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Abstract—This paper develops a novel scheduling mechanism conventional bits in registers; hence, the term time emzpdi
for packet switches based on a minimal set of hardware com- Computation required to determine a state of the switching
ponents. The standard model of computation implemented by ¢5yic can be performed efficiently under such representati
digital logic is replaced by a model based on time encoding.his W int out that th del i tentiall tendable 1o oth
new model allows for distributed computation with low hardware | € point out tha (_3 model Is potentially ex an able to bthe
complexity. A distributed switch scheduling algorithm utilizing  inherently decentralized systems such as wireless neswork
time encoding is shown to deliver performance comparable Our focus on the switch design problem is dictated by two fac-
to centralized algorithms under uniform traffic. Exploitin g a tors: (i) switch scheduling problem is well-defined, stured
connection between switch scheduling and interval packing gnq important in practice, and (ii) the resulting architeetcan
we argue that the distributed nature of the algorithm limits t onlv be impl ted physicallv. but al bl itch
the maximum relative load to 1 — e~2 under diagonal traffic. no On_y € Impiemented physically, but also e_na es switc
The stability of the algorithm can be improved by enabling OPeration at speeds that are comparable to switches based on
reversibility in distributed decision making. conventional technology.

The remaining of this paper is organized as follows. In the
next section, we outline the basic switch model and briefly

|. INTRODUCTION review relevant literature. Section 11l describes a novebel

High performance routers and switches, being the coécomputation based on time encoding, where time intervals
of various existing and proposed architectures, are likely aré used to perform computations. In Section IV we discuss
remain indispensable parts of future networks. This pap@rdistributed scheduling algorithm utilizing this modeldan
develops a novel model of computation that enables efficigfft implementation. A reversible version of our algorithen i
operation of packet switches with distributed schedulihg; Presented in Section V. Finally, concluding remarks can be
model yields a new architecture and scheduling algorithnf@und in Section VI.

Scalability of packet switches has been considered in the
literature. In short, there exists a tradeoff between thitkchw Il. MODEL
performance and hardware complexity, as well as between W.e\ﬂrtuaI-Output-Queued switch

complexity of data-plane hardware (crossbars, memory fank . .

etc.)pand )(/:ontrol plgne hardware (éontrol unit). Howe\}//be, t The \ﬁr_tuaI-Ou_tput-Queued_(VO_Q)_ S.‘W'tCh archltectu__re has

studies in this domain are dominated by architectures w}ﬂe followmg_deswaple properties: ('.) itis based on astmmg

either a significant number of switching components and/o %bru_: operating at line speeql_s,_whne output-queued fHiekc
require hardware speedup; (ii) it does not suffer from perfo

centralized controller. The assumption of system cootdina i ) :
is typically implied in those models. Our paper is not baseg2"c€ degradation due to the head-of-line (HOL) blocking

on this assumption. Namely, we design a fully distribute@® N the case of ||_'1put-queyed_ SW'tCh(?S; (i) it ca.n _be
scheduling scheme for packet switches. Distributed OMat|mplemente_>d on a smgle_ swﬂchmg fabric (crossbar); (iv)
is enabled by introducing a novel model of computation, a reordering of packets is required. The reduced hardware

thus eliminating the standard model based on bits, registertec!u'rememS and improved _performance come at the cost
machine cycles and all related hardware. The new model increased control complexity. Hence, the key perforneanc

computation utilizing time encoding is capable of dradljca rr:etrk(:js (turodug?hput,ldelilg, etlc.) crlf[.cia:ly q?pr)]endbonntvt\;e
reducing the complexity of the control plane, since intertp ployed scheduling aigorithm. In particular, 1t nas bee 0

communication on a single piece of switching fabric is ngpat a greedy algorithm performs poorly under certain taff

: . : . scenarios [22].
required. While a number of alternative models of compatati L N
have been proposed (molecular, quantum, membrane, e _The struc_tu_re of "’_‘”‘V x N voQ S.W't(.:h 'S shown in Fig, 1
at present devices based on these models do not outperf k?ts arriving to mput.vw'th destination are enqueued n
those using the standard model. In contrast, the architeate t € \f/.'rt.ltJaI .OUtptl# ?gﬁe(?’j)l' :/tVed assgnshe tthat the bu;feel;l IS
propose provides performance that is comparable with knO\?ﬂ)/FLIn inite size, that ime 1S slotted, and that every packetl
centralized architectures. uniform size such that it takes exactly one time slot to tnaihs

Our model of computation is inspired by neurons. In parti(,g %ackett.(;l'rl;e n.u.nlberLoI Z??kftsbmtﬂumg) st tlmfe SIOtkt ;
ular, the relevant quantities for determining a feasiblesitile s denoted byQ; ;(t). Let A;;(t) be the number of packets

are represented by the length of time intervals instead %rlrlylngto quegéz,j)attlmet. The queue occupancies evolve
in time according to
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Q11 | switching fabric representing input and output ports, and edges repregehgn

corresponding virtual buffers. In each time slotedge(s, j)
is assigned a weight¥; ;(¢) that measures the congestion
level of the corresponding queue, e.§l; ;(t) = ng(t),

8 > 0 [3], [25]. The MWM algorithm selects a matching
>< : (set of independent input-output pairs) with the highest sii
weight and schedules transmissions according to the nmagchi
When W; ;(t) = 1(q, ()>0}, the algorithm reduces to the
—* outputN Maximum-Size-Matching (MSM) algorithm. In [40], [25] it
was shown that the MWM algorithm is rate stable with
Bernoulli arrival processes when no input or output port is
Fig. 1.  The structure of a Virtual-Output-Queued switchckeas are overloaded (adm_iSSible traffic); .the result Wa.s eXtend.ed fo
enqueued at inputs based on their destinations. Each duppit can be More general arrival processes in [8]. MWM-like algorithms
connected to at most one output/input in every time slot. were also argued to perform well when applied in the networks
of constrained queues [38] and switches [23]. Furthernibee,
MWM algorithm with appropriately chosen weight functions

otherwiseS; ;(t) = 0. Event{S; ;(t) = 1} indicates that the performs optimally under the heavy I_oad scen_ario not only in
switching fabric is configured to a state such that one pack¥itches [34], [36] (the cross-bar switch considered hera i
in queue(i, j) is switched, and, thusS; ;(¢) depends on the spem_al case of fthe genera_lllzed switch examined in [36;[), bu
scheduling algorithm. The switching fabric is physicallyne @ISO in stochastic processing networks [7], [4] (optinyaid

