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Abstract

We study the problem of aggregatingpartial rankings. This problem is motivated by applica-
tions such asmeta-searding and information retrieval, seard enginespam gh ting, e-commerce,
learning from experts, analysis of population preferencesampling, committee decision making
and more. We improve recen constart factor approximation algorithms for aggregation of full
rankings and generalizethem to partial rankings. Our algorithms improved constart factor
approximation with respect to all metrics discussedin Fagin et al's recert important work on
comparing partial rankings. We pay special attention to two important types of partial rank-
ings: the well-known top-m lists and the more general p-ratings which we de ne. We provide
rst evidencefor hardnessof aggregatingthem for constart m; p.

1 Intro duction

Rank aggregation (see[4, 10, 14, 16, 17, 18, 19, 20, 21] and referencestherein) is the problem of
nding a ranking (permutation)  of a ground setV of n elemers conbining information from
alist 1;:::; g of input rankings (votes). This problem is motivated by many applications suc
as meta-seartiing and information retrieval, searth engine spam ghting, e-commerce,learning
from experts, analysisof population preferencesampling, committee decisionmaking and more. In
addition to the practical motivation, there is along history of theoretical interestin the mathematics
arising from the problem (some classicmilestonesare [9, 11, 13, 25, 26]). For a nice survey, refer
to [24].

Top-m rankings.

One of the main drawbadks of consideringfull rankings is that expecting full ranking information
of V from all voters can be too much to askfor [16, 17, 18, 19, 20]. In the seart engineexample,
it is unlikely that a seart engine would provide a ranking of the ertire set V of all web pages
matching a given query. Instead, only the rst m n top-ranked pagesare returned. If we
denote the full ranking (implicitly) computed by the seart engineby :V ! fl:ng( (v) is the
rank of v, smaller numbers meaning further \ahead" in the list), then the seard engine returns
only (1);:::; *(m) to the client. Lacking rank information among the elemens (m +
1);:::: Y(n), the next best option is to assumethey belongto one big tie, which is itself ranked
in position m + 1.
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Partial rankings.

This last example together with others we preseri shortly motivate the consideration of rankings
with ties, or, following more common terminology, partial rankingst. Note that there is nothing
special about the number m + 1 usedin the exampleabove exceptthat it is strictly greaterthan m,
the number we naturally (yet still arbitrarily) choseasthe rank of the last page displayed by the
seart engine. A partial ranking can be abstracted asa mapping from V to any totally ordered
universeU, which we call the rank universe What we call ties are simply collisions in the function.
A full ranking is a collision-free mapping (an injection). The objective functions we de ne belowv
will be independert of the actual choice of the rank universe. Our approad is comparison based
(in cortrast with smre basedaggregationwhich we do not considerhere), and the rankings can be
modeled as a list of comparisonsbetween (u) and (v) for all unordered pairs (u;v) of elemeris
in V. Using pairwise information has many advantagesin problems related to both ranking and
clustering [3, 22, 23, 28, 30].

Partial rankings arise naturally in many other problems. In many sports tournaments, ties
are possible outcomesof single matches. In an election system, ead voter can provide a partial
ranking of the setV of candidates,wheretying together a subsetof candidatesis a way of expressing
neutrality with respect to that subset.

Ratings.

Another very important caseof partial rankings are ratings. We de ne a p-rating to be a mapping
from the ground set V to a rank universe U of size p for some xed p (we may assumethat
U= f1;:::;p0). Somegood examplesare: (i) Each hotel in a set V of hotels is rated as ?, ??,

or buy eath stock in somesetV (p = 3). (iii) A compary identi es its strengths and weaknesses
in customer service by distributing questionnairesto its clients. The questionnaireis a table with
rows (V) corresponding to di erent customer service aspects, and columns (U) correspond to a
range of p satisfaction levels. Each participating client marks an' ' in a single box in ead row,
corresponding to their opinion?.

Aggregation of partial rankings is hencea very natural and useful generalization of rank aggre-
gation.

1.1 Choice of objectiv e function

One of the challengesin this problem is to de ne a measureof disagreemeh (which we minimize)
betweenthe output and the input votes. The most natural question to ask before de ning this
measureis, what kind of object is the output ? Should it be a member from the same space

and we wish to aggregatean input consisting of a list of ratings, where the rank universeis U =
f good;bady (with good< bad. There are two voters, wherethe rst rates A; B asgoodand C as
bad and the secondrates A asgoodand B;C asbad Wewrite ;= [AB;C]land ;= [A;BC]as

1The term "partial ranking" used here should not be confusedwith two other standard objects: (1) Partial order,
namely, are exiv e, transitiv e anti-symmetric binary relation; and (2) A ranking of a subsetof V. In the seard engine
example, although only a subset of top m elemerts of V are returned, the remaining n m are implicitly assumed
to be ranked behind.

2We assumeno column is labeled "not applicable”.



shorthand for this voting outcome. If we restrict the aggregationoutput to bearating :V! U,
then the two reasonableoutputs are = [AB;C]and = [A; BC]. The former missesthe fact that
in the greater scheme of things, A is better than B. The latter missesthe fact that in the greater
scheme of things, B is not worsethan C. Also, the former solution cannot answer the question
\who is the best?", and the latter cannot answer the question \who is the worst?". Intuitiv ely,
the output [A; B;C] (i.e. a full ranking of V) seemsto capture more pairwise information in this
simple example. We therefore restrict the aggregation output in this work to be a full ranking
of V (this approad was also assumedin [16]). We choosea measureof distance between partial
rankings® generalizingthe Kendall- measure[27] (originally de ned asa metric on full rankings).
The distanced( ; ) betweenpartial rankings ; is the number of distinct u;v 2 V sud that u
is ranked strictly aheadofv in and v is ranked strictly aheadof uin . Our goalis to minimize
the sum of distancesbetweenthe output and the individual partial rankings. This is the Kemeny
approach to the aggregation problem and is consideredto have many advantages [16, 17]. (See
Section 7 for solution to a possibleproblem arising from top-m aggregationunder this approad.)

