a network has finite capacity, anfcding. Our asymptotic analysis indicates that applicatio

intermediate routers have limited memories to store packe@Yer coding can be advantageous in under-loaded systams; i

In general, there are two basic approaches to overcome fAY§"-10aded systems, however, the overhead of coding éscee
kind of packet losses: its benefit, and coding only worsens the system performance.

« Retransmission mechanisithe source transmits its dataIn addition, we demonstrate on examples that our asymptotic

packets to the receiver. Packets that have not been f[_lecs__ults render reasonable approximations for systems avith
e e . Inite number of users.
knowledged (explicitly or implicitly) are retransmitted.

. Application-layer coding The source encodes its data The rest of the paper is organized as follows. In the next

packets into coded packets and transmits them instegsqlon' we describe a system modgl and assumptions that
The receiver reconstructs the original data packets ré used throughout the paper. We discuss a relevant scaling

decoding received coded packets gr investigating the effectiveness of coding in Sectioh I

In Section IV we review erasure codes and their performance.

_Application—layer coding aIIows_end users to recover tr@ection V contains the analysis for tlessprobability without
original data packets from the received subset of codedemacl%oding_ Then, we analyze thédrop probability with coding

E.y :eco#ing.d Il—lov(\;evera eanIofying _SUCh codigg res!ﬂts ti)n &hd discuss the coding overhead due to the increased offered
Flg er (r)]. ered load, and, there orle, Increhases r(l)_p Pt '9? load in the following section. In Section VII we explore the
rom this perspective, it is unclear when application- ay?ossprobability with coding and establish the boundary where

coding is advantage_ous; ap_phcatlon-layer codmg _Was,aho\é'ystems with and without coding have the same performance.
to be advantageous in certain cases [1]. Hence, it is ofesterA discussion on the system performance for a systematic
to investigate the effectiveness of such coding. As a fieg,st

dv the effecti ¢ coding in the baseli ({n'nimum-distance-separable (MDS) code is presented in Sec
we s_tu_ y the e _ectlveness of coding 1n the base IN€ MOGEHH viII. Concluding remarks and technical proofs can be
consisting of a single link with a finite buffer. In particula f

und in Section IX and Section X, respectively.
the paper considers a sequence of systems indexed by ﬁ1e P y

number of useraV. We first discuss an appropriate scaling
of the system parameters for investigating the effectisene
of coding, and establish that the critical-load scalingtis t A. Model
relevant one. Under the critical-load scaling, systenizatiion We consider a sequence of systems indexed/bwhereN
and drop probability behave as— ©(1/v'N) and©(v/N), s the number of sources that transmit packets to a link with a
respectively, when the number of use¥sis large. We then finite buffer. LetC™Y and BN denote the link capacity and the
examine the loss probabilities in systems with and withowffer size, respectively. Time slotted operations areirass.
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[2, Sec.1.3]. (see Figure 1). All packets from the encoders are transtnitte

Il. SYSTEM MODEL



to the queue consisting of a single link with a finite buffaneT [1l. SCALING
packets that are not dropped from the queue are first dedivere . . . . .
to the decoder of each source and decoded into the origina‘n this section, we discuss an approp_rlate gcal!ng (as the
packets. End users receive the output packets of their oW mb.er of users mclrea-sesf, — ) for investigating the
decoders. effectiveness of application-layer coding. Recall that age

We examine loss probability as a measure of the systesrhme thato ]?dditional p_a}ckets are generated per each leCk
performance. The loss probability is defined as the Iongj}tetQ length M. The a]\czjdmc_)nal offered Joad d_ue 0 cod_|ng_|s
ratio of the number of lost packets to the total number (Sé?]%n equal tax\N/M wh_|le the spare capacnijof the link is
source-generated packets. A dropped packet is a packet — ANV Thus, we consider the block lengli™ such that

N _ N i i i
is discarded from the queue when the buffer is full, and }V/M ? o(C . /EJNt)h anN - 30 S|n<|:e t:'sd sca{mg b
lost packet is a packet that is not delivered to the end usez ows one to examine both under- and over-ioaded systems by

In a system without coding, every dropped packet is also justing appropriate constants (system parameters}. wex

lost packet since no dropped packets can be recovered. feylew three possible scalm_gs qu and M].VS‘ Let p and
system utilizes coding, however, some of dropped packets [y den_(_)te the Ioss_ probability .W'thOUt coding and the drop
be recovered at the end users, and, therefore, we diffatentPrObab'“ty with coding, respectively.

a lost packet (loss probability) from a dropped packet (drops Under-load scaling CY = |AN + GN| and MY =
probability) in this case. Even though the drop probability —[mA] for 8 > 0 andm > «/f. In this case,p and
increases due to the additional offered load attributed to Pp are asymptotically given b@(e~?") andO(e~? V),
coding, the loss probability can decrease by means of coding respectively, asV. — oo, for some positive constants

if enough dropped packets are recovered. and¢’ (0" < 0) (e.g., see [5, Ch.12]). Despite the fact
that drop probability increases due to coding, the expected

number of dropped packets in a block is close to zero for
large N. If at least one coded packet is added per block
(o > 1), we can recover most of the dropped packets.
Therefore, coding improves the system performance in
this case as suggested in [1].

Over-load scalingC" = [AN + 3| and MY = [mAN |

for 5 > 0 and m > «/B. Due to the central limit
theorem (CLT), botlp andpp are asymptotically given
by ©(1/V/N), asN — oo. In this case, the expected
number of dropped packets in a blocka$\/N) since the
block length is©(N). However, the maximum number
of dropped packets that can be recovered in a block is
only a = ©(1). For largeN, hence, the possibility of
recovering dropped packets is very small. Hence, in this
scaling, coding worsens the system performance.

B. Coding scheme

The queue, in which some packets are dropped when the
buffer is full, can be thought of as an erasure channel, e.g.,
see [3], [4]. Two main features of our model are as follows:

o Systematic linear block cod&Ve assume that a linear
block code is used to generate additionaloded packets
from MY data packets in each coding block of the
sources. These additionalpackets are transmitted in the
same time slot as the last data packet of the Boek
does not vary withV. Note that this coding scheme can
easily be implemented. In addition, systematic codes have
good delay properties since data packets are transmitted
without delay and decoding delay is positive only in the
presence of packet drops.

Non-priority queuelt is assumed that all packets have the
same priority in the queue and that they are served on the
first-come, first-serve basis. Although giving priority to

data packets can improve the performance of a system, we

Critical-load scaling CN = [AN + gv/N| and MY =

|mAV/N|. Under this scaling, botlp and pp behave
as ©(1/v/N) in the limit as N — oo (e.g., see [6,
Ch. 10]). Since the block length 8(v/N), the expected

consider a system without priority since such a system is
straightforward to implement and users have no incentive
to mislabel their packets intentionally (cheat).

Let HY(t), 1 < i < N, t > 1, denote the number of
packet arrivals from the encoder of the souice the time
slot t. The arrival proces§ HY (t),t > 1} can be described

Q) the critical points where systems with and without coding
by a Markov chain{(X (), Y, (t)),t > 1} whereX[Y (t) = have the same performance.

Ly o) > 0}, andY N (¢) € {0,1,..., MY —1} is the number | the following sections, we demonstrate that tréical-

of data packets in the present coding block that arrivedreefq,aq scaling is the relevant scaling as far as the effectiveness
the time slott. Since the Markov chain is aperiodic, finite angys coding is concerned. Under the critical-load scaling th
ireducible, it has an unique stationary distributiof, y),  following scaled system parameters are useful in obtaining
v €{0,1}, y €{0,1,..., M~ — 1}, given by the drop and loss probabilities:

(1—N)/MV,
A/MY,

number of dropped packets in a block@g1), i.e., the
numbers of dropped and additional packets are of the
same order. Therefore, in this case, the effectiveness of
coding depends oa andm for given system parameters

G (capacity) and (buffer size), and it is feasible to find

z=0,

CN = (CN = AN)/VN = 3,
BN = BN/\/N—> b,

1)

W(I,y)— r=1

2This assumption is not crucial and does not impact the natieair main
results. Other schemes are possible, e.g., additionakfsackn be transmitted
in consecutive time slots.