strained to transmit at most one packet for each input/autfiPhsidered with respect to holding cost). .
port in a time slot, i.e. Nonetheless, computing the maximum weight matching at

line speeds is a challenge. Existing algorithms [11], [18],
a al [15] are either of significant complexity or poor scalailit
Zsivj(t) <1 and Zsi’j(t) <L ) i.e., requiring a large number of arithmetic operations for
=t =1 a large number of input/output ports. Hence, a number of
A scheduling algorithm determines the value £§; ;(t)} practical algorithms were developed, including iSLIP [24]
subject to (2). Hence, in view of (1), the impact of schedylinMUCS [12] and RPA [1]. These algorithms do not attempt to
algorithm on the evolution of queue occupancy processesajsproximate the MWM algorithm explicitly and are inferior
only through the values ofS; ;}. to the MWM when the input traffic is not uniform [17]. On
In the rest of this paper, we assume that the arrival prosestiee other hand, algorithms based on MWM approximations
satisfy a strong law of large numbers, i.e., with probapilif were also considered, see e.g. [39], [16], [9]. They utilize
T the observation that queue occupancies exhibit correlatio
lim 1 ZAij(t) =X\ij, @j=1,...,N, (3) time, and hence, the weight of a matching does not change
T—oo T = ’ ' significantly over a small time interval. Recently, an aljon
based on an auction is proposed in [5].
Distributed switch scheduling on a single crossbar poses
additional challenges. Iterative algorithms such as iS[24#

—» output 1

where),; ; is the traffic intensity at virtual queug, 7). We say
that a scheduling algorithm rate stableif, with probability 1,

T and the bidding algorithm [5] can be considered distributed

Am Z Sii(t) =Xij, ,j=1,...,N, but they require multiple rounds of “information exchange”
t=0 Namely, input and output ports communicate between each

for any arrival process satisfying (3). The input traffic éled other in order to establish a feasible schedule. Note that th
admissibleif problem of switch scheduling can be viewed as an instance
N N of a general problem of scheduling on interference graphs.
Aj= Z)\i_j (t)<1 and )\, = Z)\i_j(t) <1. (4) Interference graphs were also considered in the context of

i=1 j=1 scheduling in wireless networks. In such networks infofarat

exchange (message passing) is even costlier since control

packets utilize the same resource (bandwidth) that neebls to

allocated (scheduled). Algorithms that require a large loeim

of rounds of message exchanges are capable of supporting

switch operation at limited speeds only since a non-ndgkgi

amount of time is needed for rounds to take place. On the other

hand, schemes with simple implementations such as maximal
Maximum-Weight-Matching (MWM) algorithm is rate sta-scheduling (single round of scheduling) deliver only a fiat

ble under any admissible traffic pattern and is known tof the possible throughput [6], [33]. Distributed algorith

provide high throughput and low delay [8], [11], [18], [15],with low-complexity considered in the literature includeél

[28]. We sketch the operation of MWM below. The state dback-pressure policy [38] and the Longest-Queue-First{)L.Q

the switch can be described by a bipartite graph, with vesticpolicy [10]. For further studies of distributed scheduling

It is straightforward to show that no scheduling algorithen i
rate stable under non-admissible traffic;(> 1 or ;. > 1 for
somet, 7). In that case(); ;(t) increases over time without a
bound regardless of the scheduling algorithm for séraed ;.

B. Maximum-Weight-Matching scheduling



wireless networks see [28], [14], [35] and references ihere 1 Wia = X“l 1 N2 = Xaz

The extension of our basic algorithm, the reversible atbonri
described in Sect. V, is conceptually closest to the disteith

. . ! ¢ 20— 2 207, 2
CSMA algorithm proposed in [19]; in particular, even though W22 — X2, 21— X21
the algorithms are different, the structures of underlying
Markov chains bear resemblance. X120 = min{X; ;}

. . 0 X12X22 X111 Xoat
C. Algorithm comparisons

Although it is desirable to have a scheduling algorithm withig: 2. lllustration for the motivating example. The swited fabric has
high lati h h his of . e only 2 possible states shown on the top. On the bottom is the line that
a higher r? ative t roug put, this o ten“m_es comes at Cindicates the expiration of the timers. In this example, tiheers are set at
of larger time complexity. When comparing the performanae= 0. At t = X; o, the first timer to expire is the one associated with
of scheduling policies both the quality and running timglef input-output pair(1, 2). Thus, in this instance the switch is configured to the
. . ’ . . . matching with weightMo.
cision making need to be taken into account. In particulan i
algorithm achieves relative throughpate [0, 1] and takesr
seconds to determine a schedule, then the maximum theoretic

throughput is at mospr cells/s. For example, consider two  obtained by applying the minimum operator. Random

scheduling algorithmé& and D, achieving100% and85% of variablemin{T’x, Ty } is exponentially distributed with
the relative throughput, respectively. If it také8 = s for C mean1/(X +Y). Hence, the output of the operator,
and10~1° s for D to compute a schedule, then the maximum  min{Zx, Ty}, is only an approximation of the inverse
theoretic throughput is at most® cells/s forC and85 - 108 sum,1/(X +Y’), but can be implemented in a distributed
cells/s forD. ThereforeD significantly outperformg due to fashion.

faster decision making.
B. A motivating example

[Il. TIME-ENCODING COMPUTATION Next, we illustrate how the basic time-encoding opera-