Comparison with other choices: Fagin et al [18, 19, 20] provide a comprehensie picture on
how to comparepartial rankings In their work, they suggestdi erent natural measuresof distance
betweentwo partial rankings, extending the well known Kendall- and Spearman's footrule [15]
metrics on full rankings. Their main contribution is in showing that all the extensionsthey study
belongto a classD of metrics that are equivalert up to global constarts, and henceby optimizing
or approximating with respect to onewe approximate with respectto all. The measureof distance
d suggestedin this abstract is, in fact, a special caseof a family of generalizationsthey study.
Alas, our choice of d is the black sheepin the family: it doesnot belongto classD. In fact, it is
not a proper distance function, becaused( ; ) may be zerofor two distinct ; . Luckily, in spite
of the apparert dicult y in using an improper distance function, our results imply approximation
algorithms* with respectto all metrics in classD aswell! (this is shavn in Section6). Nevertheless,
we argue that the apparent drawbadk in using d in many casescan be viewed as inherernt to the
problem itself and not to the choice of d. A voter tying together u;v 2 V may be incapable
of providing comparisoninformation due to infeasibility (as in the searti enginetop-m example)
or coarsenes®f the rank universe (as in the p-rating example). Each voter implicitly has a full
ranking %;, but provides us with only a projection ; = P;(*;) onto a lower-dimensional space
Si. What d( ; ;) doesis, in fact, measurethe distance betweenthe output full ranking and
the preimage set P, (1), that is, the distance to the closestfull ranking in the preimage. The
fact that the distance between a full-ranking and a partial-ranking may be zero is, in our view,
analogousto the fact that two distinct points in Euclidean spacemay project onto the samepoint
in a low-dimensional space:lack of information blurs distinction. The hope is that di erent voters
project onto di erent subspacesand hence,aggregationcan recover a good consensugull ranking.
(SeeSection 6 for further discussion.)

3By our assumption on the output, we care only about the distance betweena full ranking and a partial ranking.

4Under our restriction of outputting full rankings only.

SFormally, the spaceof full rankings has 5 coordinates encading the order of all pairs using 1, and the subspace
Si xes 0's in coordinates corresponding to tied pairs.



1.2 Our results and comparison with previous results

This work combines techniques from Ailon et al's recert work on full rank aggregatiorf [5] with
Fagin et al's [18, 19] recert work on partial rankings. In addition to the methodological cortri-
bution (Sections 1.1 and 6), our main results are two approximation algorithms for aggregating
partial rankings. The rst (Section 3) is new a 2-appraximation, generalizing a well-known [4]
2-appraximation for full rank aggregation. We then presert a new 3=2-appraximation algorithm
in Section 4, generalizinga recert algorithm [4] for full rank aggregationto the problem of partial
rank aggregation. In addition to shawing the applicability of the previous algorithm to the domain
of partial rankings, we improve it using a new technique of perturbing the variables of an optimal
solution to an LP relaxation before rounding it. In Section 6 we show that our algorithms also
imply constart factor approximation with respect to the important classD of metrics discussedoy
Fagin et al in [18, 19]. They suggesta 3-appraximation algorithm, but with respect to an objective
function we do not usehere.

Dwork et al successfullyexperiment with seweral heuristics in [16, 17], somebasedon Markov
chains. They suggesta general scheme for aggregating partial rankings where a greedy post-
processingstep (called local Kemenization) is applied to the output of any algorithm. Local Kem-
enization is shavn to have many nice properties, and it could easily be applied asa nal step for
our algorithms.

Finally (Section5) we show that aggregationof partial rankingsis in P when the rank universe
U consistsof 2 elemerts, but becomesNP-hard already when it consistsof 3 elemeris (even for
the special caseof aggregationof top-2 lists). It was previously known that aggregation of partial
rankings is NP-hard becauseank aggregationis a special case(showvn to be NP-Hard by Dwork et al
[17]). Our result shavsthat the seeminglyeasierinteresting caseof p-rating and top-m aggregation
are already NP-Hard for extremely small rank universe(rank aggregationis not a special caseof
theseproblems). As far aswe know, we are the rst to de ne the problem of aggregatingp-ratings
(as a natural generalization of top-m lists) in the context of aggregating partial rankings and to
provide evidenceto both problems' hardnessfor constart m; p.

2 De nitions

assumeV is some ground set of n elemens. Let E denote the set \g , that is, the set of all
unordered pairs f u; vg of elemers u;v 2 V.

De nition 1 A patrtial-ranking of V is a mapping :V ! U for somerank universeU equippd
with a total order relation. Two partial-rankings :V! U; %V ! U%0of V are rank-equivalent
if °=f  for somestrictly monotone f : (V)! qV) (hence =f 1 9. A full-ranking of
V is a partial-r anking that is an injection. A strict partial-r anking is a partial-r anking that is not
a full-ranking. A p-rating of V is (up to rank-gquivalen®) a partial-r anking with range [p]. For
m n, a top-m-ranking of V is (up to rank-equivalen@) an (m + 1)-rating, whee the preimages

5By that we mean, aggregation of full (not partial) rankings.
"By (V) we mean the image of .



