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On effectiveness of application-layer coding
Yoojin Choi and Petar Momčilović

Abstract—The effectiveness of application-layer coding in a
system with a large number of users is considered. The end users
encode data packets before transmitting them. The effect ofaddi-
tional packets on the system performance is twofold: (i) additional
packets increase the offered load, which results in higher drop
probability, and (ii) some of dropped packets can be recovered at
the receivers after decoding. The paper establishes an asymptotic
regime in which systems with and without coding have the same
performance. The space of all systems is partitioned into two
regions where coding is beneficial and detrimental, respectively.
Informally, it is argued that application-layer coding imp roves the
performance only in systems with low loss probabilities (without
coding), and employing such coding in systems with high loss
probabilities only degrades the performance.

I. I NTRODUCTION

The primary reason for losses in packet networks is buffer
overflow – each link in a network has finite capacity, and
intermediate routers have limited memories to store packets.
In general, there are two basic approaches to overcome this
kind of packet losses:

• Retransmission mechanism. The source transmits its data
packets to the receiver. Packets that have not been ac-
knowledged (explicitly or implicitly) are retransmitted.

• Application-layer coding. The source encodes its data
packets into coded packets and transmits them instead.
The receiver reconstructs the original data packets by
decoding received coded packets.

Application-layer coding allows end users to recover the
original data packets from the received subset of coded packets
by decoding. However, employing such coding results in a
higher offered load, and, therefore, increases drop probability.
From this perspective, it is unclear when application-layer
coding is advantageous; application-layer coding was shown
to be advantageous in certain cases [1]. Hence, it is of interest
to investigate the effectiveness of such coding. As a first step,
we study the effectiveness of coding in the baseline model
consisting of a single link with a finite buffer. In particular,
the paper considers a sequence of systems indexed by the
number of usersN . We first discuss an appropriate scaling
of the system parameters for investigating the effectiveness
of coding, and establish that the critical-load scaling is the
relevant one. Under the critical-load scaling, system utilization
and drop probability behave as1 − Θ(1/

√
N) and Θ(

√
N),

respectively, when the number of usersN is large1. We then
examine the loss probabilities in systems with and without

The authors are with the Department of Electrical Engineering and Com-
puter Science, University of Michigan, Ann Arbor, MI 48109 USA (e-mail:
cygene@eecs.umich.edu; petar@eecs.umich.edu).

The research was supported in part by the National Science Foundation
under Grant CNS-0643213.

1Throughout the paper, we use the standard asymptotic notation, e.g., see
[2, Sec. I.3].
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Fig. 1. The sourcei, 1 ≤ i ≤ N , generatesAN
(i)

(t) packets in the time
slot t. When application-layer coding is employed, source-generated packets
are encoded into coded packets by individual encoders. All packets from the
encoders ofN sources are transmitted to a single link of capacityCN with a
buffer of sizeBN . The packets that are not dropped from the buffer are first
delivered to the decoder of each source and decoded into the original packets.
End users receive the output packets of their own decoders.

coding. Our asymptotic analysis indicates that application-
layer coding can be advantageous in under-loaded systems; in
over-loaded systems, however, the overhead of coding exceeds
its benefit, and coding only worsens the system performance.
In addition, we demonstrate on examples that our asymptotic
results render reasonable approximations for systems witha
finite number of users.

The rest of the paper is organized as follows. In the next
section, we describe a system model and assumptions that
are used throughout the paper. We discuss a relevant scaling
for investigating the effectiveness of coding in Section III.
In Section IV we review erasure codes and their performance.
Section V contains the analysis for thelossprobability without
coding. Then, we analyze thedrop probability with coding
and discuss the coding overhead due to the increased offered
load in the following section. In Section VII we explore the
lossprobability with coding and establish the boundary where
systems with and without coding have the same performance.
A discussion on the system performance for a systematic
minimum-distance-separable (MDS) code is presented in Sec-
tion VIII. Concluding remarks and technical proofs can be
found in Section IX and Section X, respectively.

II. SYSTEM MODEL

A. Model

We consider a sequence of systems indexed byN , whereN
is the number of sources that transmit packets to a link with a
finite buffer. LetCN andBN denote the link capacity and the
buffer size, respectively. Time slotted operations are assumed.
In addition, letAN

(i)
(t), 1 ≤ i ≤ N , t ≥ 1, be the number

of packets generated by the sourcei in the time slott. The
processes{AN

(i)
(t), t ≥ 1}, i = 1, 2, · · · , N , are assumed to be

independent Bernoulli random processes with parameterλ. If
present, application-layer coding is performed at each source
(see Figure 1). All packets from the encoders are transmitted
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to the queue consisting of a single link with a finite buffer. The
packets that are not dropped from the queue are first delivered
to the decoder of each source and decoded into the original
packets. End users receive the output packets of their own
decoders.

We examine loss probability as a measure of the system
performance. The loss probability is defined as the long-term
ratio of the number of lost packets to the total number of
source-generated packets. A dropped packet is a packet that
is discarded from the queue when the buffer is full, and a
lost packet is a packet that is not delivered to the end users.
In a system without coding, every dropped packet is also a
lost packet since no dropped packets can be recovered. If a
system utilizes coding, however, some of dropped packets can
be recovered at the end users, and, therefore, we differentiate
a lost packet (loss probability) from a dropped packet (drop
probability) in this case. Even though the drop probability
increases due to the additional offered load attributed to
coding, the loss probability can decrease by means of coding
if enough dropped packets are recovered.

B. Coding scheme

The queue, in which some packets are dropped when the
buffer is full, can be thought of as an erasure channel, e.g.,
see [3], [4]. Two main features of our model are as follows:

• Systematic linear block code. We assume that a linear
block code is used to generate additionalα coded packets
from MN data packets in each coding block of the
sources. These additionalα packets are transmitted in the
same time slot as the last data packet of the block2; α
does not vary withN . Note that this coding scheme can
easily be implemented. In addition, systematic codes have
good delay properties since data packets are transmitted
without delay and decoding delay is positive only in the
presence of packet drops.

• Non-priority queue. It is assumed that all packets have the
same priority in the queue and that they are served on the
first-come, first-serve basis. Although giving priority to
data packets can improve the performance of a system, we
consider a system without priority since such a system is
straightforward to implement and users have no incentive
to mislabel their packets intentionally (cheat).

Let HN
(i)(t), 1 ≤ i ≤ N , t ≥ 1, denote the number of

packet arrivals from the encoder of the sourcei in the time
slot t. The arrival process{HN

(i)
(t), t ≥ 1} can be described

by a Markov chain{(XN
(i)(t), Y

N
(i) (t)), t ≥ 1} whereXN

(i)(t) =
1{HN

(i)(t) > 0}, andY N
(i) (t) ∈ {0, 1, . . . , MN −1} is the number

of data packets in the present coding block that arrived before
the time slott. Since the Markov chain is aperiodic, finite and
irreducible, it has an unique stationary distributionπ(x, y),
x ∈ {0, 1}, y ∈ {0, 1, . . . , MN − 1}, given by

π(x, y) =

{

(1 − λ)/MN , x = 0,

λ/MN , x = 1.
(1)

2This assumption is not crucial and does not impact the natureof our main
results. Other schemes are possible, e.g., additional packets can be transmitted
in consecutive time slots.

III. SCALING

In this section, we discuss an appropriate scaling (as the
number of users increases,N → ∞) for investigating the
effectiveness of application-layer coding. Recall that weas-
sume thatα additional packets are generated per each block
of length MN . The additional offered load due to coding is
then equal toαλN/MN while the spare capacity of the link is
CN −λN . Thus, we consider the block lengthMN such that
αλN/MN = Θ(CN − λN), as N → ∞, since this scaling
allows one to examine both under- and over-loaded systems by
adjusting appropriate constants (system parameters). Next we
review three possible scalings forCN and MN 3. Let p and
pD denote the loss probability without coding and the drop
probability with coding, respectively.

• Under-load scaling: CN = ⌊λN + βN⌋ and MN =
⌊mλ⌋ for β > 0 and m > α/β. In this case,p and
pD are asymptotically given byO(e−θN) andO(e−θ′N ),
respectively, asN → ∞, for some positive constantsθ
and θ′ (θ′ < θ) (e.g., see [5, Ch. 12]). Despite the fact
that drop probability increases due to coding, the expected
number of dropped packets in a block is close to zero for
largeN . If at least one coded packet is added per block
(α ≥ 1), we can recover most of the dropped packets.
Therefore, coding improves the system performance in
this case as suggested in [1].

• Over-load scaling: CN = ⌊λN +β⌋ andMN = ⌊mλN⌋
for β > 0 and m > α/β. Due to the central limit
theorem (CLT), bothp andpD are asymptotically given
by Θ(1/

√
N), as N → ∞. In this case, the expected

number of dropped packets in a block isΘ(
√

N) since the
block length isΘ(N). However, the maximum number
of dropped packets that can be recovered in a block is
only α = Θ(1). For largeN , hence, the possibility of
recovering dropped packets is very small. Hence, in this
scaling, coding worsens the system performance.

• Critical-load scaling: CN = ⌊λN + β
√

N⌋ andMN =
⌊mλ

√
N⌋. Under this scaling, bothp and pD behave

as Θ(1/
√

N) in the limit as N → ∞ (e.g., see [6,
Ch. 10]). Since the block length isΘ(

√
N), the expected

number of dropped packets in a block isΘ(1), i.e., the
numbers of dropped and additional packets are of the
same order. Therefore, in this case, the effectiveness of
coding depends onα andm for given system parameters
β (capacity) andb (buffer size), and it is feasible to find
the critical points where systems with and without coding
have the same performance.

In the following sections, we demonstrate that thecritical-
load scaling is the relevant scaling as far as the effectiveness
of coding is concerned. Under the critical-load scaling, the
following scaled system parameters are useful in obtaining
the drop and loss probabilities:

ĈN = (CN − λN)/
√

N → β,

B̂N = BN/
√

N → b,

3Although other scalings are possible, these three cover themain tradeoffs
between efficiency and quality.
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as N → ∞. The scaling for the buffer sizeBN stems from
the fact that ifBN = o(σN ), asN → ∞, whereσN denotes
the standard deviation of the total arrival process, then the
performance of the system is asymptotically equal to the one
with BN = 0 (as N → ∞); on the other hand, ifBN =
ω(σN ), asN → ∞, then the system behaves asymptotically
as the one withBN = ∞ (asN → ∞). Hence, for evaluating
the effect of the buffer size on the system performance, the
relevant buffer size should satisfyBN = Θ(σN ), asN → ∞.
For the considered model, we haveσN = Θ(

√
N), asN →

∞, and, thus, we letBN = ⌊b
√

N⌋ for b ≥ 0.

IV. ERASURE CODES

In this section, we review erasure codes and their perfor-
mance. The relevance of such codes is due to the fact that the
finite-buffer queue can be thought of as an erasure channel,
e.g., see [3], [4]. We consider(M +α, M) linear block codes
– M data packets are used to generateM + α packets to be
transmitted. Letv = [v1 v2 · · · vM ] be the data packets in
a single coding block, and letu = [u1 u2 · · · uM+α] be the
output packets encoded from these data packets. The output
packets are generated from the data packets according to the
following rule:

u = vG, (2)

whereG is a generator matrix that depends on a specific code.
All arithmetic is overGF (q) for some positive integerq (e.g.,
see [7, Ch. 5]). Next we examine various erasure codes.

