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Abstract—In this work, a new lower bound for the maxi-
mal error probability of a two-user discrete memoryless (DM)
multiple-access channel (MAC) is derived. This is the first bound
of this type that explicitly imposes independence of the users’
input distributions (conditioned on the time-sharing auxiliary
variable) and thus results in a tighter sphere-packing exponent
when compared to the tightest known exponent derived by
Haroutunian.

I. INTRODUCTION

An interesting problem in network information theory is
to determine the minimum probability of error which can
be achieved on a discrete memoryless (DM), multiple-access
channel (MAC). More specifically, a two-user DM-MAC is
defined by a stochastic matrix! W : X x Y — Z, where the
input alphabets, X,), and the output alphabet, Z, are finite
sets. The channel transition probability for sequences of length
n is given by

n

W (zlx,y) = HW(Zz\xmyz) Q)
i=1
where
X2 (21,0, 00) €X", Y2 (Y1, yn) EV"
and

2= (21,...,2,) € 2™

It is known [1], that for any (Rx, Ry) in the interior of a
certain set C, and for all sufficiently large n, there exists a
multiuser code with an arbitrary small average probability of
error. Conversely, for any (Rx, Ry) outside of C, the average
probability of error is bounded away from 0. The set C, which
is called capacity region for W, is the closure of the set of all
rate pairs (Rx, Ry) satisfying [2]

0 < Rx<I(XAZY,Q) (2a)
0 < Ry <I(YAZ|X,Q) (2b)
0 < Rx+RygI(XY/\Z‘Q)7 2¢)

'We use the following notation throughout this work. Script capitals U, X,
Y, Z,... denote finite, nonempty sets. To show the cardinality of a set X,
we use |X'|. We also use the letters P, Q,. .. for probability distributions on
finite sets, and U, X, Y,... for random variables.

for all choices of joint distributions over the random vari-
ables Q, X, Y, Z of the form P(q)P(z|q)P(y|lq)W (z|z,y)
with @ € Q and |Q| < 4.

Haroutunian [3] derived a lower bound on the opti-
mal average error probability for W. This result asserts
that the average probability of error is bounded below by
exp{—nE;,(Rx, Ry, W)}, where

E(Rx, Ry, W) £ max min D(Vzxy||W|Pxy). 3)
Pxy Vzixvy
Here, the maximum is taken over all possible joint distri-
butions over the random variables X, Y, and the minimum
over all test channels Vz xy which satisfy at least one of the
following conditions

Iy(XAZIY) < Ry (4a)
Iv(YAZ|X) < Ry (4b)
Iv(XYANZ) < Rx+Ry (4c)

where V' £ Vyyy x Pxy. This bound tends to be
somewhat loose because it does not take into account the
separation of the two encoders in the MAC.

In this paper, we derive a new lower bound that explicitly
captures the separation of the encoders in the MAC and thus
is tighter than the one provided by Haroutunian. However, this
bound is only valid for the maximal and not the average error
probability. Nevertheless, we believe that the techniques used
in this derivation can be extended to provide lower bounds for
the average error probability as well.

The paper is organized as follows. First, some preliminaries
are introduced in section II. Then in section III, we state and
prove the main result. The proof hinges upon a strong converse
theorem which is also stated in the same Section and proved
in the Appendix.

II. PRELIMINARIES

For any alphabet X', P(X’) denotes the set of all probability
distributions on X. The type of a sequence x = (21, ...,Z,) €
X" is the distributions Px on X defined by

Py(x) £ %N(w\x), TEX, (5)



where N (z|x) denotes the number of occurrences of z in x.
Let P, (X) denote the set of all types in X™, and define the
set of all sequences in X" of type P as

Tp 2 {x € X" : P, = P}. (6)

The joint type of a pair (x,y) € X™ x V" is the probability
distribution Py, on X' x Y defined by