In this section, we discuss a model of computation basééins can be used with a motivating example. For sim-
on time encoding. The standard model of computation RiCity, consider a2 x 2 switch with input-output weights
based on bits and elementary operations (e.g., summat@yen by [IW; ;]; j—1 2. In this case there exist two matchings
comparison and multiplication) and is implemented in digit (Switch configurations) with weight8/; = Wy ;1 + W22 and
logic. Although some early computing machines were baséde = W12 + Wa1 (with corresponding connectivity patterns
on analog components, today digital circuits dominate tHél,1),(2,2)} and{(1,2),(2,1)} as shown in Fig. 2). The
implementation of specialized and general-purpose psaces MWM algorithm schedules a matching with the maximum
Nonetheless, alternative models of computation havevedei weight. Given the standard model of computation based on
considerable attention (e.g., see [2], [29], [32]), moswbfch digital logic (i.e., bits, registers, summations, comganis,
are yet to be physically implemented. On the other hand, thtc.), effectively a single entity is required in order to-de
model of computation we propose can be integrated into tf¥mine which matching has a higher weight. In particular,
existing solid-state technology. the entity needs to be aware of the valuegiof ;]; j—12 so
that M, and M, can be computed and compared.
A. Time-encoding operations _ Ogr distrib_uted scheme using information enc_oded i_n tim-
' ing is described next. The scheme is randomized with the
In our model of computation, variables are represent@gliowing intuition: the heavier the matching the more like
with time intervals of possibly random lengths rather thajp js scheduled. In the first step each input-output weight is
deterministic bits. A time interval (and hence its lengthl ®e randomized. In particulaiV; ; is replaced withX; ; where
defined by two impulses. LeX andY be two variables. The X;; is exponentially distributed witfEX; ; = 1/W; ;. This
following two basic operations can be utilized to implemens the step that enables distributed summation. Obserte tha
time-encoding algorithms: the randomization can be implemented in a distributed fashi
o Minimum (min{X,Y}). VariablesX andY are repre- since eachX;; depends only on the corresponding value of
sented by two constant time intervals with lengfisand W, ;. In the second step, at some fixed time, say= 0,
Y, respectively. Define the new starting impulse as theach input-output paifi, j) (virtual buffer) sets a timer with
beginning of the two aligned time intervals, and the nean expiration timeX; ;. Upon the expiration of timef(s, j),
ending impulse as the earlier of the two ending impulsean attempt is made to connect inpuand outputj. Such a
Clearly, the length of the new time intervahisn{X,Y}. connection is feasible only if both inputand outputj have

« Inverse sun(1/(X +Y)). VariablesX andY are repre- not yet been connected to some other ports. The algorithm
sented by two random-length time intervals. In particulaterminates when all finite timers expire. We call the aldonit
the length of the intervals are given by exponentiaistributed since each virtual queue attempts a transomissi
random variables with means/X and 1/Y; denote based on local information only. Note that in the< 2 case
the lengths of these intervals bB§xy and Ty, respec- the matching is scheduled whenever one of its two input-
tively. The minimum of the twomin{Tx, Ty }, can be output pairs is scheduled first (equivalently, a timer eair



first). For example, matching with weight/; is scheduled reason for not definingd(1W) as simply a randomized LQF
if and only if min{X;1, Xo2} < min{X;2, Xo1}. The key algorithm is that the above description of the algorithnowa$
fact is thatmin{ X1, X22} andmin{ X2, Xo; } are exponen- for a distributed implementation (see the next subsection)
tially distributed with meand /M; and 1/M,, respectively. Such an implementation is feasible due to4hgmin operator
Effectively, we use the comparison ofin{X;;, X2} and in (6) —the LQF algorithm requires theg max operator. The
min{ X129, X21} (fully distributed based on timers) as a proxyalgorithm.4(1W) with an appropriately chosen weight function
for the comparison betweeh/; and M,. A straightforward has the following desired characteristics [24]:

computation shows that the two matchings are chosen with, High throughput: in the following subsections we argue

probabilitiesM; /(M + Mz) and My /(M + My). that the algorithm remains stable under relatively high
traffic loads.
IV. DISTRIBUTED SCHEDULING « Starvation free:A(W') eventually serves all virtual output

The centralized implementation of the MWM algorithm  queues as long as the total backlog is not infinite and
requires the presence of a control unit in the switch ar- W is proportional to the queue lengths; there exists a
chitecture. Previous approaches to eliminate the conmiil u  Positive probability for any of the non-empty queues to
come at cost of increasing the complexity of the switching b€ scheduled.
hardware. Informally, the idea is to shape the input prazess « Simple implementation: aside from the source of ran-
(make the input traffic uniform) so that a simple scheduling domness, the algorithm is straightforward to implement.
algorithm can be employed, e.g. see the load-balancedrroute Conceptually, operation of each input-output pair (vittua
architecture [21], [20]. The increased complexity stentsrfr queue) remains the same, regardless of the size of the
the additional hardware required to reorder the packets (in switch.
order to restore the original sequencing) prior to theindgra
mission to output ports. In contrast, our approach aims gt pjstributed implementation
developing a distributed scheduling algorithm (i.e. notomn

unit is required) that maintains the original order of paske. that is. f h i | . énti
within the switch. The key idea behind our architecture is {gput port that is, for each time slot, unit mean exponentia

enable distributed summations so that matching weights crdwdom variablesT:,] are available at the input ports. By

be computed without explicit information exchange betweé?f“usnng the intensities of these ran(_jom variables pased 0
ports. W, ; (e.g., based om); ;(t)), one obtaingX; ;]. At a fixed

time, each input-output paifi, j) sets a timer that expires in
] ) X, ; time units; note that these units dwt correspond to
A. Basic algorithm time slots needed to switch a packet (cell) from an input to an
In this subsection, we describe a randomized algorithoutput. Upon the expiration of timet, j), input: is matched
A(W). The argumeni¥ refers to a function that is used toto output;j unless either of them is already matched. This
assign weights to input-output pairs. For exampléVif= Q° process continues until all timers withi; ; < oo expire. An
(as proposed originally in [3]), then at time slothe weight example of how the algorithm operates foB & 3 switch is
of the edge(i, j) in the corresponding input-output bipartiteshown in Fig. 3. The timers are set at time= 0; as they
graph is given bygf.’,j (t). We us€[T; ;(t)] to denote anlV x N expire, attempts are made to connect the corresponding inpu
matrix that is independent of the arrival processes. Elésneand output ports. Upon the completion of the scheduling@has
of each matrix are independent and exponentially disteitbut(in this case the input ports, 2 and 3 are connected to the
random variables with unit mean; the matrices for differemutput ports2, 1 and 3, respectively), the cell transfer phase
values oft are independent. The algorithm operates as followsegins.
Note that the implementation is distributed wheneWér;
is only a function of the state of the virtual queug j),
i.e., the timers are set with local parameters only. However
the complexity of implementing the required source of ran-
domness needs to be considered. There exists at least two

Suppose that the source of randomness is available at each

ALGORITHM A(W) [26]
For each time slot:

1. DefineX as anN x N matrix with elements

Xij =T, ;(t)/Wi;. (5) Possible approaches to obtain randomness: (i) external — a
. physical device (e.g. photon-based) auxiliary to the dviitg
2. Match inputi to output; such that fabric can serve as a source of randomness (Poisson process)
these devices can potentially operate at very high speeds;
(4, ) = argmin Xy ; (6) and (i) internal — randomness can be extracted from packet

payloads, e.g., see [13]. We note that lasers and photon-
counting semiconductor detectors can be used to implement
Poisson timers [41]. Intensities of external Poisson sses
(sequences of impulses) at virtual buffers are modulated ac
cording to buffer occupancies. By the memoryless propdtty o
It is clear that A(W) implements LQF scheduling with Poisson processes, an exponentially-distributed timervat
“randomized queue length” given bX;jl = W, ;/T;;. The can be defined by a single impulse, namely, the ending

delete theith row andjth column fromX.
3. Repeat the preceding step untilis empty or
X, ; = oo forall i, j.
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Fig. 4. Conceptual operation of2ax 2 switch underA(W). Poisson processes are generated at each virtual buffert-@utput pair) with rates proportional
to the occupancy continuously over time; these processee a8 the required timers during scheduling phases. At éginbing of each scheduling phase,
all input-output ports are disconnected. As impulses arttimers expire), the corresponding feasible connectamesestablished. The configuration of the
switching fabric after each arrival of the Poisson processeshown on the bottom of the graph. Once the fabric is cordijua cell transfer phase starts.

