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Abstract

A single-letter achievable rate region is proposed for the two-receiver discrete memoryless broadcast
channel with noiseless or noisy feedback. The coding strategy involves block-Markov superposition coding
using Marton’s coding scheme for the broadcast channel without feedback as the starting point. If the
message rates in the Marton scheme are too high to be decoded at the end of a block, each receiver is left
with a list of messages compatible with its output. Resolution information is sent in the following block
to enable each receiver to resolve its list. The key observation is that the resolution information of the
first receiver is correlated with that of the second. This correlated information is efficiently transmitted
via joint source-channel coding, using ideas similar to the Han-Costa coding scheme. The proposed rate
region is computed for two examples, including the degraded AWGN broadcast channel, which show that
the region can be strictly larger than the capacity region in the absence of feedback. Finally, the proposed
rate region is shown to contain the achievable region proposed independently by Shayevitz and Wigger

under certain mild conditions.

1 Introduction

The two-receiver discrete memoryless broadcast channel is shown in Figure[[{a). The channel has one trans-
mitter which generates a channel input X, and two receivers which receive Y and Z, respectively. The channel
is characterized by a conditional law Py 7 x. The transmitter wishes to communicate information simulta-
neously to the receivers at rates (Ro, R, R2), where Ry is the rate of the common message, and Ry, Ry are
the rates of the private messages of the two receivers. This channel has been studied extensively. The largest
known set of achievable rates for this channel without feedback is due to Marton . Marton’s rate region is
equal to the capacity region in all cases where it is known. (See , for example, for a list of such channels.)
Figure [1[b) shows a broadcast channel with noiseless feedback where the channel outputs at both receivers
are available at the transmitter with a finite delay. El Gamal showed in that feedback does not enlarge
the capacity region of a physically degraded broadcast channel. Later, through a simple example, Dueck

demonstrated that feedback can strictly improve the capacity region of a general broadcast channel. For
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Figure 1: The discrete memoryless broadcast channel with a) no feedback b) noiseless feedback.

the degraded AWGN broadcast channel with feedback, an achievable rate region larger than the no-feedback
capacity region was established in [5], and more recently, in [6]. In this paper, we establish a single-letter
achievable rate region for the discrete memoryless broadcast channel with noiseless or noisy feedback.

Before describing our coding strategy, let us revisit the example from [4]. Consider the broadcast channel
in Figure 2 The channel input is a binary triple (Xo, X1, X2). X is transmitted cleanly to both receivers.
In addition, receiver 1 receives X; @ N and receiver 2 receives X5 @ N, where N is an independent binary
Bernoulli(%) noise variable. Here, the operation & denotes the modulo-two sum. Without feedback, the
maximum sum rate for this channel is 1 bit/channel use, achieved by using the clean input X, alone. In other

words, no information can be reliably transmitted through inputs X; and Xs.

Y = (Xo, X1 ® N)
X = (Xo, X1, X2) /
\

Channel

Z = (X0, X, ® N)

Figure 2: The channel input is a binary triple (Xo, X1, X2). N ~ Bernoulli(%) is an independent noise variable.

Dueck described a simple scheme to achieve a greater sum rate using feedback. In the first channel use,
transmit one bit to each receiver i through X;, ¢ = 1,2. Receivers 1 and 2 then receive Y = X; & N and
Z = X5 @& N, respectively, and cannot recover X;. The transmitter learns Y, Z through feedback and can
compute N =Y @& X; = Z & Xs. For the next channel use, the transmitter sets Xo = N. Since X is received
noiselessly by both receivers, receiver 1 can now recover X; as Y @ N. Similarly, receiver 2 reconstructs X, as
Z @& N. We can repeat this idea over several transmissions: in each channel use, transmit a fresh pair of bits
(through X7, X5) as well as the noise realization of the previous channel use (through Xy). This yields a sum
rate of 2 bits/channel use. This is, in fact, the sum-capacity of the channel since it equals the cut-set bound
maxp, [(X;YZ).

The example suggests a natural way to exploit feedback in a broadcast channel. If we transmit a block
of information at rates outside the no-feedback capacity region, the receivers cannot uniquely decode their
messages at the end of the block. Each receiver now has a list of its codewords that are jointly typical with its
channel output. In the next block, we attempt to resolve these lists at the two receivers. The key observation

is that the resolution information needed by receiver 1 is in general correlated with the resolution information



needed by receiver 2. The above example is an extreme case of this: the resolution information needed by the
two receivers is identical, i.e., the correlation is perfect!

It is known that correlated information can be transmitted over the broadcast channel at higher rates
than independent information |7H11]. At the heart of the proposed coding scheme is a way to represent the
resolution information of the two receivers as a pair of correlated sources, which is then transmitted efficiently
in the next block using joint source-channel coding, along the lines of |7]. We repeat this idea over several
blocks of transmission, with each block containing independent fresh information superimposed over correlated
resolution information for the previous block.

The following are the main contributions of this paper:

e We obtain a single-letter achievable rate region for the discrete memoryless broadcast channel with
noiseless or noisy feedback. The proposed region contains three extra random variables in addition to

those in Marton’s rate region.

e Using a simpler form of the rate region with only one extra random variable, we compute achievable
rates for two examples including the degraded AWGN broadcast channel. These show that the achievable

region is strictly larger than the capacity region in the absence of feedback.

e At the conference where our result was first presented [12], another rate region for the broadcast channel
with feedback was proposed independently by Shayevitz and Wigger [13]. We show that under some

(mild) conditions, the Shayevitz-Wigger region is contained in our rate region.

Notation: We use uppercase letters to denote random variables, lower-case for their realizations and calli-
graphic notation for their alphabets. Bold-face notation is used for random vectors. Unless otherwise stated,
all vectors have length n. Thus A £ A™ £ (A;,...,A,). The e-strongly typical set of block-length n of a
random variable with distribution P is denoted Agn)(P). Logarithms are with base 2, and entropy and mutual
information are measured in bits. For a € (0,1), @ 2 1 — a.

In the following, we give an intuitive description of a two-phase coding scheme for communicating over a
broadcast channel with noiseless feedback. We will use the notation ~ to indicate the random variables used in
the first phase. Thus ()7, 4 ) denote the channel output pair for the first phase, and (Y, Z) the channel output
pair for the second phase. We start with Marton’s coding strategy for the discrete memoryless broadcast
channel without feedback. The rates of the messages of the two receivers are assumed to lie outside Marton’s
achievable rate region. Let U,V, and W denote the auxiliary random variables used to encode the information.
W carries the information meant to be decoded at both receivers. U and V carry the rest of the information
meant for the first and the second receiver, respectively. The U- and V-codebooks are formed by randomly
sampling the U- and V—typical sets, respectively. Let U, V and W denote the three random codewords chosen
by the transmitter. The channel input vector X is obtained by ‘fusing’ the triple (fJ, v, W)

Since the rates lie outside Marton’s region, the receivers are not able to decode the information contained
in U,V, and W. Instead, they obtain just a list of highly likely codewords given the respective channel output
vectors. The first phase can be thought of as transmission of independent messages over a broadcast channel
with list decoding. At the first decoder, this list is formed by collecting all (U , W)—Codeword pairs that are
jointly typical with the channel output. A similar list of (V,W)—codeword pairs is formed at the second
receiver. Note that even with feedback, the total transmission rate of the broadcast channel cannot exceed

the capacity of the point-to-point channel with input X and outputs (Y/, Z ). (This is because the channel is



memoryless.) Hence, given both channel output vectors (Y, Z), the posterior probability of the codewords will
be concentrated on the transmitted codeword triple.

The channel output vectors Y and Z are fed back to the encoder. For the second phase, we treat (fJ, W) as
the source of information to be transmitted to the first decoder, and (V, W) as the source of information to be
transmitted to the second decoder. The objective in the second phase is to communicate these two correlated
pairs to the decoders over the broadcast channel, while treating Y and Z as source state information. This
is accomplished using a joint-source-channel coding strategy. Transmission of correlated information over a
broadcast channel has been addressed in [7}/10]. The former addresses the case when the correlated information
is modeled as a pair of memoryless sources characterized by a fixed single-letter distribution. In the latter,
the correlated information is modeled as a random edge in an exponentially large nearly semi-regular bipartite
graph. A bipartite graph is called semi-regular if the degrees of all the left vertices are the same, and the
degrees of all the right vertices are the same.

In the current setup, the correlated information given by (U, W) and (V, W) does not exhibit a memoryless-
source-like behavior. This is because the vectors fL V and W come from codebooks. Instead, the correlated
information can be modeled as a random edge in a nearly semi-regular bipartite graph. This follows from
the law of large numbers since the codewords are sufficiently long and are chosen randomly. Transmission of
such correlated information is addressed in [10]. We will use a combination of the techniques in |7] and [10] to
develop a scheme for the second phase. At the end of the second phase, the decoders are able to decode the
respective messages.

We will superimpose these two phases using a block-Markov strategy. Therefore, the overall transmission
scheme has several blocks, with fresh information entering in each block being decoded in the subsequent
block. The fresh information gets encoded in the first phase, and is superimposed on the second phase which
corresponds to information that entered in the previous block.

It turns out that the performance of such a scheme cannot be directly captured by single-letter information
quantities. This is because the state information, given by the channel outputs of all the previous blocks,
keeps accumulating, leading to a different joint distribution of the random variables in each block. We address
this issue by constraining the distributions used in the second phase so that in every block, all the sequences
follow a stationary joint distribution. This results in a first-order stationary Markov process of the sequences
across blocks.

The rest of paper is organized as follows. In Section [2| we give the formal problem statement and the first
main result of the paper, an achievable rate region for broadcast channel with noiseless feedback. We give an
outline of the proof of the coding theorem in Section [3] In Section [d we give the second main result of the
paper, an achievable rate region for broadcast channels with noisy feedback. In Section [5] the rate region is
computed for two examples, including the degraded AWGN broadcast channel. In Section [6] we compare our
rate region with the one proposed by Shayevitz and Wigger. The formal proof of the coding theorem is given
in Section [7} and Section [§] concludes the paper.