SAlthough other scalings are possible, these three covemtiia tradeoffs
between efficiency and quality.



asN — oo. The scaling for the buffer siz8" stems fron ° ,
the fact that ifBY = o(o?), asN — oo, wheres” denote o .
the standard deviation of the total arrival process, thes 8 S ]
performance of the system is asymptotically equal to the nl ot |
with BY = 0 (as N — oo); on the other hand, iBY = .
w(o), as N — oo, then the system behaves asymptotic . ¢f 0 ]
as the one withlB" = oo (asN — oo). Hence, for evaluatir % 5 e o ,
the effect of the buffer size on the system performance = .
relevant buffer size should satisfy’¥ = ©(c"), asN — <. il I |
For the considered model, we hawé = ©(v/N), asN — 3 o 1
0, and, thus, we leBY = [b\/N| for b > 0. al T ]
IV. ERASURE CODES ot
In this section, we review erasure codes and their pe % 1 ¢ 3 4 5 6 7 8 s 10 1 1

mance. The relevance of such codes is due to the fact th D

finite-buffer queue can be thought of as an erasure channg, 2. The conditional expectation of the number of lostkets [L| D]
e.g., see [3], [4]. We considén/ + «, M) linear block codes given the value of the number of dropped packBtsn a block for the ideal
— M data packets are used to generife+ o packets to be block code(o), a systematic MDS codés) and partial coding withp = 0.5

- - (x) whenM = 10 anda = 2. In this example, it is assumed that all packet
transmitted. Letv = [v; v2 --- vp] be the data packets ingrops are independent with the same drop probability.
a single coding block, and let = [u; w2 -+ ur+a] be the
output packets encoded from these data packets. The output
packets are generated from the data packets according tottren allM data packets can be reconstructed from (2). On the
following rule: other hand, ifD; + D. > «, then no dropped data packets

u=vG, (2) can be recovered from (2) and only — D, data packets are

, , . obtained. Therefore, letting be the number of lost packets
whereG is a generator matrix that depends on a specific Coqﬁter decoding leads to

All arithmetic is overGF(q) for some positive integer (e.g.,
see [7, Ch.5]). Next we examine various erasure codes. L=D4q 1{p;4D.>a} (4)

A. Ideal block code C. Partial coding

Let D denote the number of dropped packets among theSuppose that a systematic MDS code is applied to gnly
M +a output packets from a single block, and Ietienote the fraction of data packets in a block. That j,M/ | data packets
number of lost packets in the same block, ilegriginal data are used to generat@M | + « output packets, and remaining
packets can not be reconstructed after decoding. We define # — [ p)M | data packets are transmitted without any encoding.

ideal block codes a code that satisfies the following propertyin this case, only the dropped packets from th&action of
N the block can potentially be recovered. Lie§ and D, denote
L=(D-a)" =D—-(DAa) () the numbers of dropped packets amdnpd/ | data packets

Note that if D output packets are dropped, then a decod#y the coding part and/ — |p)M | data packets in the non-

can recover onlyM + « — D linear equations in (2) from the coding part, respectively. Moreover, [BX. denote the number

remaining output packets. Frodf + « — D linear equations, Of dropped packets among additionalcoded packets in the

at mostM + (o — D)~ data packets can be decoded correctlgoding part. Settind. to be the number of lost packets after
Therefore, the ideal block code, if it exists, achieves thstb decoding yields

performance among all linear block codes. L=Da+Di-1p, p ) =Di—Da 1ip,ip <oy (5)

B. Systematic MDS code where Dy = Dy + Dq.

A linear block code with minimum distancé can recover )
all of the original data packets in a block when the number & Comparison
dropped packets in the block is less thanf a (M + «, M) In Figure 2, we illustrate the difference between theseethre
linear block code has minimum distande= « + 1, we call coding schemes on an example. In particular, we compare the
such codes as MDS codes; these MDS codes achieve equaldygditional expectation of the number of lost packets given
in the Singleton bound (e.g., see [7, Ch. 15]). Reed-Solomwalue of the number of dropped packets in a block for the ideal
codes belong to the class of MDS codes. When a codebieck code, a systematic MDS code and partial coding with
systematic, the output packets from a block confdirriginal p = 0.5. The block length)M and the number of additional
data packets and additionalcoded packets, i.eu;, = v; for coded packets: are set to ba 0 and?2, respectively. Just for
i =1,2,..., M. Given a block, letD; and D. denote the this example, all packet drops are assumed to be independent
numbers of dropped packets among thedata packets and with the same drop probability. As expected, the ideal block
the additionakx coded packets, respectively.lf; + D. < «, code has the smallest expected value of the number of lost



packets for a given value of the number of dropped packefiite, if the number of packets generated by users exceeds th
When a systematic MDS code is employed, all dropped datapacity, some packets should either be stored in the bifffer
packets can be recovered if the number of dropped packptssible, or be dropped from the queue. In a system without
is at mosta (o = 2 in this example); otherwise, no droppecdtoding, every dropped packet is also a lost packet; thusjsn t
data packets can be recovered. When partial coding is usease, the loss probability is equal to the drop probabhifg.
even though the number of dropped packets is greaterdharfirst study queue occupancy, i.e., the number of packetedtor
the dropped data packets that belong to the coding part darthe buffer, and, then, use it to analyze the loss proligbili
be recovered if the number of dropped packets in the codiimgthe following subsection.

part is at mosty; in this case, thus, partial coding has better

performance than pure bIock_ coding. On the other hand_, if ttgg Queue occupancy

number of dropped packets is not greater tharthen partial N _ )

coding underperforms pure block coding since the droppedRecall thatAg(t), 1 < ¢ < N, ¢ > 1, is the number

data packets in the non-coding part can not be recovered. opracket arrivals in the time slat from the sourcei. Let
AN(¢), t > 1, denote the number of packets generated from

E. Coding with overlapping blocks all N sources in the time slat

In this subsection, we examine one particular scheme that AN (1) = XN:AN (t).
utilizes overlapping blocks. Suppose that each half of alblo — @

overlaps with either one of its adjacent blocks and A2 N i ,

additional packets are generated from each block of length® dueue occupanc®™(t), t > 0, is defined to be the
M; M and a are assumed to be even for simplicity. Notguml_)er of packets that remain in the buffe_zr at_the en_d of
that the number of additional packets per block is halved fd€ time slott. The packets that are transmitted in the time

fair comparison to the scheme with non-overlapping bIocI%Ott include the packets that were in the buffer at the end of
since the number of blocks is doubled. Lpt;,i € Z} be the previous time slot as well as newly arrived packets in the

the sequence of data packets from a source. fithecoding time slott. Recall that the link is capable of transmittigg"
block v, n € Z, is given byv,, = [V Vni1], wherev, = packets in one time slot and that at md@st packets can be
ns 1 n — n n L] n —

[O(n—1)M/241 V(n—1)0/242 --- Unazs2)- The output packets stored in the buffer. Therefore, the queue occupancy ssisfi

u,,, which are generated from,, include the data packets inthe following well-known equation:

v, and gd(jlt|onabz/2 coded packets. Observe that the data QN = QN —1)+ AN@) —CcMyP ABN.  (6)

packets inv,, are used to generate two sets @f2 coded _

packets. It is assumed that a systematic MDS code is used'ti¢ random variabl&™ (t), t > 1, depends orQ™ (¢ — 1)

encode each block, and each block is decoded independerdfil A™ (). Since the random variable$™ (1), t = 1,2,...,

i.e., no dropped data packets are recovered if the numberaé® i.i.d., the processQ™ (t),¢ > 0} is a Markov chain with

dropped packets in a block is greater thaf2. state spac€0,1,..., BN} and transition probabilitiestj\-’,
Let D7} denote the number of dropped packetsvin and 0 <4,j < BN, given by

let DQ denote the number of dropped packets among the P [AN <ON 4 _z,]’ j=0,

additionala/2 coded packets that are generated from In N N N , N

addition, letL™ denote the number of lost packetsvip after Py =qP[AN=CN+j—i], 1<;<BY -1, (7)

decoding. The following lemma characterizes the number of P[AN >CN +j—i], j=BY,

lost packets n one half of a block when the scheme WIU\]/here AN is equal in distribution toAN (¢). This Markov
overlapping blocks is employed.

chain is aperiodic, finite and irreducible, and, therefdte,
Lemma 1. Suppose that the system is in stationarity. fias an unique stationary distributior’ (i), 0 < i < BV.
{Ds,n € Z} and {D?,n € Z} are two independent i.i.d. Assuming that all processes are in their stationary regimes

sequences, then we have
E[L"|D? = k] = k(1 — £(k))?, (i) = P[QY(t) =] . (8)
whereg(0) = 1, £(k) = 0, k > a/2, and£(k), 1 < k < a/2, Next we consider the scaled queue occupa@é’;{t), t >0,
satisfies the following equation: defined as . N
: . QN(t) = QN (t)/VN.
§(k) =P[Dy + D¢ < a/2— k|
)2 Note that (6) can be rewritten in the following form:
+> E@Pla/2 —k—i < D <a/2— KP[Dy =], ON(t) = (QN(t — 1) + AN (1) — CN)* A B,
=1 ~
Proof: See Subsection X-A. m WhereAN(t) = (AN(t) - AN)/V/N. Letting F,v denote the
distribution function onN(t), it follows that (see (8))

V. LOSS PROBABILITY WITHOUT CODING el LoV

BN
This sgctlon dlscus_ses the I(_)ss probablhty_due to puffer FQN(:C) - Z WN(j) - ZFN(Z') Z Piz}/’ 9)
overflow in a system without coding. Since the link capagty i =0 =0 i=0
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Fig. 3. The distribution functlotFQ of the stationary scaled queue OCCUPaNnCyjg 4. The scaled loss probability without codipd’ = Av/NpY in the