Le o1 1 o 1 Le ° 1 is determined, the cell transfer phase starts. Upon coioplet
5. . 5 ) \ ) ) .\ ) pf a cell transfer phase, the _switching fabric is reset, a#. _
e input and output ports are disconnected, and the scheduling
3e . 3 3 . 3 3¢ .3 phase for the next time slot begins.
to =0 t1 = X1,2 to = X3 Finally, we point out that one can potentially implement the

LQF algorithm by settind; ,;’s in the definition of A(1V) to
1 o 1 [ S— o 1 1 1 constants rather than of unit-rate random variables. Hewev
\ \ >< in that case one will need to implement timers that allow for
2 2 2 2 2 2 synchronization of initial impulses. In addition, prodogitime

intervals of precise lengths poses technical challenges.

3 Je—e 3 Je — e 3

t3 = X33 tg = X1,1 ts = Xo1

C. Performance

Fig. 3. An example of how a matching is built in the caSg > < X3 2 < —_ .
e X e and all otherX. +'s are equal 82 55325 The distributed nature of the proposed architecture and the

timer expires at; = X1 2, the second atz = X3 and so on. When a scheduling algorithm results in a low complexity of the goht

timer expires, the input is connected to the output only dhsa connection plane In this subsection. we evaluate the performancA of

is feasible. Non-feasible connections are shown with dhsines. . . ' . .
Inefficiencies ofA are due to the fact that inverse summation
is performed only approximately (see Sect. IlI-A), and,sthu
the maximum weight matching is evaluated approximately as

impulse. Then, therg min of a set of variables is determinedwell. First, we consider the uniform traffic pattern defingd b
by the first impulse from the corresponding set of Poissaifival rates); ; = p/N, 1 <i,j < N, wherep € [0,1) is
processes. Thus, the algorithm can be implemented throdff relative traffic load. A preliminary version of the folling
the two operations described in Sect. Ill-A. Moreover, ifesult appeared in [26].

order to simplify the source of randomness, such impulses ar Theorem 1:Algorithm A(Q”), § > 0, is rate stable under
generated continuously as shown in Fig. 4. The switch opsra@ny admissible traffic in & x 2 switch. Moreover,A(Q”),

in two alternating phases: scheduling and cell transfes; tg > 0, is rate stable under uniform admissible input traffic in
length of the cell transfer phase is relatively longer. Nt @ switch of an arbitrary size.

in practice, each scheduling phase is of fixed length, angtthe ~ Proof: See Appendix A. ]

is a positive probability that the some impulses do not arriv Next, we considered the diagonal traffic pattern parameter-
before the scheduling phase ends. We adjust the arrival r&ed bya € [0, 1], and defined by

to be large cqmpqred to the Iength_of the s_cheduling phase, ap, j=1

hence apprOX|mat|.ng algorithrd. In F_lg. 4 we |IIustrat¢d _the Mj=1{ (1—a)p, j=(imodN)+1, )
conceptual operation of thg x 2 switch. At the beginning

of a scheduling phase, a sequence of impulses is generated

at each virtual buffer. As impulses are generated (equitigle parameterp € (0,1) is the relative load for each input and
timers expire) from the Poisson processes, the switchimgdfa output. Under this traffic pattern, the queue occupancygs®c
is configured accordingly. The resulting configurations aie unstable unded(Q?) whenp > p*, wherep* denotes the
shown on the bottom of the figure. Once the configuratioralue of the critical relative load. The inefficiency arishse

0, otherwise;



to the distributed nature of the algorithm. Note th&t <

1 when empty queues are served with positive probabiliti
in the long run. We illustrate this point with the following
example. Consider a& x 3 switch under diagonal traffic with 10°
a = 1/2 andp = 1. In the long run, the switch should be
configured into one of the two following service matrices: 10" b o O

1 00 0 1 0 Q o o °

m=|0 1 0 and my=| 0 0 1 (8) Vit & 8 o @
0 0 1 1 0 0 o> o

10

(
o
u}
+ © « O O O
+ ® <00 0O
to X0 O

.4
+0

with probability 1. Any other configuration inevitably “wis” i 2 g
one unit of service. For example, if connectidn1) is made, s 7
it must follow that queue$2, 2) and(3, 3) will also be served 107 ®
in the same time slot. However, singgéQ”) is distributed, the ®
configuration for the remaining input/output ports (2 an@ 107 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘
not constrained by the established connection that carrelsp oo 0208 e %5 0o o 08 08
to (1,1). Hence, when all queues with positive arrival rates aic
Iarge the scheduling algorithm selects a service mathemt gy 5 For a switch with vV = 32, the expected average virtual
thanm; andm;, such as output queue lengt) , and expected maximum virtual output queue

length @, for the MWM (+), APSARA (@), LQF (x), and A(Q)
(o) algorithms under uniform traffic.