(The de nition of a p-rating wasinspired by an examplesuggestedoy MosesCharikar.) For the
salke of computation, we can always assumeU = [n]. Given a partial-ranking :V ! U, we write
u< vforuv2Vif (u< (v). Wewrite u= vif (u)= (v). Similarly, we de ne > ;
and

De nition 2 A shattering® © of by Cis the unique (up to rank-equivalen@) partial-r anking
satisfying
u< v () u< vor(u= vandu< ov):

The following facts are immediate to verify:
The elemen 1y is the identity with respectto |,

the shattering operator is assiative, and,

the shattering © can be computed in polynomial time (we omit the details of how to

represen partial rankings as data structures and how to compute the shattering).
We now de ne a measureof distance betweena full-ranking and a partial-ranking.

De nition 3 Given two partial-rankings and of V, the geneanlized Kendall- distance d( ; )
between the two is de ned as the number of u;v2 V suchthatu< vandv< u.

Note that we will only needthe distance betweena full-ranking  (the output) and a partial-
ranking (the votes). The distance betweenany partial-ranking and 1y is 0. Also note that d is
not even a pseudometric,becaused([A; B];[AB]) = 0;d([B;A];[AB]) = Oand d([A; B];[B;A]) = 1,
violating the triangle inequality. Howewer, d restricted to full-rankings is a metric (in fact, an L1
metric).

We are now ready to de ne the optimization problems consideredin this work.

De nition 4 Par tRankA gg is the problem of, given a listy 1;:::; k of partial-r ankings of V
(votes), outputting a full-ranking  minimizing cost{ ) = % :(=1 d( ; i) : RankA gg is Par-
tRankA gg with the restriction that the votesare full-rankings. pRatingA gg is Par tRankA gg
with the restriction that the votesare p-ratings. Top mAgg is Par tRankA gg with the restriction
that each vote ; is a top-mj-ranking for somem; m.

Givenaninput 1;:::; g to PartRankA gg anddistinct u;v 2 V, wesay that u v if for all
i=1:::;k,bu=,v. Wedene wy, = %jfi : u< , vgj Clearly (i) Wuvg Wy 1 for all u;v; (i)
u v () wuw=wy= 0;(ii) Forany full-ranking of V,cost( )= . ,Wyu:

3 A 2-Appro ximation Algorithm for Par tRankA gg

It iswell known that RankA gg admits a very simple randomized?2-appraximation algorithm (called
pick-a-perm in [4]): simply output a choice of 1;:::; k uniformly at random. On expectation,
such a choice has cost at most twice the optimal solution. One way of proving this is by arguing
that d is a metric when restricted to the spaceof full-rankings. The 2-appraximation argumert

8In [18] the term re nement is used for the same operation. We follow their notation of .
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RepeatChoice (V; 1;:::; «)

set 1y
set arbitrary  ranking of V
set S

while 9u;v s.t. u= vandub6 v
choose i 2 [K]nS uniformly at random
set .

set S SJ fig

return

Figure 1. Pseudaode for RepeatChoice

easily follows from this fact. In our case,d is not a metric, and moreover, it is not clear how to
turn somevote ; (which could be a strict partial-ranking) into a full-ranking.

Our remedy to these problems is inspired by the idea that repeated play betweentwo non-
equivalent contenders will evertually be concluded (i.e. one will beat the other). Algorithm Re-
peatChoice (Figure 3) repeatedly choosesarandom vote ; (without repetitions) and shattersthe
current partial-ranking  until (almost) all ties are broken. We say \almost" becausethis scheme
cannot break a tie betweendistinct u;v if u  v. Theseties are broken arbitrarily as the nal
step of the algorithm (equivalertly, the result is shattered using an arbitrary full-ranking). If all
of q;:::;  arefull-rankings (i.e. we are given input to RankA gg), then RepeatChoice is, in
fact, equivalent to algorithm pick-a-perm.

Theorem 1 RepeatChoice is arandomizeal expected 2-approximation algorithm for Par tRank-
Agg with expected polynomial running time. The algorithm can be derandomizel.

Pro of: The number of iterations is at most k and the running time is therefore clearly polynomial.
We shaw the approximation guarantee. Fix two distinct u;v 2 V. If u6 v, then it is obvious that
u < v with probability wy,=(wy, + Wyy) and v < u with the remaining probability w,,=(wy, +
Wyy). Hence,the total expected cost of the algorithm is

X W, W,
uv vu
Eleos )] = oy, v My,
uB v Wyy T Wyy Wuy + Wyy M
— X 2Wuy Wyy
uB v Wyy + Wyy

(Both summationsare pgver unordered distinct pairs u;v). On the other hand, any optimal solution
satis es cost( ) ue v Minfwyy; wyy 9. Hence,E[cost( )] 2cost( ), asrequired.
We now show how to derandomizethe choiceof ; for iteration t. Assumewe chose ,;:::;

computed after the (t 1)'th iteration of the main loop of RepeatChoice , namely, ¢ 1 =



T i, 1v. Clearly,

XK
Efcost ) jig;::zigd= d( ;)

=y
+ Wyy
(u;v)2P<
+ WU\;WVU :
fuvg2P= Way + Wau
whre P. denotesall ordered pairs (u;v) sudch that u= vandu< , v, and P= denotesall un-
orderednonequinvalert pairsfu;vgsudithat u= 3 vandu = , v. Computing E[cost( )ji1;:::;it]
canbeclearly donee cien tly, and choosingi; minimizing it at ead step guaranees(by the principle
of conditional expectations) a deterministic 2-appraximation, asrequired. 2

4 A (3=2)-Appro ximation Algorithm for PartRankA gg

The 2-appraximation algorithm described in Section 3 took advantage of the fact that any optimal
solution had to pay the minimum of wy, and w,, for any pair u;v 2 V. In this section we take
advantage of additional structure arising from consideringtriplets u;v;y 2 V.