QN(@#) = QN (t)/VN in the lmit asN — oo (see (12)) forA = 0.5, limit as N — oo (see (16)) forA = 0.5 andb € {0,0.5,1}. Simulation

b =05 and B € {0.1,0.3,0.5}. Simulation results forN = 100 and results forN = 100 andb = 0 (x), b = 0.5 () andb = 1 (o) are also
B8=01(x),8=03 (o) and3 = 0.5 (o) are also shown. shown.

and 7 (i) can be represented by packet since no dropped packets can be recovered. Therefore

we have

TN (i) = Fan (i/VN) = Fon (i = 1)/VN).  (10)
L) = (QV(t— 1)+ AN@) —cN — BNyt (13)

Furthermore, (7) implies
_ The loss probabilityy”™ is defined to be the long-term ratio
I\/i N A T —1 A .
LZJ pN _ {P [AN -CN < % , 0<z< BN, of the number of lost packets to the total number of arrivals
L,

= BV, from IV sources, i.e.,
~ (11) LN
where AN = (AN — AN)/V/N. It can be shown that the pN = Jim Zt 1 N()
distribution of the random variabl®” (¢) converges to the Zt 1 AN ()

distribution of a random variabl@, as N — oc. That is, if Given that the system is in stationarity and it is ergog,

FQ is the distribution function OQ thenFQ ( ) — FA ( ), can equ|va|ent|y be represented by
asN — oo, forx # 0 andx # b (e.g., see [8, Sec.25]).

Observe that the distribution of" in (11) tends to the normal pN = E[LY (1)) /E[AN (). (14)
distribution with zero mean and variang¢l — \), asN —
o (due to the CLT). MoreoverN — g and BN — b, as
N — co. Therefore, from (9), (10) and (11), the distribution pN =E QN + AN — Y — BY)T/AN, (15)
function Fy satisfies the following integral equation:

The preceding equality and (13) yield

where AN is equal in distribution toAY (t), and QV has
0, x <0, the stationary distribution of)™ (¢); the random variables
Q" and AN are independent. As discussed in Section llI,

A = O_35 2(x—y)dF A < b o " .
FQ(x) f[ovbJ g2 (@ =) Q(y)’ Osw<b (12) the loss probability under the critical-load scaling bedsas
L x=b, ©(1/v'N), asN — oo, and, thus, we define the scaled loss
where®_, > denotes the normal distribution function withProbability 5 by
i 2 _ ~ ~ ~ ~
mean—@ and variances® = A(1 — A). Note thatF}, has N = WNpY =E(QN + AN — N — V)T,

discontinuities att = 0 andx = b.
Figure 3 shows the distribution functions 6f for A = whereAN = (AN —\N)/v/N andQ" = Q~ //N. Further-

0.5, b= 0.5 and 38 € {0.1,0.3,0.5}, which are numerically more, the limiting (asN — oo) scaled loss probability is

computed from (12). For a fixed value of 0 < z < b, the defined by

value of 5 (x) increases ag increases since larggrimplies . P

a larger cgéat):ity. In addition, this figure includes thereated pP= ]\}E)noop EQ+A=p-b", (16)

values of iy (z) (by simulation) for N = 100, BN =5

(b=0.5) andC™N € {51,53,55} (3 € {0.1,0.3,0.5}). where AN = A, QV = Q, asN — oo, and the random

variablesA andQ are independent.

N Figure 4 show% as a function ofs for A = 0.5 andb €

B. Loss probability {0,0.5,1}. As expected, the loss probability decreases when
Let LN (t), t > 1, denote the number of lost packets in the (capacity) orb (buffer size) increase. Moreover, this figure

time slott. Without coding, a dropped packet is also a loshcludes estimated values 6t (by simulation) forV = 100



andB" € {0,5,10} (b € {0,0.5,1}). This example illustrate 10
the applicability of our asymptotic analysis to systemshval
finite number of users.

The loss probability can be approximated for large va

of |3|. To this end, we havg ~ E (A — 8 —b)* for 8> 0 N~
since the buffer is likely to be empty when the link capar ///,
is larger than the offered load. In this case, it follows thar £ ok " |
A e 04 % /// : \
b [ B D@ = (3 4D)
(17) 100 F // ///”\ 4
whereg, 2 is the probability density function of the norm 7/ = \); )
distribution with zero mean and variane€ = \(1 — \); J
the approximation follows fron{z=! — 273)pg 1 (z) < 1 — W<
Po1(z) < 7 p01(z) (e.g., see [9, p.175]). On the ott o 02 04 06 08 1 12 1a 1is 18 2

a/m

hand, if 8 <« 0, then the buffer is likely to be full since tt
offered load is greater than the link capacity. Thus, in thgrg. 5

> The coding overhead (ao/m) = pp/p (see (22)) forx = 0.5:
case, we obtain

solid lines forb = 0.5 and 8 € {0,0.5,1}, and dashed lines fo = 0.5
. andb € {0, 1}.
peE(A-p)" ~ -3 (18)

In such an over-loaded system, all extra arrivals, which e¥; 4rivals from the encoders. Then, analogously to (15), we
ceeds the capacity, are likely to be dropped from the queyg,e

since the buffer is full with high probability.
pp =E@QF + HY — O — BN)*/XTN,

VI. DROP PROBABILITY WITH CODING where H" is equal in distribution ta4 ™ (¢), andQY has the

In this section, we examine thdrop probability when stationary distribution of the queue occupancy when coding
coding is employed. When a system utilizes coding, tised. When coding is employed, original arrival processes a
offered load is increased by additional coded packets, afdfered by additional coded packets as stated in Section II.
consequently, more packets are likely to be dropped from thBUS, the queue occupancy is also affected by the coding
buffer, compared to a system without coding. Note that #Fheme. Under the critical-load scaling, the drop proigbil
this case, thedrop probability should be differentiated fromiS ©(1/VN), asN — oc. Therefore, we consider the scaled
the loss probability since some of the dropped packets can BEOP probabilityp; defined by
recovered from the received subset of packets by decodiag. W.n _ AN
discuss thdoss probability under coding in the next section. Pp Pp

Recall thatH Y (t), 1 <i < N, t > 1, denotes the number

A . N . .
o = SE@Y + HY + (A —=\VN - ¢V — BM)*,
of packet arrivals from the encoder of the sourte the buffer A
in the time slott. Assuming that the system is in stationarityyhere 7N — (HN — A\VN)/v/N and ON = QN /V/N; note

(1) implies that (\Y — \)v/N — a/m, as N — oo. Next we defingip
1-\ h=0 as the limiting (asV — oo) scaled drop probability:
PHE(t) =h] = A= /MN, h=1, (19 pp= lim pF=E(Q.+H+a/m-5-b", (21)
A/MN, h=1+aq,

where HY = H, QY = Q., asN — oo, and the random

for1 <i < N, t>1. The meanm\)¥ and the varianc¢o? )?
of H(JX (t) are respectively given by

MV =X+ ax/ MV, (20)
(M2 =XV (1 =AY +a(l + )N/ MY,

note that\Y — X and ()% — A(1 — \), asN — cc. Let

HN(t), t > 1, denote the total number of packets sent from Clafm) = P

the encoders ofV sources to the buffer in the time slat

N
HN(t) =Y " HJ(#).
i=1

variablesH and (., are independent. It can be shown ttiat
has the normal distribution with zero mean and variakide-
A) (due to the CLT) and that the distribution &f, satisfies
(12) with g replaced by3 — a/m (e.g., see [8, Sec. 25]).
We define the coding overheddas a function ofv/m:

bp _ E(Q.+H+a/m—p3—0b)t
EQ+A-p—-b*+
In Figure 5, the solid lines sho@«/m) for A = 0.5, b= 0.5
and 3 € {0,0.5,1}. The dashed lines are for = 0.5, 8 =

0.5 andb € {0,1}. Since the additional offered load due to
coding increases as/m increases is an increasing function

(22)

The drop probabilityp® is defined to be the long-termof o/m. The figure also illustrates that, for a fixed value of
ratio of the number of dropped packets to the total numbeym, the value of¢ increases wheg (capacity) orb (buffer



size) increase. Note thaty is exactly equal tgp when g is P -

replaced by5 — «/m in (16). As seen in Figure 4, the larc o o
the /3 is, the faster the) decreases a8 increases. Thus) il R
decreases faster thai, when 8 increases. Approximatiot e o

given in (17) and (18) also support this observation. Nan 2r © o ]
for «/m > 3, pp decreases linearly whes increases whili o °

p decreases exponentially; when'm < 3, bothp andpp E 4 . o ]
decrease exponentially, bptdecreases faster tham due to N . o

a/m term. Similar reasoning can be applied to the casé. . o* *

Since decoding is performed on a per-block basis, the . * *
probability depends not only on the drop probabilities & 7 +
individual packets but also on the distribution of the numife o5t e T
dropped packets in a block. Thus, in order to evaluate the ;X p o <p
probability, one needs to consider the behavior of the p 0 ‘ 5 o T s 2
drops in a block. The following theorem characterizes B

number of dropped packets in a block in the limits— oc.