10 0
ms=10 0 1], 9
000

with a positive probability, where only two units of serviceare estimated under the four algorithms. It is clear that
occur. Note that when the switching fabric is configure@ < @1, and, thus, we do not label data points in the figures.
according to the above service matrix, no other input-outpNote that for the diagonal traffic pattern one can altergatel
pair with positive arrival rate can be scheduled conculyentnormalizeQ, by 2NV instead ofN? as in (11), since onlgN
Although the input-output paif3,2) can be scheduled in virtual queues receive packets. Given that we consider only
addition to the scheduled paii,1) and (2,3), it has zero relative performance of algorithms, the normalizationginet
arrival rate and hence corresponds to an empty queue éfiect our comparison.

the given traffic pattern — service of que(& 2) does not As seen in Fig. 5, the algorithnd(Q) performs compet-

contribute to an actual departure of a packet. itively under uniform traffic for a wide range of, when
The following proposition establishes a performance limitompared tocentralized switch scheduling algorithms. Nu-
of A(Q”) under the diagonal traffic pattern. merical results for diagonal traffic with = 1/2 anda = 2/3

Proposition 1: Consider algorithmA(Q”), 8 > 0, under are shown in Fig. 6. As observed, the algorithm fails to
diagonal traffic withae = 1/2. The algorithm is not rate stablestabilize the switch for high values of relative load as
for indicated in Proposition 1. The LQF algorithm also fails to

IN—1 , N stabilize the switch under diagonal traffic as argued in [10]
p>1— Z (=2) + 1(=2) —~1-—¢2 (10) (the sufficient local pooling condition is not satisfied insth
r! 2 (2N)! case). Forw = 1/2 an estimate of the criticgh* is given in
Proposition 1. An upper bound of the critical relative load f
Proof: See Appendix B a = 2/3 can be evaluated numerically with as described in
’ ' Appendix C. In particularp* < 0.8744 ... for « = 2/3 and

]
Results of numerical comparisons 4f(@Q), MWM, LQF,
and APSARA [16] (a heuristic algorithm based on MWM wmﬁg;d-g:z;g (Ielsvt\/;]r;glsstzglrlltf escrlbes a scheduling algorithm

a smaller complexity; ASPARA selects between the matching
in the previous time slot and a matching from a random walk V. REVERSIBLE ALGORITHM

on the graph of all matchings) under uniform and diagonal Algorithm A makes irreversible scheduling decisions; once

traffic are shown in Fig. 5 and Fig. 6, respectively. The alfsv . . -
. . a _.connection between two ports is established, these ports
form independent Bernoulli processes, and the number of

input/output ports isN' = 32. For a range of values of, remain connected until the next scheduling phase, regardle
two quantities of consequent scheduling decisions. In this section, weodem

strate that enabling reversibility in decision making paily
improves the scheduling performance.

r=0

as the number of input/output poré — oc.

Q) = 32 > EQi;(t) (11) A scheduling algorithmB, (W), where W is the set of
i,j=1 weights, operates during a fixed lengthtime units) schedul-
and ing phase. Similar to algorithrod (W), B, (W) attempts to

connect eligible input-output pairs upon arrivals in the-co
responding Poisson processes. However, all connected pair

Q) =E [H}%X Qi (’5)] ;
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Fig. 7. An example of how the state of the switching fabric evolves
over time. The minimum elements in botk and Y at the time
instances when changes of state occur &g, X2, Y11, X2,1,
Xs2. At these time instances, the algorithm changes the magchin
correspondingly and update¥ and Y. The values ofX and Y
after updates are shown under the corresponding bipantitphg;
the updated elements are underlined. A dashed edge irslitetethe
connection fails to be established due to a conflict with theent
state; a dotted edge indicates that an existing connedielmninated.

configurations:

N N
x={1c¢C [1,N]2121{(i,j)61} <1, Zl{u,j)ez} =1

i=1 j=1

Without loss of generality, assume that the scheduling ¢has
begins att = 0.

For a switch withV = 32, the expected average virtual ALGORITHM B, (V)

output queue lengtty), and expected maximum virtual output queue 1 |nitialization:
length@; for the MWM (+), APSARA (@), LQF (x), and A(Q) (o)
algorithms under diagonal traffic with = 1/2 (top) anda = 2/3

(bottom). The corresponding maximusis for A(Q) are also shown. 7 4(0)/(AWij) b

Y;j=o00, 1<4,5<N,
S :=0.

2. Whilet < 7:

(4,7) := argmin X,, p,
are subject to disconnections based on arrivals in gate- (k,1) := argmin Yy, p,.
Poisson processes. In particular, for an unmatched(paiy,
a connection is attempted according to a Poisson process
with rate AW, ;; a matched paick,[) is disconnected after
an exponentially distributed time interval with rate When
1 =0 and\ — oo, the algorithm reduces t@d (W) (sincer
is finite). The parametey = \/u controls the relative rate
of connecting/disconnecting ports. The state of the switgh
fabric is fixed at the end of the scheduling phase for the
duration of the cell transfer phase. The operation3of is
formally described below. Here, fare [0, 7], [T; ()] is an
N x N matrix with elements being i.i.d. unit-rate exponentially
distributed random variables; the matrices are indeperfden 3. Configure the switching fabric according $o
different values oft. Let X be the set of all feasible fabric

Case 1.X; ; < Y.

If SU{(i,j)} e X,

thenXiyj =00 anle-_,j = Tm(t)/u +t,

otherwiseXm» = Ti,j (t)/(/\WLJ) +t.
Case 2.X; ; > Y.

SetS = S\ {(k, 1)},

Xk,l = Tkyl(t)/(/\wk_,l) + ¢ and Yk,l = 0OQ.
Updatet:

t:=t+ Inin{XiJ', Yk,l}-

(12)




Elements of X and Y represent times when the correfrom the setxX™* = {Z : nz(W) = maxscxns(W)} are
sponding connections are attempted and disconnections sekected with positive probability. In particular, fare X,
reformed, respectively. An example of how the algorithm
gvolves over ti?ne in ZQ x 2 switcph is shown in Fig. 7. PIS( H Wi/ Z H Wij,
Given the time-encoding computation mod8l, can be im- (B.5)eT JeX (Lj)ed
plemented in a distributed fashion. Each reconfiguration ahd >, .7z — 1, as bothy — oo and x — co. Hence,
the switching fabric, which either establishes or removesaigorithm B, implements a weighted version of the MSM
connection, involves only a single input-output pair — n@in  algorithm in the limit asy — oo and . — oo. For example,
port communication is required. Therefot®, can be realized whenW; ; = = Lq., >0} algorithm B, (W) selects uniformly
by a similar scheme as the one described in Sect. IV-B, wifinong all maximum size matchings. On the other hand, when
the additional ability to disconnect two matched ports. Wi ;(t) = exp{Q;;(t)} and v, p — oo, the algorithm
Since the elements ok and Y are exponential random configures the switching fabric to stafewith probability
variables, the state of the switching fabric can be desdribe
by the continuous-time Markov chaifiS(¢),0 < ¢t < 7}; a
state of the switching fabri& is uniqllJ{(legl)(/ zjefined by tr}1e set T TP Z Qi) ¢/ Z exp Z @ij(t)
of edges (matched input-output pairs) in the corresponding
bipartite graph. Edges iff, Z € X, are non-conflicting, i.e., i.e., the probability of a matching being scheduled inceeas
they do not share an input or output node. The dladenotes exponentially with respect to the number of packets in the
the empty configuration. For evefyc X, define the following matching. In [37] the authors conjecture that a delay-ogtim