A. Ideal block code

Let D denote the number of dropped packets among the
M+α output packets from a single block, and letL denote the
number of lost packets in the same block, i.e.,L original data
packets can not be reconstructed after decoding. We define the
ideal block codeas a code that satisfies the following property:

L = (D − α)+ = D − (D ∧ α). (3)

Note that if D output packets are dropped, then a decoder
can recover onlyM + α−D linear equations in (2) from the
remaining output packets. FromM + α−D linear equations,
at mostM +(α−D)− data packets can be decoded correctly.
Therefore, the ideal block code, if it exists, achieves the best
performance among all linear block codes.

B. Systematic MDS code

A linear block code with minimum distanced can recover
all of the original data packets in a block when the number of
dropped packets in the block is less thand. If a (M + α, M)
linear block code has minimum distanced = α + 1, we call
such codes as MDS codes; these MDS codes achieve equality
in the Singleton bound (e.g., see [7, Ch. 15]). Reed-Solomon
codes belong to the class of MDS codes. When a code is
systematic, the output packets from a block containM original
data packets and additionalα coded packets, i.e.,ui = vi for
i = 1, 2, . . . , M . Given a block, letDd and Dc denote the
numbers of dropped packets among theM data packets and
the additionalα coded packets, respectively. IfDd +Dc ≤ α,
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Fig. 2. The conditional expectation of the number of lost packets E [L|D]
given the value of the number of dropped packetsD in a block for the ideal
block code(◦), a systematic MDS code(•) and partial coding withρ = 0.5
(×) whenM = 10 andα = 2. In this example, it is assumed that all packet
drops are independent with the same drop probability.

then allM data packets can be reconstructed from (2). On the
other hand, ifDd + Dc > α, then no dropped data packets
can be recovered from (2) and onlyM −Dd data packets are
obtained. Therefore, lettingL be the number of lost packets
after decoding leads to

L = Dd · 1{Dd+Dc>α}. (4)

C. Partial coding

Suppose that a systematic MDS code is applied to onlyρ
fraction of data packets in a block. That is,⌊ρM⌋ data packets
are used to generate⌊ρM⌋+α output packets, and remaining
M−⌊ρM⌋ data packets are transmitted without any encoding.
In this case, only the dropped packets from theρ fraction of
the block can potentially be recovered. LetD̃d andD̄d denote
the numbers of dropped packets among⌊ρM⌋ data packets
in the coding part andM − ⌊ρM⌋ data packets in the non-
coding part, respectively. Moreover, letDc denote the number
of dropped packets among additionalα coded packets in the
coding part. SettingL to be the number of lost packets after
decoding yields

L = D̄d + D̃d · 1{D̃d+Dc>α} = Dd − D̃d · 1{D̃d+Dc≤α}, (5)

whereDd = D̃d + D̄d.

D. Comparison

In Figure 2, we illustrate the difference between these three
coding schemes on an example. In particular, we compare the
conditional expectation of the number of lost packets giventhe
value of the number of dropped packets in a block for the ideal
block code, a systematic MDS code and partial coding with
ρ = 0.5. The block lengthM and the number of additional
coded packetsα are set to be10 and2, respectively. Just for
this example, all packet drops are assumed to be independent
with the same drop probability. As expected, the ideal block
code has the smallest expected value of the number of lost
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packets for a given value of the number of dropped packets.
When a systematic MDS code is employed, all dropped data
packets can be recovered if the number of dropped packets
is at mostα (α = 2 in this example); otherwise, no dropped
data packets can be recovered. When partial coding is used,
even though the number of dropped packets is greater thanα,
the dropped data packets that belong to the coding part can
be recovered if the number of dropped packets in the coding
part is at mostα; in this case, thus, partial coding has better
performance than pure block coding. On the other hand, if the
number of dropped packets is not greater thanα, then partial
coding underperforms pure block coding since the dropped
data packets in the non-coding part can not be recovered.

E. Coding with overlapping blocks

In this subsection, we examine one particular scheme that
utilizes overlapping blocks. Suppose that each half of a block
overlaps with either one of its adjacent blocks and thatα/2
additional packets are generated from each block of length
M ; M and α are assumed to be even for simplicity. Note
that the number of additional packets per block is halved for
fair comparison to the scheme with non-overlapping blocks
since the number of blocks is doubled. Let{vi, i ∈ Z} be
the sequence of data packets from a source. Thenth coding
block vn, n ∈ Z, is given byvn = [v̇n v̇n+1], wherev̇n =
[v(n−1)M/2+1 v(n−1)M/2+2 . . . vnM/2]. The output packets
un, which are generated fromvn, include the data packets in
v̇n and additionalα/2 coded packets. Observe that the data
packets inv̇n are used to generate two sets ofα/2 coded
packets. It is assumed that a systematic MDS code is used to
encode each block, and each block is decoded independently,
i.e., no dropped data packets are recovered if the number of
dropped packets in a block is greater thanα/2.

Let Ḋn
d denote the number of dropped packets inv̇n, and

let Ḋn
c denote the number of dropped packets among the

additionalα/2 coded packets that are generated fromvn. In
addition, letL̇n denote the number of lost packets inv̇n after
decoding. The following lemma characterizes the number of
lost packets in one half of a block when the scheme with
overlapping blocks is employed.

Lemma 1. Suppose that the system is in stationarity. If
{Ḋn

d , n ∈ Z} and {Ḋn
c , n ∈ Z} are two independent i.i.d.

sequences, then

E[L̇n|Ḋn
d = k] = k(1 − ξ(k))2,

whereξ(0) = 1, ξ(k) = 0, k > α/2, and ξ(k), 1 ≤ k ≤ α/2,
satisfies the following equation:

ξ(k) = P[Ḋn
d + Ḋn

c ≤ α/2 − k]

+

α/2
∑

i=1

ξ(i)P[α/2 − k − i < Ḋn
c ≤ α/2 − k]P[Ḋn

d = i].

Proof: See Subsection X-A.

V. L OSS PROBABILITY WITHOUT CODING

This section discusses the loss probability due to buffer
overflow in a system without coding. Since the link capacity is

finite, if the number of packets generated by users exceeds the
capacity, some packets should either be stored in the buffer, if
possible, or be dropped from the queue. In a system without
coding, every dropped packet is also a lost packet; thus, in this
case, the loss probability is equal to the drop probability.We
first study queue occupancy, i.e., the number of packets stored
in the buffer, and, then, use it to analyze the loss probability
in the following subsection.

A. Queue occupancy

Recall thatAN
(i)

(t), 1 ≤ i ≤ N , t ≥ 1, is the number
of packet arrivals in the time slott from the sourcei. Let
AN (t), t ≥ 1, denote the number of packets generated from
all N sources in the time slott:

AN (t) =

N
∑

i=1

AN
(i)

(t).

The queue occupancyQN (t), t ≥ 0, is defined to be the
number of packets that remain in the buffer at the end of
the time slott. The packets that are transmitted in the time
slot t include the packets that were in the buffer at the end of
the previous time slot as well as newly arrived packets in the
time slott. Recall that the link is capable of transmittingCN

packets in one time slot and that at mostBN packets can be
stored in the buffer. Therefore, the queue occupancy satisfies
the following well-known equation:

QN(t) = (QN (t − 1) + AN (t) − CN )+ ∧ BN . (6)

The random variableQN(t), t ≥ 1, depends onQN (t − 1)
andAN (t). Since the random variablesAN (t), t = 1, 2, . . . ,
are i.i.d., the process{Q̂N(t), t ≥ 0} is a Markov chain with
state space{0, 1, . . . , BN} and transition probabilitiesPN

ij ,
0 ≤ i, j ≤ BN , given by

PN
ij =











P
[

AN ≤ CN + j − i
]

, j = 0,

P
[

AN = CN + j − i
]

, 1 ≤ j ≤ BN − 1,

P
[

AN ≥ CN + j − i
]

, j = BN ,

(7)

where AN is equal in distribution toAN (t). This Markov
chain is aperiodic, finite and irreducible, and, therefore,it
has an unique stationary distributionπN (i), 0 ≤ i ≤ BN .
Assuming that all processes are in their stationary regimes,
we have

πN (i) = P
[

QN (t) = i
]

. (8)

Next we consider the scaled queue occupancyQ̂N(t), t ≥ 0,
defined as

Q̂N(t) = QN (t)/
√

N.

Note that (6) can be rewritten in the following form:

Q̂N(t) = (Q̂N (t − 1) + ÂN (t) − ĈN )+ ∧ B̂N ,

whereÂN (t) = (AN (t)−λN)/
√

N . Letting FQ̂N denote the

distribution function ofQ̂N (t), it follows that (see (8))

FQ̂N (x) =

⌊x
√

N⌋
∑

j=0

πN (j) =

BN

∑

i=0

πN (i)

⌊x
√

N⌋
∑

j=0

PN
ij , (9)
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Fig. 3. The distribution functionF
Q̂

of the stationary scaled queue occupancy

Q̂N (t) = QN (t)/
√

N in the limit as N → ∞ (see (12)) forλ = 0.5,
b = 0.5 and β ∈ {0.1, 0.3, 0.5}. Simulation results forN = 100 and
β = 0.1 (×), β = 0.3 (•) andβ = 0.5 (◦) are also shown.

andπN (i) can be represented by

πN (i) = FQ̂N (i/
√

N) − FQ̂N ((i − 1)/
√

N). (10)

Furthermore, (7) implies

⌊x
√

N⌋
∑

j=0

PN
ij =

{

P

[

ÂN − ĈN ≤ ⌊x
√

N⌋−i√
N

]

, 0 ≤ x < B̂N ,

1, x = B̂N ,
(11)

where ÂN = (AN − λN)/
√

N . It can be shown that the
distribution of the random variablêQN (t) converges to the
distribution of a random variablêQ, asN → ∞. That is, if
FQ̂ is the distribution function of̂Q, thenFQ̂N (x) → FQ̂(x),
as N → ∞, for x 6= 0 and x 6= b (e.g., see [8, Sec. 25]).
Observe that the distribution of̂AN in (11) tends to the normal
distribution with zero mean and varianceλ(1 − λ), asN →
∞ (due to the CLT). Moreover,̂CN → β and B̂N → b, as
N → ∞. Therefore, from (9), (10) and (11), the distribution
function FQ̂ satisfies the following integral equation:

FQ̂(x) =











0, x < 0,
∫

[0,b]
Φ−β,σ2(x − y)dFQ̂(y), 0 ≤ x < b,

1, x = b,

(12)

whereΦ−β,σ2 denotes the normal distribution function with
mean−β and varianceσ2 = λ(1 − λ). Note thatFQ̂ has
discontinuities atx = 0 andx = b.