Fig. 6. The boundary whergl = p™, as N — oo, for the ideal block

Theorem 1. Suppose that the system is in stationarity, an@((ijE(O)t,_ éT SVZFemati_meDSOC;d(eO))' Codingg\git? (;verlzppingob;%%kiﬂg

. s . N and partial coding withp = 0.9 (x), p = 0. +) andp = 0. *
consider the critical-load anllng. Leb) bg the number of when A — 0.5, b = 0.5 andm = 10. Note thata/m € {0.1,0.2,...}
dropped packets amond/" data packets in a block. Then,sincea ¢ N.

in the limit asN — oo, DY is Poisson:

(mpp)* _ss additional coded packets for each block is ald¢l), the
Ko ’ dropped packets can be recovered in some cases, as intended

as N — oo, wherepp is the limiting scaled drop probability By means of coding. This result verifies the relevance of the

that satisfies(21). Furthermore, if DY is the number of considered critical-load scaling to the study of the effest

dropped packets among additionakcoded packets in a block, Ness of application-layer coding.

then, asN — oo,

P [DY =k] —

N VIIl. L OSS PROBABILITY WITH CODING
P [DY =0] — 1. Here, we consider the loss probability with coding for
Proof: See Subsection X-B. m erasure codes discussed in Section IV. The loss probapjlity
Informally, the theorem can be interpreted as follows. Coif defined as the long-term ratio of lost packets after dewpdi
sider a single block, and suppose that the packets in thikbldo the total number of data packets. gt denote the number
are dropped independently with drop probability equap¥p ~ Of lost packets among/™ = [mAv/N] data packets in a
Then, the number of dropped packets in the block of lenggock. Then, analogously to (14), we have
MY = |mAV/N| follows the binomial distribution: N =ELY MV

P[DY = k] = (LmA;/NJ) (pN)k (1- pg)tmﬁl—k_ The scaled loss probabilit) is given by

D
~N N N N

It is straightforward to verify that this binomial distritian Py = WNpf =EL /m",
tends to the Poisson distribution with meapp, in the limit wherem” = |mAv/N|/AV/N, and the limiting (asV — oc)
as N — oo. However, packet drops are not independent #caled loss probability;, is defined by
a system with finiteV. The drop probability of a packet in
a fixed time slott depends on the total number of arrivals
from the encoders ofV sources in the time slat and the
gueue occupancy at the end of the time glet1. Since both
the total arrival process and the queue occupancy have 'tA‘h'eIdeaI block code
Markov property, as discussed in Section II, packet dropgha From (3), the scaled loss probabilify’ for the ideal block
dependency across time. However, Theorem 1 shows that @9éle satisfies
effec_t c_)f this time depe_ndency becomes negligibl_y_ small in Y =E(DY + DY —a)t/m”,
the limit as N — oo. Given that the drop probability in a
fixed time slot¢ is ©(1/v/N), the possibility that a packet where the limiting distributions oD} and DY are given in
is dropped shortly after another packet is dropped from tAd@eorem 1. LettingV — oo renders an expression for the
same block diminishes a& — oo. That is, when a packet limiting scaled loss probability;,:
is dropped, we can assure, with high probability, that ehoug L i
time has elapsed for the system to enter its stationary eegim pr=E(D=a)"/m, (23)

Finally, Theorem 1 also indicates that the number afhere the random variable has the Poisson distribution with
dropped packets in a block i®(1). Since the number of meanmpp.

pu= Jim pi = Jim ELY



E Figure 7 show$,, as a function of3 for a systematic MDS
code when\ = 0.5, b = 0, m = 10 and« € {1,2,5,10}.
4 Note that, just for this example, we use the variafeg )?
for N =900 (see (20)) instead of the limiting valug1 — )\)
when we computép, which determineg. Since the loss
probability is sensitive to the variances of arrival praess
this adjustment is needed to make our asymptotic result to be
applicable for finiteN. The figure also shows the estimated
values ofp¥ (by simulation) forN = 900, M~ = 150 (m =
10) and o € {1,2,5,10}. One can observe that simulation
results agree with analytical results well in this exampier
an over-loaded systenB (< 0), p;, increases as& increases
because the number of dropped packets in a block is likely
05 1 15 2 to be beyond the number that can be recovered. Therefore,
B in this case, additional packets behave just as overhead. On
Fig. 7. The scaled loss probability with codind’ = Av/NpY in the the other hand_’ if a SYStem IS unqer_loadﬁdﬁé O)’. thenp,, .
limit as N — oo (see (24)) for a systematic MDS code whan= 0.5, decreases at first as increases since the benefit of coding
i bR N 2 o0 e o e o g e o6 fs overhead in this case. For some valua, oy
/\(Jl ). Simulation results fotV — 906 cnd o — 1 (x), o = 29(+)’ is minimized, i.e., the coEzllng benefit is maximized.dlfis
a =5 (e) anda = 10 (o) are also shown. The dotted line is for the scaledNCreased further, howevet;, starts increasing, and coding is
loss probability without coding. not beneficial anymore. The dotted line represents theitimit
scaled loss probability without coding (see (16)). One can
_ find a point whergj;, = p for each value ofv/m. These points
By using (16), (21) and (23), one can compare the I07?:?5rrespond to the boundary where schemes with and without

probabilities with and without coding for a given set o oding have the same performance (shown in Figure 6).
parameters3,b,«,m). In Figure 6, we show the boundary

wherep;, = p for the ideal block code whekh = 0.5, b = 0.5

andm = 10. Note that the boundary partitions the parametet. partial coding
space(3, a/m) into two regions: the upper left region where _ ) )
pr > p (no coding is preferable) and the lower right region The scaled loss probabiliy) for the partial coding scheme
wherepr, < p (coding is preferable). The ideal block codéan be computed from (5):

has the largest region where coding is advantageous among N E[DN _ PN }/mN

all linear block codes since it achieves the best performanc br = d d " H{Dg'+Dy <a} ’

among su_ch codes. It is interesting to observe thgt emmoy'vr\]/here Dé\, denotes the number of dropped packets among
even the ideal block code can be counter-productive for so

e N . . e
set of system parameters. In particular, consider an @aatdd TpM | data pa(;kets in the coding p?]r:g of a block. Sl_mllarly
N . . to Theorem 1, it can be shown th&, tends to Poisson
system AN > C* or, equivalently,3 < 0). In this case, the

expected number of dropped packets in a single bbhok to with m‘?‘f"”ﬁmf?f" gsN — 0. Then, the limiting scaled loss
coding overheads (pp — p) - MY ~ o. However, the number probability .. is given by

of dropped packets in a block is not a constant; this leads to
a situation where more tham packets are dropped in some

blocks and fewer tham packets are dropped in the othersypere the random variable has the Poisson distribution with
In such a case, coding is not efficient in recovering droppgge

pr=pp —E[D-15.,]/m,

anpmpp.
packets. Figure 6 includes the boundary whefg = p for partial
) coding with p € {0.9,0.99,0.999} when A = 0.5, b = 0.5
B. Systematic MDS code andm = 10. Note that the partial coding scheme wijth= 1
We can obtain the scaled loss probabifity for a system- is identical to the scheme with pure block coding. As seen in
atic MDS code from (4): the figure, the region where coding is advantageous expands

N _ E[DN RPN }/mN asp in_c_reases. Recall that the partial coding scheme_ might be
Pr d "Dy + DI >a} ' beneficial only when the number of dropped packets in a block
Then, due to Theorem 1, the limiting scaled loss probabilitg greater than the number of additional packets in the block
pr is given by (see Section IV). In the region where coding is advantageous

. however, the drop probability is so small that the number of

pr=E[D - Lpsay]/m, (24) dropped packets is not likely to be greater than the number
where the random variable has the Poisson distribution withof additional packets in a block. One can observe that partia
meanmpp. We refer the reader to Section VIl for a furthercoding is getting worse g3 (capacity) increases. This result is
discussion on application-layer coding with a systematiag9 consistent with the previous observation since lafgeesults
code. in smaller drop probability.
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pL>p pr >p

051

Pr <P

SR

Fig. 8. The boundary whergY = p™, asN — oo, for a systematic MDS Fig. 9. The boundary whergl = p~, asN — oo, for a systematic MDS
code when\ = 0.5 andb = 0.5: solid lines fora: € {2,10, 50}, and dotted code when\ = 0.5, m = 10 andb € {0,0.5,1, 2}.
lines form = 2 (e), m =10 (o) andm = 50 (-).