(1,)€T Jex (Lj)eg

two sets: algorithm is the one that selects a max-weight matching @mon
the maximum size matchings (the weight is a logarithmic

Ki ={J € X:J =TU{(k,1)} for some(k,1)}, function). Therefore, by setting/; ; = Q, ;, algorithm,, ap-

K; ={Je€X:T=7JU{(k,1)} for some(k,1)}. proximates (in the limit) this algorithm in [37] since it selts

a matching based ofi[; ;.7 Qi; andlog[]; o7 Qi; =
In short, K is the set of states that can augment into with Z ez log Qi ;. Finally, we point out that the structure of

an extra connectlon anfl 7 is the set of states that can stat|onary distributionr is identical to the stationary distri-
reduce into with one removal of a connection. For examplbution of a chain that arises in the analysis of a CSMA
in a3 x 3 switch, forZ = {(1,1),(2,2)}, we haveK} = scheduling algorithm proposed in [19].

{{(1,1),(2,2),(3,3)}} and K7 = {{(1,1)},{(2,2)}}. The Next we provide some intuition on why reversibility im-
process{S(¢),0 < t < 7} is described by the initial state proves switch stability. To this end, consider the example

S§(0) = 0 and the rate matrifpz, 7] with elements discussed in Sect. IV-C of &x 3 switch under diagonal traffic
with « = 1/2. Given that all queues with positive arrival
AW ;. J €K7 and(i,j) € T\ T, rates are equal and large, algorithrh selects a matching

pr.g =9y M Je K__' that serves 2 rather than 3 queues (suclmgssee (9)) with

0, otherwise. probability (approximately) /3, i.e., with probabilityl /3 one

unit of service is “wasted”. This effect results if < 1 (see

The state of the switching fabric at the end of a scheduli
phaseS(7) is fixed for the duration of the cell transfer phas%grODOSItlon 1). On the other hand, whén> y > 1/,
algorithm B, can configure the switching fabric to a state

that follows immediately. As\, u — oo, the distribution of
. L corresponding tons only at the beginning of the scheduling
S(7) converges to the stationary distributianof the process . . ke ;
. o phase. Given that the switch is in this state, one of the
with rate matrix given by[pz 7]. Let nz(W) denote the . . . ;
- ’ . . connected pairs will be disconnected (since> 1/7), and,
number of edges iff that have a nonzero weight, i.e., . . . .
due to\ > p, a feasible pair of ports will be connected. This
nz(W) = Z Low. =0 process continues until 3 pairs are connected,8ayor mo
{(We.5>0) (see (8)). Once the fabric is in one of these states, it is not

(i,5)€Z : )
configured to a state correspondingrit@ due to the fact that
Then, the stationary distribution is given by as soon as one of the pairs is disconnected, the same pair is
connected right awayX\(>> ;) because it remains the only
T = T 4= W) H Wi, feasible pair. That is, the limiting algorithi8 selects only
(,4)€ET among maximum size matchings.

A numerical comparison of53,(Q) with parameters
(A p,7) = (1,10,1), (1,10, 10) and an algorithm approximat-
gyt = Z Anz(W) H Wi, ing .“4(.62) (BV(Q.) wi.th (A, 11, 7) = (1,0,1)) undgr diagonal
few (ieT trafﬁc is shown in Fig. 8. We point out that wh|_[éyl(Q) for_
finite values of), i, 7 can provide a larger admissible region
Indeed, it is straightforward to verify that is a solution to than.A(Q), the corresponding queues sizes unbefQ) can
the set of balance equations, and it satisfies. , 77 = 1. be larger than unded(Q) for moderate values gb. This is
Observe that as — oo and . — oo, algorithm ., selects due to the fact thaB, (Q) is not efficient whem\ > p does
only matchings with the highest size. That is, only matchingiot hold, since some feasible input-output pairs might reot b

where



a well-structured interference graph (the dual graph ofll fu

10"

O‘ o bipartite graph) with each node representing an input«tutp
pair. In the case of wireless networks, nodes in the graph
10° 2 o represent network nodes and edges typically indicate palysi
%@D o proximity of network noes. Algorithrod operates on a general
10° o 8 . graph as follqws. Each network no_de set_s possibly multiple
S ¢ § F T2 = timers according to the corresponding weights. A connactio
VI 10t o f a O S&: is established if the timer expires before any of the intarte
S . R S pair is scheduled for transmission. The resulting schedule
. o ¢ m * is an approximation of the maximum weight matching on
10 o ° ? oo i the general graph. Algorithn8 can be applied to general
Q g interference graphs analogously by enabling reversiboit
107 o 3 scheduling decisions.
o
10 2o o1 02 03 04 05 06 07 08 To‘.g 1 APPENDIXA
’ 0.8647... PROOF OFTHEOREM 1
Fig. 8. The expected average virtual output queue length In order to prove Theorem 1, we introduce the fluid model

and expected maximum virtual output queue len@thfor B,(Q) of a switch. The fluid model is a deterministic, continuous
(+,0) and an approximation ofA(Q) (o) under diagonal traffic system of equations that parallels (1). Recall thag(t) is

with a = 1/2 (N = 32). Here A(Q) is approximated by5.,(Q) . . N .
with (\, 1, 7) = (1,0, 1), and B, (Q) uses parametersx,u,;) “ the service provided to queyg j) in the time slott. We can

(1,10,1)(+) and (1, 10, 10)(00). The upper bound of the criical "€Write (1) as the following:
for A(Q) is also shown; note that., (Q)) stabilizes the switch under .
diagonal traffic with values op that exceed this bound.
¢ P Qui(t) = Quy(0) + 3" Ay ()~ Dijlt),  (13)

7=0

connected at the end of the scheduling phase. However, givétere Di ;(t) = Ztr:o'sf,j(T) is the cumulative number of
that B,(Q) is determined by the productQ; ; (see (12)), departures from queL(e,])_upto the t|m_e slot; Diy_j(O) =0.
increasing queue lengths uniformly and multiplicatively jFor eacht > 0, the evolution of the fluid model is governed
equivalent to increasing. Thus, when queue lengths increaseb,y
the scheduling performance improves. = = —