2 Problem Statement and Main Result

A two-user general discrete memoryless broadcast channel is a quadruple (X,), Z, Py z|x) of input alphabet

X, two output alphabets ), Z and a set of probability distributions Py z|x(:|x) on Y x Z for every z € X.



The channel satisfies the following conditions for all n = 1,2, ...

Pr(Yn = Yp, Ln = Zn|Xn =X, yrt = Yy, AR Z) = PYZ\X(yna Zn|xn)7 (1)
forally, €Y, 2z, € Z,x € X", y € Y"1 and z € Z*~!. The outputs are fed back noiselessly to the encoder
as shown in Figure [1| (b).

Definition 2.1. An (n, My, My, M) transmission system for a given broadcast channel with noiseless feedback

consists of

e A sequence of mappings for the encoder:

em {1,2,..., Mo} x {1,2,..., My} x {1,2,... Mo} x Y™ ' x 2"V 5 x, m=1,2,...,n, (2

e A pair of decoder mappings:
g1:y”%{l,Q,...,Mo}x{1,2,...,M1}, 92:Z"%{l,Q,...,Mg}><{1,2,...,M2}. (3)

Remark: Though we have defined the transmission system above for feedback delay 1, all the results in
this paper hold for feedback with any finite delay k.

We use W, to denote the common message, and Wy, W5 to denote the private messages of decoders 1 and 2,
respectively. The messages (Wy, Wy, Wa) are uniformly distributed over the set {1,2,..., My} x{1,2,..., My} x
{1,2,..., My}. The channel input at time n is given by X,, = e,,(Wo, Wy, Wy, Y™~ 1 Z"~1). The average error
probability of the above transmission system is given by

) My My M,
T = MMM, DD Pr(i(Y™), 92(2M) # ((k, 1), (k, ) (Wo, Wi, Wa) = (k,4, ) (4)

k=1i=1 j=1

Definition 2.2. A triple of non-negative real numbers (Ro, R1, Rz) is said to be achievable for a given broad-
cast channel with feedback if Ve > 0, there exists an N(e) > 0 such that for all n > N(e), there exists an

(n, Mo, My, Ms) transmission system satisfying the following constraints:
1 1 1
—logMy>Ry—¢, —logM;>R;—¢ —logMs>Ry—¢, 7<e (5)
n n n

The set of all achievable rate pairs is the capacity region of the channel.

Before stating the main result of the paper, we define the structure for the joint distribution of variables

in each block of our coding scheme, and also the joint distribution of variables across successive blocks.

Definition 2.3. Given a broadcast channel (X,Y, 2, Py zx), define P as the set of all distributions P on
UXVXAXBXCxXxYxZ of the form

Papc Pyvic Pxjapcuv Pyzix,

, and V are arbitrary sets. Consider two sets of random variables (U, V,A,B,C,X,Y,Z)

XY, ) each having the same distribution P. For brevity, we often refer to the collection
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(A,B,Y,Z) as K, to (A,B,Y,Z) as K, and to Ax Bx Y x Z as K. Hence
Pyyerx = Poverx = P.

For a given P € P, define Q(P) as the set of conditional distributions Q that satisfy the following consis-

tency condition

PAgc(CL,b,C) = Z QABC|0\_/I_((:‘(G,bac|ﬂ767];76)PUVKC(fL7ﬁ’ka5)7 V(a,b, C). (6)

w,0,,k,CEUXVXIXC
Then for any P € P and Q € Q(P), the joint distribution of the two sets (U,V,K,C,X) and (U,V,K,C,X)
18
Py gex Qascjovei Puvkxiasc: (7)

With the above definitions, we have the following theorem.

Theorem 1. Given a broadcast channel (X,Y, 2, Py 7 x), for any distribution P € P and Q € Q(P), the

following rate region is achievable with noiseless feedback.

Ry < min{Ty, Ty, T3, Ty, T5} (8)

Ro+ Ry < (UAC;YYA|C) — I(VK; AC|UC) (9)

Ro+ Ry < I(VBC; ZZB|C) — I(UK; BC|VC) (10)

Ro+ Ri + Ry < I(UAC;YYA|C) — I(VK; AC|UC) — I(U; V|C) (11)
+I(V;C|C)+ I(VB; ZZB|CC) — I(UK A; B|CV ()

Ro+ Ri+ Ry < I(VBC; ZZB|C) — I(UK; BC|VC) — I(U; V|C) (12)
+I(U;C|C)+ I(UA; YYA|CC) — I(VKB; A|CUC)

2Ry + Ry + Ry < I(UAC;YY A|C) — I(VK; AC|UC) — I(U; V|C) (13)

+I(VBC; ZZB|C) — I(UK; BC|VC) — I(A; BICCUVK)

where
T, 2 I(AC;YY A|CU) — I(VK; AC|CU)
T, £ I(BC; ZZB|CV) — I(UK; BC|CV)
T3 2 I(AC;YY A|CU) + I(B; ZZB|CVC) — I(VK; AC|CU) — I(UK A; B|CCV)
Ty 2 I(A YYA|CUC) + I(BC; ZZB|CV) — I(VKB; A|CCU) — I(UK; BC|CV)

Ts al 5 |[(AC; YYA|CU) - I(VK; AC|CU) 4+ I(BC; ZZB|CV) — I(UK; BC|CV) — I(A; BICCUVK)

Proof. This theorem is proved in Section [7}
Remark: We can recover Marton’s achievable rate region for the broadcast channel without feedback by

setting A = B = ¢, and C = W with QC|Uf/f(é — Py.



3 Coding scheme

In this section, we give an informal outline of the proof of the theorem. The formal proof is given in Section
[l Let us first consider the case when the rate Ry of the common message equals 0. Let the message rate
pair (Ry, Rs) lie outside Marton’s achievable region [1]. The coding scheme uses a block-Markov superposition
strategy, with the communication taking place over L blocks, each of length n.

In each block, a fresh pair of messages is encoded using the Marton coding strategy (for the broadcast
channel without feedback). In block I, random variables U and V carry the fresh information for receivers 1
and 2, respectively. At the end of this block, the receivers are not able to decode the information in (U, V)
completely, so we send ‘resolution’ information in block (I + 1) using random variables (A, B,C). The pair
(A, C) is meant to be decoded by the first receiver, and the pair (B, C) by the second receiver. Thus in each
block, we obtain the channel output by superimposing fresh information on the resolution information for the
previous block. At the end of the block, the first receiver decodes (A, C), the second receiver decodes (B, C),
thereby resolving the uncertainty about their messages of the previous block.

Codebooks: The A-, B-, and C-codebooks are constructed on the alphabets A, B, and C respectively. The
exact procedure for this construction, and the method for selecting codewords from these codebooks will be
described in the sequel. Since C' is decoded first by both the receivers, conditioned on each codeword in the
C-codebook, we construct U- and V-codebooks of sizes 2nR and 2nR> by generating codewords according to
Py\c and Py, respectively. Each U-codebook is divided into 2"F1 bins, and each V-codebook into 27F2
bins.

Encoding: In each block I, the encoder chooses a tuple of five codewords (A;, By, C;, U, V) as follows.
The resolution information for block (I —1) is used to select (A;, By, C;) from the A-, B- and C-codebooks. C;
determines the U- and V-codebooks to be used to encode the message pair of block [. Denoting the message
pair by (mq;, mg;), the encoder choose a U-codeword from bin my; of the U-codebook and a V-codeword from
bin mgy; of the V-codebook that are jointly typical according to Py |c. This pair of jointly typical codewords
is set to be (U;, V).

This step is successful if the product of the sizes of U-bin and V-bin is nearly equal to 27/(UsVIC) [14].
Therefore, we have

Ry + R, — Ry — Ry > I(U; V|O). (14)

These five codewords are combined using the transformation Px|apcuv (applied componentwise) to generate
the channel input Xj.

Decoding: After receiving the channel output of block I, receiver 1 first decodes (A;, C;), and receiver
2 decodes (By, C;) However, the rates R}, Rj of the U- and V-codebooks are too large for receivers 1 and
2 to uniquely decode U; and Vj, respectively. Hence receiver 1 is left with a list of U-codewords that are
jointly typical with its channel output Y; and the just-decoded resolution information (A;, C;); receiver 2
has a similar list of V-codewords that are jointly typical with its channel output Z;, and the just-decoded
resolution information (B;, C;). The sizes of the lists are nearly equal to (R —1(UY]AC)) g gn(Ry—1(ViZ|BC))
respectively. The transmitter knows both these lists due to feedback, and resolves them in the next block as
follows.

In block (I + 1), the random variables of block [ are represented using the notation ~. Thus we have

Un=U, V1=V, Cui=C,, A=A, By =B,



For brevity, we denote the collection of random variables (A4, B,Y, Z) as K, and (A;,B;,Y;,Z;) as K; = Kl+1.
The random variables (U, V, K, C) in block [ are jointly distributed via PapcPuvicPyziapcuv chosen from
‘P as given in the statement of the theorem.

For block I+1, (fjl+17 Vl+1) = (fjl, \7[) can be considered to be a realization of a pair of correlated ‘sources’

(AZH, Bii1, Y1, Zl+1)» and the common side-information C41. The goal in block (I+1) is to transmit this

pair of correlated sources over the broadcast channel, with

e Receiver 1 needing to decode U1, treating (A;11, Y11, Cit1) as receiver side-information,

e Receiver 2 needing to decode V11, treating (B;11, Zi+1, Cit1) as receiver side-information.

We use the ideas of Han and Costa [7] to transmit this pair of correlated sources over the broadcast channel
(with appropriate extensions to take into account the different side-information available at the transmitter
and the receivers). This is shown in Figure [3| The triple of correlated random variables (A, B, C) is used to
cover the sources. This triple carries the resolution information intended to disambiguate the lists of the two
receivers. The random variables of block (I+1), given by (A, B, C) are related to the random variables in block
I via Q4 BO|TVRE chosen from Q given in the statement of the theorem. We now describe the construction
of the A-, B-, and C- codebooks.