1
PX,y(l‘,y) £-N

where N(z,y|x,y) is the number of occurrences of (z,y)
in (x,y). The relative entropy or Kullback Leibler distance
between two probability distribution P, € P(X) is defined

as
P(x)
T
TEX
Let W(Y|X) denote the set of all stochastic matrices with

input alphabet X" and output alphabet ). Then, given stochastic
matrices V, W € W(Y|X), the conditional I-divergence is

defined by
> Pl
reX

An (n, M, ) code for W : X — Z, is a system {(u;, D;) :
1 <i< M} with

ey, X", D;CZ"

.DiﬂDi/ZQfori;éi’

. W”(Dl|ul) > 1-— )\,

(z,y[x,¥), (z,y) e X x Y, (D

D(P|lQ) =

D(V|[W|P) £ V([2)[[W(-]2))- ©)

for1 <i< M.

Finally, an (n,M,N) Multi user code is a set
{(wi,vj, Dij) : 1 <i < M,1 <j <N} with

e u; € X", A2 eyr, Dij czn

° Dlj ﬂDi/j’ =9 fOr (Z,]) # (i/,j/)-

Moreover, an (n, M, N, \) code for the MAC, W, is an
(n, M, N) code with

M N

AﬂvE:E:Wm D jlui,vj) >1— A

i=1 j=1

(10)

III. MAIN RESULT

The main result of this paper is a lower bound, sphere
packing bound, for the maximal error probability for a MAC.
However, to state the sphere packing theorem, we need to
state another theorem, which will be proved completely in the
Appendix.

Definition 1. For any DM-MAC, W, for any joint distribution
PeP(XxY),any 0< A <1, and any (n, M,N) code, C,
define
N 1-A
(C/’V[/(P7 /\) = {(ui,vj) eC: W(Dij|ui,vj) > T,
(ui,vj) € Tr}
(11

Theorem 1. Consider any (n,M,N) code C. For ev-
ery PXY € P, (X x V), such that |Ew(P%y,A)| >
m(l — 1Jr)\)MN the rate pair must satisfy the
following inequality:

1 1

(= log M, —log N) € Cy (Pxy) (12)
n n

where C},(P) is defined as the closure of the set of all

(R1, R2) pairs satisfying

R < I(XAZIY,Q)+en (13a)
Ry < I(YAZ|X Q) + e (13b)
Ri+Ry, < IXNAZIY,Q)+en (13¢)

for some choice of random variables () defined on
{1,2,3,4}, and joint distribution p(q)p(x|q)p(y|q)w(z|z,y),
with marginal distribution P(x,y). Here, €, — 0 an n — oo.

Define Cy (P) as the closure of the set of all (Ry, Rs) pairs
satisfying

Ry < I(XAZ|Y,Q) (14a)

Ry < I(YAZ|X,Q) (14b)

Ri+Ry, < I(XAZY,Q) (14c)

for some choice of random variables () defined on

{1,2,3,4}, and joint distribution p(q)p(z|q)p(y|q)w(z|z,y),
with marginal distribution P(z,y).

Theorem 2. (Sphere Packing Bound). For any Rx, Ry > 0,
d > 0 and any DM-MAC, W : X XY — Z, every (n, M, N, \)
code, C with

1
—logM > Rx +6 (15a)
n
1
—log N > Ry + 6, (15b)
n
has maximum probability of error
1
P > 5 p(_nEsp(RX7RY7W)(1+5))7 (16)
where
Ey(Rx,Ry, W)=  max min  D(V||W|Pxy).
Pxy€P(XxY)V:(Rx,Ry)
¢Cv (Pxy)
a7

Proof: If A = 1, the result is trivial. Assume A < 1.
Let’s choose A’ such that max{l — J,A\} < X < 1. Since
N > A\ every (n, M, N, \) code is also an (n, M, N, ') code.
Using the same argument as [4, pp. 189], we conclude that
there exist at least one dominant type P" € P, (X x })), such
that |Ew (P™, \)| > m(l - 1+)\,)MN Consider an
arbitrary DM-MAC V : X x Y — Z, such that (Rx, Ry) ¢
CP(P™). By Theorem 1, there exist at least one pair (u;, v,)
with joint type P%y- such that