Figure 3 shows the distribution functions of̂Q for λ =
0.5, b = 0.5 and β ∈ {0.1, 0.3, 0.5}, which are numerically
computed from (12). For a fixed value ofx, 0 ≤ x < b, the
value ofFQ̂(x) increases asβ increases since largerβ implies
a larger capacity. In addition, this figure includes the estimated
values ofFQ̂N (x) (by simulation) forN = 100, BN = 5

(b = 0.5) andCN ∈ {51, 53, 55} (β ∈ {0.1, 0.3, 0.5}).

B. Loss probability

Let LN(t), t ≥ 1, denote the number of lost packets in the
time slot t. Without coding, a dropped packet is also a lost
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Fig. 4. The scaled loss probability without codinĝpN = λ
√

NpN in the
limit as N → ∞ (see (16)) forλ = 0.5 and b ∈ {0, 0.5, 1}. Simulation
results forN = 100 and b = 0 (×), b = 0.5 (•) and b = 1 (◦) are also
shown.

packet since no dropped packets can be recovered. Therefore,
we have

LN(t) = (QN (t − 1) + AN (t) − CN − BN )+. (13)

The loss probabilitypN is defined to be the long-term ratio
of the number of lost packets to the total number of arrivals
from N sources, i.e.,

pN = lim
T→∞

∑T
t=1 LN(t)

∑T
t=1 AN (t)

.

Given that the system is in stationarity and it is ergodic,pN

can equivalently be represented by

pN = E[LN (t)]/E[AN (t)]. (14)

The preceding equality and (13) yield

pN = E (QN + AN − CN − BN )+/λN, (15)

where AN is equal in distribution toAN (t), and QN has
the stationary distribution ofQN (t); the random variables
QN and AN are independent. As discussed in Section III,
the loss probability under the critical-load scaling behaves as
Θ(1/

√
N), asN → ∞, and, thus, we define the scaled loss

probability p̂N by

p̂N = λ
√

NpN = E (Q̂N + ÂN − ĈN − B̂N )+,

whereÂN = (AN −λN)/
√

N andQ̂N = QN/
√

N . Further-
more, the limiting (asN → ∞) scaled loss probabilitŷp is
defined by

p̂ = lim
N→∞

p̂N = E (Q̂ + Â − β − b)+, (16)

where ÂN ⇒ Â, Q̂N ⇒ Q̂, as N → ∞, and the random
variablesÂ and Q̂ are independent.

Figure 4 showŝp as a function ofβ for λ = 0.5 and b ∈
{0, 0.5, 1}. As expected, the loss probability decreases when
β (capacity) orb (buffer size) increase. Moreover, this figure
includes estimated values ofp̂N (by simulation) forN = 100
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andBN ∈ {0, 5, 10} (b ∈ {0, 0.5, 1}). This example illustrates
the applicability of our asymptotic analysis to systems with a
finite number of users.

The loss probability can be approximated for large values
of |β|. To this end, we havêp ≈ E (Â − β − b)+ for β ≫ 0
since the buffer is likely to be empty when the link capacity
is larger than the offered load. In this case, it follows that

p̂ ≈
∫ ∞

β+b

(x − β − b)ϕ0,σ2(x)dx ≈ σ4

(β + b)2
ϕ0,σ2(β + b),

(17)
whereϕ0,σ2 is the probability density function of the normal
distribution with zero mean and varianceσ2 = λ(1 − λ);
the approximation follows from(x−1 − x−3)ϕ0,1(x) < 1 −
Φ0,1(x) < x−1ϕ0,1(x) (e.g., see [9, p.175]). On the other
hand, if β ≪ 0, then the buffer is likely to be full since the
offered load is greater than the link capacity. Thus, in that
case, we obtain

p̂ ≈ E (Â − β)+ ≈ −β. (18)

In such an over-loaded system, all extra arrivals, which ex-
ceeds the capacity, are likely to be dropped from the queue
since the buffer is full with high probability.

VI. D ROP PROBABILITY WITH CODING

In this section, we examine thedrop probability when
coding is employed. When a system utilizes coding, the
offered load is increased by additional coded packets, and,
consequently, more packets are likely to be dropped from the
buffer, compared to a system without coding. Note that in
this case, thedrop probability should be differentiated from
the lossprobability since some of the dropped packets can be
recovered from the received subset of packets by decoding. We
discuss thelossprobability under coding in the next section.

Recall thatHN
(i)

(t), 1 ≤ i ≤ N , t ≥ 1, denotes the number
of packet arrivals from the encoder of the sourcei to the buffer
in the time slott. Assuming that the system is in stationarity,
(1) implies

P
[

HN
(i)

(t) = h
]

=











1 − λ, h = 0,

λ − λ/MN , h = 1,

λ/MN , h = 1 + α,

(19)

for 1 ≤ i ≤ N , t ≥ 1. The meanλN
∗ and the variance(σN

∗ )2

of HN
(i)

(t) are respectively given by

λN
∗ = λ + αλ/MN ,

(σN
∗ )2 = λN

∗ (1 − λN
∗ ) + α(1 + α)λ/MN ;

(20)

note thatλN
∗ → λ and (σN

∗ )2 → λ(1 − λ), asN → ∞. Let
HN (t), t ≥ 1, denote the total number of packets sent from
the encoders ofN sources to the buffer in the time slott:

HN (t) =

N
∑

i=1

HN
(i)(t).

The drop probabilitypN
D is defined to be the long-term

ratio of the number of dropped packets to the total number

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
10
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10
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2
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3
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4

α/m

ζ
(α

/
m

)

b β

Fig. 5. The coding overheadζ (α/m) = p̂D/p̂ (see (22)) forλ = 0.5:
solid lines forb = 0.5 and β ∈ {0, 0.5, 1}, and dashed lines forβ = 0.5
andb ∈ {0, 1}.

of arrivals from the encoders. Then, analogously to (15), we
have

pN
D = E (QN

∗ + HN − CN − BN )+/λN
∗ N,

whereHN is equal in distribution toHN(t), andQN
∗ has the

stationary distribution of the queue occupancy when codingis
used. When coding is employed, original arrival processes are
altered by additional coded packets as stated in Section II.
Thus, the queue occupancy is also affected by the coding
scheme. Under the critical-load scaling, the drop probability
is Θ(1/

√
N), asN → ∞. Therefore, we consider the scaled

drop probabilityp̂N
D defined by

p̂N
D = λ

√
NpN

D

=
λ

λN
∗

E (Q̂N
∗ + ĤN + (λN

∗ − λ)
√

N − ĈN − B̂N )+,

whereĤN = (HN − λN
∗ N)/

√
N and Q̂N

∗ = QN
∗ /

√
N ; note

that (λN
∗ − λ)

√
N → α/m, asN → ∞. Next we definêpD

as the limiting (asN → ∞) scaled drop probability:

p̂D = lim
N→∞

p̂N
D = E (Q̂∗ + Ĥ + α/m − β − b)+, (21)

whereĤN ⇒ Ĥ , Q̂N
∗ ⇒ Q̂∗, as N → ∞, and the random

variablesĤ andQ̂∗ are independent. It can be shown thatĤ
has the normal distribution with zero mean and varianceλ(1−
λ) (due to the CLT) and that the distribution of̂Q∗ satisfies
(12) with β replaced byβ − α/m (e.g., see [8, Sec. 25]).

We define the coding overheadζ as a function ofα/m:

ζ(α/m) =
p̂D

p̂
=

E (Q̂∗ + Ĥ + α/m − β − b)+

E (Q̂ + Â − β − b)+
. (22)

In Figure 5, the solid lines showζ(α/m) for λ = 0.5, b = 0.5
and β ∈ {0, 0.5, 1}. The dashed lines are forλ = 0.5, β =
0.5 and b ∈ {0, 1}. Since the additional offered load due to
coding increases asα/m increases,ζ is an increasing function
of α/m. The figure also illustrates that, for a fixed value of
α/m, the value ofζ increases whenβ (capacity) orb (buffer



7

size) increase. Note that̂pD is exactly equal tôp when β is
replaced byβ − α/m in (16). As seen in Figure 4, the larger
the β is, the faster thêp decreases asβ increases. Thus,̂p
decreases faster than̂pD when β increases. Approximations
given in (17) and (18) also support this observation. Namely,
for α/m ≫ β, p̂D decreases linearly whenβ increases while
p̂ decreases exponentially; whenα/m ≪ β, both p̂ and p̂D

decrease exponentially, butp̂ decreases faster than̂pD due to
α/m term. Similar reasoning can be applied to the case ofb.

Since decoding is performed on a per-block basis, the loss
probability depends not only on the drop probabilities of
individual packets but also on the distribution of the number of
dropped packets in a block. Thus, in order to evaluate the loss
probability, one needs to consider the behavior of the packet
drops in a block. The following theorem characterizes the
number of dropped packets in a block in the limit asN → ∞.

Theorem 1. Suppose that the system is in stationarity, and
consider the critical-load scaling. LetDN

d be the number of
dropped packets amongMN data packets in a block. Then,
in the limit asN → ∞, DN

d is Poisson:

P
[

DN
d = k

]

→ (mp̂D)
k

k!
e−mp̂D ,

as N → ∞, wherep̂D is the limiting scaled drop probability
that satisfies(21). Furthermore, if DN

c is the number of
dropped packets among additionalα coded packets in a block,
then, asN → ∞,

P
[

DN
c = 0

]

→ 1.

Proof: See Subsection X-B.
Informally, the theorem can be interpreted as follows. Con-

sider a single block, and suppose that the packets in this block
are dropped independently with drop probability equal topN

D .
Then, the number of dropped packets in the block of length
MN = ⌊mλ

√
N⌋ follows the binomial distribution:

P
[

DN
d = k

]

=

(⌊mλ
√

N⌋
k

)

(

pN
D

)k (
1 − pN

D

)⌊mλ
√

N⌋−k
.

It is straightforward to verify that this binomial distribution
tends to the Poisson distribution with meanmp̂D in the limit
as N → ∞. However, packet drops are not independent in
a system with finiteN . The drop probability of a packet in
a fixed time slott depends on the total number of arrivals
from the encoders ofN sources in the time slott and the
queue occupancy at the end of the time slott− 1. Since both
the total arrival process and the queue occupancy have the
Markov property, as discussed in Section II, packet drops have
dependency across time. However, Theorem 1 shows that the
effect of this time dependency becomes negligibly small in
the limit as N → ∞. Given that the drop probability in a
fixed time slot t is Θ(1/

√
N), the possibility that a packet

is dropped shortly after another packet is dropped from the
same block diminishes asN → ∞. That is, when a packet
is dropped, we can assure, with high probability, that enough
time has elapsed for the system to enter its stationary regime.

Finally, Theorem 1 also indicates that the number of
dropped packets in a block isΘ(1). Since the number of

β

α
/
m

−1 −0.5 0 0.5 1 1.5 2
0

0.5

1

1.5

2

2.5

3

p̂L > p̂

p̂L < p̂ρ

Fig. 6. The boundary wherêpN
L

= p̂N , as N → ∞, for the ideal block
code(•), a systematic MDS code(◦), coding with overlapping blocks(�)
and partial coding withρ = 0.9 (×), ρ = 0.99 (+) and ρ = 0.999 (∗)
when λ = 0.5, b = 0.5 and m = 10. Note thatα/m ∈ {0.1, 0.2, . . . }
sinceα ∈ N.

additional coded packets for each block is alsoΘ(1), the
dropped packets can be recovered in some cases, as intended
by means of coding. This result verifies the relevance of the
considered critical-load scaling to the study of the effective-
ness of application-layer coding.