Covering the Sources: For each € € C", a C-codebook C¢(€) of rate py is constructed randomly from Pee-
For every realization of 1 € U™, ¢ € C™, and ¢ € C"™, an A-codebook C4(q@, ¢, c) of rate p; is constructed
with codewords picked randomly according to PA|U,C’,C' Similarly, for every realization of v € V" ¢ € C",
and ¢ € C", a B-codebook Cp(¥,¢,c) of rate ps is constructed with codewords picked randomly according to
P B|V,C,C* _ _ ~ _

At the beginning of block (I + 1), for a given realization (U;41, V41, K11, Ci41), of correlated ‘sources’,
and side information, the encoder chooses a triple of codewords (A;1+1,Bi+1, Ciy1) from the appropriate A-, B-
and C-codebooks such that the two tuples are jointly typical according to Py za@ 4 BCO|TRVE: The channel
input X;41 is generated by fusing this (A;y1,Bi41,Ci41) with the pair of codewords (Uj;41, Vi41), which
carry fresh information in block (I + 1).

Now consider the general case when Ry > 0. We can use the variable C' to encode common information to
be decoded by both receivers. Hence C' serves two purposes - it is used to (a) cover the correlated sources and
transmitter side-information, thus being part of the resolution information, and (b) to carry common fresh
information. Note that in every block, two communication tasks are being accomplished simultaneously. The
first is channel coding over the broadcast channel with list decoding, accomplished via (U, V,C). The second
is joint-source-channel coding of correlated sources over the broadcast channel, accomplished via (4, B, C).
Recall that in Marton’s achievable region for the broadcast channel without feedback, there is a random
variable W meant to be decoded by both receivers. In the present case, it turns out that C' can be made to
assume the dual role of the common random variable associated with both the tasks.

Analysis: For this encoding to be successful, we need the following covering conditions. These are similar
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to equations (3.1)-(3.5) in [7].

po > I(UKV;C|C) + Ry (15)

po+p1 > I(VK; A|CCU) + I(UKV;C|C) + Ry (16)
po+p2 > I(UK; BICCV) 4+ I(UKV;C|C) + Ry (17)
po+ p1+p2 > I(VK; A|CCU) + I(UK; BICCV) 4+ I(A; BIUKVCC) + I(UKV;C|C) + Ry (18)

At the end of block (I + 1), receiver 1 determines U; = I~Jl+1 by finding the pair (I~JZ+1, A;11,Ci41) using
joint typical decoding in the composite U-, A-, and C-codebooks. A similar procedure is followed at the second

reciever. For the decoding to be successful, we need the following packing conditions.

Ry +po+p1 < I(U;YYA|C) + I(C; YAYU|C) + I(A; Y AY |UCC) (19)
Ry +p1 < I(U;YAYC|O) + I(A; Y AY|UCC) (20)

Ry +po+p2 <I(V;ZZB|C) + I(C; ZBZV|C) + I(B; ZBZ|VCC) (21)
Ry+pa < I(V;ZBZC|C) + I(B; ZBZ|VCC) (22)
po+p1 < I(C;YAYU|C) + I(A; Y AY|UCC) (23)
po+p2 < I(C;ZBZV|C) + I(B; ZBZ|VCC) (24)

p < I(A;YAY|UCC) (25)

pa < I(B; ZBZ|VCC) (26)

Performing Fourier-Motzkin elimination on equations , and , we obtain the statement
of the theorem.

To get a single-letter characterization of achievable rates, we need to ensure that the random variables in
each block follow a stationary joint distribution. We now describe how we ensure that the sequences in each

block are jointly distributed according to

Papc - Pyvic - Pxjapcuv - Pyzix (27)
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for some chosen Papc, Pyv, and Px|apcuv-
Suppose that the sequences in a given block are jointly distributed according to (27). These sequences

become the source pair (U, V), and the side-information (4, B,C,Y, Z) in the next block. To cover the source

distributed according to P4p¢c. This holds when the consistency condition given by @ is satisfied. We thereby
ensure that the sequences in each block are jointly distributed according to . Our technique of exploiting
the correlation induced by feedback is similar in spirit to the coding scheme of Han for two-way channels [15].

Note that the transmitter side information K = (ABY/Z) is exploited at the encoder in the covering
operation implicitly, without using codebooks conditioned on K. This is because this side information is only
partially available at the receivers, with receiver 1 having only (A4,Y), and receiver 2 having only (B, Z).
Hence this approach can be extended to the case of noisy feedback in a straightforward Wayﬂ This is done is

the next section.

4 Noisy Feedback

A two-user discrete memoryless broadcast channel with noisy feedback is a quintuple (X, Y, Z,S, Py zg/x) of
input alphabet X', two output alphabets ), Z, noisy feedback alphabet S and a set of probability distributions
Py zgx(-|z) on ¥ x Z x S for every € X. The channel satisfies the following conditions for all n = 1,2,.. .,

PT(Yn = Yn,Zn = 2, S = 5n|Xn =X, ynol = Y, AR z, St = S) = PYZS|X(yn7Zn78n|$n)7 (28)

forally, €V, 2z, € 2,5, €S, x€ X", ycY" ! scS" ! and z € 2" !. The schematic is shown in Figure
[M We note that we can obtain the broadcast channel with noiseless feedback as a special case by setting
S=YxZ and S, = (Y, Zy).

Definition 4.1. An (n, My, My, Ms) transmission system for a given broadcast channel with noisy feedback

consists of

o A sequence of mappings for the encoder:

em 41,2, Mo}y x {1,2,..., M} x {1,2,..., Mo} xS™ ' = X, m=1,2,...,n, (29)

IThis is in contrast to communication over a multiple-access channel with feedback, where there is a significant difference
between the noiseless feedback and noisy feedback [16].
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e A pair of decoder mappings:

91:y”—>{1,2,...,M0}><{1,2,...,M1}, g2ZZn—>{1,2,...,M0}X{LQ,...,MQ}. (30)

The messages (Wy, W1, W) are uniformly distributed over the set {1,2,..., Mo}x{1,2,..., M} x{1,2,..., Ms}.
The channel input at time n is given by X,, = e, (Wo, W1, Wa, S"~1). The average error probability of the

above transmission system is given by

Mo My Mo

T i o 2 3 Pr(aa(Y™), ga(27) £ (), (e )| (W, Wi, Wa) = (ki) (31)

k=11i=1 j=1

The definition of achievable rates and the capacity region for a broadcast channel with noisy feedback is
identical to Definition 2.2l We now state the second result of the paper, an achievable rate region for the

discrete memoryless broadcast channel with noisy feedback.

Definition 4.2. Given a broadcast channel with noisy feedback (X,Y, 2,S, Py zs|x), define P as the set of
all distributions P onU X VX AX BXxC x X x Y x Z of the form

Papc Pyvic Pxjascuv Pyzx,

where A, B, C, U, and V are arbitrary sets. Consider two sets of random variables (U, V, A, B,C,X,Y, Z,S)

and (U, V,AB,C,X,Y,Z, S) each having the same distribution P. For brevity, we often refer to the collection
(A,B,S) as K, to (/NX,B75’) as K, and to Ax B x S as K. Hence

Poveryz = Poveryz = P.

For a given P € P, define Q(P) as the set of conditional distributions Q that satisfy the following consis-
tency condition

Papc(a,b,c) = > Qoo ico(a b, cli, b,k &) Puvie (@, 6, k,é), V(a,be).  (32)
@,D,,k,e€UX VXK XC

Then for any P € P and Q € Q(P), the joint distribution of the two sets (U,V,K,C,X,Y,Z) and (U,V,K,C,X,Y, Z)
18

Pyyigexvz Qupegvek Puvixyziase (33)
With the above definitions, we have the following theorem:

Theorem 2. Given a broadcast channel with noisy feedback (X,Y, 2,S, Py zs|x ), for any distribution P € P

11



and Q € Q(P), the following rate region is achievable.

Ry < min{Ty, Ty, T3, Ty, T5} (34)

Ro+ Ry < I(UAC;YYA|C) — I(VK; AC|UC) (35)

Ro+ Ry, < I(VBC; ZZB|C) — I(UK; BC|VC) (36)

Ro+Ri+ Ry < I(UAC;YYA|C) — I(VK; AC|UC) — I(U; V|C) (37)
+1(V;C|0) + I(VB; ZZB|CC) — (UK A; B|ICVC)

Ro+ Ry + Ry < I(VBC;ZZB|C) — I(UK; BC|VC) — I(U; V|C) (38)
+1(U;C|1C)+ I(UA; YYA|CC) — (VK B; A|CUC)

2Ry + Ry + Ry < I(UAC;YY A|C) — I(VK; AC|UC) — I(U; V|C) (39)

+1(VBC; ZZB|C) — I(UK; BC|VC) — I(A; BICCUVK)

AC;YY A|ICU) — I(VK; AC|CU)
BC;ZZB|CV) — I(UK; BC|CV)
AC;YYA|CU) +1(B; ZZB|CVC) — I(VK; AC|CU) — I(UK A; B|CCV)
A;YYA|CUC) + I(BC; ZZB|CV) — I(VKB; A|CCU) — I(UK; BC|CV)
Ts 2 - |I(AC;YY A|CU) — I(VK; AC|CU) + I(BC; ZZB|CV) — I(UK; BC|CV) — I(A; BICCUVK)
Proof. This theorem is obtained by replacing K = (A, B,Y, Z) in Theoem 1 by K = (A, B, S). The proof of

this theorem is identical to that of Theorem 1, and is omitted.

5 Special Cases and Examples

In this section, we obtain a simpler version of the rate region of Theorem [I| and use it to compute achievable

rates for two examples.

5.1 A Simpler Rate Region

Corollary 5.1. Given a broadcast channel with noisy feedback (X,¥,Z,S, Py z5x), define any joint distri-
bution P of the form

Po, Pwuv Pxywuve,Pyzs|x- (40)

two sets of variables each distributed according to P and jointly distributed as

Peowiovsyzs Qogeowivs Pwovxyzsic,: (41)
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where Q¢ \CoW TS is a distribution such that

Poy(co) = Y. Qeyicowivscoléo, ®, i, 5, 8)P(éo, w, i, 9,5), Veo € Co. (42)

Then the following region is achievable.