14+ X )

>1—<

V™ (D 5 5

z‘cj|ui7vj) >

(18)



Using the same method as Csiszar in [5, pp. 167], we have

D(V|[W|P™) + h(1 -3 H(Y™|X") Pr( H(Y™|u 26
WD) = exp - PV - )y X7 = S Prxt —w)H™Mw) @9
T2
1 0 However, by the definition of the variables X", Y we have
> 2 exp {=nD(VI||W|P™)(1+ )} (19)
H(Y" ;) =log|{j : (i,5) € A} 27)
If § satisfies h(1—$) < 1— 2. By maximizing the result over d
the arbitrary channel V, we get an
1 Pr(X™ =) = A "1{j : (i,4) € A} (28)
P> max fexp{ —nD(V||W|P™)(146)}
V:(Rx,Ry) 2 Hence,
¢y (P™)
1 | . H(Y"|X™)
= jew{-n_ min D(VIWIP)1+0) .
. e = A7 Y G+ () € AYlog [{i + (i.5) € A} (29)
> min  —exp{—n_min D(V|[W|P")(1+6)} =1
pn}(D e ») 2 Vggzx( Ifg‘; ) In the right hand side of (29), the summands are of the form
1 v mlogm. This function of m is increasing and convex in m.
> N B .
> min - o exp { n min D(V||W|P)(1+6)} Thus,
P(XxY) ¢Cr.(P)

(20)

Using the continuous property of conditional mutual informa-
tion and I-divergence, we conclude

1
PM™ > in — — i D(VI||W|P)(1+ 6
> rglen 2exp{ n(V:(Ir%nXH,lRy) (VIIWIP)(1+0) +
P(XXY) ¢Cy (P)
21
where o,, — 0 as ¢, — 0. u

IV. APPENDIX

The basic idea of the proof is wringing technique which
was used for the first time, by Ahlswede [6].

Consider any P%, € P, (X x V), such that
IEw (P%y, A)| > m(l - 1_H)MN let’s define
A £ {(i,7) : W(Dijlw;,v;) > 452, (w;,v;) € Tpy }. Since
|A| = |Ew (P%y, M|, we conclude that

1 2\
> 1-— MN 22
A= e ) (22)
Define,
C(i) ={(,4) : (i,j) € A,1 < j < N} (23a)
B(j) = {(i,7) : (i,4) € A, 1 <i < M} (23b)

Consider the subcode {(u;,v;, D;;) :
random variables X", Y"

(i,j) € A} and define

1
Pr((X™Y") = (u;,v;)) = Wif (i,j) e A (24
Lemma 1. For random variables X", Y™ defined in (24), the

mutual information satisfies the following inequality:
2\
—log(1 — m) + |X[|Y|log(n + 1) (25)

Proof: This is a generalization of the proof by Dueck
in [4]Observe that

I(X"AY™) <

H(Y’rlan) Z

M
AT G = (i) € A} log(M

i=1

1Z|{J (i,4) € A}

ince
An M

Y i) e A=A (30)
i=1
Therefore
HY"|X™) > log(M~'|A]) 31)
By (22) , we conclude that
HY"|X") >
log N + log(1 — —2 ) — |¥|[V|log(n +1)  (32)
& S NI &
Finally,
I(X"AY™) = HY")-HY"X") (33)
< logN — H(Y™X™) 34)
and hence,