Fix three distinct elemens u;v;y 2 V. Clearly, w,,z  wyy + Wy, becauseany vote ; that
ranked u strictly beforev must have either ranked u strictly beforey or y strictly beforev. This
inequality is known as the triangle inequality on the weights induced by 1;:::; k. In [4, 5], a
(4=3)-approximation algorithm is preseried for RankA gg. The (rather complicated) analysis re-
lies heavily on the fact that the input is a list of full-rankings (and not just any partial-ranking).
The algorithm there involves (1) solving an LP relaxation for RankA gg and using a randomized
variant of the Quicksort algorithm for rounding it, (2) running pick-a-perm, and (3) outputting the
better of the two results. In this sectionwe considerthe samelLP and preseri a more complicated
rounding technique, called LpKwikSor t . This will result in the (3=2)-approximation algorithm
for Par tRankA gg. Our scheme does not involve taking the best of two algorithms, though it
is quite possiblethat the best of LpKwikSor t and RepeatChoice givesa (4=3)-algorithm for
Par tRankA gg (we leave this as a conjecture for future work). Our new rounding technique
LpKwikSor tp is, asfar aswe know, the rst algorithm that beatsthe 2-appraximation for Rank-
Agg by itself, without the needof running pick-a-perm and taking the best of the two. It is alsothe
rst algorithm that beatsthe 2-appraximation for generalminimum feedba& arc-setin weighted
tournaments with the triangle inequality [4].

To describe our improved algorithm, we rst de ne a piecewise-linearfunction h mapping the
real interval [0; 1] onto itself. The function is de ned as follows (see Section 7 for notes on the
function):

N 00

h(x) =

Y

R Nw O
xX X X
ol ol

x

|
ool O
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LpKwikSor th (V;X = fXuOuvav)

if V= then
return empty list
set L R ;

pick pivot v 2V uniformly at random
for al u2V, uéyv
with probability  h(xyy)
add u to L
else (with remaining probability 1 h(Xy) = h(Xy))
add u to R
return concatenation of:
LpKwikSor th (L; x); v; LpKwikSor th (R;X)

Figure 2: Pseudaode for LpKwikSor t

Note that for all x 2 [0;1], h(x) = 1 h(1 x) (in particular h(1=2) = 1=2). The function h
will be usedin a rounding algorithm of the following standard LP relaxation of Par tRankA gg.
The LP hasa variable x,, for eah orderedu 6 v:

X
minimize  (XgyWyy + XyuWyy) S.t.
ub v
Xuv + Xyu = 1 8u;v 2)

Xuv  Xuy + Xyy 8U;V;Y
Xow O08u;v

Clearly, if we could enforcex,, 2 f0;1g for all u;v, we would have an exact IP for Par tRank-
Agg. Given an optimal fractional solution fxyy gy, we round it using LpKwikSor t (Figure 4),
which returns a list of all elemers in V in someorder. We corwvert this list into a full-ranking (e.g.
a mapping onto [n]) in the obvious way (the rst mapsto 1, the secondto 2, and soon). The
algorithm improvesthe LP rounding algorithm in [4], by using h to bias probabilities of placing
vertices on either side of the pivot vertex.

Theorem 2 LpKwikSor t returns a full-ranking  with an expected cost of at most 3=2 times
the optimal LP value (and hene also the optimal cost of Par tRankA gg).

Note that this implies a bound of 3=2 on the LP integrality gap. The proof technique is very
similar to [4, 5]. The main dicult y hereis the useof the h-function and applicability to partial-
rankings.

Pro of: The basic idea is to decompmsethe costs into so-called backward costs (corresponding
to triplets in V) and forward costs (corresponding to pairs in V). Let T denote the collection of
all unordered triplets fu;v;yg of three distinct verticesin V, and E denote the collection of all
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unorderedpairs fu;vgin V. Foreath t = fu;v;yg2 T, we de ne an event A; in the random space
induced by the execution of LpKwikSor t . To de ne this ewvert, we rst notice that all elemerns
of V are chosenas the pivot at somepoint in the recursive execution of LpKwikSor t . We say
that A; occurredif whenthe rst amongu;v;y is chosenas pivot, the other two were input to the
samerecursive call. Note that conditioned on A, all three among u;v;y are equally likely to be
that pivot (becausethe pivot is chosenuniformly at random). Let p; denote Pr[A;]. AssumeA;
occurs (and, s&y, v is the pivot). In that case,we will charge a backwaid costto t corresponding
to the random placemen (i.e. L (left) or R (right)) of u;y. If uis placedin L andy in R, then
the chargeis wy,, and if y is placedin L and u in R then the chargeis wyy (in all otper casesthe
chargeis 0). It is immediate to verify that the total expectedbadkward costisB = ¢ %ptf (1),
wherefor t = fu;v;yg,

f(t) = h(Xuv)h(Xyu)Wyy + h(Xyu)N(Xuy )Wyy
+ h(Xvy)h(Xuy)Wyy + h(Xyyv)h(Xyy) Wy (3)
+ h(Xyu)h(Xvy )Wy + h(Xuy ) (Xyv)Wyy -