Ry < min{Ty,T»} (43)

Ro+ Ry < I({UW;Y|Co) + I(Co; Y|YCoW) + I(Co; Y|CoWTU) — I(VS; Co|CoWT) (44)

Ro + Ry < I(VW; Z|Cy) + I(Co; Z| ZCoW) + I(Co; Z|ICoW V) — I(US; Co|CoW V) (45)

Ro+ Ri+ Ry < I(UW;Y|Co) 4 I(Co; Y|Y CoW) + I(Co; Y|CoWU) — I(V'S; Co|CoWU) (46)
+ I(Co; V|CoW) 4+ I(V; Z|CoCoW) — I(U; VW)

Ro+ Ri+ Ry < I(VW; Z|Cy) + I(Co; Z| ZCoW) + I(Co; Z|CoW V) — I(US; Co| CoW V) (47)
+ I(Co; U|CoW) + I(U; Y |CoCoW) — I(U; VW)

2Ry 4+ Ry + Ry < I(UW;Y|Co) + I(Co; Y|YCoW) + I(Co; Y|CoWU) — I(VS; Co|CoWTU) (48)

+ I(VW; Z|Co) + I(Co; Z|ZCoW) + I(Cy; Z|CoW V) — I(US; Co|CoW V) — I(U; VW)
where

T1 £ I(Co,?‘éoWU) + I(C()W,YD}éoWU) - I(VS, C0|00WU)
T2 é (C Z‘é VNVV) + I(C()W, Z|Zé()WV) - I(ﬁg, Co|éoWV)
Proof. In Theorem [2} set A = B = ¢, and C = (Cy, W), with

QC lelin’s QCOW|COWUVS = PWQCO|C Vs
This choice of QC|C‘U\7§ € Q(P) if { is satisfied. OJ

Dueck’s feedback example: The rate region of Corollary yields the optimal rates for the example
described in Section [I] To see this, set

W=¢, (UV)~ Pyy=PyPy, with Py(0) = Py(1) = Py(0) = Py (1) = 1

(49)

N =

PCU(O):PCO(l):
XI(XOZCO, X1:U, XQZV)

We define the distribution ) that generates Cj for each block from the variables of the previous block as

Q:Co=YapU=2o

<t

(50)

Since Y @ U = Z ®V = N, the noise variable which is Bernoulli(%), the above choice satisfies . Finally,
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substituting in Corollary the mutual information quantities are

I(V; Z|Co) = I(U;Y|Co) =0,  I(Co;Y|YCy) = I(Co; Z|ZCp) =1
I(CQ,?léoU) = I(Oo; Z‘COV) = 1, I(V}}Z,CMC’QU) = I(U}}Z,C(ﬂéo‘?) =1
I(Co; V|C~’0) == I(C(); U‘éo) =1 I(U,?|Coéo) - I(V, Z|Coéo) =1
(

I(Co,fqéoﬁ) = I(C072|C~’oﬁ) = 1, I C(),Y|Yéoﬁ) = I(Co; Z‘Zéof/) =0.

Using these, we see that a rate of Ry = Ry = 1 is achievable.

5.2 The AWGN Broadcast Channel with Feedback

In this subsection, we compute the rate region of Corollary for the scalar AWGN broadcast channel with
noiseless feedback and average power constraint P. We compare the obtained sum rate with: a) the maximum
sum rate in the absence of feedback, and b) the achievable region for the AWGN broadcast channel with
noiseless feedback obtained by Ozarow and Leung in [5] using a generalization of the Schalkwijk-Kailath
coding scheme [17].

The channel, with X =) = Z = R, is described by

Y=X+N;, Z=X+Ny, (51)

where Ny, Ny are Gaussian noise variables with zero mean and unit variance. N7 and N5 are independent of
one another as well as the channel input X. The input sequence x for each block satisfies Z?:l xf < P.
In the absence of feedback, the capacity region of the AWGN broadcast channel is known [18][19] and can

be obtained from Marton’s inner bound using the following choice of random variables.

P
V =VaPQ,, U=vaPQ,+— v
aP + o2
where a € (0,1), and Q1,Q2 are independent Gaussian variables with zero mean and unit variance. The
Marton sum rate is then given by

1 P
Ruorp = 1(V: Z) + 1(U;Y) = I(U; V) = 3 log, (1 + U2> . (52)

This is essentially the ‘writing on dirty paper’ coding strategy [20}/21): for the channel from U to Y, V can
be considered as channel state information known at the encoder. We note that an alternate way of achieving
the no-feedback capacity region of the AWGN broadcast channel is through superposition coding [2].

Using Corollary we now compute an achievable region for the channel with noiseless feedbackﬂ
The joint distribution Pc, Pyv Px|c,uv is chosen as

V=vaP,Qs, U=+aPQ+8V (53)
XZ\/P—P100+\/64P1Q2+\/QP1Q1 (54)

2Theorems [1] and [2| were established for a discrete memoryless broadcast channel with feedback. These theorems can be
extended to the AWGN broadcast channel using a similar proof, recognizing that in the Gaussian case superposition is equivalent
to addition.
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Figure 5: Achievable sum rates for the AWGN broadcast channel. The solid line shows the sum rate computed
using Corollary The dashed line (a) is the no-feedback sum rate, and the dotted line (b) is the sum rate
of the Ozarow-Leung scheme.

where Cy, @1, Q2 are independent Gaussians with zero mean and unit variance, and «, 8 € (0,1), P; € (0, P)
are parameters to optimized later.
Next we define a conditional distribution QC@IC'OUVY 5 that satisfies . Let

Sy = N : : : (55)

Then define QCO| &,07vz by the relation
Co=V1-DSi+n (56)

where 7 is a Gaussian random variable with zero mean and variance D independent of S7.

In words, S is the normalized error in the estimate of U at receiver 1. This estimation error is quantized at
distortion level D and suitably scaled to obtain Cy. Thus, in each block, Cy represents a quantized version of
the estimation error at receiver 1 in the previous block. If we similarly denote by Sy the error in the estimate
of V at receiver 2, then Sy is correlated with S;. Therefore, Cy simultaneously plays the role of conveying
information about Sy to receiver 2. With the above choice of joint distribution, the information quantities in
Corollary [5.1] are computed and listed in Appendix [A]

For different values of the signal-to-noise ratio P/o?, we then numerically compute the maximum sum rate

15



by optimizing over the parameters («, 8, D, P;). This is plotted in Figure The figure also shows the sum rate
in the absence of feedback and the maximum sum rate of the Ozarow-Leung scheme with noiseless feedback.
We observe that the obtained sum rate is higher than the sum rate without feedback, but lower than that of
the Ozarow-Leung scheme. However, we emphasize that the Ozarow-Leung coding scheme is specific to the
AWGN broadcast channel and does not extend to other discrete memoryless broadcast channels, unlike the
rate region proposed in this paper.

For the AWGN broadcast channel with noisy feedback, a similar joint distribution can be used to obtain
achievable rates outside the no-feedback capacity region. In this case, the variable Sy should be defined as the
encoder’s estimate of the error at receiver 1. This is then quantized to Cy, and sent to both receivers in the

subsequent block.

6 Comparison with the Shayevitz-Wigger (S-W) Rate Region

In [13], the following achievable rate region was proposed for a broadcast channel with noisy feedback.

Fact 1. §-W Region. Consider a broadcast channel with noisy feedback defined by Py 75 x , where S denotes
the noisy feedback signal available to the transmitter. Let Uy, Uy, Us, Vo, Vi, Vo be discrete auxiliary random

variables jointly distributed according to

Py,v,vs Pxiuosvivs Pyzs)ix Pvovive|UoU,UsS- (57)

Then the following rate region is achievable.

Ry + ©; < 0, (58)

Ro+ Ry < I(UgUr; YVA) — I(UpUL UL S; Vi VoY) — ©4 (59)

Ro + Ry < I(UgUs; ZV3) — I(UgU1UsS; Va|Vo Z) — ©4 (60)
Ro+ Ry + Ry < I({Uy; YVA|Up) + I(Us; ZVa|Uy) — I(Ur; Us|Up) + O3 — O

— I({UULUsS; Vi |[VoY') — I(UgUL U S; Va| Vo Z) (61)

where
01 £ max{I(UgU, U S; VoY), I(UgU Uz S; Vol Z)}, O £ min{I(Uyp; Y V1), I(Uy; ZVa)}. (62)

Remark 1: There appears to be an error in the derivation of the rate region in [13]. In particular, there is
an inequality missing in the set of constraints obtained by performing Fourier-Motzkin elimination on equation
(35) in [13]. We have communicated this to the authors. The correct version of the S-W rate region is given
above.

Remark 2: The joint distribution of (Vp, V1, V2) conditioned on all the other variables can be written as

Pyyviveuoti 28 = Py |uotnUs5 - Pvive|VoUo Un U= S - (63)
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Now define another conditional distribution onvl ValUsUrUsS B8

/ _
PVOVlelUOUleS = PV0|U0U1U2S : PV1|V0U0U1U25' : PV2\V0U0U1U25 (64)

where we have used the marginals from to define P’. We observe that if we replace Py, v, v,|u,v,v,5 by
P{,0V1V2|UOU1U2 g in , the Shayevitz-Wigger region remains the same because at most one of V; and V5
appears in each of the mutual information terms. Hence, without loss of generality, we can assume that the
joint distribution in is of the form

Py,v,v, Pxvovivs Pyzsix Pvy|uoviUss P [voUonUss Pivs|VoUoUr Us S - (65)

The S-W rate region is obtained using a block-Markov superposition coding scheme with several blocks
of transmission. The rates of the message are too high for the receivers to decode them directly at the end
of each block. At the end of the block, the encoder is therefore left with the task of transmitting a triple of
correlated sequences (Ug, Uy, Us) with side-information Y and Z available at decoders 1 and 2, respectively.
These correlated ‘sources’ at the encoder are covered using three random variables (Vp, Vi, V2), which are
transmitted in the following block using separate source-channel coding. Receiver 1 first recovers (Vp, V1) and
then uses backward decoding with V; as an additional output to decode its message from the previous block.
Receiver 2 decodes in a similar fashion using V5 as an additional output.