IXAY™) < ~Tog(1 — 7220 + |X][]log(n + 1) (39

1
|

Lemma 2. [7] Let X™, Y™ be RV’s with values in X™, Y™
resp. and assume that

I(X"AY") <o (36)
Then, for any 0 < § < o there exist tq,ta,....tx € {1,...,n}
where 0 < k < 270 such that for some

i’t17gt17jtz7gt27 "'7‘(‘Etk7gtk

I(Xt/\Y;f‘th - i‘h?}/fq = gh?"'?th = 'ftka}/tk - gtk) S 5

fort=1,2,...,n 37



and

PT(th =Ty, Yy =Ytysoos Xty = Tty Yo, = gtk)

g k
> s (38)
T —5)

Consider the subcode {(u;,v;, D;;) : (i,7) € A}, where

Aé{(i7j)€-’4:uitz:ftwvjtz:gtz 1§l§k} (39)
and define

C(i) ={(i,4) : (i,j) € A,1 < j < N} (40a)
B(j) = {(i,j) : (i,j) e 4,1 <i <M} (40D

Lemma 3. The subcode {(u;,v;,D;;) : (i,j) € A}, is a

subcode with maximal error probability 1+ , and
- )
|Al > (W)k|v‘l| (4D
Moreover,
SO IPr(Xe =2, =y) — Pr(X, = z)Pr(Y; = y)| < 25"/
o (42)
where X" = (Xi1,..,X,), Y" = (Y1,...,Y,) are dis-

tributed according to the Fano-distribution of the subcode
{(ui,vj,Dij) : (Z,]Z S .A}

Proof: Since A C A, the maximal probability of error
for this subcode is at most % The second part of Lemma 2,
vields immediately (41). On the other hand,

PA(Xe =2, Yy = YlZ4,, Uty s Tty Utos o Tty Uty )
_ PA(Xy = 2,Y: = 4, Tey, Uty s Ttos Yt s Tty > Uty )
PA(itl,gtl,itQ,th ..... itk,gtk)
Na(Xe = 2,Y, = Y, Tt Yty Tty Utos oo Tty Yty )

NA(itlvgthitQagt27---
Niy(Xe =2,Y, =y)

Therefore, by the first part of Lemma 2, we conclude that

Tty Tty )

(43)
I(X;ANY) <§ for1<t<n (44)

Since I1(Xy N'Y;) is an I-divergence, Pinsker’s inequality
implies [8]

Z |Pr(X;=2,Y;=y)— Pr(X; =xz)Pr(Y; =y)| < 251/2
T,y

(45)

|

Lemma 4. ( [9]): For a (n, M, ) code {(u;,D;) : 1 <i <
M} for the non-stationary DMC (W3)$2,
- 3

log M <Y I(X¢ N Zy) + m|X|n1/2 (46)

t=1

where the distribution of the RV'’s are determined by the Fano-
distribution on the codewords.

Define random variables X™, Y™ on X™ resp. )" by

(u;,v;)) = L (i,7) € A

Pr((X",¥") = ¥

47

Lemma 5. For any 0 < A < 1, any (n, M, N) code C £
{(ui,v;,Di;) : 1 <i < M,1<j <N} forthe anyMAC W,
and for any P}éy € Pn(X x V), such that |Ew (Py, )| >

(n+1)1|X\|y\ (1- 1+>\)MN

n _ _ 2
STI(X A ZiJYs) + er(Wn'/? + eqk log( =2

1 <
ogM < 5>
t=1
noo_ 2
logN < ZI(YtAZt\Xt)+02(A)n1/2+02k10g(§)
t=1
o 2
log MN < ZI(XthAZt)+c3(A)n1/2+c3klog(§)

t=1

where the distributions of the RV’s are determined by the Fano-
distribution on the codewords {(u;,v;) : (i,j) € A}. Here,
¢i(\) and ¢; are suitable functions of .