VII. L OSS PROBABILITY WITH CODING

Here, we consider the loss probability with coding for
erasure codes discussed in Section IV. The loss probabilitypN

L

is defined as the long-term ratio of lost packets after decoding
to the total number of data packets. LetLN denote the number
of lost packets amongMN = ⌊mλ

√
N⌋ data packets in a

block. Then, analogously to (14), we have

pN
L = E LN/MN .

The scaled loss probabilitŷpN
L is given by

p̂N
L = λ

√
NpN

L = E LN/mN ,

wheremN = ⌊mλ
√

N⌋/λ
√

N , and the limiting (asN → ∞)
scaled loss probabilitŷpL is defined by

p̂L = lim
N→∞

p̂N
L = lim

N→∞
E LN/m.

A. Ideal block code

From (3), the scaled loss probabilitŷpN
L for the ideal block

code satisfies

p̂N
L = E (DN

d + DN
c − α)+/mN ,

where the limiting distributions ofDN
d andDN

c are given in
Theorem 1. LettingN → ∞ renders an expression for the
limiting scaled loss probabilitŷpL:

p̂L = E (D − α)+/m, (23)

where the random variableD has the Poisson distribution with
meanmp̂D.
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Fig. 7. The scaled loss probability with codinĝpN
L

= λ
√

NpN
L

in the
limit as N → ∞ (see (24)) for a systematic MDS code whenλ = 0.5,
b = 0, m = 10 andα ∈ {1, 2, 5, 10}. The variances of arrival processes are
adjusted to be(σN

∗
)2 for N = 900 (see (20)) instead of the limiting value

λ(1 − λ). Simulation results forN = 900 and α = 1 (×), α = 2 (+),
α = 5 (•) andα = 10 (◦) are also shown. The dotted line is for the scaled
loss probability without coding.

By using (16), (21) and (23), one can compare the loss
probabilities with and without coding for a given set of
parameters(β, b, α, m). In Figure 6, we show the boundary
wherep̂L = p̂ for the ideal block code whenλ = 0.5, b = 0.5
andm = 10. Note that the boundary partitions the parameter
space(β, α/m) into two regions: the upper left region where
p̂L > p̂ (no coding is preferable) and the lower right region
where p̂L < p̂ (coding is preferable). The ideal block code
has the largest region where coding is advantageous among
all linear block codes since it achieves the best performance
among such codes. It is interesting to observe that employing
even the ideal block code can be counter-productive for some
set of system parameters. In particular, consider an over-loaded
system (λN > CN or, equivalently,β < 0). In this case, the
expected number of dropped packets in a single blockdue to
coding overheadis (pD −p) ·MN ≈ α. However, the number
of dropped packets in a block is not a constant; this leads to
a situation where more thanα packets are dropped in some
blocks and fewer thanα packets are dropped in the others.
In such a case, coding is not efficient in recovering dropped
packets.

B. Systematic MDS code

We can obtain the scaled loss probabilityp̂N
L for a system-

atic MDS code from (4):

p̂N
L = E

[

DN
d · 1{DN

d
+DN

c >α}
]

/mN .

Then, due to Theorem 1, the limiting scaled loss probability
p̂L is given by

p̂L = E
[

D · 1{D>α}
]

/m, (24)

where the random variableD has the Poisson distribution with
meanmp̂D. We refer the reader to Section VIII for a further
discussion on application-layer coding with a systematic MDS
code.

Figure 7 showŝpL as a function ofβ for a systematic MDS
code whenλ = 0.5, b = 0, m = 10 and α ∈ {1, 2, 5, 10}.
Note that, just for this example, we use the variance(σN

∗ )2

for N = 900 (see (20)) instead of the limiting valueλ(1−λ)
when we computêpD, which determineŝpL. Since the loss
probability is sensitive to the variances of arrival processes,
this adjustment is needed to make our asymptotic result to be
applicable for finiteN . The figure also shows the estimated
values ofp̂N

L (by simulation) forN = 900, MN = 150 (m =
10) and α ∈ {1, 2, 5, 10}. One can observe that simulation
results agree with analytical results well in this example.For
an over-loaded system (β ≪ 0), p̂L increases asα increases
because the number of dropped packets in a block is likely
to be beyond the number that can be recovered. Therefore,
in this case, additional packets behave just as overhead. On
the other hand, if a system is under-loaded (β ≫ 0), then p̂L

decreases at first asα increases since the benefit of coding
exceeds its overhead in this case. For some value ofα, p̂L

is minimized, i.e., the coding benefit is maximized. Ifα is
increased further, however,p̂L starts increasing, and coding is
not beneficial anymore. The dotted line represents the limiting
scaled loss probability without codinĝp (see (16)). One can
find a point wherêpL = p̂ for each value ofα/m. These points
correspond to the boundary where schemes with and without
coding have the same performance (shown in Figure 6).

C. Partial coding

The scaled loss probabilitŷpN
L for the partial coding scheme

can be computed from (5):

p̂N
L = E

[

DN
d − D̃N

d · 1{D̃N
d

+DN
c ≤α}

]

/mN ,

where D̃N
d denotes the number of dropped packets among

⌊ρMN⌋ data packets in the coding part of a block. Similarly
to Theorem 1, it can be shown that̃DN

d tends to Poisson
with meanρmp̂D, asN → ∞. Then, the limiting scaled loss
probability p̂L is given by

p̂L = p̂D − E
[

D̃ · 1{D̃≤α}
]

/m,

where the random variablẽD has the Poisson distribution with
meanρmp̂D.

Figure 6 includes the boundary wherêpL = p̂ for partial
coding with ρ ∈ {0.9, 0.99, 0.999} when λ = 0.5, b = 0.5
andm = 10. Note that the partial coding scheme withρ = 1
is identical to the scheme with pure block coding. As seen in
the figure, the region where coding is advantageous expands
asρ increases. Recall that the partial coding scheme might be
beneficial only when the number of dropped packets in a block
is greater than the number of additional packets in the block
(see Section IV). In the region where coding is advantageous,
however, the drop probability is so small that the number of
dropped packets is not likely to be greater than the number
of additional packets in a block. One can observe that partial
coding is getting worse asβ (capacity) increases. This result is
consistent with the previous observation since largerβ results
in smaller drop probability.
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Fig. 8. The boundary wherêpN
L

= p̂N , asN → ∞, for a systematic MDS
code whenλ = 0.5 andb = 0.5: solid lines forα ∈ {2, 10, 50}, and dotted
lines for m = 2 (•), m = 10 (◦) andm = 50 (·).

D. Coding with overlapping blocks

By combining Lemma 1 and Theorem 1, it can be shown
that the limiting scaled loss probabilitŷpN

L for the scheme
with overlapping blocks satisfies

p̂L = 2E
[

Ḋ(1 − ξ(Ḋ))2
]

/m,

where the random variablėD has the Poisson distribution with
meanmp̂D/2, andξ(0) = 1, ξ(k) = 0, k > α/2, and ξ(k),
1 ≤ k ≤ α/2, satisfies the following equation:

ξ(k) = P[Ḋ ≤ α/2 − k] +

α/2
∑

i=α/2−k+1

ξ(i)P[Ḋ = i];

recall that we only consider even values ofα for simplicity.
In Figure 6, we plot the boundary wherêpL = p̂ for

coding with overlapping blocks. As seen in the figure, the
described coding scheme with overlapping blocks underper-
forms compared to the one with non-overlapping blocks as far
as probability of loss is concerned. This stems from the fact
that the non-overlapping scheme can recover up toα dropped
packets per block, while the overlapping version is capableof
recovering onlyα/2 dropped packets per half block. It should
be noted, however, that the overlapping scheme might result
in shorter decoding delays.

VIII. D ISCUSSION

In this section, we discuss the performance of application-
layer coding with a systematic MDS code. Figure 8 shows the
boundary wherêpL = p̂ for a systematic MDS code when
λ = 0.5, b = 0.5, m ∈ {2, 10, 50} and α ∈ {2, 10, 50}.
If we increase the length of a block while increasing the
number of additional packets as well, then the asymptotic
drop probability does not change, but the number of possible
packet drop patterns that can be recovered in a block increases.
For example, suppose thatα = 1 and 1 dropped packet can
be recovered in a block. If we double the length of a block
and generate2 coded packets per double-length block, then

−2 0 2 4 6 8 10
0

2

4
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8

10

12

β

α
/
m

p̂L > p̂

p̂L < p̂

b

Fig. 9. The boundary wherêpN
L

= p̂N , asN → ∞, for a systematic MDS
code whenλ = 0.5, m = 10 andb ∈ {0, 0.5, 1, 2}.

2 dropped packets can be recovered in one half of a block
provided that no packets are dropped in the other half. Note
that largerm (and largerα for fixed α/m) implies a longer
block. Hence, the region where coding is advantageous to no
coding increases asm (andα for fixed α/m) increases. Note
that this reasoning applies to a large class of block codes.

Figure 9 shows the boundary wherep̂L = p̂ for a systematic
MDS code whenλ = 0.5, m = 10 andb ∈ {0, 0.5, 1, 2}. Re-
call that Figure 5 indicates that the coding overheadζ = p̂D/p̂
increases asb (buffer size) increases. Thus, largerb results
in a smaller region where coding outperforms no coding. It
is interesting to observe that the critical values ofα/m for
different values ofb converge asβ (capacity) increases. In
particular, the boundary tends toα/m = β asβ increases. As
long as the system is under-loaded (α/(mβ) < 1), for large
β (and, hence, largeβ − α/m for a fixed ratio ofα/(mβ)),
the buffer is likely to be empty with high probability; when
the system is over-loaded (α/(mβ) > 1), however, the buffer
is likely to be full. This behavior is not significantly impacted
by the buffer sizeb. Thus, (forβ ≫ 0) the value ofb only has
a secondary effect on the loss probability, and, therefore,does
not perform a significant role in determining the boundary.

In Figure 10, we plot the boundary where a buffer-less
system with coding (using a systematic MDS code) and a
system with a buffer but no coding have the same performance,
i.e., minα p̂L for b = 0 and p̂ for b > 0 are equal, forλ = 0.5
and m ∈ {10, 20, 50}. Similarly to Figure 8, this figure also
illustrates that largerm (block length) results in a larger region
where coding is advantageous. Moreover, the figure indicates
that the boundary tends toβ = 0 (the dashed line) in the limit
asm → ∞. Informally, from (24), we can derive

p̂L = p̂D

∞
∑

k=α

(mp̂D)k

k!
e−mp̂D .