2 dropped packets can be recovered in one half of a block

D. Coding with overlapping blocks provided that no packets are dropped in the other half. Note
By combining Lemma 1 and Theorem 1, it can be showthat largerm (and largera for fixed oo/m) implies a longer

that the limiting scaled loss probability® for the scheme block. Hence, the region where coding is advantageous to no

with overlapping blocks satisfies coding increases as (and« for fixed a/m) increases. Note
. . . that this reasoning applies to a large class of block codes.
pr =2E [D(l —&(D)) }/m’ Figure 9 shows the boundary wheig = p for a systematic

where the random variab® has the Poisson distribution withMDS code whem = 0.5, m = 10 andb € {0,0.5,1, 2}; Re-

meanmjp /2, and£(0) = 1, £(k) = 0, k > /2, and€(k) call that Figure 5 indicates that the coding overhéad pp /p

1<k<a/? 'satisfies the f’ollowing e,quation: ' " increases a$ (buffer size) increases. Thus, largeresults
- ' in a smaller region where coding outperforms no coding. It

. /2 _ . ' is interesting to observe that the critical valuescgfm for
§k)=PD<a/2—k+ Y  EOHPD=il; different values ofb converge as3 (capacity) increases. In
i=a/2—k+1 particular, the boundary tends ¢¢'m =  asf increases. As

recall that we only consider even valuescofor simplicity. ~ |0ng as the system is under-loaded/(mf3) < 1), for large

In Figure 6, we plot the boundary whef, = p for S (and, hence, largg — a/m for a fixed ratio Ofa_/_(mﬁ)),
coding with overlapping blocks. As seen in the figure, th@€ buffer is likely to be empty with high probability; when
described coding scheme with overlapping blocks underp&€ system is over-lo_aded((r_nﬁ)_ > 1), however, the buffer
forms compared to the one with non-overlapping blocks as frlikely to be full. This behavior is not significantly impic
as probability of loss is concerned. This stems from the faY the buffer size). Thus, (for3 > 0) the value ofb only has
that the non-overlapping scheme can recover up thopped @ secondary effect on the loss probability, and, thereftwes
packets per block, while the overlapping version is capable N0t perform a significant role in determining the boundary.
recovering onlya/2 dropped packets per half block. It should N Figure 10, we plot the boundary where a buffer-less

be noted, however, that the overlapping scheme might resgitem with coding (using a systematic MDS code) and a
in shorter decoding delays. system with a buffer but no coding have the same performance,

i.e., min, pz, for b =0 andp for b > 0 are equal, foh = 0.5
andm € {10,20,50}. Similarly to Figure 8, this figure also
illustrates that largem (block length) results in a larger region

In this section, we discuss the performance of applicatiofjhere coding is advantageous. Moreover, the figure indicate
layer coding with a systematic MDS code. Figure 8 shows th&at the boundary tends to= 0 (the dashed line) in the limit
boundary where;, = p for a systematic MDS code whengs;;, — oo, Informally, from (24), we can derive
A =05 b= 05 m e {2,10,50} anda € {2,10,50}. -
If we increase the length of a block while increasing the L s (mpp)* —mpp

" ; PL =Pp —0 e .

number of additional packets as well, then the asymptotic =
drop probability does not change, but the number of possihle . . L
packet drop patterns that can be recovered in a block inesea n the "”?'t asm — oo, the PO'SASOH dlstr|b_ut|0n teinds to the
For example, suppose that— 1 and 1 dropped packet can normal distribution with meampp and variancenpp:
be recovered in a block. If we double the length of a block . . o —mpp
and generat@ coded packets per double-length block, then PL=Pp (1 ~ o1 ( Vmpp )) ;

VIII. DISCUSSION
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priority in order to improve its performance (implementing
priority requires an extra level of system complexity). yss
tems with priority, data packets have priority over additib
coded packets in the queue, and, thus, coded packets do not
impact the drops of data packets. Therefore, in this case,
coding does not harm the system performance, and one can
generate, ideally, as many coded packets as needed to enhanc
the performance. Letw? (¢), t > 1, denote the number of
receivedcoded packets in the time sloby all N users. In the
ideal setup (assuming that every user generates a largglenou
number of coded packets to fill up the spare capacity in every
time slot), we havéV ™ (t) = (CN — AN (t)—-QN (t—1))¥; for
simplicity, it is assumed that coded packets are not butfere
Since there areN receivers in the system, theeceiving
rate of coded packets per receiver), is then given by
pl, = E(CYN — AN — QN)*/N. From this expression, we
Fig. 10. ~The boundary where a buffer-less system with codiring a can derive thecritical-load scalingfor systems with priority
systematic MDS code) and a system with a buffer but no coden hihe . - . S
same performance, i.axing pY for b= 0 andp" for b > 0 are equal, as that is similar to the one for systems with non-priority (see
N — oo, for A = 0.5 andm € {10, 20, 50}. The figure also shows that the Section Ill). Namely, the link capacity and the buffer size a
boundary tends t@ = 0 (the dashed line) in the limit as. — oco. given by N — AN + ﬁ\/NJ and BN = Lb\/NJ, respec-
tively. Under this scaling, the drop probability of data kets
and the receiving rate of coded packets are oth/v/N),
as N — oo. Given a block of lengthV/™V = |mAN|, the

0, a/m > pp, expected numbers of dropped data packets and received coded
pr~<{pp/2, a/m=7pp, packets are of the same order (i.€(1)), and, therefore,
it is feasible to find the boundary that partitions the system
parameter space into two regions where employing coding is
Now, for an under-loaded systen¥  0), there exists some significantly and marginally beneficial.
« that satisfiesy/m > pp for largem. Thus, it is possible to
reducepy, to an arbitrary small value by increasimg (block X. PROOFS
length). On the other hand, for an over-loaded systér 0), A. Proof of Lemma 1
we havepp ~ a/m — > «/m from (18). In this case,
PL ~ pp ~ a/m — [ > — > 0 can not be made arbitrarily
close to zero even ifn is increased indefinitely.

3.5

15

this, in turn, implies (for large values of)

Pp, a/m < pp.

Utilizing a systematic MDS code, we have eitHdr™ = 0}
or {L™ = k} on the even{ D = k}. Therefore, it follows
that

IX. CONCLUDING REMARKS E[L"| D} = k] = k(1 = P[L™ = 0|D% = k]).  (25)

In this paper, we investigated the effectiveness of applita Recall that the data packetsin, are included in bottv,, and
-layer coding for systems with a large number of users. Th&q- Assuming that at least one packet fram is dropped,
system consists of a single link with a finite buffer, andefine two events? = {v, is recovered by decoding, }

the loss probability was considered as the measure of $gy cn — (v, is recovered by decoding,_;}. For k > 0,
system performance. We first showed that the critical-loggk have

scaling is the relevant scaling to explore the effectivenefs . . o onl
coding. Next we examined the asymptotic behavior of the PIL" =0|D = k] = P[fgl UE DG = k] .
loss probabilities with and without coding, and establishe =1-(1-P[el'|Dg = k)1 —P[EF|Dg = k]),

the boundary that partitions the system parameter spaoce ijhere the second equality follows from the assumptionsef th
two regions where coding is beneficial and detrimental. Th@mma. By combining the preceding equality with (25), one
asymptotic results showed that coding is advantageous {@in obtain

under-loaded systems with a certain set of system parasneter .o

in over-loaded systems, however, coding is detrimentalesin E[L"|Dg = k] = k(1 = &' (k) (1 = & (K)), (26)
the coding overhead exceeds its benefit. That is, appl'rmatiqvheregiw(k) - ]P’[gﬂbﬁ = k] and &y(k) = ]P’[5§|D3 = k|
layer coding enhances the performance in systems with lgy¢ notational simplicity, we extended the definition gf(k)
drop probabilities, but employing such coding in systemgnd €2 (k) for k = 0. Observe that ing —0thenl™ = 0
with high drop probabilities only worsens the performanceince there are no dropped packets. BesidesDQif> /2

In addition, we illustrated in some simulation examples thghen j,» = Dg since no dropped packets can be recovered in
our asymptotic results provide reasonable approximations this case. Formally, we have

systems with a finite number of users.
Finally, we conclude this paper with a comment on systems (k) = (k) = L k=0, (27)
with priority. As stated in Section Il, a system can employ 0, k>a/2
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Let D™ denote the number of dropped packets among the d&¥ithout loss of generality, consider the arrival processhef
packets inv,, and the additionah/2 coded packets generatedsourcel. Let {7,,1 < s < MV} be the sequence of arrival
from v,,, i.e., D" = Dy + D7t + D2, If D" < o/2, then times of data packets in a block of the sourceThen, the
all dropped packets in,, can be recovered. Otherwise, th@robability thatk data packets are dropped in a block is given
dropped packets in,, can be recovered only when the droppely

packets inv,, ., are recovered by decoding the next block

vny1 and the number of (remaining) unrecovered dropped?[D Z E HpD (7s H 1—pN ()|, (31)
packets is at most/2. This argument leads to sesk  Lses s¢S
(k) = P[D™ < o/2|D7 = k] whereS* is the collection of alk-subsets of 1,2,..., MV}