We now evaluate the rate region of Theorem [2] with a choice of random variables that results in the joint
distribution . We show that the resulting rate constraints on Ry, Ry + R1, Rg + Rz, and 2Ry + Ry + Rs
are implied by the S-W rate constraints. Further, the Ry + R; + Ro constraints are also implied by the S-W

constraints as long as a couple of conditions on the mutual information terms hold.

Proposition 6.1. Consider any joint distribution of the form for which the following inequalities hold.

I(Vb; UOU1|V1Y) + I(VQ; UQU()|V()Z) > I(VQ; U2|UQZ),

(66)
I(Vo; UgUa|Va Z) + I(Vi; U U VoY) > I(Vi; Up|UpY)

The S-W region evaluated with such a joint distribution is contained in the rate region of Theorem[3

Proof. For a given broadcast channel with noisy feedback Py zg|x, pick any joint distribution of the form .
We will evaluate Theorem [2| by identifying distributions P and @ € Q(P) such that the joint distribution
coincides with the one in . Consider the following choice of random variables. Pick A = (171, Uy), B =
(Va,Us), C = (Vo,Up), and U = V = ¢, where (Up,Uy,Us) are jointly distributed according to Pyyu, s,
and (170, ‘71, f/g) are jointly distributed according to Py,v,v,, the marginals from . Further, (%, f/l, 172) is
independent of (U, U, Us). The input X is generated according to Px|y,u,v,-

We choose a conditional distribution in Q(P) to generate (A, B, C);11 from the information (U, V, C,K),
as follows.

TV ER iBC A AAUNA NS

where Py v Vi |OoUh 028 = Py,viva U, Uy 55 the marginal from . i i
To summarize, the joint distribution over two successive blocks with C = (Vo,Uy), A = (V4,U1),B =
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(Va,Us), and U =V = ¢ is

P v, Foo0, 0, 100000, P 215 Loty 01000, 025 PUoU1 02 Px100000 Py 21x Proviva U600+ (67)
Therefore, we have ensured that the joint distribution of the sequences (Ug, U1, U2, X,Y,Z,S, Vo, V1, Vs)
is the same as that used for the Shayevitz-Wigger region in . Substituting C' = (f/o, Uy), A= (Vl, U1),B =

(‘72, Us), and U =V = ¢, the first constraint of Theorem [2[ becomes

9 [0 Y) + I(VoTh: VO |To) — 1(0,025; V, Vo | Uo)

Y U UL;Y) + T(VoVi; YUL|US) — IH(UpUrUsS; ViVe) + I(Vi Ve Us) (68)

(:C) I(U()Ul; Y) + I(V()Vl; YUon) — I(UoUlUQSY; Vl‘/())

= I(UoUl,Y) + I(V0V1; Uon‘Y) - I(UoUlUQS; V1%|Y)

In the above, (a) is due to the fact that Y is independent of (Uy, U1, Y, Vo, V1), as can be seen from ©7). ()
is true because (Uy, U1, Us, Y, Z, S, Vy, Vi, V2) has the same joint distribution as

(Uo,U1,Us,Y, Z, S, Vo, V1, V3). (c) holds because I(Y; V1Vy|UgU1U2S) = 0, since Y — (Up, Uy, Us, S) — (V1, Vo)
form a Markov chain. The other rate constraints of Theorem [2| can be similarly evaluated, and are given

below.

Ro+ Ry < I(UgUy;Y) + I(VoV1; UL Up|Y) — I(Ug U UaS; ViR Y) (69)
Ro+ Ro < I(UUs: Z) + I(VoVa; UsUs| Z) — I({UaUrUsS: VaVe|Z) (70)

Ro+ Ri + Ro < I(UoUyY) + I(Us: Z|U) + I(VoVa; UhUo|Y) + 1(Va; Us U [V Z)
— LU U US; ViVB|Y) — I(UpU U S; Va| Vo Z) — 1(Uy; Us|Up) (71)

Ro+ Ry + Ry < I(Uv: Y|Uy) + I(UsUs: Z) + I(Vi; UrUp VoY) + I(VoVa: UsUs| Z)
— I(UpU U S; ViV YY) — I(UgU UL S; VoV | Z) — T(Uy; Ua|Up) (72)

2Ro + Ry + Ro < I{UULY) + I(UoUs; Z) + I(VoVi; UrUo|Y) + I(VoVa; UsUp| Z)
— L(UoU1UaS; Vip|Y') — I(UoUrUaS; Va Vo | Z) — 1(Uy; Uz|Uy) (73)

(The Ry constraint of Theorem [2| does not appear because it subsumed by the above constraints.) We now

have the following lemma.

Lemma 6.1. Given ajoint distribution PWUVPX|WUVPYZS\XPV0|WUVSPV1\VoWUVSPVﬂVOWUVS; the follow-

ing statements hold.
1. (69) is implied by .
2. is implied by .
3. 1s implied by and .
4. and are implied by if the inequalities in hold.
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The proof of the lemma is given in Appendix [B] This completes the proof that the rate region of Theorem
contains the S-W achievable region for the broadcast channel with noisy/noiseless feedback. O

7 Proof of Theorem [1]

7.1 Preliminaries

We shall use the notion of strong typicality as defined in [22]. Consider three finite sets V, Z; and 25, and an

arbitrary distribution Py z, z, on them.

Definition 7.1. For any distribution Py on V, a sequence v™ € V" is said to be e-typical with respect to Py,
if
g (a™) ~ Pr(a)] < o
—#(alv™) — a —,
n M RV
foralla €V, and no a € V with Py(a) = 0 occurs in v™, where #(a|v™) denotes the number of occurrences of

a inv™. Let Agn)(Pv) denote the set of all sequences that are e-typical with respect to Py .

The following are some of the properties of typical sequences that will be used in the proof.
Property 0: For all € > 0, and for all sufficiently large n, we have Py [Agn)(PV)} >1—e
Property 1: Let v" € AE")(PV) for some fixed € > 0. If a random vector Z7 is generated from the product
distribution [T}, Pz, v (-|v;), then for all sufficiently large n, we have Pr[(v", Z}") ¢ Aén)(PVZ1 )] < €, where
e=e([V[+]2:]).
Property 2: Let v" € Agn)(PV) for some fixed € > 0. If a random vector Z7 is generated from the product
distribution ;" Pz, v (-|v;) and Z4 is generated from the product distribution [}, Pz, v (:|v;), then for all
sufficiently large n, we have

2—n6(e) 2nH(ZlZg|V) n 2n5(e) 2nH(Z1Z2|V)
< Pr{(w", 2y, 23) € A" (Py2,2,)]

onH(Z1|V) gnH(Za|V) S QnH(Z1 V) gnH(Za]V)

where € = €(|V| + | Z1||22]), and §(e€) is a continuous positive function of e that goes to 0 as e — 0.

7.2 Random Codebook Generation

Fix a distribution Pyyapcxyz from P and a conditional distribution @ 4 po|7¢ g ¢ satistying (6). as required
by the statement of the theorem. Fix a positive integer L. There are L blocks in encoding and decoding.
Fix positive real numbers R}, R}, Ry,R1, Ra, po, p1 and ps such that R} > Ry and R}, > Ry, where these
numbers denote the rates of codebooks to be constructed as described below. Fix € > 0 and a positive integer
n. n denotes the block length. Recall that K denotes the collection (A, B,Y,Z), and K denotes the set
AxBxYx Z. Let €[l] = e(4|K*|U|*IV?|C|?)! for I =0,1,2,..., L.

For 1 =1,2,3,..., L independently perform the following random experiments.

e For each sequence c € C™, generate on(Ry—R1) sequences Uy ; ¢, t = 1,2,..., Z”(R,I_Rl), independently
where each sequence is generated from the product distribution [}, Pyc(-|c;). Call this the first U-bin.
Independently repeat this experiment 27 times to generate 2" U-bins, and a total of P sequences.

The ith sequence in the jth bin is Uy ;_1yonr1 4 ¢
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e For each sequence ¢ € C", similarly generate 2”52 V-bins each containing 2(%1~51) sequences with each
sequence being generated from the product distribution H?:l PV|C(-\ci). The ith sequence in the jth
bln iS V[l,(j*l)QnR2+i,C]'

e For each sequence ¢ € C", generate 2" sequences Cy; ), ¢ = 1,2,...,2", independently where each

sequence is generated from ]}, Poje(-lé).

e For each (11, ¢,¢c) € U™ x C?" generate independently 2"°* sequences Ajiag, for i =1,2,...,2"71,

where each sequence is generated from []7_; Py 5o0 (15, ¢ ¢j)-

e For each (Vv,¢,¢c) € V" x C?" generate independently 2772 sequences Byiv.e.c, for i =1,2,...,2"2,

where each sequence is generated from H?=1 Pyvec(15,6,¢5).

e For each (a,b,c,u,v) € A" x B" xC" x U™ x V" generate one sequence Xy a b c,u,v] USING

[[i=1 Pxjascuv (‘lai, bi, i, ui, vs).
Generate independently a tuple of sequences (U[0], V[0], K[0], C[0]) from the product distribution Py x -
These sequences are known to all terminals before transmission begins.
7.3 Encoding Operation

Let Wy[l] denote the common message, and Wi [l], Ws[l], the private messages for block I. These are inde-
pendent random variables distributed uniformly over {1,2,...,2nfo} 12 . 2nfi} and {1,2,..., 2"f2},
respectively. We set Wy[0] = W1[0] = Wa[0] = W[L] = Wh[L] = Wa[L] = 1. For each block I, the encoder
chooses a quintuple of sequences (A[l], B[], C[l], U[l], V[I]) from the five codebooks generated above, according
to the encoding rule described below. The channel input, and channel output sequences in block [ are denoted
X[l], Y[I] and Z[l], respectively.