For e = fu;vg 2 E, let C¢ denote the event that when the rst among u;v was chosenas
pivot, the other wasinput to the samerecursive call. Let ge denote Pr[C¢]. Conditioned on Cg, the
expeg,ted forward chargeon eis ¢(e) = h(Xu )Wy + h(Xyu)Wyy. The total expected forward costis
F= oFGCte): Trge expected cost of the ranking returned by LpKwikSor tisB + F.

The LP valueis ¢ c(e)Ithere c(e) = (XuyvWyyu + XyuWyy) for e = fu; vg. We decomposethis
asBip + Fp, WhereBip = (57 %ptg(t), forallt=fu;v;yg2 T:

g(t) = (h(xu)h(Xyu) + h(xvu)h(xuy))c(f vyg)
+ (h(Xvy)h(Xuy) + h(Xyy)h(xvu))c(f yug) (4)
+ (h(Xyu)h(Xvy) + h(Xuy)h(Xyy))c(fuvg) ;

dFp = P eoE GeC(€). It is not hard to verify that B p + Fip is indeed a decomposition of
e C(€): ead term c(e) is accourted for exactly once(total) in B p and Fip .

We want to show that (B + F):(BLP + FLp) 3=2 whenewr B p + Fip > 0 and that if
Bp + Fp =0thenB+ F = 0. Todo so,it suces to show that (1) for all e2 E, &(e)=qe) 3=2
whenewer c(e) > 0 and &(e) = 0 otherwise,and, (2) forallt 2 T, f (t)=g(t) 3=2 whenewrg(t) > 0
and f (t) = 0 otherwise.

To prove (1), it suces to shaw (slightly changing notation) that for all x; w1;ws 2 [0; 1] suc
that wy + wy 1, a(x; wi;wo) = (h(x)wy + (1 h(X))wz)=(xwy + (1 x)wp)  3=2 whenewer
the denominator is positive (it is clear that the numerator is 0 if the denominator is 0). We can
therefore assumew; + wp > 0. Sincewe can divide w1 and w» by wyq + w, without changing the
value of a(x; wy;w»), we can assumew; + w, = 1. The function b(x; wy) = a(x;wy;1 w;) is a
ratio of two linear functions in wy (for xed x) and henceacdhievesits optima at w; = 0 or wy = 1.
In the former case,b(x;0) = (1 h(x))=(1 x) and in the latter b(x; 1) = h(x)=x. By symmetry
of h, it suces to provethat h(x)=x 3=2 whenewr x 6 0, but clearly the maximum of h(x)=x is
obtained at x = 5=6, where h(2=3)=(5=6) = 6=5 < 3=2, asrequired.

Toprove(2), Letw = (Wyy; Wyy; Wyy; Wyy; Wyy; Wyy ) 2 R®andx = (Xuv Xvus Xvy s Xyvs Xyus Xuy) 2
R®. Let  denotethe de ning polytope of w, carved by the triangle inequalities, non-negativity
of the w's, and wy, + Wy 1, wyy + Wyy 1, wyy + Wyy 1. This polytope is also the con-
vex closure of points w corresponding to individual votes on u;v;y. There are 13 sud votes:
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the 6 permutations [u;v;V],[u;y;V]Iv;u;ylIv;y;ully; u; vl],ly;v;u], the 6 votes tying 2 elemerns
[u; vyL.[v; yul,ly; uv],[uv; y].[vy; u],[yu; v] and the all-tie vote [uvy]. The corresponding points of

w are (for example) w = (1;0;1;0;0; 1) (corresponding to [u;v;y]), w = (1;0;0;0;0;1) (corre-
sponding to [u;vy]) and w = (0;0;0;0;0; 0) (corresponding to [uvy]). It is not hard to seethat all
the above 13 points are in fact verticesof .

Assume Wy, + Wyy + Wyy + Wyy + Wy, + Wyy > 0 (otherwise g(t) = f(t) = 0). Let c =
maxf wyy + Wyy; Wyy + Wyy; Wyy + Wyyg > 0. By replacingw with w=c we do not changethe value
of f (t)=g(t). Also, if w 2 , then sois w=c. Hence,we may assumethat either wy, + wy, = 1,
Wyy + Wyy = 1 0r wyy + wyy = 1. Without lossof generality (and due to symmetry), assumefrom
now on that wy, + Wy, = 1. Let H denote the hyperplanein R® de ned by this constraint. We
restrict our attention to H\ .