+P[D" > a/2, D" — DI < a2, £ DY = k), Now define, forl € N,

k_ s .. &
for 1 <k < a/2. The assumptions of the lemma imply that St ={8:li-jl>1",j€S5 eS8 (32)
the event]""! is independent of bot®” and D”. Thus, the The following lemma states that under the critical-loadisga
second term on the right-hand side of the preceding equalibe intervals between packet drops in a block are asymptoti-

can be expressed as cally Q(log N), as N — oc.
P[D" > a/2, D" — prtl < /2 5n+1|Dn = k] Lemma 2. Consider the critical-load scaling. Suppose that
’ ¢ ¢ . I = |alog N| for fixeda > 0. Then, asN — oo,
=Pla/2 - D" < DI + k< a/2, EP1,
and, if we represent this as the sum of conditional proktésli S E]pd) [J0-pB()| — 0.
(conditioned on the evedtD} ™! = i} for 1 <i < a/2), then Sesk\sk  Lses s¢S
we have Proof: See Subsection X-C |
Pla/2 — DI < DP + k < /2, EFF] Lemma 3. Consider the critical-load scaling. Suppose that
/2 I = |alog N| for fixeda > 0. Then, asN — oo,
. n n+1l 7Fyn+l .
:Zp[aﬂ_l <D +k<a/2, &7 Dyt =] S E H pp(Ts) (mpp)"
121. D ) A S 1—p¥(r, K
For notational simplicity, lety = «/2. Then, one can derive Sesp s€
the following equation from the preceding argument: wherepp is the limiting scaled drop probability that satisfies

L (21). Moreover, we have
&k ) PD}™ + D + k < d]

Py i

. . _FDV\'S)

+2}“l JPla—i < DI +k < aP[D =], (28) %3££;<ég<kmym>> =
Proof: See Subsection X-D [ |

for 1 < k < &. Likewise, it can be shown that
Lemma 4. Consider the critical-load scaling. Then

& (k) =PID;~ + DI 4k <] "

N P —mpp
+ Zg;- ()P[a —i < DI+ k < &P[DV " =] (29) Hl(l = Pp(7s)) = e,
forl < k < &. Under steady-state, both (28) and (29) have tlEﬁsa]tVs;soﬁes\évzhle)repD Is the limiting scaled drop probability
same solutiorg(k) = &1 (k) = 5 (k). In this case, (26)—(29)
yield Proof: See Subsection X-E |
E[L™| D% = k] = k(1 — £(k))?, Next we present a proof of Theorem 1.

Proof of Theorem 1:First considerDY, which denotes
whereg(k), k > 0, is given as in the statement of the lemmayo b ymber of dropped data packets in a block of the soLirce
This concludes the proof of Lemma 1. The setS* can be partitioned into two disjoint subsets and

Sk \ 8F. Thus, in view of (31), we have

B. Proof of Theorem 1
PDY =k = > EOVES)+ > EOV(S). (33)

Let DN (t), t > 1, denote the number of dropped packets

in the time slott: Sesy SESH\SE
N N ;
Nty = (QN(t 1) + BV () — OV — BNY*, wherelIlV (S) = HSeSpD(TS)Hsgs(l pp(Ts)). By letting
where QY (t) denotes the queue occupancy at the end of the Z H pD ™)
time slott¢. Since all packets are assumed to have the same Sesk ses 1=pp(7)
priority, the drop probability of a packet at the time siois MN
given by Ny — H(l —pN (1)) — ™D,

pp(t) = DY (t)/HY(t). (30) s=1
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and by using the triangular inequality, it is straightfordido sourcel, the random variableﬂfX(TMN), 1 =2,3,...,N,

show that are i.i.d.. Thus, it follows that
N -
Z ]EHN(S) . (mﬁD)k eimﬁD ]EGHN(TIWN) e E H eH(]Y) (TMN)
| i=
dear k! 1

_ o((1+a)=CN/N) VN (EeH{X)(rMm)N‘l 7

< |E[ENTN]| 4 emmPP

BN (mZ'D)’“ ’ (34) )
: where HY (t) = (HX(t) — CN/N)/V/N. From (19), it can

For somer > 0, define an eveng™ = {|T'"| < ¢}. Then, we be shown that

have Eegg)(t):1+a/m—ﬂ+)\(1—/\) +0(i>7
[EEVTY]| <E[SVTY] - 1gn5] + E[ISVTY] - 1] N 2N N
(35) as N — oo, and this further results in

< EXN +E[EN1gn];

- AN (r
the first inequality is due to the Jensen’s inequality and the Am Ee TuV) < o0, (40)
i i N
second mequahty_ fO”OWS. froml'™| < 1. Furthermore, the Finally, putting together (38)-(40) renders the secontesta
Cauchy-Schwarz inequality renders ment of the theorem -

9 1/2
H (Lﬁ))) ]p{géﬂ) . C. Proof of Lemma 2

1—pP(r . . .
s€S P (T First we present a preliminary technical lemma.

EXNigy] < > <1E

Sesk

Let! = |alog N| for fixed a > 0. Then, the second statement emma 5. If [ = o(M¥N), as MN — oo, then
of Lemma 3, Lemma 4 and the preceding inequality imply & Nk

E[Engév] — 0, asN — oo. Sincelimy_... EXY < 0o (see ST = (MT)7/RD(L = o(1)),
the first statement of Lemma 3) and (35) holds for any 0, and

it follows that |[E[XVTV]| — 0, asN — oo; combining this |S*| — |SF| = 0@ - (MN)*1),

limit, the first stat tof L 3 and (34) yield .
imi e first statement of Lemma 3 and (34) yields as MY — oo, for fixedk € N.

A \k
Z EITY(S) — (mz?) e MPD Proof: Observe thatS*| is bounded above by
Sesk ' N Nk
l o sh = (M) < QL
asN — oco. Due to Lemma 2 and the preceding limit, the first k k!

statement of the theorem follows from (33). Bl
; . d bounded below b
Second consideDY, i.e., the number of dropped packetsan |57} is bounded below by
among additionab. coded packets in a block of the sourte k 1 k=t N (MN — k(20 4+ 1))k
(recall that without loss of generality, we consider thavair 51 = %! H(M —i(21+1)) = %l :
process of the sourcB. Note that additionak coded packets =0 . -
are transmitted in the same time slot as the last data patkebt@der the assumption of the lemma, these two inequalities im

the block. Moreover, all packets have the same priority & tHly the first statement of the lemma. Furthermore, combining

system. Thus, it follows from the union bound: these two inequalities results in
Nyk _ (N _ k
PIDY > 0] < aBp (rarw), (36) 8% — sk < A0 (Mk' KR D)
where,, v is the arrival _tim]\? of the last data packet in thend, then, the second statement of the lemma also follows due
block. The drop probability}(¢) is bounded by to the assumption of the lemma. -
N (HN(t) — ON)* (HN(t) — ON)* Now we provide a proof of Lemma 2. N
pp(t) < A0 < N ;o (37) Proof of Lemma 2:The lemma holds fok = 0 trivially;

hence, we considet > 1. From (37), it follows that
this together with (36) leads to

BDY > 0 < a(VF/CVE@ (), @y LLPP LL=pbm) < [Lom)

seS s¢S ses
where HN (t) = (HN (t) — CN)/v/N. Moreover, the relation < (VN/CMRTTEN (). (41)
xt < e® for x € R implies s€S
E(HN (ryn ) < BN (ran) (39) Moreover, due to the Cauchy-Schwarz inequality, we have
TN TN k\1/k

Since additionaky packets are transmitted in the same time E H(H (Te))" < H (E((H (m:))") )

slot as the last data packet of the block, we hBV&(ry,~ ) = s€s €S ” (42)
1+a)+ ZfV:Q H{ (mp~). Assuming that processes are in < H (EekHN(rs)) / :

their stationary regimes except the one correspondingédo th ses
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the second inequality follows from the relatiarnt < e for where U (t) = H(t) — A} (t) — aA/M™. Note that the

z € R. Recall thatr,, 1 < s < MY, is the arrival time of random variables(](}x(t), i = 2,3,...,N, are independent
the sth data packet in a block of the sourteThus, we have since packets are generated and encoded by individualesourc
HN(15) =14 a-1_y~y + HY  (75), whereHY | (t) = and their encoders independently. Furthermore, provitiet t
SN, HY(t). Given that all processes are in their stationarijie system is in stationarity, the random varialdlgs(t), i =

regimes except the one corresponding to the soutcthe 2,3,...,N, are i.i.d. with zero mean and

random variablesY | (7,), s = 1,2,..., MY, are equal in
(—»\Ts )y y 4y ) ’ _ N — N
distribution, and, analogously to (40), it can be shown that  P[UN (¢) = u] = 1-X/MY, u=—al/M7, (47)
N @ A/ MN, u=a—a\/MV,
]\}im EeFH ™ (7s) < oo, (43)

forall t € [r1, )y~ ]; this stems from the fact that all processes
for all 75, 1 < s < M¥. Under the assumptions of the lemmagxcept the one corresponding to the soureee in steady-state
Lemma 5 impliedS*|—|SF| < c[alog N |(MN)*~1 for some at the time slotr;. Therefore, it follows that

finite constantc. Combining this and (41)—(43) leads to the

N
statement of Lemma 2. [ |
E(> U}
1=2

4
m(t)) < NE(US ()" + 3N*(E(US)(1))%)?,

D. Proof of Lemma 3 ' (48)
ConsiderHY | (t) — AN (t), i.e., the number of additional for all ¢ € [r1,7y~]. From (47), one can obtain