In the limit asm → ∞, the Poisson distribution tends to the
normal distribution with meanmp̂D and variancemp̂D:

p̂L ≈ p̂D

(

1 − Φ0,1

(

α − mp̂D√
mp̂D

))

;
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Fig. 10. The boundary where a buffer-less system with coding(using a
systematic MDS code) and a system with a buffer but no coding have the
same performance, i.e.,minα p̂N

L
for b = 0 and p̂N for b > 0 are equal, as

N → ∞, for λ = 0.5 andm ∈ {10, 20, 50}. The figure also shows that the
boundary tends toβ = 0 (the dashed line) in the limit asm → ∞.

this, in turn, implies (for large values ofm)

p̂L ≈











0, α/m > p̂D,

p̂D/2, α/m = p̂D,

p̂D, α/m < p̂D.

Now, for an under-loaded system (β > 0), there exists some
α that satisfiesα/m > p̂D for largem. Thus, it is possible to
reducep̂L to an arbitrary small value by increasingm (block
length). On the other hand, for an over-loaded system (β < 0),
we havep̂D ≈ α/m − β > α/m from (18). In this case,
p̂L ≈ p̂D ≈ α/m − β ≥ −β > 0 can not be made arbitrarily
close to zero even ifm is increased indefinitely.

IX. CONCLUDING REMARKS

In this paper, we investigated the effectiveness of application
-layer coding for systems with a large number of users. The
system consists of a single link with a finite buffer, and
the loss probability was considered as the measure of the
system performance. We first showed that the critical-load
scaling is the relevant scaling to explore the effectiveness of
coding. Next we examined the asymptotic behavior of the
loss probabilities with and without coding, and established
the boundary that partitions the system parameter space into
two regions where coding is beneficial and detrimental. The
asymptotic results showed that coding is advantageous for
under-loaded systems with a certain set of system parameters;
in over-loaded systems, however, coding is detrimental since
the coding overhead exceeds its benefit. That is, application-
layer coding enhances the performance in systems with low
drop probabilities, but employing such coding in systems
with high drop probabilities only worsens the performance.
In addition, we illustrated in some simulation examples that
our asymptotic results provide reasonable approximationsfor
systems with a finite number of users.

Finally, we conclude this paper with a comment on systems
with priority. As stated in Section II, a system can employ

priority in order to improve its performance (implementing
priority requires an extra level of system complexity). In sys-
tems with priority, data packets have priority over additional
coded packets in the queue, and, thus, coded packets do not
impact the drops of data packets. Therefore, in this case,
coding does not harm the system performance, and one can
generate, ideally, as many coded packets as needed to enhance
the performance. LetWN(t), t ≥ 1, denote the number of
receivedcoded packets in the time slott by all N users. In the
ideal setup (assuming that every user generates a large enough
number of coded packets to fill up the spare capacity in every
time slot), we haveWN (t) = (CN−AN (t)−QN(t−1))+; for
simplicity, it is assumed that coded packets are not buffered.
Since there areN receivers in the system, thereceiving
rate of coded packets per receiverpN

W is then given by
pN

W = E (CN − AN − QN )+/N . From this expression, we
can derive thecritical-load scaling for systems with priority
that is similar to the one for systems with non-priority (see
Section III). Namely, the link capacity and the buffer size are
given by CN = ⌊λN + β

√
N⌋ and BN = ⌊b

√
N⌋, respec-

tively. Under this scaling, the drop probability of data packets
and the receiving rate of coded packets are bothΘ(1/

√
N),

as N → ∞. Given a block of lengthMN = ⌊mλN⌋, the
expected numbers of dropped data packets and received coded
packets are of the same order (i.e.,Θ(1)), and, therefore,
it is feasible to find the boundary that partitions the system
parameter space into two regions where employing coding is
significantly and marginally beneficial.

X. PROOFS

A. Proof of Lemma 1

Utilizing a systematic MDS code, we have either{L̇n = 0}
or {L̇n = k} on the event{Ḋn

d = k}. Therefore, it follows
that

E[L̇n|Ḋn
d = k] = k(1 − P[L̇n = 0|Ḋn

d = k]). (25)

Recall that the data packets inv̇n are included in bothvn and
vn−1. Assuming that at least one packet fromv̇n is dropped,
define two eventsEn

1 = {v̇n is recovered by decodingvn}
and En

2 = {v̇n is recovered by decodingvn−1}. For k > 0,
we have

P[L̇n = 0|Ḋn
d = k] = P[En

1 ∪ En
2 |Ḋn

d = k]

= 1 − (1 − P[En
1 |Ḋn

d = k])(1 − P[En
2 |Ḋn

d = k]),

where the second equality follows from the assumptions of the
lemma. By combining the preceding equality with (25), one
can obtain

E[L̇n|Ḋn
d = k] = k(1 − ξn

1 (k))(1 − ξn
2 (k)), (26)

whereξn
1 (k) = P[En

1 |Ḋn
d = k] and ξn

2 (k) = P[En
2 |Ḋn

d = k];
for notational simplicity, we extended the definition ofξn

1 (k)
and ξn

2 (k) for k = 0. Observe that ifḊn
d = 0 then L̇n = 0

since there are no dropped packets. Besides, ifḊn
d > α/2

then L̇n = Ḋn
d since no dropped packets can be recovered in

this case. Formally, we have

ξn
1 (k) = ξn

2 (k) =

{

1, k = 0,

0, k > α/2.
(27)
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Let Dn denote the number of dropped packets among the data
packets invn and the additionalα/2 coded packets generated
from vn, i.e., Dn = Ḋn

d + Ḋn+1
d + Ḋn

c . If Dn ≤ α/2, then
all dropped packets invn can be recovered. Otherwise, the
dropped packets invn can be recovered only when the dropped
packets inv̇n+1 are recovered by decoding the next block
vn+1 and the number of (remaining) unrecovered dropped
packets is at mostα/2. This argument leads to

ξn
1 (k) = P[Dn ≤ α/2|Ḋn

d = k]

+ P[Dn > α/2, Dn − Ḋn+1
d ≤ α/2, En+1

1 |Ḋn
d = k],

for 1 ≤ k ≤ α/2. The assumptions of the lemma imply that
the eventEn+1

1 is independent of botḣDn
d andḊn

c . Thus, the
second term on the right-hand side of the preceding equality
can be expressed as

P[Dn > α/2, Dn − Ḋn+1
d ≤ α/2, En+1

1 |Ḋn
d = k]

= P[α/2 − Ḋn+1
d < Ḋn

c + k ≤ α/2, En+1
1 ],

and, if we represent this as the sum of conditional probabilities
(conditioned on the event{Ḋn+1

d = i} for 1 ≤ i ≤ α/2), then
we have

P[α/2 − Ḋn+1
d < Ḋn

c + k ≤ α/2, En+1
1 ]

=

α/2
∑

i=1

P[α/2 − i < Ḋn
c + k ≤ α/2, En+1

1 , Ḋn+1
d = i].

For notational simplicity, letα̇ = α/2. Then, one can derive
the following equation from the preceding argument:

ξn
1 (k) = P[Ḋn+1

d + Ḋn
c + k ≤ α̇]

+

α̇
∑

i=1

ξn+1
1 (i)P[α̇ − i < Ḋn

c + k ≤ α̇]P[Ḋn+1
d = i], (28)

for 1 ≤ k ≤ α̇. Likewise, it can be shown that

ξn
2 (k) = P[Ḋn−1

d + Ḋn−1
c + k ≤ α̇]

+

α̇
∑

i=1

ξn−1
2 (i)P[α̇ − i < Ḋn−1

c + k ≤ α̇]P[Ḋn−1
d = i]. (29)

for 1 ≤ k ≤ α̇. Under steady-state, both (28) and (29) have the
same solutionξ(k) = ξn

1 (k) = ξn
2 (k). In this case, (26)–(29)

yield
E[L̇n|Ḋn

d = k] = k(1 − ξ(k))2,

whereξ(k), k ≥ 0, is given as in the statement of the lemma.
This concludes the proof of Lemma 1.

B. Proof of Theorem 1

Let DN (t), t ≥ 1, denote the number of dropped packets
in the time slott:

DN (t) = (QN
∗ (t − 1) + HN (t) − CN − BN )+,

whereQN
∗ (t) denotes the queue occupancy at the end of the

time slot t. Since all packets are assumed to have the same
priority, the drop probability of a packet at the time slott is
given by

pN
D(t) = DN (t)/HN (t). (30)

Without loss of generality, consider the arrival process ofthe
source1. Let {τs, 1 ≤ s ≤ MN} be the sequence of arrival
times of data packets in a block of the source1. Then, the
probability thatk data packets are dropped in a block is given
by

P[DN
d = k] =

∑

S∈Sk

E

[

∏

s∈S

pN
D(τs)

∏

s/∈S

(1 − pN
D(τs))

]

, (31)

whereSk is the collection of allk-subsets of{1, 2, . . . , MN}.
Now define, forl ∈ N,

Sk
l = {S : |i − j| > l, ∀i, j ∈ S ∈ Sk}. (32)

The following lemma states that under the critical-load scaling,
the intervals between packet drops in a block are asymptoti-
cally Ω(log N), asN → ∞.

Lemma 2. Consider the critical-load scaling. Suppose that
l = ⌊a log N⌋ for fixeda > 0. Then, asN → ∞,

∑

S∈Sk\Sk
l

E

[

∏

s∈S

pN
D(τs)

∏

s/∈S

(1 − pN
D(τs))

]

→ 0.

Proof: See Subsection X-C

Lemma 3. Consider the critical-load scaling. Suppose that
l = ⌊a log N⌋ for fixeda > 0. Then, asN → ∞,

∑

S∈Sk
l

E

∏

s∈S

pN
D(τs)

1 − pN
D(τs)

→ (mp̂D)
k

k!
,

wherep̂D is the limiting scaled drop probability that satisfies
(21). Moreover, we have

lim sup
N→∞

∑

S∈Sk
l

(

E

∏

s∈S

(

pN
D(τs)

1 − pN
D(τs)

)2
)1/2

< ∞.

Proof: See Subsection X-D

Lemma 4. Consider the critical-load scaling. Then

MN

∏

s=1

(1 − pN
D(τs))

P−→ e−mp̂D ,

as N → ∞, wherep̂D is the limiting scaled drop probability
that satisfies(21).

Proof: See Subsection X-E
Next we present a proof of Theorem 1.

Proof of Theorem 1:First considerDN
d , which denotes

the number of dropped data packets in a block of the source1.
The setSk can be partitioned into two disjoint subsetsSk

l and
Sk \ Sk

l . Thus, in view of (31), we have

P[DN
d = k] =

∑

S∈Sk
l

EΠN (S) +
∑

S∈Sk\Sk
l

EΠN (S). (33)

whereΠN (S) =
∏

s∈S pN
D(τs)

∏

s/∈S(1− pN
D(τs)). By letting

ΣN =
∑

S∈Sk
l

∏

s∈S

pN
D(τs)

1 − pN
D(τs)

,

ΓN =

MN

∏

s=1

(1 − pN
D(τs)) − e−mp̂D ,
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and by using the triangular inequality, it is straightforward to
show that
∣

∣

∣

∣

∣

∣

∑

S∈Sk
l

EΠN (S) − (mp̂D)k

k!
e−mp̂D

∣

∣

∣

∣

∣

∣

≤
∣

∣E[ΣNΓN ]
∣

∣+ e−mp̂D

∣

∣

∣

∣

EΣN − (mp̂D)k

k!