Finally, note that the performance &, (W) can be im- @ij (1) = Qi3 (0) + Aijt = Dij(t) 2 0, (14)
proved by running the algorithm in background during thghere Qij(t) = lim_oQt)/r and D;,(t) =
cell transfer pha_se, i.e., effectively increasing the eahﬂ_f lim, o0 D7(rt)/r are the fluid limits ofQ; ; andDi;, respec-
and, thus, allowing for better convergence to the stat¥nagely. A proof of convergence to a unique limit can be found
distribution7. Recomputing the schedule for each time slot ig, 8.
equivalent to independently sampling fromin each time slot  \ote that D depends on the scheduling algorithm. We

@n the limit as+, i — co. On the other hand, the alg_orithmspecify the rate of departude(t) at timet in the fluid model
in [19] produces schedules that are strongly correlateitrig,t under algorithmA by defining a functiony: ﬁ(t) denotes
and, thus, different behavior. For example, under diagor}ﬁle derivative of D(f) at ¢. For any squar;a matrisk . we
traffic with o = 1/2 and@; ; = ql“iuﬂ'?O}_for largeq, By(W) <o ¥4 to denote a matrix of the same size with elements
serves each matching with probability2; on the other hand, Y7 X\, denotes the matrix with elements. s, and
if the algorithm is not reset (all ports disconnected) foctea * #:1* () GILT

N .
time slot, then a matching is selected with probabilifg and X1l = 2=; j—1 Xi.;. Functiony represents the expected ser-

: i j=1 % .
served in the following time slots until its weight become¥iCe rate of the virtual queues unddr and can be recursively
small relative to the weight of the other matching.

defined as follows.

Definition 1: ¢(X) is a matrix with the same dimension
as the square matriX with non-negative elements. X is
al x 1 matrix, i.e., a real number, thep(X) = 1. For an

This paper introduces a time-encoding model of computar x N matrix X, ¢(X) is anN x N matrix with elements
tion, which enables a set of new architectures and algosithm X X
for packet switches. We dev_eloped d|str!buted algorithms (X)) = 28y Z Ad’i,j(X—(k,l))a
for single cross-bar packet switch that achieves perfooman X0 Az, 1l
comparable to that of centralized algorithms. The proposed '
scheduling algorithms can be applied to scheduling in w&gl where X_ ;. ;) is the (N — 1) x (N — 1) matrix obtained by
networks modeled by general interference graphs; in am-intgeleting thekth row andith column from.X.
ference graph, two nodes can not transmit concurrentlyeif th  Next lemma follows directly from the definition af.
share an edge, see, e.g., [6], [30], [27]. The crossbarls\Wwis Lemma 1:¢(cX) = 4(X) for any constant > 0.

VI. CONCLUDING REMARKS
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Note that by conditioning on the first timer to expire undewhereM; = Q1 1+ Q2 s and M, = Ql 5+ Q2 1» and, thus,
A(W), it is straightforward to obtaitEs; ; (t) = v ; (W (t)).

From the construction of the fluid model, we have (@Q°, D()\)> > (Q°, D(A*)>
= .o, 1 - M12//\>1k,1+M22/(1— 11)
Dij(t) =lim lim s (Dij(r(t +0) — Di;(rt))) - 107

Lr(t+9))

= lim lim 3 Z Si,j(QB(T))-

The preceding inequality and (17) result in

610 r—o0 1 d - B
=t E<Qﬁ(t)a Qo (1))
For each index paifi, j), let * *
’ 1 1- A
1 = +ﬁﬂ <_ A M - 1 BN M22+2M1M2>
t;‘,j = —arg max wi,j(Qﬁ(T)) ||Q || 1,1 AN
r T=|rt]|-|r(t+6)] ” 2
L . : : 1+ 1=A1, Al
be the time index that maximizes functian ; in the spec- == 1QO7] %, My — 1= /\* My | <0.
ified time interval. We can upper bound); ; as follows b b
when@Q; ;(t) > 0: Hence, the first statement of the theorem follows.

1 (N x N switch.) Next, we consider a switch of arbitrary
D;;(t) <lim lim — (|r(t+ )] — LrtJ)U)i.,j(QB(rtj_j)) size under uniform traffic. The proof is by induction on the
610 r=o0 14 ' number of input/output portdV. In the case ofV = 1, (16)
= lim lim ¢ ;(r 7' Q" (rt} ;))) holds trivially. Now, suppose that (16) holds for a switchtwi

510 r—oo ( : -
— 111111/%3(@ (t,) size(N — 1) x (N — 1); then (14), (16) and (17) imply
. N-1 B ~ ~
= %,j(@ (), <Qﬁ’[)(/\)> =(N-1) Z Q%%,j(@% > ”Qﬁ”’ (18)

where the second equality is due to Lemma 1 and the third =t

equality follows from the continuity of); it is clear from the whereQ is a(N — 1) x (N — 1) matrix. For a switch of size
definition of ¢ ; thatt < ¢; . <t + J. Analogously, we can N x N, combining (14), Definition 1 and; ; = 1/N vyields
obtain a correspondmg lower bound, which combined with the

upper bound, yields (Q°, D))
-~ — — N
. — b (OB i - _ _
D) = vs@O) ¥ Q>0 8 _y S g, (m 3 IIQﬁllw” & W)
Equations (14) and (15) together form the fluid equations of L=t kI

(D, Q) to the fluid equations is a fluid model solution under = 7=

the system operating under algorithd(@Q”). Any solution
IIQ I

11+ 3@ Y 0@ M))

algorithm A(Q?). A switch operating under algorithtd(Q”) k,i=1 i#k,j#l

is rate stable if for every corresponding fluid model solatio N
(D, Q) with Q(0) = 0, we haveQ(t) = 0 for t > 0 (see = 102 + 51 Z QY l|\Q§(k ol (29)
Theorem 3 in [8]). Let-, -) be the element-wise inner product ||Q I kl 1 '
operator of matrices. By Lemma 1 in [8], it is sufficient to
show that where the inequality follows from applying thg inductive
d - ~ hypothesis (18) to matriQ” Next, letq; ; = Q7 . /||Q°||
B k,l J i
E@ (1), Qe () <0 (16)  and rewrite the right-hand SIdZE of (19) as 7
for any Q(t) # 0. The derivative in (16) satisfies B N 1
d . B B . NHQBH Z Ak, Qk,l‘f‘ﬁ Z 4,5
(@70, ®) = (1+8){Q"(1), Q) (1) o=l i#h,
_ WO = (OP(t
= W+ (1201 - @O D)) @D 5 N2 ot { > (qkl DY q> }
k=1 z;ék,;;&z

where the second equality is due to (14). In the following dis

cussion, index may be dropped when there is no ambiguitywhere the infimum is over ally,; € [0,1] such that
(2 x 2 switch.)For any admissible x 2 arrival matrix[\; ;], 3, , g, = 1. The infimum is attained when;; = 1/N?