(=1) (=1
coded packets generated by the encoder&vof 1 sources

(except the source) in the time slott, where HY, (¢) and E(US )" = (1= A/MY)(—ar/MN)*

A{\fl)(t) are respectively given by + /M) (a — ar/ M)k,

(2)

for £ > 2, and this together with (46) and (48) leads to

N N
HY, (t) =) HY®), AY, () =) A¥().
o ; " oY ; " PIEN (1)] = O(1/N), (49)

The following lemma indicates that the number of such cod%%N — 5, for all ¢ € [r1, 7y ]. Observe thatry~x — 71 —
packets per time slot can be approximated (oy/m)v N ’ 1T M| M T

MN _— N
during an entire block. D i (Ti = Ti1), where(r; — 7i1), i = 2,3,..., M™, are
. - . i.i.d. geometric random variables with mean)\ (since the
Lemma 6. Consider the critical-load scaling. Then sources are Bernoulli). Hence, combining (45) and (49)dgiel
HY. )= AN () ol 3 (44), and this concludes the proof of the lemma. [ ]
sup D i O — =0, Next we introduce an additional technical lemma. For some
TISESTyN N m e > 0, consider two systems that have the same link capacity
as N — co. C™ and buffer sizeB™v; however, assume that input processes

are respectively given by, (t) = AN () + (a/m — )V N

and AV (t) = AN, (t) + (1 + a) + (a/m + €)V'N, instead
S } of HN(t). Formally, the queue occupancies of these systems
Z€p,

Proof: For somee > 0, define an evenf¥ as
55N _ { sup H(J\[n(t) - A{\il)(t) «

T1<t<7ynN

N (t), t > 1, satisfy the following recursion:

VN m

where m¥ — VNMYN /(AN — 1)). Sincem® — m, as  @¥(t) = (Q¥(t = 1) + AL (t) - CM)T ABY,  (50)

N — oo, itis sufficient to show that for any > 0, and the numbers of dropped pack&t¥, (t), t > 1, are respec-

PEN] — 0, (44) tively given by

T

asN — oo. The event!Y satisfiestN C ;24 €N (t), where DY) =AY &)+ QY (t—1)-cN —BM)*.  (51)
HY (t)— AN (¢

since{AY (t),t > 1} are i.i.d. processes.
The following lemma provides an upper and lower bound
on the number of dropped packets.

(D)
VN m

Thus, the union bound renders

N } Observe that the processgdY, (¢),t > 0} are Markov chains
€

TN
PiEN) <E i PEN (t)]. (45) Lemma 7. Consider the critical-load scaling. For any> 0,
T & if QN (t1—1) = QN (r1—1) = QN (r1—1), then, asNV — oo,
Furthermore, the Markov’s inequality results in P[DN] — 1,
4
P[EN(t)] —P |H(N1)(t) — Ag\il)(t) _ i > ¢t Whereng = {Dye(t) < DN(t) < Dfe(t)th € [TlaTMN]}'
VN m¥ (46) Proof: For somee > 0, define an event? as
N 4
HN (t)—AN (1) «
< (eV'N)™E UN (¢ , AN = su S D2l <eyp, (52
- ( ) <i—2 (l)( )> ‘ TlStSI"?MN \/N m ( )
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Given the event4?, the following bound holds: QN_(t2) = QN _(t2), regardless of their initial distributions at

t=1t; — 1.
N N N .
AZ(t) < HY(t) < AL (1), Vte€ [m,Tun]; (3  lets= {51,82,...,5,} € SF, wheres; < sy < --- < sp.
this further implies (due to the monotonicity in (50)) The assumption of the lemma impligs—s,| > [alog N | for
N N N all s;,s; € S (see (32)); this further results irs, — 75, ,) >
QL (1) Q. () SQL(t), Vte[rm,my~].  (54) |alogN| for all i, 2 < i < k. Therefore, we have
From (51), (53) and (54), on the evedt", we also have PICN (1o, , +1,7,)] < (qéV)Lalog N| (ng)LalogNJ7
DN (t) < DN(t) < DY (), Vte [r,yn]. (55) forall i, 2 < i <k, whereg)Y = P[AN (1) > CN — BN] and

g = P[AN (t) < CN + BY]. Sinceq) — qo € (0,1) and

Then, the statement of the lemma follows from Lemmamb. qf,v — g € (0,1), asN — o (due to the CLT), it follows

Next we present a proof of Lemma 3 hat
Proof of Lemma 3: First consider the first statement o
the lemma. Note that the statement holds ot 0 trivially;
hence, we considét > 1. The proof consists of three parts.as N — oo, for all i, 2 < i < k. The union bound and the
Part I. Observe thatd ¥ (t) A CN < HN(t) — DN (t) < preceding limit yield
CN + BY; this implies (see (30))

k k
AN AN N
DY@ _ pi@)  _ DN DY) sy PlUCE(Tsﬂ+1afsi)1§;P[CE(Tsil+1,m)] 0,

PCT (75, +1,75,)] = O, (59)

CN+BN = 1—pi(t) ~ HN(t)ACN — CN =2 (60)

the equality is due to the fact that the evéifN(t) < ¢V} asN — oo. One can define a corresponding eved(t:, t2)
implies {DN (¢) = 0}. Then, it is sufficient to show that for (&S in (58)) for the case'¢", and it can be shown that

all S € SF 5N
' . P[C+E(TS¢71 +1, Tsi)] — 0, (61)
E][ DY (r) — ()", (57)
Sel_[S (72) = (o) foralli,2<i <k, and
~ k
as N — oo, where D™ (t) = DN (t)/+/N. In particular, note 5N
that (56) and the preceding limit imply F 1:U26’+€(7'5H L) =0, (62)
N
ON /N kE pD(TS) A k asN — oo.
(CT/VN) SGI_IS 1 —p¥(7s) — ()", Part Ill. For somee > 0 and S = {s1,s2,...,5,} € SF,

81 < 89 < --- < 8k, let
asN — oo, for all S € S¥; then, the statement of the lemma N N N
follows from the first statement of Lemma 5. Fér= 1, Cei(8) =CZ(Tsimy + 1,7,) NCYL (T, +1,75,),

the limit (57) is straightforward (see (21); thus, we colesi ., < i < k, and consider the evedt" (S) = (", CV,(S).

k > 2 from now on. . . €
- . . It t htf d to sh that
Part Il. The proof is based on a coupling argument (e.g., seeIS straightiorward fo show tha
[10, Sec.4.1.2]). Giver > 0, define two event§”, ,(t1,t2) N . L.
andC™_, (t1,t,) for time slotst; andty (t1 < t2): E[‘I’—e(s)lc?(s)] =E D% (7,) H (D—e(Tsl»)lcgi(s)) .
' i=2

CN o(tr,t) = {3t € [t1,t2) : AV (t) < CN = BV}, where¥ (S) = [T.cs DN (7,) andDY_(t) = DN _(t)/V/N.
CN y(t1,ta) = {3t € [t1,t2) : AN (t) > CN + BN}, For eachi, 2 < i < k, consider a queue occupancy process
{QN(t), 7, <t <7, —1} that is in stationarity at the
time slott = 7,,_, and follows the same recursion (50) for

CN (t1,t2) = cfje_o(tl, t2) NCN_, (1, t2). (58) t € [rs,_, +1,75,—1]. In particular, we assume that the initial

' ’ queue occupancied*? (7, ,),i=2,3,...,k, are i.i.d. and

The eventd AY (t) < O — BN} and{AY(t) > CV + B} that they do not depend on the arrival procgsd'. (1), ¢ > 1}.
imply {Q¥.(t) = 0} and {QY.(t) = B"}, respectively, n addition, letD*N,(t), 7, , +1 <t < 7, 2 < i < k,
regardless of the queue occupancy of the previous time sl@énote the number of dropped packets that corresponds to the
On the event™ (t,,t5), thus, the buffer becomes empty anq1ueue occupanc®*Y ,(-):

full at least once during the time interval , ¢2). Now consider

a queue occupancy proce$® (t),t > t; — 1} with the ~ DV, (t) = (AN () + QN (¢t —1) —CN — BV)*. (63)
same arrival proces§AY (¢),t > ¢} but possibly different
initial distribution att = ¢; — 1. If there existst® > t;
such thatQN_(t°) < QN_(t°), then QN (t) < QN_.(t) for
all t > t°. On the other hand, if there exist$ > ¢; such Di(Tsi)lcN,(S) = Diﬁi(ni)lcw‘(s). (64)
that QN _(t*) > QN (t*), then QN (t) > QN.(t) for all

t > t*. Hence, the event™ (t1,t,) implies that these two Note that each random Variab@ijg,i(%i)lcgi(s)y 2<i<k,
gueue occupancy processes couple before the timeéysliog., is determined by the initial queue occupar@jﬁji(r&fl) and

and consider the eveat” (¢1,t2) given by

Due to the coupling argument given in the previous part, we
have, for allz, 2 <7 <k,
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the random variablest™, (t), ¢ € [, , + 1,7,,]. Since the whereZN(S) =CN(S)NDY and ¥V (S) =[], s DV (7s).