To simplify the proof, instead of working with the ratio f (t)=g(t), we can equivalently shaw
that z(t) := f (t) %g(t) O for all t 2 T. The function z(t) is linear in wyy ,Wyy,Wyy,Wyy,Wyy, and
Wyy (assuming xed x) and henceadievesits optima on verticesof H\ ;. SinceH is a de ning
hyperplanefor , (the entire polytope is contained in one side of the hyperplane), the vertices of
H\  are exactly the intersection of the set of verticesof , with H. There are 10 suc vertices,
corresponding to the 6 permutations and [u; yv],[yv; u],[v; uy],[uy; v]. Substituting ead of the 10
verticesfor w in z(t), we obtain 10 functions in x. These 10 functions fall into 2 symmetry classes,
one corresponding to a permutation (say, w = (1;0;1;0;0;1)) and the other to a 2-tie vote (say,
w = (1;0;0;0;0;1)). We therefore considertwo functions, corresponding to the two substitutions
for w. Substituting the two w's into z, the two corresponding functions r(x) and s(x) are

F(x) =
h(xuv)h(xyu) + h(xyv)h(xvu) + h(qu)h(va)
2 h(ku)N(Xye) + M(kvu)N(Xuy) Xy

2
+ h(va)h(Xuv) + h(va)h(Xvu) Xyu

+  h(Xyu)h(Xvy) + h(Xuy)N(Xyyv) Xvu (%)
s(x) =

h(va)h(Xvu) + h(qu)h(va)
3

> h(Xvy)h(Xuv) + h(Xyv)h(Xyu) Xyu

+ h(Xyu)h(Xvy) + h(Xyy)N(Xyy) Xvu

We may substitute 1 Xyy for xyy, 1 Xyy for xyy and 1 xyy for xyy (from the LP constraints).
Abusing notation, we keepusing s;r to denote the functions after the substitution, and x 2 R 3 to
denote (Xuy; Xvy; Xyu). By the triangle inequality, we have 1 Xyy + Xyy + Xyy 2. Let R3
denotethe polytopeof possiblex's. The function h is linear on eat oneof the intervals| ; = [0; 1=6],
I, = [1=6;5=6] and I3 = [5=6; 1], and henceit will be usefulto separately analyzes and r on eadh
of the 27domainsDijx = x\ (I; 1 1) fori;j; k 2 f1;2;3g. The remaining of the proof is
elemertary case-ly caseanalysisof the multinomials s and r on the 27 corresponding domains. In
Tables1 and 2 we presen the functions s and r (respectively) after substitution on thesedomains.
For easeof notation in the table, we usex1; x> and x3 instead of xyy; Xyy and Xy, respectively. To
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simplify the veri cation of the tables, note that the restriction of s and r to Dk for all i; j; k is
triline ar (linear in ead of the three variables x1; X2; X3 when the other two are xed). Therefore,
any face of the polytope Dijx parallel to an axis canberemoved from considerationwhen studying
the the maxima of s;r on Dj;x (becausesudt facesare unions of axis-parallel line segmers on
which s;r arelinear; the endpoints of theseline segmeits are contained in lower-dimensionalfaces).
It remainsto consideronly the 2, 1 and O-dimensionalfacesof Di;x parallel to the hyperplanes
dened by X1+ X2+ x3= 2and x1 + Xxo+ Xz = 1.

One way to automate the tedious computation of the maxima of s andr is to usethe cylindrical
algebraic decomposition algorithm [7, 8, 12]. The polynomials in question are simple enoughto
make the computation feasible. Indeed we did this using Mathematica software, and the maximum
outputted by the program wasalways 0, asrequired. The program and its output can be found
on the author's website [1]. A complete analysis (not computer aided) will be included in the full
version on the author's website.

2

5 2RatingA gg is in P, Top 2Agg is NP-Hard

Theorem 3 pRatingA gg hasa polynomial-time algorithm whenp = 2 (hence, sodocesTop mAgg
for m = 1).

Pro of: Givenaninstance 1;:::; x:V ! [2] of 2RatingA gg, for each v 2 V we let n, be the
number integersi 2 [K] such that (v) = 2. It is easyto seethat n, > ny () Wy > Wyy.
Therefore, if for somefull-ranking : V! [n]thereareu;v2 V suchthat (u)+ 1= (v) and

ny > ny, then the cost of  will strictly improve if we swap the valuesof at u and v. Hence
sorting V in increasingn, order (breaking ties arbitrarily) are exactly the optimal rankings. Suc
a ranking can be computed in polynomial time. 2

Theorem 4 Top mAgg is NP-Hard whenm = 2 (hence, sois pRatingA gg for p= 3).

Pro of: We show a reduction from minimum feedba& arc-set in tournaments (MinF asTour ),
which wasrecertly shavn to NP-Hard by Noga Alon [6] (basedon a derandomization of a reduction
from [4]). MinF asTour is the problem of, given a tournament TP: (V;A), nding aranking of
V minimizing the number of backward edges,namely costr( ) = 1wv.u)2a s Wherelp is 1 if
predicate P is true and O otherwise.

GivenaninstanceT = (V;A) of MinF asTour , wede ne acorresponding instanceof Top 2Agg.
The votes f,yq:V ! [3]areindexed using all g unordered pairs f u; vg, where for ead fu;vg

andy 6 u;v:

u< v

1 (uyv)2A
2 (v;u)2A

fu;vg(y) =3:

fu;vg(u) =

9Facesof polytop esare open sets (in their ane closure) by convention.
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HHL SID maxs | argmaxs
11,2 ( 7+ 6x3 3xi( 5+ 6x3))=8 1=4 22
113 1 3x3=2 1=4 (1,0, 2)
121 ( 5+ 6x2)( 1+ 3x; 3x3)=8 0 (%:%:%)
122 3( 6+ 8xp+t6x3 12Xox3+ ] 0 (6%;5’%)
X1(13 183+ 18y( 1+ 2x3)))=16
1,23 (11+ 3xy( 1+ 6x2) + 18o( 1+ x3) 15x3)=8 1=4 | (332
1,31 0 0 const. func.
1,32 ( 1+ 3xy)( 1+ 6x3)=8 0 (654 9 é)
133 ( 1+ 3x1)=2 1=4 (i3 §)
211 ( 2+ 3( 5+ 6x1)x3)=8 1= | (L)
2,1;2 ( 5+ 3x1 + 3X3):8 0 (g’%,é)
2,1;3 ( 5+ 6x1)( 2+ 3x3)=8 0 (§, 8_4; 8_2)
2,21 ( 5+ ( 39+ 54xq)x3+ X2(6 54( 1+ 2x1)x3))=16 0 (32 1§8)
2,2,2 ( 13+ x1(9 18xp) 18xy( 1+ X3)+ 9x3)=16 0 (g;%;g)
2:2:3 3( 9+ 13Xz + 6Xy( 1+ 2¢x2)( 2+ 3X3) i 0 (%:%:%)
2X2( 7+ X3))—16
2,31 3( 1+ 6x1)x3=8 0 (%;%%; 6_54)
2,32 (1 3x3 3x3)=8 0 (1,99 1y
2,33 ( 4+ 3x3 6xy( 2+ 3x3))=8 1=4 (g;g;g_é
311 3( 1+ x1)=2 0 (1;0;0)
3,12 3( 1+ xq1)( 5+ 6x3)=8 0 (1; 654 %
31,3 0 0 const. func.
3,21 3(5+ x1( 5+ 6xp) + 6x( 1+ x3) x3)=8 0 1 %;0)
3.2 ( 38+ 54x3  12xo( 4+ 9x3)+ 0 (@ %; %)
3Xx1(13  18x3+ 18xp( 1+ 2x3)))=16
3,2,3 ( 1+ 6xp)( 1+ 3x; 3x3)=8 0 (%;5;%)
3,31 3x3=2 0 (_; _;O)
332 (I 18xz+ 3x1( 1+ 6x3))=8 1=4 (%;%; )

Table 1: Analysis of s on 27 domains. The entries (i; j; k) = (1;1;1) and (i; j; k) = (3;3;3) do not

appearasDjjx = ; there.
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i; J; k D maxr | argmaxr

112 ( 22+ 24x3 3x1( 5+ 6x3) 3xo( 5+ 6x3))=8 14 | (&5 2
1;1;3 1 3x3=2 1=4 (é;o; 2)
1,21 ( 17 3x2( 5+ 6xp) 15x3+ 18»(1+ x3))=8 1=4 | (&:3:8)
3(2( 8+ x2(9 12x3) + X3)+
1,2;2 _ 1=4 | (554 ¢)
x1(13 183+ 18xy( 1+ 2x3)))=16
1,23 (11+ 3xg( 1+ 6xp) + 18xp( 1+ x3) 15x3)=8 1= | (%2
1,31 3( 1+ xp)=2 0 (0;1;0)
1,32 ( 14+ 15, + 12x3  18xoxz+ 3xq( 1+ 6x3))=8 0 (6%;1;5%)
1,33 ( 1+ 3x1)=2 1=4 (5%;%;6)
211 ( 17+ 15, 18xq( 1+ x, x3) 15x3)=8 1=4 | (2 3)
3( 16+ 13xp + 18x3 18Xox3+
21,2 _ 1= | (& d)
6x1(3  4x3+ x2( 3+ 6x3)))=16
2,1,3 (11 3xp 153+ 18xy( 1+ X+ X3))=8 1= | (5809
( 35 33+ 18xo(2+ 3x3)
221 _ 0 (2;2;0)
18x1( 2 3x3+ Xo(2+ 6x3)))=16 6’6
3( 17+ x2(19  24x3) + 193+
2,22 ( A 3)+ 19 7=128 | (3 51 )
x1(19 24x3+ 12x»( 2+ 3x3)))=16
29 6x1(8+ 18 1+ x 9x
223 ( 1( 2( 3) 3) 72128 | (; ;)
39%3 + 6Xo( 8+ 9x3))=16
2:3:1 3(5 5x» X3+ 6xy( 1+ X+ X3))=8 0 (22, 0)

3( 12+ 13xp+ 14x3  18xoXs+
2,32 ( 2n e > 0 (515)
2X1(7 123+ 9Xo( 1+ 2x3)))=16

2,33 3( 1 xp+ x3(2+ 6xy 6x3) + X3)=8 18 | (322
311 3( 1+ x1)=2 0 (1;0;0)
312 ( 14 3Xp+ 123+ 18xox3 3xi( 5+ 6x3))=8 0 (1; 6%1’5)
3,13 ( 1+ 3xp)=2 1=4 (g;é;g)
321 35+ x1( 5+ 6x2) + 6x( 1+ X3) X3)=8 0 (1;3:0)
322 3(2( 6+ X2(7 12(3) + 7X3)+ 0 (1; %; %)

x1(13 183+ 18p( 1+ 2x3))=16

3,2;3 3( 1+ x1( 1+ 6xp)+ x2(2 6x3)+ x3)=8 1=8 (%, %; %)
3,31 3X3=2 0 (§’ g’O)
3,32 (2 243 + 3X1( 1+ 6X3) + 3X2( 1+ 6X3))=8 1=8 (5; & %)

Table 2: Analysis of r on 27 domains. The ertrigg (i; j; k) = (1;1;1) and (i; j; k) = (3;3;3) do not
appearasDjjx = ; there.