∣

∣

∣

∣

. (34)

For someǫ > 0, define an eventGN
ǫ = {|ΓN | < ǫ}. Then, we

have
∣

∣E[ΣNΓN ]
∣

∣ ≤ E[|ΣNΓN | · 1GN
ǫ

] + E[|ΣNΓN | · 1ḠN
ǫ

]

≤ ǫEΣN + E[ΣN1ḠN
ǫ

];
(35)

the first inequality is due to the Jensen’s inequality and the
second inequality follows from|ΓN | ≤ 1. Furthermore, the
Cauchy-Schwarz inequality renders

E[ΣN1ḠN
ǫ

] ≤
∑

S∈Sk
l

(

E

[

∏

s∈S

(

pN
D(τs)

1 − pN
D(τs)

)2
]

P[ḠN
ǫ ]

)1/2

.

Let l = ⌊a log N⌋ for fixed a > 0. Then, the second statement
of Lemma 3, Lemma 4 and the preceding inequality imply
E[ΣN1ḠN

ǫ
] → 0, asN → ∞. SincelimN→∞ EΣN < ∞ (see

the first statement of Lemma 3) and (35) holds for anyǫ > 0,
it follows that |E[ΣNΓN ]| → 0, asN → ∞; combining this
limit, the first statement of Lemma 3 and (34) yields

∑

S∈Sk
l

EΠN (S) → (mp̂D)k

k!
e−mp̂D ,

asN → ∞. Due to Lemma 2 and the preceding limit, the first
statement of the theorem follows from (33).

Second considerDN
c , i.e., the number of dropped packets

among additionalα coded packets in a block of the source1
(recall that without loss of generality, we consider the arrival
process of the source1). Note that additionalα coded packets
are transmitted in the same time slot as the last data packet of
the block. Moreover, all packets have the same priority in the
system. Thus, it follows from the union bound:

P[DN
c > 0] ≤ αEpN

D(τMN ), (36)

whereτMN is the arrival time of the last data packet in the
block. The drop probabilitypN

D(t) is bounded by

pN
D(t) ≤ (HN (t) − CN )+

HN (t)
≤ (HN (t) − CN )+

CN
; (37)

this together with (36) leads to

P[DN
c > 0] ≤ α(

√
N/CN )E(ȞN (τMN ))+, (38)

whereȞN (t) = (HN (t) − CN )/
√

N . Moreover, the relation
x+ < ex for x ∈ R implies

E(ȞN (τMN ))+ ≤ EeȞN (τ
MN ). (39)

Since additionalα packets are transmitted in the same time
slot as the last data packet of the block, we haveHN (τMN ) =
(1 + α) +

∑N
i=2 HN

(i)(τMN ). Assuming that processes are in
their stationary regimes except the one corresponding to the

source1, the random variablesHN
(i)

(τMN ), i = 2, 3, . . . , N ,
are i.i.d.. Thus, it follows that

EeȞN (τ
MN ) = E

N
∏

i=1

eȞN
(i)(τMN )

= e((1+α)−CN/N)/
√

N
(

EeȞN
(2)(τMN )

)N−1

,

whereȞN
(i)

(t) = (HN
(i)

(t) − CN/N)/
√

N . From (19), it can
be shown that

EeȞN
(2)(t) = 1 +

α/m − β

N
+

λ(1 − λ)

2N
+ o

(

1

N

)

,

asN → ∞, and this further results in

lim
N→∞

EeȞN (τ
MN ) < ∞. (40)

Finally, putting together (38)–(40) renders the second state-
ment of the theorem.

C. Proof of Lemma 2

First we present a preliminary technical lemma.

Lemma 5. If l = o(MN ), asMN → ∞, then

|Sk
l | = ((MN )k/k!)(1 − o(1)),

and
|Sk| − |Sk

l | = O(l · (MN )k−1),

as MN → ∞, for fixedk ∈ N.

Proof: Observe that|Sk| is bounded above by

|Sk| =

(

MN

k

)

≤ (MN )k

k!
,

and |Sk
l | is bounded below by

|Sk
l | ≥

1

k!

k−1
∏

i=0

(MN − i(2l + 1)) ≥ (MN − k(2l + 1))k

k!
.

Under the assumption of the lemma, these two inequalities im-
ply the first statement of the lemma. Furthermore, combining
these two inequalities results in

|Sk| − |Sk
l | ≤

(MN )k − (MN − k(2l + 1))k

k!
,

and, then, the second statement of the lemma also follows due
to the assumption of the lemma.

Now we provide a proof of Lemma 2.
Proof of Lemma 2:The lemma holds fork = 0 trivially;

hence, we considerk ≥ 1. From (37), it follows that
∏

s∈S

pN
D(τs)

∏

s/∈S

(1 − pN
D(τs)) ≤

∏

s∈S

pN
D(τs)

≤ (
√

N/CN )k
∏

s∈S

(ȞN (τs))
+. (41)

Moreover, due to the Cauchy-Schwarz inequality, we have

E

∏

s∈S

(ȞN (τs))
+ ≤

∏

s∈S

(

E((ȞN (τs))
+)k
)1/k

≤
∏

s∈S

(

EekȞN (τs)
)1/k

;
(42)
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the second inequality follows from the relationx+ < ex for
x ∈ R. Recall thatτs, 1 ≤ s ≤ MN , is the arrival time of
the sth data packet in a block of the source1. Thus, we have
HN (τs) = 1 + α · 1{s=MN} + HN

(−1)
(τs), whereHN

(−1)
(t) =

∑N
i=2 HN

(i)(t). Given that all processes are in their stationary
regimes except the one corresponding to the source1, the
random variablesHN

(−1)(τs), s = 1, 2, . . . , MN , are equal in
distribution, and, analogously to (40), it can be shown that

lim
N→∞

EekȞN (τs) < ∞, (43)

for all τs, 1 ≤ s ≤ MN . Under the assumptions of the lemma,
Lemma 5 implies|Sk|−|Sk

l | ≤ c⌊a log N⌋(MN)k−1 for some
finite constantc. Combining this and (41)–(43) leads to the
statement of Lemma 2.

D. Proof of Lemma 3

ConsiderHN
(−1)

(t)−AN
(−1)

(t), i.e., the number of additional
coded packets generated by the encoders ofN − 1 sources
(except the source1) in the time slott, whereHN

(−1)
(t) and

AN
(−1)

(t) are respectively given by

HN
(−1)

(t) =
N
∑

i=2

HN
(i)

(t), AN
(−1)

(t) =
N
∑

i=2

AN
(i)

(t).

The following lemma indicates that the number of such coded
packets per time slot can be approximated by(α/m)

√
N

during an entire block.

Lemma 6. Consider the critical-load scaling. Then

sup
τ1≤t≤τ

MN

∣

∣

∣

∣

∣

HN
(−1)(t) − AN

(−1)(t)√
N

− α

m

∣

∣

∣

∣

∣

P−→ 0,

as N → ∞.

Proof: For someǫ > 0, define an eventEN
ǫ as

EN
ǫ =

{

sup
τ1≤t≤τ

MN

∣

∣

∣

∣

∣

HN
(−1)

(t) − AN
(−1)

(t)√
N

− α

mN

∣

∣

∣

∣

∣

≥ ǫ

}

,

where mN =
√

NMN/(λ(N − 1)). Since mN → m, as
N → ∞, it is sufficient to show that for anyǫ > 0,

P[EN
ǫ ] → 0, (44)

asN → ∞. The eventEN
ǫ satisfiesEN

ǫ ⊆
⋃τ

MN

t=τ1
EN

ǫ (t), where

EN
ǫ (t) =

{∣

∣

∣

∣

∣

HN
(−1)

(t) − AN
(−1)

(t)√
N

− α

mN

∣

∣

∣

∣

∣

≥ ǫ

}

.

Thus, the union bound renders

P[EN
ǫ ] ≤ E

τ
MN
∑

t=τ1

P[EN
ǫ (t)]. (45)

Furthermore, the Markov’s inequality results in

P[EN
ǫ (t)] = P





∣

∣

∣

∣

∣

HN
(−1)(t) − AN

(−1)(t)√
N

− α

mN

∣

∣

∣

∣

∣

4

≥ ǫ4





≤ (ǫ
√

N)−4
E

(

N
∑

i=2

UN
(i)

(t)

)4

,

(46)

whereUN
(i)

(t) = HN
(i)

(t) − AN
(i)

(t) − αλ/MN . Note that the
random variablesUN

(i)
(t), i = 2, 3, . . . , N , are independent

since packets are generated and encoded by individual sources
and their encoders independently. Furthermore, provided that
the system is in stationarity, the random variablesUN

(i)
(t), i =

2, 3, . . . , N , are i.i.d. with zero mean and

P[UN
(i)(t) = u] =

{

1 − λ/MN , u = −αλ/MN ,

λ/MN , u = α − αλ/MN ,
(47)

for all t ∈ [τ1, τMN ]; this stems from the fact that all processes
except the one corresponding to the source1 are in steady-state
at the time slotτ1. Therefore, it follows that

E

(

N
∑

i=2

UN
(i)(t)

)4

≤ NE(UN
(2)(t))

4 + 3N2(E(UN
(2)(t))

2)2,

(48)
for all t ∈ [τ1, τMN ]. From (47), one can obtain

E(UN
(2)

(t))k = (1 − λ/MN )(−αλ/MN )k

+ (λ/MN )(α − αλ/MN )k,

for k ≥ 2, and this together with (46) and (48) leads to

P[EN
ǫ (t)] = O(1/N), (49)

asN → ∞, for all t ∈ [τ1, τMN ]. Observe thatτMN − τ1 =
∑MN

i=2 (τi − τi−1), where(τi − τi−1), i = 2, 3, . . . , MN , are
i.i.d. geometric random variables with mean1/λ (since the
sources are Bernoulli). Hence, combining (45) and (49) yields
(44), and this concludes the proof of the lemma.

Next we introduce an additional technical lemma. For some
ǫ > 0, consider two systems that have the same link capacity
CN and buffer sizeBN ; however, assume that input processes
are respectively given byAN

−ǫ(t) = AN
(−1)

(t)+ (α/m− ǫ)
√

N

and AN
+ǫ(t) = AN

(−1)(t) + (1 + α) + (α/m + ǫ)
√

N , instead
of HN (t). Formally, the queue occupancies of these systems
QN

±ǫ(t), t ≥ 1, satisfy the following recursion:

QN
±ǫ(t) = (QN

±ǫ(t − 1) + AN
±ǫ(t) − CN )+ ∧ BN , (50)

and the numbers of dropped packetsDN
±ǫ(t), t ≥ 1, are respec-

tively given by

DN
±ǫ(t) = (AN

±ǫ(t) + QN
±ǫ(t − 1) − CN − BN )+. (51)

Observe that the processes{QN
±ǫ(t), t ≥ 0} are Markov chains

since{AN
±ǫ(t), t ≥ 1} are i.i.d. processes.