Proof: For any fixed j, consider (n,|B(j)|) code
{(u;, Dyj) : (i,5) € B(j)}. Any pair of codewords in this
code has probability of error at most equal to # Let’s define
N & L2 1t follows from Lemma 4 that

log [B()| < Y I(X: A Zi|Y: = vj0) v
t=1
(43)
Similarly,
log|C()| < 3 1% 1 2%, = wa) 12 (49)
log | A| < Z (X0, Ye AN Zy) + /2 (50)
Since Pr(Yy = y)=[A| ™" 32, ;) ca Livyew)s
AT Y log|B(j)]
(4,5)eA
Ey {vjt,y}
< Z ZI Xi A Zy|Vy = vjp) =L a
(i,j) €A t=1
to 3
:ZI(XtAZt|)Q)+1—/\,|X\n1/2 (51)
=1 -
Define \* £ 1%:‘/\, and
-\ M 5
B* & (52)

( )
no (n+ DIFIVIX|Y](20 - 0)



Therefore, Therefore,

- - ; 2
AT Y Tog |B()) log(MN) < log | A] +c3klog(§) 61)
(i,j)eA .
= A7 [B()]log |B()] Using (50),
]‘ n
Tim 2 =0 log MN < (X YiAZy)+cs(N)n > 4czk 1o 62
> |A| 1 Z 1B(5)|log |B(j)| g _EZ: t¥t t) 3(A)n 3 g( ) (62)
FIBG)I>B" .
A1—1 * R( _ _
> | A7 log(B7) 72 1B()I Note that, in general X; and Y; are not independent. In the
- QIR following, we prove that they are nearly independent.
> | A" log(B*)(lA| = NB¥) (53) Now, we combine (35) and lemma 3. For an (n, M, N)

code {(u;,v;,D;;) : 1 <i<M,1<j <N} which has the

By lemma 3, (22), and definition of B, particular property mentioned in theorem 1, define A, A as

. 1 - defined before. Apply lemma 3 with parameter § = n~'/2.
NB” < ﬁ|A| (54 Using 0 = —log(1 — m) + |X]|Y|log(n + 1), we conclude
Therefore, that
B B 20 2\
|AI~! Z log |B(j)| k< 5 = 2v/n(—log(1 — m) + X[ Y]log(n + 1))
(i.§)eA X ~ O(y/nlogn) (63)
> | A" log(B")(|A] = ~|A])
forany z € X, y € Y, and t = 1,...,n. We can write the
By (51),(55) above equations as follows
2 N~ 1 1o~ o oo o(n)

log M < (1+E)(ZI(Xt/\Zt|Yt)+ ) —logM < HZI(XMZtm)+C(A)T(65a)

t=1 t=1

—log(1 = A") +logn + |X|[Y[log(n + 1) 1 1en o 55
—logN < =Y IV AZi|X:) + C(A)@(ésm
X1 Y[20 n n n

+ klog(T) (56) t=1
L NRY 20 llogMN < —ZI XY A Zy) + C(X )Q(65)

<D XA ZY) + (N )n' +eklog(<) T oni

t=1

+2|Z| (57) The expressions in (65a)-(65¢) are the averages of the mu-

tual informations calculated at the empirical distributions in
N the column ¢ of the mentioned subcode. We can rewrite
A% N, 1/2 20, these equations with the new variable @, where Q = ¢ €

log IV < ; (Ve A 23] X) o+ e2 (X% + exk o 1 ) {1,2,...,n} with probability % Using the same method as
+2/Z2] (58) Cover [1, pp. 402], we obtain the result. The only thing

remained to be found is the distribution under which we

To find an upper bound for log M N, we first try to find a calculate the mutual informations. However, by (64) Using

Analogously,

lower bound on the log |,AU By Lemma 3 the same method as Cover [1, pp. 402], we obtain the result.
5 The only thing remained to be found is the distribution under
log |A| > log |A| + klog(——o-———— which we calculate the mutual informations. However, by (64)
& 14| > log || + log( )
o —
P X =, }7 = = — X =X = P Y = =
> log || + klog( ) | (_ ) _y\Q q) — P(X =2|Q q)f(_ ylQ = q)|
|X|| V|20 =|Pr(X,=2,Y,=y)— Pr(X, =2)Pr(Y, =y)|
2 _
— log || — klog(5") — klog(|¥]1V]) (59) <2t (66)