Blocks I =1,2,3,..., L : The encoder performs the following sequence of operations.

e Step 1: The encoder chooses a triple of indices (Go[l], G1[l], G2[l]) such that
Goll] mod 2"F0 = Wy [i],
and the tuple (U[l — 1], V[l — 1], K[l — 1], C[l — 1]) is jointly €[l]-typical with the triple of sequences
(Cpi,Golt,cli-1]1s AlL,G1 1], UI-11,Cl1-1],Cp1. oo . cit—1)» BILGa [, VI=1],Cll-1],Cy.co .01

with respect to Py v g &.c.a p- 1fnosuch index triple is found, it declares error and sets (Go[l], G1[l], G2[l]) =
(1,1,1).

The encoder then sets
Clll = Cucomcp-1, Al = Apci,up-1,00-1.Cp6omop-ml Bl = Bircam vi-11,01-1,04,69m,00-1)-
e Step 2: The encoder chooses a pair of indices (G3[l], G4[l]) such that the triple of sequences

(Unasi.cm» Yieam.cu> Cl)
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is e-typical with respect to Pyvc, and U g, 1,cpy) belongs to the U-bin with index Wi [], and Vi ¢, i.cm
belongs to the V-bin with index W5[l]. If no such index pair is found, it declares error and sets

(G3[Z]v G4[l]) = (17 1)
The encoder then sets U[l] = U[l,Gg[l],C[l]]a V[l] = V[l,G4[l],C[l]]7 and X[l] = X[l,A[l],B[l],C[l],U[l],V[l]}- The

encoder sends X[I] as the channel input sequence for block .
e Step 3: The broadcast channel produces (Y[I], Z[l]).

o Step 4: After receiving (Y[l],Z[l]) via the feedback link, the encoder sets K[I] = (A[l], B[l], Y[I], Z[l]).

7.4 Decoding Operation

Block 1:
e The first decoder receives Y[1], and the second decoder receives Z[1].

e The first decoder determines the unique index pair (Go;[1], G1[1]) such that the tuples
(Cl[0], A[0], U[0], Y[0]) and (Ci[1], A} 6, p1ui0.co,¢: YLD

are jointly €[l]-typical with respect to P 17vc 4y Where Cq[1] £ Cli.éo),cpo) Note that Cy[1] is the
estimate of C[1] at the first decoder.
If not successful in this operation, the first decoder declares an error and sets (Go1[1], G1[1]) = (1,1),

and Cq[1] £ C[l,éol[l],C[O]]'

e The first decoder outputs Wo[1] = Go1[1] mod 2"Fo and sets

Al = Ap e, ,up,00.6 )
A[1] is the first decoder’s estimate of A[1].

e The second decoder determines the unique index pair (Goz[1], G2[1]) such that the tuples

(C[0], B[0], V0], Z[0]) and (C2[1], By é,p1vio),clo),.y)- 211

are jointly €[l]-typical with respect to Ps 5y 5055, Where Co[1] £ Cli.éo),cpo)- Note that C,[1] is the

estimate of C[1], at the second decoder.

If not successful in this operation, the second decoder declares an error and sets (Goz[1], G2[1]) = (1,1),

and Cy[1] £ C[l,éoz[l],c[o]]'

e The second decoder outputs Wy[1] = Goz[1] mod 2"Fo, and sets

B[] = By 6,11, vi0).cp0).Cala))
BJ1] is the second decoder’s estimate of BJ[1].

Block [,1=2,3,...,L:
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e The first decoder receives Y|[I] and the second decoder receives Z][l].

e The first decoder determines the unique index triple (Go1[l], G1[l], Gs[l — 1]) such that the tuples

(Cill =1, Al =1, U1 =1}, Y[l - 1]) and (Ci[l], Ay &, pop-1.¢.pi-1.caup Y )

are jointly e[l]-typical with respect to Pz ;75 ¢4y Where

Ul =12 Uy ep-nep-1p Cll = Cuey ey

If not successful in this operation, the first decoder declares an error and sets (Go1[l], G1[l], Gsll —1]) =
(1,1,1), and

Ul -1 =Ug_piep-1p Cilll = Cuie 1y
Note that U[l — 1] and C[l] are the estimates of U[l — 1] and C[l], respectively, at the first decoder.
e The first decoder then outputs Wy[l] = Goi[l] mod 2"Fo, and Wi[l — 1] as the index of U-bin that
contains the sequence U[(l—l),ée, (=1],&1[1=1]]" The decoder sets
Alll = Ay 6, 0.00-1.6:0-11..1)°
A[l] is the first decoder’s estimate of A[l].

e The second decoder determines the unique index triple (Goal[l], Go[l], G4[l — 1]) such that the tuples
(Call — 1, B~ 1, V[l — 1}, 2~ 1)) and (Cl1}, By e vi_.0011.6,: ZI)

are jointly e[l]-typical with respect to Pzg 5054, Where, where

VI-12V pannciy €202 Cueanmcu -

If not successful in this operation, the second decoder declares an error and sets (Gozll], Ga[l], Ga[l—1]) =
(1,1,1), and
VIi-12 Ve Colll 2 Cuieu;

Note that V[l — 1] and Ca[l] are the estimates of V[l — 1] and C[l], respectively, at the second decoder.

e The second decoder then outputs Wy[l] = Goall] mod 27Fo and W[l — 1] as the index of V-bin that
contains the sequence V[(lfl),GA4[l71],Cg[l71]]‘ The decoder sets
B[l =By ¢,1,v1-11,50- 1,620

BJl] is the second decoder’s estimate of BJl].

7.5 Error Analysis

Let E[0] denote the event that (U[0], K[0], V[0], C[0]) is not €[0]-typical with respect to Pyxvc. By Property
0, we have Pr[E[0]] < € for all sufficiently large n.
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Block 1: Let E4[1] denote the event that the encoder declares error in step 1 of encoding (described in Section
[7.3). Let E5[1] denote the event that the encoder declares error in the second step. Let Fj3[1] denote the event
that the tuples

(U[0], V[0], [0}, C[0]) and (U[1], V1], K[1], C[1])

are not jointly e[1]-typical with respect to Pyyzapyxo- Let E4[l] denote the event that (Gor[1], G4 [1]) #
(Go[1],G1[1]) and Es[1] denote the event that (Goa[1], G2[1]) # (Go[1], G2[1]). The error event in Block 1 is
given by E[1] = E1[1] U E[1] U E3[1] U E4[1] U E5[1].

Lemma 7.1. Pr[E;[1]|E[0]¢] < € for all sufficiently large n if Ry, po, p1, and ps satisfy
po > I(UVK;C|C) + Ro + 26(e[1]) (74)
po+pm > I(VK; A|CCU) + I(UVK;C|C) + Ry + 25(e[1]) (75)
po+p2 > I(UK; B|CCV) + I(UVK;C|C) + Ry + 26(e[1]) (76)
po+p1+p2 > I(VK; A|CCU) + I(UK; BICCV) + I(A; BUVKCC) + I(UVK; C|C) + Ry + 20(e[1]) (77)
Proof. See Appendix [C} O

Lemma 7.2. Pr[E3[1]|E[0]°] < € for all sufficiently large n if R}, R}, and Ry, Ra satisfy

Ry + R, — Ry — Ry > I(U; V|C) + (e[1]) (78)
Proof. Follows along the lines of the proof of Lemma It is omitted for conciseness. O

From Property 1, it follows that Pr[Es[1]|E1[1]¢, E2[1]¢, E[0]¢] < € for all sufficiently large n.

Lemma 7.3. Pr[E4[1]U Es[1] | E3[1], Ex[1]¢, Eq[1]¢, E[0]] < 2¢, if

po+p < I(C;YAYU|C) + I(A; YAY |UCC) — 5(e[1]) (79)

po+p2 < I(C;ZBZV|C) + I(B; ZBZ|VCC) — 6(e[1]) (80)

pL < I(A;YAY|UCC) — d(€[1]) (81)

pa < I(B; ZBZ|VCC) — §(e[1]) (82)

Proof. The proof is very similar to that of Lemma |7.4] given below, and is omitted for conciseness. O

Hence P[E[1]|E[0]] < 5e if the conditions given in Lemmas and are satisfied. This implies

that A[1] = A[1], C[1] [1] = C[1], and similarly B[1] = B[1] with high probability.

Block 2: Let E;[2] denote the event that the encoder declares error in step 1 of encoding, and F5[2] the event
that the encoder declares error in step 2 of encoding. Let E3[2] denote the event that the tuples

(UN], VI, K1}, C[1])  and  (U[2], V[2], K[2], C[2])
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are not jointly e[2]-typical with respect to Py zapyv ge- Let E4[2] denote the event that
{(Coul2], G121, Cs[1)) # (Gol2], G [2], Gsl1]) }

Similarly, let E5[2] denote the event that
{(Coal2], Gal2], Gul1)) # (Gol21, Gal2], Galt]) }

Hence the error event in this block is given by E[2] = U2_, E;[2]. In the following we show that P[E[2]|E[1]¢E[0]°]
is small under certain conditions.

Using arguments similar to those used in Block 1, one can show that if pg, p1, p2, R}, RS, R1 and Ry satisfy
the conditions given in and with €[1] replaced with €[2], then for all sufficiently large n,

Pr{Ey[2] U Ex[2] U B5[2]| E[1)¢, E[0]°] < 3e.