The following lemma provides an upper and lower bound
on the number of dropped packets.

Lemma 7. Consider the critical-load scaling. For anyǫ > 0,
if QN

−ǫ(τ1−1) = QN
+ǫ(τ1−1) = QN

∗ (τ1−1), then, asN → ∞,

P[DN
ǫ ] → 1,

whereDN
ǫ = {DN

−ǫ(t) ≤ DN (t) ≤ DN
+ǫ(t), ∀t ∈ [τ1, τMN ]}.

Proof: For someǫ > 0, define an eventAN
ǫ as

AN
ǫ =

{

sup
τ1≤t≤τ

MN

∣

∣

∣

∣

∣

HN
(−1)

(t) − AN
(−1)

(t)√
N

− α

m

∣

∣

∣

∣

∣

< ǫ

}

, (52)



14

Given the eventAN
ǫ , the following bound holds:

AN
−ǫ(t) ≤ HN(t) ≤ AN

+ǫ(t), ∀t ∈ [τ1, τMN ]; (53)

this further implies (due to the monotonicity in (50))

QN
−ǫ(t) ≤ QN

∗ (t) ≤ QN
+ǫ(t), ∀t ∈ [τ1, τMN ]. (54)

From (51), (53) and (54), on the eventAN
ǫ , we also have

DN
−ǫ(t) ≤ DN (t) ≤ DN

+ǫ(t), ∀t ∈ [τ1, τMN ]. (55)

Then, the statement of the lemma follows from Lemma 6.
Next we present a proof of Lemma 3

Proof of Lemma 3: First consider the first statement of
the lemma. Note that the statement holds fork = 0 trivially;
hence, we considerk ≥ 1. The proof consists of three parts.

Part I. Observe thatHN(t) ∧ CN ≤ HN(t) − DN (t) ≤
CN + BN ; this implies (see (30))

DN (t)

CN + BN
≤ pN

D(t)

1 − pN
D(t)

≤ DN (t)

HN(t) ∧ CN
=

DN (t)

CN
; (56)

the equality is due to the fact that the event{HN(t) < CN}
implies {DN(t) = 0}. Then, it is sufficient to show that for
all S ∈ Sk

l ,

E

∏

s∈S

D̂N (τs) → (p̂D)k, (57)

asN → ∞, whereD̂N (t) = DN (t)/
√

N . In particular, note
that (56) and the preceding limit imply

(CN/
√

N)k
E

∏

s∈S

pN
D(τs)

1 − pN
D(τs)

→ (p̂D)k,

asN → ∞, for all S ∈ Sk
l ; then, the statement of the lemma

follows from the first statement of Lemma 5. Fork = 1,
the limit (57) is straightforward (see (21)); thus, we consider
k ≥ 2 from now on.

Part II. The proof is based on a coupling argument (e.g., see
[10, Sec. 4.1.2]). Givenǫ > 0, define two eventsCN

−ǫ,0(t1, t2)
andCN

−ǫ,b(t1, t2) for time slotst1 and t2 (t1 < t2):

CN
−ǫ,0(t1, t2) = {∃t ∈ [t1, t2) : AN

−ǫ(t) < CN − BN},
CN
−ǫ,b(t1, t2) = {∃t ∈ [t1, t2) : AN

−ǫ(t) > CN + BN},

and consider the eventCN
−ǫ(t1, t2) given by

CN
−ǫ(t1, t2) = CN

−ǫ,0(t1, t2) ∩ CN
−ǫ,b(t1, t2). (58)

The events{AN
−ǫ(t) < CN −BN} and{AN

−ǫ(t) > CN +BN}
imply {QN

−ǫ(t) = 0} and {QN
−ǫ(t) = BN}, respectively,

regardless of the queue occupancy of the previous time slot.
On the eventCN

−ǫ(t1, t2), thus, the buffer becomes empty and
full at least once during the time interval[t1, t2). Now consider
a queue occupancy process{Q̇N

−ǫ(t), t ≥ t1 − 1} with the
same arrival process{AN

−ǫ(t), t ≥ t1} but possibly different
initial distribution at t = t1 − 1. If there existst0 ≥ t1
such thatQN

−ǫ(t
0) ≤ Q̇N

−ǫ(t
0), then QN

−ǫ(t) ≤ Q̇N
−ǫ(t) for

all t ≥ t0. On the other hand, if there existstb ≥ t1 such
that QN

−ǫ(t
b) ≥ Q̇N

−ǫ(t
b), then QN

−ǫ(t) ≥ Q̇N
−ǫ(t) for all

t ≥ tb. Hence, the eventCN
−ǫ(t1, t2) implies that these two

queue occupancy processes couple before the time slott2, i.e.,

QN
−ǫ(t2) = Q̇N

−ǫ(t2), regardless of their initial distributions at
t = t1 − 1.

Let S = {s1, s2, . . . , sk} ∈ Sk
l , wheres1 < s2 < · · · < sk.

The assumption of the lemma implies|si−sj | > ⌊a logN⌋ for
all si, sj ∈ S (see (32)); this further results in(τsi

− τsi−1) >
⌊a logN⌋ for all i, 2 ≤ i ≤ k. Therefore, we have

P[C̄N
−ǫ(τsi−1 + 1, τsi

)] ≤ (qN
0 )⌊a log N⌋ + (qN

b )⌊a log N⌋,

for all i, 2 ≤ i ≤ k, whereqN
0 = P[AN

−ǫ(t) ≥ CN −BN ] and
qN
b = P[AN

−ǫ(t) ≤ CN + BN ]. SinceqN
0 → q0 ∈ (0, 1) and

qN
b → qb ∈ (0, 1), as N → ∞ (due to the CLT), it follows

that
P[C̄N

−ǫ(τsi−1 + 1, τsi
)] → 0, (59)

as N → ∞, for all i, 2 ≤ i ≤ k. The union bound and the
preceding limit yield

P

[

k
⋃

i=2

C̄N
−ǫ(τsi−1 + 1, τsi

)

]

≤
k
∑

i=2

P[C̄N
−ǫ(τsi−1 + 1, τsi

)] → 0,

(60)
asN → ∞. One can define a corresponding eventCN

+ǫ(t1, t2)
(as in (58)) for the case “+ǫ”, and it can be shown that

P[C̄N
+ǫ(τsi−1 + 1, τsi

)] → 0, (61)

for all i, 2 ≤ i ≤ k, and

P

[

k
⋃

i=2

C̄N
+ǫ(τsi−1 + 1, τsi

)

]

→ 0, (62)

asN → ∞.
Part III. For someǫ > 0 and S = {s1, s2, . . . , sk} ∈ Sk

l ,
s1 < s2 < · · · < sk, let

CN
ǫ,i(S) = CN

−ǫ(τsi−1 + 1, τsi
) ∩ CN

+ǫ(τsi−1 + 1, τsi
),

for 2 ≤ i ≤ k, and consider the eventCN
ǫ (S) =

⋂k
i=2 CN

ǫ,i(S).
It is straightforward to show that

E[ΨN
−ǫ(S)1CN

ǫ (S)] = E

[

D̂N
−ǫ(τs1 )

k
∏

i=2

(

D̂N
−ǫ(τsi

)1CN
ǫ,i

(S)

)

]

.

whereΨN
−ǫ(S) =

∏

s∈S D̂N
−ǫ(τs) andD̂N

−ǫ(t) = DN
−ǫ(t)/

√
N .

For eachi, 2 ≤ i ≤ k, consider a queue occupancy process
{Q∗N

−ǫ,i(t), τsi−1 ≤ t ≤ τsi
− 1} that is in stationarity at the

time slot t = τsi−1 and follows the same recursion (50) for
t ∈ [τsi−1 +1, τsi

−1]. In particular, we assume that the initial
queue occupanciesQ∗N

−ǫ,i(τsi−1), i = 2, 3, . . . , k, are i.i.d. and
that they do not depend on the arrival process{AN

−ǫ(t), t ≥ 1}.
In addition, letD∗N

−ǫ,i(t), τsi−1 + 1 ≤ t ≤ τsi
, 2 ≤ i ≤ k,

denote the number of dropped packets that corresponds to the
queue occupancyQ∗N

−ǫ,i(·):

D∗N
−ǫ,i(t) = (AN

−ǫ(t) + Q∗N
−ǫ,i(t − 1) − CN − BN )+. (63)

Due to the coupling argument given in the previous part, we
have, for alli, 2 ≤ i ≤ k,

DN
−ǫ(τsi

)1CN
ǫ,i

(S) = D∗N
−ǫ,i(τsi

)1CN
ǫ,i

(S). (64)

Note that each random variableD∗N
−ǫ,i(τsi

)1CN
ǫ,i

(S), 2 ≤ i ≤ k,

is determined by the initial queue occupancyQ∗N
−ǫ,i(τsi−1 ) and
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the random variablesAN
−ǫ(t), t ∈ [τsi−1 + 1, τsi

]. Since the
random variablesAN

−ǫ(t), t = 1, 2, . . . , are i.i.d. and the queue
occupanciesQ∗N

−ǫ,i(τsi−1), i = 2, 3, . . . , k, are assumed to be
i.i.d. with stationary distribution (and they do not dependon
the arrival process), it follows that

E[ΨN
−ǫ(S)1CN

ǫ (S)] = E[D̂N
−ǫ(τs1)]

k
∏

i=2

E[D̂∗N
−ǫ,i(τsi

)1CN
ǫ,i

(S)],

(65)
whereD̂∗N

−ǫ,i(t) = D∗N
−ǫ,i(t)/

√
N . From the boundD∗N

−ǫ,i(t) ≤
(AN

−ǫ(t)−CN )+ and the Cauchy-Schwarz inequality, we have

E[D̂∗N
−ǫ,i(τsi

)1C̄N
ǫ,i

(S)] ≤ E[(ǍN
−ǫ(τsi

))+1C̄N
ǫ,i

(S)]

≤
(

E[((ǍN
−ǫ(τsi

))+)2]P[C̄N
ǫ,i(S)]

)1/2
, (66)

for all i, 2 ≤ i ≤ k, whereǍN
−ǫ(t) = (AN

−ǫ(t) − CN )/
√

N .
By using the similar steps as in (39) and (40), one can obtain

lim sup
N→∞

E((ǍN
−ǫ(τs))

+)2 < ∞. (67)

Furthermore, due to (59) and (61), we haveP[CN
ǫ,i(S)] → 1,

asN → ∞, for all i, 2 ≤ i ≤ k. Then, from (66) and (67), it
follows that, asN → ∞,

E[D̂∗N
−ǫ,i(τsi

)1CN
ǫ,i

(S)] − ED̂∗N
−ǫ,i(τsi

) → 0, (68)

for all i, 2 ≤ i ≤ k. Recall that the initial queue occupancies
Q∗N

−ǫ,i(τsi−1), i = 2, 3, . . . , k, are assumed to have the station-
ary distribution; this impliesED̂∗N

−ǫ,i(τsi
) = ED̂N

−ǫ(τs1), for
all i, 2 ≤ i ≤ k. Thus, combining (65) and (68) renders

E[ΨN
−ǫ(S)1CN

ǫ (S)] − (ED̂N
−ǫ(τs1))

k → 0, (69)

asN → ∞.
The boundDN

−ǫ(t) ≤ (AN
−ǫ(t) − CN )+ and the Cauchy-

Schwarz inequality yield (see Lemma 7)

E[ΨN
−ǫ(S)1CN

ǫ (S)1D̄N
ǫ

] ≤ E[ΨN
−ǫ(S)1D̄N

ǫ
]

≤
(

E

[

∏

s∈S

((ǍN
−ǫ(τs))

+)2

]

P[D̄N
ǫ ]

)1/2

. (70)

Since random variablešAN
−ǫ(τs), s ∈ S, are i.i.d., we have

E

∏

s∈S

((ǍN
−ǫ(τs))

+)2 =
∏

s∈S

E((ǍN
−ǫ(τs))

+)2.