random variablest? (t),t = 1,2,..., are i.i.d. and the queueIn addition, due to continuity, it can be shown that
occupanciesQi]zi(Tsifl), i=2,3,...,k, are assumed to be . . AN A
i.i.d. with stationary distribution (and they do not depesmd lelf{)l J\}Enoo EDZ(751) = P
the arrival process), it follows that Hence, from (71)-(73) and the preceding limit, one can @eriv
k . . N A Nk
B[N, (9)Lex ()] = ELDY, (ro)] [T ELD™Y (e e s B Nz} = o) (7
=2 (65 On the other hand, the bourfd™ (t) < (HN(t) — CN)*

whereD*N (t) = D*N (t)/v/N. From the bound*Y (t) < and the Cauchy-Schwarz inequality lead to

AN (t —_€OJN * and the Cauchy-Schwarz inequality, we have
(AZ (1) ) y q Y E[\I/N(S)lgez\l(s)]

E[D™N (7o) 1en (5)] < BI(AY (7:)) T len ()] . _ 1z
S < (E|[TTaY@))y02 PN s) ) . (75)
< (E[((AZ (ms, )T )PIPICI(S)]) 7, (66) s€s

for all 4, 2 < i < k, where AN_(t) = (AN (t) — CN)/v/N. Similarly to (42) and (43), one can obtain
By using the similar steps as in (39) and (40), one can obtain limsupE H((HN(TS))+)2 < 00. (76)
N—o0
limsup E((AN_(74))7)? < 0. (67) ses
N—oo Moreover, (60), (62) and Lemma 7 impB{ZY (S)] — 1, as
Furthermore, due to (59) and (61), we havgX;(s)] — 1, ¥ = Then, from (75) and (76), we have
asN — oo, forall 7, 2 < i < k. Then, from (66) and (67), it E[\I/N(S)lzzv(s)] -0,

follows that, asN — oo, N .
as N — oo. The preceding limit and (74) imply (57), and the

E[ﬁi]ﬁi(Tsi)lcgi(S)] —ED™¥ (7,,) = 0, (68) first statement of the lemma follows.

o . Finally consider the second statement of the lemma. From
for all 7, 2 < i < k. Recall that the initial queue occupanciegsg) and the boun®™ (t) < (HN (t) — CN)+, we have

QN (7s,_,),i=2,3,...,k, are assumed to have the station- N )
ary distribution; this impIielef)iﬁi(rSi) = EDN (r,,), for B < Pp (7s) > < (VN/CN)2RE N +)2.
all i, 2 < i < k. Thus, combining (65) and (68) renders 139 1—p¥(rs)) — (VN/CT) H(( (7:)")
E[WY,(S)1en s — (EDN (7,,))F — 0, (69) Then, sinceSf| = O((MN)F), asN — oo (see Lemma 5),
the second statement of the lemma follows from (76). m

ses

asN — oo.
The boundD™ () < (AN (t) — CN)*

and the Cauchy-
Schwarz inequality yield (see Lemma 7) E. Proof of Lemma 4

The proof consists of two parts.

E[‘Ifjfé(s)lcg\rw)lﬁg] < ]E[\I!],Ve(S)lﬁév] Part I. For somed > 0, it can be shown that
1/2 MN
< (E H((/live(u))*)ﬂ P[T]) - @0) P [[Q=pE(r) —e P25

seS s=1

Since random variabled™ (7,), s € S, are i.i.d., we have M7

] ) <P || =) log(1—pp(rs)) —mpp| > 8|, (77)
E[T((AY () ")? = T E((AY(r) ") s=1
seS seS

whered’ = log(1 + §/e~™PP). The relationz < —log(1 —
Then, by combining (67), (70) and Lemma 7, it follows that) < ;. /(1 — z) for 0 < 2 < 1 renders

E[¥Y (S)len(sylpy] — 0, asN — oo; this limit and (69) N N N N

further result in -~ pp(t) < —log(1 —pp(t) <pp(t)/(1—pp(t). (78)

Givene > 0, the eventd? implies (see (52), (53) and (55))
N

DN (¢ Nt DN(t)  DN.(t
as N — oo. Likewise, one can derive a similar limit for the  pp(t) > —= ( ), Pp (N) < J\(,) < +J\E ),
case “¢’, i.e. AY () 1-pp() C ¢
N . . for all t € [r1, 7);~]; the second inequality follows from (56).
B[V () len(s)lpy] = (BDL(75,))" = 0, (72) pye to (78) and the preceding inequalities, it follows that o

N
asN — oo, whereU¥ (S) = [1,.s(DY.(75)/VN). For any the eventA/,
e > 0, Lemma 7 implies MY MY MY
) < =D log(l—pi(r)) < Y Pl(n), (79)
s=1 s=1

E[WY, (S)lew(s)lpy] — (EDY (75,)F — 0, (71)

Pive(Ts
UV (S)1zn(5) < UN(S)1zn(s) < TN (S)1zns), (73) 2

s=1



where PY.(t) = DN, (t)/AY,(t) and PX.(t) = DY.(t)/C™.
Due to Lemma 6 we havE[AN] —1,asN — oo for any

16

DN (75,) = D*¥ 5(7s,), whereD*V (1), 75, +1 < t < 7,
denotes the number of dropped packets that corresponds to

e > 0; hence, from (77) and (79), it is sufficient to show thathe queue occupancey*Y c2() (see (63) and (64)). In a similar

> PN(r) —mpp| = 5| — 0, (80)

as N — oo, for anyd > 0 and all sufficiently smalk > 0.
Part Il. Consider the case—¢”. For somee > 0 andd > 0,
define an evenB/); as

MY

Bls = | S P2~ MVEPN(D) 25

For notational simplicity, leP™.(t) = PN (t) —EPN (t). The
Chebyshev’s inequality yields
MN
PBN;] <6 °E | Y PN(7) | . (81)
s=1
Recall that the setS? is the collection of all2-subsets of
{1,2,...,M~}. Thus, it follows that

2

MN
S PNy | =23 EJ] PN(n)
s=1 Se82  ses

+ MNE(PY (11))%. (82)
From the following bound:
(A% (1) =) _ (A% (1) —CM)*

POsT e ®
we have
E(PY.(11))* < E(PN.(71))? (84)
< (VN/CNPE((AY.(m))")*.
Then, due to (67), it can be shown that, /ds— oo,
MNE(PYN (11))? — 0. (85)
For notational simplicity, defin@d_(S) = [],.g P.(7s).

The setS? can be partitioned into two disjoint subs&t$ and
82\ 87 (see (32)), and, therefore, we have

SOEAN(S) = Y EAN(S)+ > EAN(S). (86)

Ses? Ses? Se82\87

manner as in (65), it can be shown that

E[Age(s)lcfs(sﬂ = E[Pf’e(Tsl)]E[Pﬁ?(@)lci(s)] =0,

B (88)
where P*¥(t) = D, (t)/AY(t - E[D¥,(t)/AY (®));
note that we used the fact thB#P" (,,) = 0. On the other
hand, the Cauchy-Schwarz inequality renders

1/2
[BAY(S) 16w (s)]| < <E H(Pii(rs))ﬂ P[cf_iw)]) .

ses (89)
From the bound (83), we have
E[[P(7)
seS
< (VN/CNYE H (AN ()t + IE(A]L(TS))J“)Q (90)
seS
< (VN/CV) TT4E((AY (m) )
ses

the second inequality follows from the fact that the random
variablesA™ (7,), s € S, are i.i.d. and also from the Jensen’s
inequality. Note that Lemma 5 implies?| = O((M*)?), as

N — oo. Thus, from (59), (67), (89) and (90), it follows that

> E[AY (S)1ev (5)] = 0,

Ses?
as N — oo. Putting together (81), (82), (85)—(88) and the
preceding limit yields

IP’[BQ%] — 0, (91)

as N — oo. By using the fact that¥Y (t)/N — X, almost
surely, asN — oo (due to the SLLN), it can be shown that
lim, o limy oo MYEPY (t) = mpp (due to continuity), and
combining this with (91) renders (80) for the casec”. In a
similar manner, one can derive (80) for the cagse™as well.
This concludes the proof of Lemma 4.
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