Lemma 7.4. Pr[Es[2]U E5[2] | Bs[2]¢, Bx[2]°, E1[2)¢, E[1]¢, E[0]°] < 2e, if

Ri+po+p <I({U;YYAIC)+I(C;YAYU|C) + I(A; YAY|UCC) — 6(€[2]) (83)

R4 py < I({U;YAYC|C) + I(A; YAY|UCC) — 6(€[2]) (84)

Ry +po+p2 <I(V;ZZB|C) + I(C; ZBZV|C) + I(B; ZBZ|VCC) — §(€[2]) (85)

R+ po < I(V; ZBZC|C) + I(B; ZBZ|VCC) — §(e[2]) (86)

po+p <I(C;YAYU|C) + I(A; Y AY|UCC) — 6(€[2]) (87)

po+p2 < I(C; ZBZV|C) + I(B; ZBZ|VCC) — §(€[2]) (88)

p1 < I(A; YAY|UCC) — 5(e[2)) (89)

pa < I(B; ZBZ|VCC) — 6(€[2)) (90)

Proof. See Appendix O

Hence Pr[E[2]|E[1]°E[0]°] < 5e. Under the event (E[2]¢ N E[1]° N E[0]¢), we have A[2] = A[2], Cy[2] =
C3[2] = C[2], and B[2] = B[2].

Block l,1=3,4,...,L:

Let E;[l] denote the event that the encoder declares error in the step 1 of encoding, and Es[l] the event

that it declares error in step 2 of decoding. Let E3[l] denote the event that the tuples
(Ul =1}, VI -1, K[l = 1], C[l = 1]) and (U[l], V{I], K[l], C[l])
are not jointly e[l]-typical with respect to Pyy zapy xe- Let Eu[l] denote the event that

{(Calll, G, Galt = 1)) # (Goll, G 1), Galt — 1)
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Similarly, let E5[l] denote the event that
{(Goalt), Gol], Gall = 1)) # (Goll], Gl Galt — 1))}

Hence the error event in this block is given by E[l] = U_; E;[l]. Using the arguments similar to those used
in block 2, it can be shown that Pr[E[l]| N:Z} E[i]°] < 5e for all sufficiently large n if the conditions given in

(™), ([@)-(77) and (83)-(O0) are satisfied with €[1] and €[2] are replaced with €[l].

Overall Probability of Decoding Error : Hence the probability of decoding error over L blocks
satisfies
Pr(E] = Pr UL, E[l]] < 5¢L

if the conditions given in (78], (74)-(77) and (83)-(90) are satisfied with &(e[1]) and &(e[2]) are replaced with
6, where 0 = ZiL:1 S(e[l]). This implies that the rate region given by (14), (15)-(18), (19)-(26) is achievable.
By applying Fourier-Motzkin elimination to these equations, we obtain that the rate region given in the
statement of the theorem is achievable. The details of this elimination are omitted since they are elementary,

but somewhat tedious.

8 Conclusion

We have derived a single-letter rate region for the two-user broadcast channel with feedback. Using the Marton
coding scheme as the starting point, our scheme uses three additional random variables (A, B, C) to cover the
correlated information generated at the end of each block. The key to obtaining a single-letter characterization
was to impose a constraint on the distribution used to generate these covering variables. A similar idea was
used in [16] for multiple-access channels with feedback. This approach to harnessing correlated information is
quite general, and it is likely that it can be used to obtain improved rate regions for other multi-user channels

with feedback such as interference and relay channels.
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APPENDIX

A Mutual Information terms for the AWGN example

With the joint distribution described in Section we first compute the following quantities.

- - e
M, £ E[(U - E[0|VCo))’] = aP, (‘W> +ap, (502—6”315) o (aPﬁBOfPl>

P 4 o2 P, + 02 P, + o2
(91)
< = A - o P204 _'_—52
var($1102) £ Bl(31 - BI3IC0Z)?] =1 - TS0 (92)
var($1|CoV Z) 2 E[(8, — E[S1|CoVZ]) =1 — (aPro” +aafPE)? abi(Bo® —ahip)? (93)

My (P, +02)2(aPy +02)  My(P +02)2

In terms of the above quantities, the mutual information terms are

1 P +0?
I(V; Z|Cy) = 5 108, (W)

. 1 (P +0%)(a + f%a)
I(U;Y|Cy) = §log2 (P1 + 02)(a + f2a) — Pi(a+ 607)2>
I(U;V) = Slogy ( 1+ ﬁ?)

(1 — D)var(S,|CoZ) + D
(1 — D)var(5,|CoVZ) + D
(P — P)((1 - D)var($1|CoVZ) + D))
P1 + 02

oA By (P — P))((1 — D)var(5,|CoZ) + D)
I(Co,Z‘C()Z) = 10g2 1+ P1 +O’2
-~ 1 P+ o2
I(Co,Y‘YCO) - 5109;2 Pl +0_2)
. U 1 1 =
HUY;Co|lCoVZ) = =log, | 1+ var(Sl|C'0VZ))

I(VZ, Co‘éoﬁ?) =0

B Proof of Lemma [6.1]
We start with the first claim of the lemma. implies the following constraint for the S-W region.

Ro+ R < I(U()Ul; YVl) — I(UoUlUQS; V()Vl‘Y)
= I(U()Ul; Y) + I(U()Ul; V1|Y) - I(UoUlUQS; VOV1|Y) (94)
= I(IJ(]U]_7 Y) + I(-U-(]U]_7 VOV1|Y) — I(U()U]_Uzs; V()Vl‘Y) — [(UQUl; V0|‘/1Y)
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where we observe that the part in boldface is the right hand side of (69). Therefore, is implied by (59).
In a similar manner, one can show that is implied by .
Adding and , we get the following S-W constraint.

2Ry 4+ R1 + Ry < I(Ul,YV1|U0) —+ I(UQ; ZV2|U()) — I(Ul; U2|U0) + 205 — 20,
— I(UQUlUQS; V1|%Y) — I(U()UlUQS; ‘/2|‘/E)Z>

implies the following constraint for the S-W region.

9Ro + Ry + Ro < I(U1; YVA|Up) + I(Un: ZVa|Up) — I(U; Un|Us) + I(Uo: ZVa) + I(Up: YVA)
— I(UU U S; ViV |Y) — I(UgU,ULS; Vo Vo | Z)
= [(UoUy; YV1) + I(UgUs; ZVa) — I(Uy; Ua|Us) — I(UgU U2 S; ViR |Y) — I(UgU U S; Va Vol Z)
= I({UoUr;Y) + I(UoUz; Z) + I(UoUr; Vi|Y') + I(UoUs; V2| Z) — 1(Us; U2|Uy)
- I(U0U1U25§ Vl‘/b\y) - I(UOUles; V2V0|Z)
=I(UoU1;Y) +I(UgUs2; Z) + I(UgU1; Vo V1|Y) + I(UgUz2; Vo V2 |Z) — I(Uq; Ua|Up)
“I(UoU,UsS; ViVolY) — I(UogU1UsS; Vo Vo Z) — I(UgUs: Vo[ViY) — I(UgUs; Vo|VaZ)
(96)

where the part in boldface is the right hand side of (73). Hence is implied by and
Finally, implies the following constraint for the S-W region.

Ry + Ry + Ry < I(UgUp; YV1) = I({UoUrU2S; ViVolY') — I(Ur; U2|Uo) + 1(Uz; ZV2|Us) — I(UoUrU2S; V2 |Vo Z)
=1(UoUy;Y) + I(UgU; V1Y) = I(UpUr U2 S; ViVolY') — I(Uy; Uz|Uy)
+ I(Uz; Z|Ug) + I(Uz; Va|Up Z) — I(UgU U S; Va| Vo Z)
= I[({UpU1;Y) + I(UpUy; VoW1 |Y) — I(UoUy; Vo |V1Y) — I{UgU U S; VAVG|Y) — I(Uy; Us|Up)
+ 1(U2; Z|Up) + I(Uz; Va|Uo Z) — I(UgUr U2S; V2| Vo Z) + 1(UoUz; Va|Vo Z) — I(UgUs; Va Vo Z)
=I(UgU1;Y) + I(Ug; Z|Up) — I(UgU1U2S; V1 Vyo|Y) — I(UgU1U,S; V4 |VeZ) — I(Uyq; U2|Up)
+1(UoU1; Vo V1Y) + I(UoU2; V2| VoZ) + I(Us; Va|Up Z) — I(UgUz; V2| Vo Z) — I(UpUs; Vo[ V1Y)
(97)

where the part in bold-face is the right hand side of . Thus, is implied by if
I(Ug; ValUp Z) — 1(UgUs; V2|V Z) — 1(UoUs; Vo[ V1Y) <0,

which is the first condition in . Similarly, one can show that is implied by if the second condition
in holds.
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C Proof of Lemma [7.1]

For a given sequence quadruple (@", 7", k™, &") € AE?O)](U, V,K,C), let G(a", 9", k", &) denote the function
given by

G=> ¢(ijk)

W4,k
where ¢(i,j,k) =1 if

i mod 2nR0 - WO [1] AND (ﬂn, ﬁn, En, En, C[l,i,@"]? A[l,jﬂlnyan,c[l,i,é"]]B[171‘3’6”5&"”0[1,@',6"]}) S Aiﬁ)] (ﬁ7 ‘77 R; é) A7 B? C)

and equals 0 otherwise. We will show that Pr[G = 0] < € for sufficiently large n if pg, p1, and po satisfy the

conditions given in the statement of the lemma. Using Chebyshev’s inequality, we have

var(G) E[G?] - (E[G])2

Pr[G =0] < = (98)
(E[G)? (E[G)?
We will now compute E[G] and E[G?].
Using Property 2 of typical sequences in Section [7.1} we have
E[G] = Pr(g(i.j.k) = 1]
i,5,k
2n(p0+p1+p2—Ro—6(6[1]))2nH(ABC|U\7I~(C’)
onH(C|C)onH(A|UCC)9nH(B|VCC) (99)

on(po+p1+p2—Ro—0(e[1]))

2nI(U\~/I~(,C|C~')2nI(ﬁK,B\CC’V)QnI(VK,A|CC‘U) QnI(A;B\CC'f]l}f()
_ gn(s—d(el1])

where
k2 po+pL+p2s— Ro— I(UVK;C|C) — I(UK; B|CCV) — I(VK; A|CCU) — I(A; BICCUVK).  (100)