It is not hard to seethat for this instance, any full-ranking  of V has cost

1 X
cost( ) = & lyvupea t (N 2)
2 u< v

(The n 2term is from the cortribution of ;.4 fory 6 u;v.) Therefore,cost( ) and costr( )
are linearly related. This completesthe NP-Hardnessreduction. 2

6 Applicabilit y to other metrics on partial-rankings

As mentioned in Section1.1, d belongsto a family of distance functions studied by Fagin et al [18].
This family is parametrized by a real number 0O 1. Our distance function d is obtained by
taking = 0 and is not a proper distance function® becausethe distance between two partial-
rankings may be zero(in fact, evenif oneof the argumerts is a full-ranking). The distanced ( ; )
betweentwo partial-rankings ; isdenedin[18asd( ; )+ dq : ), whered{ ; ) isthe number
of unordered pairs fu; vg such that eitheru= vandué v,oru= vandu6 v. The function
dY ; ) measuresthe di erence betweenthe two clusterings of V induced by the tie-relations in
and (in fact, it is exactly the consensus-clusteringmetric [22, 29, 30]). It is shown in [18] that
di-, is a metric belongingto an important classD of many other equivalert metrics derived from
both the Kendall- and the Spearman'sfootrule metrics on full-rankings. We will not go into the
de nitions of the metrics belongingto D studied in [18].

If we usedd;-, instead of d in the de nition of our objective function, this would add a con-
stant depending on the input 1;:::; x (and not on the output). Indeed, sincean output is a
full-ranking, d¥ : ;) is simply the number of pairs u;v that are tied in ;. Therefore, by Theo-
rems 1 and 2, algorithms RepeatChoice and LpKwikSor t} are respectively 2 and 3=2 factor
approximation algorithms with respect to d,-,. By up-to-constant equivalenceof all the metrics in
D, this alsoimplies constart-factor approximations with respect to them as well.

By the discussionin Section 1.1, partial-rankings can be thought of as partial ly reveled full-
rankings. Assuming this interpretation, the metrics in class D can be thought of as methods
for compensating for unrevealed information. We suggestthe following alternative approacd for
compensating. For a partial-ranking , let () count the number of pairs u;v that are not tied
in  (for full-rankings, this is 2 ). Intuitiv ely, measuresthe amount of information revealed
by . For afull-ranking and partial-ranking , de ne él\( ;o) asd( ;) 2 =()(a ()=0
then alsod( ; ) = 0 and we dene d( ; ) = 0). Intuitiv ely, this spreadsthe available distance
information evenly acrossthe missinginformation. We suggestusing d asan alternative to usingd
and to other distance measureshat are usedand studied in the literature. Fortunately, algorithms
RepeatChoice and LpKwikSor t} generalizeto this normalized version, as normalization is
achieved by attaching an\imp ortance" weight of g = (i) to ead voter. For the sake of simplicity,
we omit the simple generalizationto weighted voters (it is easyto see,for example,that an integer
weight of | assignedto a voter can be simulated by considering! unweighted copiesof the voter).
Also note that the hardnessstatemert in Theorem 4 applies to the normalized version as well,
becausethe hard instancesin the proof would assignthe samenormalization weight to all voters.

01n [18] they use the term \distance function" for what we call \prop er distance function”, and aside from the
de nition, they don't deal much with = 0.
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7 Concluding Remarks

1. Doesthere exist a PTAS for RankA gg ? for pRatingA gg?
2. Is Top mAgg NP-Hard for k = o(n) voters? (RankA gg is NP-Hard for 4 voters [16].)

3. Is taking the best of LpKwikSor t and RepeatChoice better than a 4=3-appraximation
for Par tRankA gg (as the results in [4] would suggest)?

4. One may arguethat the algorithms in this paper hardly apply to Top mAgg, becausegas the
seart engine example suggests)n may be too large to work with. Howevwer, it is trivial to
shaw that we can run our algorithms consideringonly the collection of elemens of V topping
at least one voter, and (implicitly) place the rest as the output tail (their internal order has
no e ect onthe cost). (In [16] they make the practical assumption of the input not cortaining
elemerts topping no voter in the rst place.)

5. The choice of the h-function in Section 4 is optimal in the sensethat using any other h-
function with the samerounding algorithm and the same analysis technique cannot result
in a better than 3=2 approximation (though di erent analysis might lead to a better result).
Indeed, for w = (1;0;1;0;0;1) and x = (1=2;1=2;1;0; 1=2; 1=2) we get f (t)=g(t) = 3=2, and
onecan show easily that h must satisfy h(0) = 0;h(1=2) = 1=2;h(1) = 1. In orderto comeup
with h, we rst found the unique symmetric function fi with the property that f (t)=g(t) = 3=2
forw = (1;0;1:0;0;1) andx = (1 ; ; 1,0;; 1 ), for all 0 < 1=2. This function
isi(x) = 1 1 %x for x  1=2 and its symmetric completion for x > 1=2. Then h is a

piecewiselinear approximation of ﬁ.Working with i seemsmore dicult for analysisthough
may prove to be good in practice. Note that in an earlier version[2] a di erent, slightly more
complicated h was used, but it was subsequetly discoveredthat the one usedhere su ces.

6. It would be nice to somehav generalizedCoppersmith et al's [14] recert important result
relating the Borda score-basedrank aggregation algorithm with the Kemeny-optimal (for
full-rankings). Can this be done for partial-rankings as well?
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