Then, by combining (67), (70) and Lemma 7, it follows that
E[ΨN

−ǫ(S)1CN
ǫ (S)1D̄N

ǫ
] → 0, asN → ∞; this limit and (69)

further result in

E[ΨN
−ǫ(S)1CN

ǫ (S)1DN
ǫ

] − (ED̂N
−ǫ(τs1 ))

k → 0, (71)

as N → ∞. Likewise, one can derive a similar limit for the
case “+ǫ”, i.e.,

E[ΨN
+ǫ(S)1CN

ǫ (S)1DN
ǫ

] − (ED̂N
+ǫ(τs1 ))

k → 0, (72)

asN → ∞, whereΨN
+ǫ(S) =

∏

s∈S(DN
+ǫ(τs)/

√
N). For any

ǫ > 0, Lemma 7 implies

ΨN
−ǫ(S)1ZN

ǫ (S) ≤ ΨN (S)1ZN
ǫ (S) ≤ ΨN

+ǫ(S)1ZN
ǫ (S), (73)

whereZN
ǫ (S) = CN

ǫ (S) ∩ DN
ǫ andΨN (S) =

∏

s∈S D̂N (τs).
In addition, due to continuity, it can be shown that

lim
ǫ↓0

lim
N→∞

ED̂N
±ǫ(τs1) = p̂D.

Hence, from (71)-(73) and the preceding limit, one can derive

lim
ǫ↓0

lim
N→∞

E[ΨN (S)1ZN
ǫ (S)] = (p̂D)k. (74)

On the other hand, the boundDN (t) ≤ (HN (t) − CN )+

and the Cauchy-Schwarz inequality lead to

E[ΨN (S)1Z̄N
ǫ (S)]

≤
(

E

[

∏

s∈S

((ȞN (τs))
+)2

]

P[Z̄N
ǫ (S)]

)1/2

. (75)

Similarly to (42) and (43), one can obtain

lim sup
N→∞

E

∏

s∈S

((ȞN (τs))
+)2 < ∞. (76)

Moreover, (60), (62) and Lemma 7 implyP[ZN
ǫ (S)] → 1, as

N → ∞. Then, from (75) and (76), we have

E[ΨN (S)1Z̄N
ǫ (S)] → 0,

asN → ∞. The preceding limit and (74) imply (57), and the
first statement of the lemma follows.

Finally consider the second statement of the lemma. From
(56) and the boundDN (t) ≤ (HN (t) − CN )+, we have

E

∏

s∈S

(

pN
D(τs)

1 − pN
D(τs)

)2

≤ (
√

N/CN)2k
E

∏

s∈S

((ȞN (τs))
+)2.

Then, since|Sk
l | = O((MN )k), asN → ∞ (see Lemma 5),

the second statement of the lemma follows from (76).

E. Proof of Lemma 4

The proof consists of two parts.
Part I. For someδ > 0, it can be shown that

P





∣

∣

∣

∣

∣

MN

∏

s=1

(1 − pN
D(τs)) − e−mp̂D

∣

∣

∣

∣

∣

≥ δ





≤ P





∣

∣

∣

∣

∣

−
MN

∑

s=1

log(1 − pN
D(τs)) − mp̂D

∣

∣

∣

∣

∣

≥ δ′



 , (77)

whereδ′ = log(1 + δ/e−mp̂D). The relationx ≤ − log(1 −
x) ≤ x/(1 − x) for 0 ≤ x < 1 renders

pN
D(t) ≤ − log(1 − pN

D(t)) ≤ pN
D(t)/(1 − pN

D(t)). (78)

Given ǫ > 0, the eventAN
ǫ implies (see (52), (53) and (55))

pN
D(t) ≥ DN

−ǫ(t)

AN
+ǫ(t)

,
pN

D(t)

1 − pN
D(t)

≤ DN (t)

CN
≤ DN

+ǫ(t)

CN
,

for all t ∈ [τ1, τMN ]; the second inequality follows from (56).
Due to (78) and the preceding inequalities, it follows that on
the eventAN

ǫ ,

MN

∑

s=1

PN
−ǫ(τs) ≤ −

MN

∑

s=1

log(1 − pN
D(τs)) ≤

MN

∑

s=1

PN
+ǫ(τs), (79)
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wherePN
−ǫ(t) = DN

−ǫ(t)/A
N
+ǫ(t) and PN

+ǫ(t) = DN
+ǫ(t)/CN .

Due to Lemma 6, we haveP[AN
ǫ ] → 1, asN → ∞, for any

ǫ > 0; hence, from (77) and (79), it is sufficient to show that

P





∣

∣

∣

∣

∣

MN

∑

s=1

PN
±ǫ(τs) − mp̂D

∣

∣

∣

∣

∣

≥ δ



→ 0, (80)

asN → ∞, for any δ > 0 and all sufficiently smallǫ > 0.
Part II. Consider the case “−ǫ”. For someǫ > 0 andδ > 0,

define an eventBN
ǫ,δ as

BN
ǫ,δ =







∣

∣

∣

∣

∣

MN

∑

s=1

PN
−ǫ(t) − MN

EPN
−ǫ(t)

∣

∣

∣

∣

∣

≥ δ







.

For notational simplicity, let̄PN
−ǫ(t) = PN

−ǫ(t)−EPN
−ǫ(t). The

Chebyshev’s inequality yields

P[BN
ǫ,δ] ≤ δ−2

E





MN

∑

s=1

P̄N
−ǫ(τs)





2

. (81)

Recall that the setS2 is the collection of all2-subsets of
{1, 2, . . . , MN}. Thus, it follows that

E





MN

∑

s=1

P̄N
−ǫ(τs)





2

= 2
∑

S∈S2

E

∏

s∈S

P̄N
−ǫ(τs)

+ MN
E(P̄N

−ǫ(τ1))
2. (82)

From the following bound:

PN
−ǫ(t) ≤

(AN
−ǫ(t) − CN )+

AN
+ǫ(t)

≤ (AN
−ǫ(t) − CN )+

CN
, (83)

we have

E(P̄N
−ǫ(τ1))

2 ≤ E(PN
−ǫ(τ1))

2

≤ (
√

N/CN )2E((ǍN
−ǫ(τ1))

+)2.
(84)

Then, due to (67), it can be shown that, asN → ∞,

MN
E(P̄N

−ǫ(τ1))
2 → 0. (85)

For notational simplicity, defineΛN
−ǫ(S) =

∏

s∈S P̄N
−ǫ(τs).

The setS2 can be partitioned into two disjoint subsetsS2
l and

S2 \ S2
l (see (32)), and, therefore, we have

∑

S∈S2

EΛN
−ǫ(S) =

∑

S∈S2
l

EΛN
−ǫ(S) +

∑

S∈S2\S2
l

EΛN
−ǫ(S). (86)

The Cauchy-Schwarz inequality and the bound (84) render
∣

∣EΛN
−ǫ(S)

∣

∣ ≤ (
√

N/CN )2
∏

s∈S

(

E((ǍN
−ǫ(τs))

+)2
)1/2

,

and this together with (67) leads to|E[ΛN
−ǫ(S)]| = O(1/N),

asN → ∞. Let l = ⌊a log N⌋ for fixed a > 0. In this case,
Lemma 5 implies|S2|−|S2

l | ≤ c⌊a log N⌋MN for some finite
constantc > 0; hence, we have, asN → ∞,

∑

S∈S2\S2
l

EΛN
−ǫ(S) → 0. (87)

Next consider the eventCN
−ǫ(S) = CN

−ǫ(τs1+1, τs2) for some
S = {τs1 , τs2} ∈ S2

l (see (58)). Recall that this event implies

DN
−ǫ(τs2 ) = D∗N

−ǫ,2(τs2 ), whereD∗N
−ǫ,2(t), τs1 + 1 ≤ t ≤ τs2 ,

denotes the number of dropped packets that corresponds to
the queue occupancyQ∗N

−ǫ,2(·) (see (63) and (64)). In a similar
manner as in (65), it can be shown that

E[ΛN
−ǫ(S)1CN

−ǫ
(S)] = E[P̄N

−ǫ(τs1)]E[P̄ ∗N
−ǫ (τs2)1CN

−ǫ
(S)] = 0,

(88)
where P̄ ∗N

−ǫ (t) = D∗N
−ǫ,2(t)/A

N
+ǫ(t) − E[D∗N

−ǫ,2(t)/A
N
+ǫ(t)];

note that we used the fact thatEP̄N
−ǫ(τs1) = 0. On the other

hand, the Cauchy-Schwarz inequality renders

∣

∣

∣E[ΛN
−ǫ(S)1C̄N

−ǫ
(S)]
∣

∣

∣ ≤
(

E

[

∏

s∈S

(P̄N
−ǫ(τs))

2

]

P[C̄N
−ǫ(S)]

)1/2

.

(89)
From the bound (83), we have

E

∏

s∈S

(P̄N
−ǫ(τs))

2

≤ (
√

N/CN )4E

∏

s∈S

(

(ǍN
−ǫ(τs))

+ + E(ǍN
−ǫ(τs))

+
)2

≤ (
√

N/CN )4
∏

s∈S

4E((ǍN
−ǫ(τs))

+)2;

(90)

the second inequality follows from the fact that the random
variablesǍN

−ǫ(τs), s ∈ S, are i.i.d. and also from the Jensen’s
inequality. Note that Lemma 5 implies|S2

l | = O((MN )2), as
N → ∞. Thus, from (59), (67), (89) and (90), it follows that

∑

S∈S2
l

E[ΛN
−ǫ(S)1C̄N

−ǫ
(S)] → 0,

as N → ∞. Putting together (81), (82), (85)–(88) and the
preceding limit yields

P[BN
ǫ,δ] → 0, (91)

as N → ∞. By using the fact thatAN
+ǫ(t)/N → λ, almost

surely, asN → ∞ (due to the SLLN), it can be shown that
limǫ↓0 limN→∞ MN

EPN
−ǫ(t) = mp̂D (due to continuity), and

combining this with (91) renders (80) for the case “−ǫ”. In a
similar manner, one can derive (80) for the case “+ǫ” as well.
This concludes the proof of Lemma 4.
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