E[G?] can be written as
E[G? = &) + Oy + §3 + Oy + O (101)

where

® 2 Prei,j,k) = 1] = E[G],
i,5,k
®y £ N Ploli g, k)l 4, k) = 1,
i,5,k k'#k
05 23N Plgli g, k)b(i, 5 k) = 1],
.4,k j'#J
O ey N Pl G k)5 K) = 1],
W4,k k' £k j#5

o5 2> > Pl k)i, 5 K) = 1].
1,9,k i’ 57 k!

it

(102)
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The second term P, can be bounded as

onKgnp2 22n6(e[1] )onH (B [UKVCAC) onKgNP2 22n6(e[1])

02 < onH(B|[VEC) T onI(BUKA|CVC) (103)
Similarly, the third term ®3 is bounded as
onKgnp 22n6(6[1])
3= Sul(AURBICTC) (104)
The fourth term ®4 can be bounded as
2nn2n(p1+p2)22n6(5[1})2nH(AB|0RVéC) 2nn2n(p1+p2)22n6(6[1])
o, < onH(A|UCC)9nH (B|VCC) - on(I(VK;AlUCC)+I(UK;B|VCC)+I(A;BIUKVCC)) (105)
Finally, the fifth term satisfies
2
®s5 < | D PrloGi k) =1]| =(E[G)* (106)
0,4,k
Using the above in (I0I]), we can get an upper bound on E[G?]. Substituting in (98)), we obtain
PI‘[G — O] < 22n6(e[1]) |:2—m-c + 2—n(n—p1+I(A;V]~(B|[7C'C)) + 2—n(n—p2+I(B;UI~(A|C~V\~/C))
_’_2—n(m—p1—pz+I(A;f(V|CCU)+I(B;RU|CCV)+I(A;B\UVI?CC’))} (107)
<e
if the conditions given in the statement of the lemma are satisfied. Hence
- - 1
PI‘[El[l”E[O]C] — ) Z o Iir[fU[O]’V[O]’K[O]aC[O]) = (an’{)n,kn,én)] PI‘[G(’[L"’ﬂn’kn,én) = O]W
an,om ke e Al (0,V,K,C)
<e
(108)

D Proof of Lemma [7.4

For this section alone, let E denote the event (Fs3[2]¢ N E3[2]° N E1[2]° N E[1]¢ N E[0]°). Note that E is the
conditioning event in the statement of Lemma and hence A[1] = A[1], C[1] = Cs[1] = C[1], and similarly
B[1] = BJ[1]. For conciseness, let E(gj",y”,d”,é”,a,ﬁ,’y) denote the event

(Y[1),Y[2], A1}, Ci[1], Go[2], Ga[2], Gs[1]) = (3", 9", @", &" v, B, )

for any (g™, y",a",c") € AM (f/,Y, A, C’) and any index triple (o, 8,7).

e2]
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Now consider the following argument.

. P[E4NE]
R b
1 7 [(~=n ,n ~n =n
- 3 > PE.NENE®G"y"a", &, o, B,7)]
P[E] gn ym gn en () a,B,y
(y yr,at,c )eAg[z]
1 r (~m ,m ~n ~n 29
= P[E] Z Z P[EQE(y Yy ,a,C 7a75a7]P[E4|EE]

(Gmyman @ealyy) P

Let us now define the following indicator random variable: (i, j, k) = 1 if the tuples

(Up ke, AL Y[, Ci1])  and  (Cpic,py Y21 A un s e, n.Cill.Cp.ioymy])

are jointly e[2]-typical with respect to Py i3 &0y and 0 otherwise.

Now we have

PEJEEI< > Pl(i,j.k) =1|EE]
(4,9,k)#(c,,7)

=& + Oy 4 P3 + Dy,

where

ZP o, j,7) = 1|EE],
J#B

= 35" Pl jy) = 1BE),

i#a j

O3=> > Pl)(a,j k) = 1|EE],

k#y J

Oy =Y >3 Pl(i,j k) = 1|EE].

itak#y J
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Now, using Property 2 of typical sequences in Section [7.1] we have the following bounds.

onp19ndy (s[2])2nH(A\0C~'A?CY)

1< —
onH(A|UCC)
— exp, [n (m +o1(e]2)) — I(A; YA?WCC))] , (117)
2n(p0+p1)2n51(5[2])271H(CA\[7C~‘A~}~/Y)
By < _

- on(H(C|C)+H(A|UCC))
= expy [ (po + p1 + 61 (e[2]) = [(C; UAVY|C) — 1(4; Y AV [TCC) )| (118)
on(R}+p1)9néi(e[2]) gnH(UA|CAY CY)
®3 < on(H(U|C)+H(A|UCC))
eXPy [n (m + R+ 61(e[2]) — I(T; AYCY|C) — I(A; mmc@)} (119)

2n(pg+R’1+p1)2n51 (e[2])2nH(ﬁCA|éA§7Y)

oy < = = o
on(H(T|C)+H(C|C)+H(A|UCC))

= expy [n (po + o1+ R+ 61(e[2) — I(T; YAY|C) + I(C; YYUA|C) + I(A; YA?WCC*))] . (120

Therefore we have

€

2

for all sufficiently large n if the conditions in the statement of the lemma are satisfied. Substituting back in
([T10), we obtain P[E,[2]|E] < € for all sufficiently large n. Similarly, one can show that P[Es|E] < e if the

conditions in the statement of lemma are satisfied.

PIE,[2]| EE] <

References

[1] K. Marton, “A coding theorem for the discrete memoryless broadcast channel,” IEEE Trans. Inform
Theory, vol. 25, no. 3, pp. 306-311, 1979.

[2] T. M. Cover, “Comments on broadcast channels,” IEEE Trans. Inf. Theory, vol. 44, no. 6, pp. 2524-2530,
1998.

[3] A. El Gamal, “The feedback capacity of degraded broadcast channels,” IEEE Trans. Inform. Theory,
vol. 24, pp. 379-381, May 1980.

[4] G. Dueck, “Partial feedback for two-way and broadcast channels,” Inform. and Control, vol. 46, pp. 1-15,
July 1980.

[5] L. H. Ozarow and S. K. Leung-Yan-Cheong, “An achievable region and outer bound for the Gaussian
broadcast channel with feedback,” IEEE Trans. on Inform. Theory, vol. 30, no. 4, pp. 667-671, 1984.

[6] S. R. Bhaskaran, “Gaussian broadcast channel with feedback,” IEEE Trans. on Inform. Theory, vol. 54,
no. 11, pp. 5252-5257, 2008.

[7] T. S. Han and M. H. M. Costa, “Broadcast channels with arbitrarily correlated sources,” IEEE Trans.
Inform, Theory, vol. IT-33, no. 5, pp. 641-650, 1987.

31



8]

[9]

[10]

[11]

[15]

[16]

G. Kramer and C. Nair, “Comments on ‘Broadcast channels with arbitrarily correlated sources’,” in Proc.
IEEE Int. Symp. on Inf. Theory, June 2009.

P. Minero and Y.-H. Kim, “Correlated sources over broadcast channels,” in Proc. IEEE Int. Symp. Inf.
Theory, 2009.

S. Choi and S. S. Pradhan, “A graph-based framework for transmission of correlated sources over broadcast
channels,” IEEE Transactions on Information Theory, vol. 54, no. 7, pp. 2841-2856, 2008.

W. Kang and G. Kramer, “Broadcast channel with degraded source random variables and receiver side
information,” in Proc. IEEE Int. Symp. on Inf. Theory, June 2008.

R. Venkataramanan and S. S. Pradhan, “Achievable rates for the broadcast channel with feedback,” Proc.
IEEE Int. Symp. on Inf. Theory, 2010.

O. Shayevitz and M. A. Wigger, “On the capacity of the discrete memoryless broadcast channel with
feedback,” Proc. IEEE Int. Symp. on Inf. Theory, 2010. http://arxiv.org/abs/1012.6012.

A. El Gamal and E. C. van der Muelen, “A proof of Marton’s coding theorem for the discrete memoryless
broadcast channel,” IEEE Trans. Inf. Theory, vol. IT-27, no. 1, pp. 120-122, 1981.

T. S. Han, “A general coding scheme for the two-way channel,” IEEE Trans. Inform. Theory, vol. 30,
no. 1, pp. 3543, 1984.

R. Venkataramanan and S. S. Pradhan, “A new achievable rate region for the discrete memory-
less multiple-access channel with feedback,” in Proc. IEEE Int. Symp. on Inf. Theory, June 2009.
http://arxiv.org/abs/0901.1892.

J. P. M. Schalkwijk and T. Kailath, “A coding scheme for additive noise channels with feedback- part II:
Band-limited signals,” IEEE Trans. on Information Theory, vol. IT-12, pp. 183-189, April 1966.

T. Cover, “Broadcast channels,” IEEE Trans. Inform. Theory, vol. 18, pp. 2 — 14, Jan 1972.

P. Bergmans, “A simple converse for broadcast channels with additive white gaussian noise (corresp.),”
IEEE Trans. Inform. Theory, vol. 20, pp. 279 — 280, Mar 1974.

M. Costa, “Writing on dirty paper,” IEEE Trans. Inf. Theory, vol. 29, pp. 439 — 441, May 1983.

S. I. Gelfand and M. S. Pinsker, “Coding for channel with random parameters,” Problems of Control and
Information Theory, vol. 9, no. 1, pp. 19 — 31, 1980.

I. Csiszar and J. Korner, Information Theory: Coding Theorems for Discrete Memoryless Systems. New
York: Academic Press,, 1981.

32



	1 Introduction
	2 Problem Statement and Main Result
	3 Coding scheme
	4 Noisy Feedback
	5 Special Cases and Examples
	5.1 A Simpler Rate Region
	5.2 The AWGN Broadcast Channel with Feedback

	6 Comparison with the Shayevitz-Wigger (S-W) Rate Region
	7 Proof of Theorem ??
	7.1 Preliminaries
	7.2 Random Codebook Generation
	7.3 Encoding Operation
	7.4 Decoding Operation
	7.5 Error Analysis

	8 Conclusion
	A Mutual Information terms for the AWGN example
	B Proof of Lemma ??
	C Proof of Lemma ??
	D Proof of Lemma ??