there exists a matrix\; ;] such that\;; > \;; and A7 ; + for all k, I, resulting in

Ala =51 +A5,=1, smce[/\m] satisfies (4). Definition 1 L -

and (15) yield (@7, Deny) = Q7).

b, (1) = Mi[|Q° |~ 1y, ;>0 =14, The preceding inequality, (17) and (18) imply the second
J M| Q%™ g, >0, @ # 4, statement of the theorem.
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APPENDIXB
PROOF OFPROPOSITION1

Consider the fluid model described in Appendix A:
{ Qij(t) = Qi (0) + Aijt — Di;(t),
Dy j(t) = ¢i;(Q°(1)), if Qi;(t) > 0.
We show thatQ; ;(t) — oo ast — oo for j = i or (i

mod N) + 1, under the diagonal traffic witlx = 1/2 and N
somep € (0,1), and the following initial condition:

(20)

output

~ o J @ j=ior(imod N)+1,
Qi,;(0) = { 0, otherwise,

whereq > 0, i.e.,Q; j(t) = 0 for all t > 0 andi, j such that
Ai; = 0. Given this initial condition, due to a symmetry if
and the arrival matrix, as well as Lemma 1, (20) reduces to

Q,.:(t) = q+pt/2—ot, j=ior(imod N)+1,
L0, otherwise.

for all t > 0 whenp/2 > o with o being the service rate:

T
. 1 _ [ o, j=ior(imod N)+1,

A T ; Sii(t) = { 0, otherwise.

That is, for anyp > 20, the algorithm is not rate stable.
. ) 0 1 2 3 2N —4 2N -3

In order to determine the service (departure) ratewe PO

construct the interference graph of the switch under the (2,2) (23) (3,3) ( (1\)7» N)
N—-1,N

diagonal traffic (see the top of Fig. 9). Virtual que(ey)

with positive arrival rate is represented as the noidg); the Fig. 9. The interference graph for aN x N switch under diagonal

total number of nodes in the interference grapRA&. In this  traffic is shown on the top, where nodes correspond to queites w
graph, two nodes are connected by an edge if they can notgoeitive occupancies and arrival rates; edges connectegueith a

scheduled concurrently. The graph under diagonal traffe iscommon input/output port. On the top, the interference lyiapirawn
2N-cycle, exhibiting the symmetry of the queues with positivéccord'”g to the relative location of the nodes in the traffiatrix;

val rat Due to thi v, th . wsatisfi In the middle the graph is drawn on two circles, each circfergeto
arrival rates. Due to this symmetry, the service ratsalisties -, matching of sizeV. Conditioning on the event that que(k, 1) is

o =sn/2N, wheresy is the expected number of scheduledcheduled first, the remaining interference graph is limsashown
gueues in a single time slot. Without loss of generality (tiue on the bottom of the figure. Here an additional fictitious nédis
symmetry), we assume that queel) is scheduled first, then added to the left end of the line in order to draw an equivalemich

it follows that queues1,2) and (V, 1) can not be scheduled? dimer packing problem considered in [31]. A dimer is placed

. . . . nodes2 and3, indicating that queué3, 3) is scheduled. As a result,
!n the same_ time slot. Thus, the remalnlng |nterferencetgra8ueues(273) and (3,4) can not be scheduled in the same time slot,
is linear with 2N — 3 nodes, as shown in the bottom oOfsince dimers are not allowed to overlap.

Fig. 9. We argue that determining the expected number of

served queues on a linear interference graph is equivalent t

computing the expected number of vacancies on a line packed .

with randomly placed dimers (non overlapped adjacent pa‘?fbe value ofz;, was obtained by Page [31]:

of nodes). For convenience, in the following discussion, we k+1 (—2)"  1(—2)k+2
relabel the nodes in the interference graph by natural nisnbe x = (k+2) (Z — t > h 2N ) 5
With an additional fictitious nodé on the left end of the line = " (k+2)!
interference graph, placing a dimer at node dair- 1,i} is and, therefore, we have

equivalent to an expiration of a timer corresponding to node

In particular, when a dimer is placed at a node gair 1,4}, sy =N — leN,Q

then a dimer can not be placed at node pdirs- 2,i — 1} 2 oN 1 -
and{i,i + 1} since dimers are not allowed to overlap. This is _nli1- Z (=2)" n 1(-2) '
equivalent to preventing queues corresponding to nodes = 7! 2 (2N)!

andi+ 1 from being scheduled when the queue correspondi
to nodei is already scheduled. Hence,if, is the expected

number of vacancies on a line graph witmodes (including

the node0), then the following relationship must hold:

rFll(;']ecall that the critical relative loaghg* can be at most
sn/N. For example, the preceding expression yielgs ~
27.6693. .., indicating thatp* < 0.8647... for a 32 x 32
switch (see the top of Fig. 6). In addition, it also followsth
(2N —=3)+1=2(sy — 1) + 2n_3)41- p* <1—e"?inthe limit asN — cc.



APPENDIXC
A PROCEDURE FOR ESTIMATING* FORa € (0,1)

[14]

In order to upper bound the maximum relative load und¢rs)
diagonal traffic, we consider the fluid model analyzed i
Appendix B. In particular, we focus on the fluid model (20;] ]
with the following initial condition:

. [17]
_ l{/q’ j - 7/1
Qu0)={ (1-ra. j=(imdN)+1, (1)
0, otherwise,
wherex € [0,1] is such that 19
(OB
Vi (i mod M)+1(QP(0))  1—a 21

Note that suchs exists for anya € [0, 1] due to continuity
and symmetry ofyy. Due to symmetry of the arrival matrix,

under (21) and (22), (20) renders for al> 0, whenp > o, [22]

B kq+ a(p —o)t, j =1, (23]
Qijt)=¢ 1—-r)g+(1—-0a)(p—o0)t, j=(tmod N)+1,
0, otherwise,

[24]
where o is the total service rate of queuési) and (4, (4
mod N) + 1). In this case, the algorithm is not rate stable.
The value ofk that yields (22) can be evaluated numerically
since is defined recursively in Definition 1. Once this valug26]

is obtained, one can obtain= 1 1(Q(0)) + ¢1,2(Q(0)) and
an upper boung* < o follows. For example, wherdV =

32 anda = 2/3, we haverx = 0.6295..., ¥11(Q(0)) =

0.5829.. ., 1h1.2(Q(0)) = 0.2915... ando = 0.8744. . ..

[25]

[27]

(28]
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