2 Using the continuity of conditional mutual information with
>log(MN) — |X 1 1 log(l— ——
= log( ) = [X[[V[log(n + 1) + log( 1+ )\) respect to distributions, using the same idea of [10, pp. 722],
20 we conclude that, if two distributions are close, the conditional
—klog(—) — k1l X 6 ’ >
o8(~5") og(|X|IV) (60) Mutual informations, calculated based on them, cannot be too



far. More precisely, we can say that there exists a sequence of
{6,152, which goes to zero as n — oo, such that,

1 _ _
ﬁlogM < I(Xt/\ZtD/taQ)_FC()‘)@‘F(Sn
1 _ o
SlogN < I(Yt/\Zt|Xt:Q)+C(>\)¥+5n
1 o o(n)
ElogMN < I(Xth/\Zt,Q)—i-C()\)T—i-én 67)
Here, the mutual informations calculated based on

p(Q)p(z|g)p(y|Q)w(z|z,y), with marginal distribution
P%y(z,y). On the other hand, the joint probability
distribution of X and Y is

(i,j)€A
- X PE@=2¥()=y)
(1,7)€A
=L IS e ) = ) (68)
|.A| ‘ n — q y - q
(i,j)eA  q=1

However, all codewords have the same joint type P%,
therefore,

n

Y UX () = 2,Y,(j) = y} = nPRy(x,y) (69
q=1
(68) and (69) result in
P(X =Y =y) = Pxy(z,y) (70)
Finally, we can conclude that
PQ=q¢X=2Y=y,7=2)
= p(Q)p(z, ylgW (zlz,y) (1)

in which the marginal distribution of X and Y is Py (z,9),

and p(z,ylq) ~ p(zlq)p(ylq).
The cardinality bound on the time-sharing random variable,

Q, is the consequence of Carathéodory’s theorem on the
convex set [11], [12], [1].

REFERENCES

[1] T. M. Cover and J. A. Thomas, Elements of Information Theory. New
York: John Wiley & Sons, 1991.

[2] D. Slepian and J. K. Wolf, “A coding theorem for multiple access
channels with correlated sources,” bell Syst. tech. J., vol. 52, pp. 1037—
1076, 1973.

[3] E. A. Haroutunian, “Lower bound for the error probability of multiple-
access channels,” Problemy Peredachi Informatsii, vol. 11, pp. 23-36,
June 1975.

[4] G. Dueck, “The strong converse of the coding theorem for the multi-user
channels,” Journal of Combinatorics, Information and System sciences,
pp. 187-196, 1981.

[5] I. Csiszar and J. Korner, Information theory: Coding theorems for
Discrete memoryless Systems., 1981.

[6] R. Ahlswede, “On two-way communication channels and a problem by
zarankiewics,” in Probl. of Control and Inform. Theory.

[7]

, “An elementary proof of the strong converse theorem for the
multiple access channel,” Journal of Combinatorics, Information and
System sciences, pp. 216230, 1982.

[8] P. H. A. Fedotov and F. Topsge, “Refinements of pinsker’s inequality,”
IEEE Trans. Information Theory, vol. 49, no. 6, pp. 1491-1498, June
2003.

[91 U. Augustin, “Gedachtnisfreie kannale for diskrete zeit,” Z. Wahrschein-
lichkelts theory verw, pp. 10-61, 1966.

[10] R. Ahlswede, “The rate-distortion for multiple description without
excess rates,” [EEE Trans. Information Theory, vol. 31, no. 6, pp. 721-
726, Nov. 1985.

[11] H. G. Eggleston, Convexity.
Press, 1969.

[12] B. Griinbaum, Convex Polytopes.

Cambridge, UK: Cambridge University

New York: McGraw-Hill, 1976.



