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Abstract

We consider the problem of developing coding techniques and deriving achievable rate regions for discrete
memoryless broadcast channels with 3 receivers (3—DBC). We begin by identifying a novel vector additive 3—DBC
for which we characterize an upper bound on the the largest achievable rate region based on unstructured codes,
henceforth referred to as %M —region. We propose a coding technique based on coset codes that yield an achievable
rate triple not contained within %M —region. We generalize the proposed coding technique using a new ensemble
of codes - partitioned coset codes (PCC) - containing both empirical and algebraic properties, and evaluate it’s
performance to derive an achievable rate region for the general 3—DBC. The new elements in this derivation are
binning and joint typicality encoding and decoding of statistically correlated PCCs. We validate the utility of this
technique by identifying non-additive instances of 3—DBC for which the proposed coding techniques based on PCC

yield strictly larger rates.

I. INTRODUCTION

The problem of characterizing the capacity region of a general broadcast channel (BC) was proposed by Cover
[1] in 1972, and he introduced a novel coding technique to derive achievable rate regions for particular degraded
BCs. In a seminal work aimed at deriving an achievable rate region for the general degraded BC, Bergmans [2]
generalized Cover’s technique into what is currently referred to as superposition coding. Gallager [3] and Bergmans
[4] concurrently and independently proved optimality of superposition coding for the class of degraded BCs. This
in particular yielded capacity region for the scalar additive Gaussian BC. However, the case of general discrete BC
(DBC) remained open. This led to the discovery of another ingenious coding technique by Gelfand [5]. In 1979,
Marton [6] generalized Gelfand’s technique [5] into what is currently referred to as binning. In conjunction with
superposition, she derived the largest known achievable rate region [6] for the general two user DBC (2—DBC).
A generalization [7, p.391 Problem 10(c)] of superposition and binning to incorporate a common message yields
Marton’s rate region, the current known largest achievable rate region for the general 2—DBC and its capacity is
yet unknown.!

Though the capacity region has been found for many interesting classes of BCs [1]-[20], the question of whether

the techniques of superposition and binning, in conjunction, is optimal for the general DBC has remained open.
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Gohari and Anantharam [21] have proved computability of Marton’s rate region. This enabled them identify a class
of binary 2—DBCs for which Marton’s rate region when computed is strictly smaller than the tightest known outer
bound [22], [23], which is due to Nair and El Gamal. On the other hand, Weingarten, Steinberg and Shamai [24]
have proved Marton’s binning (also referred to, in the Gaussian setting, as Costa’s dirty paper coding [25]) to be
optimal for Gaussian MIMO BC with quadratic cost constraints and arbitrary number of receivers, and thereby
characterized the capacity region. 3—DBC with degraded message sets has been studied in [20].

In this article, we begin by characterizing an achievable rate region, referred to as M —region, for the general
3—DBC incorporating all current known coding techniques, i.e., message-splitting, superposition and binning of
unstructured codes. We identify a novel additive 3—DBC (example 1) for which we propose a technique based on
linear codes that yields an achievable rate triple not contained within %M —region. We remark that even within
the larger class of BCs that include continuous valued alphabets, any number of receivers and multiple antennae,
we have, thus far, been unaware of any BC for which the .M —region can be strictly improved upon. One of the
key elements of our work is an analytical proof of sub-optimality of Z M —region for this 3—DBC.

Motivated by the above findings, we propose a general coding technique based on a new ensemble of codes
endowed with algebraic structure- partitioned coset codes [26] (PCC). We analyze the proposed coding technique
and derive an achievable rate region’- referred to as Z?CC—region- for the general 3—DBC expressed in terms of
single-letter information quantities. This region is a continuous function of the channel transition probability matrix.
One of the key elements of this analysis is an interplay of joint typical encoding and decoding of statistically
correlated algebraic codebooks resulting in new proof techniques. We identify a non-additive 3—DBC (example
2) for which we analytically prove the existence of rate triples that belong to &?CC—region but lie outside the
% M—region. Finally, we indicate a way to combine the two coding techniques that enables one to derive an
achievable rate region that includes the %M —region.

Why do codes endowed with algebraic structure outperform traditional independent unstructured codes for a
BC? The central aspect of a coding technique designed for a BC is interference management. Marton’s coding
incorporates two techniques - superposition and binning - for tackling interference. Superposition enables each
user decode a univariate component of the other user’s signal and thus subtract it off. Binning enables the encoder
counter the component of each user’s interfering signal not decoded by the other, by precoding for the same. Except
for particular cases, the most popular being dirty paper coding, precoding results in a rate loss, and is therefore
less efficient than decoding the interfering signal at the decoder. The presence of a rate loss motivates each decoder
to decode as large a part of interference as possible.> However decoding a large part of the interference constrains
the individual rates. In a three user BC, each user’s reception is plagued by interference caused by signals intended

for the other two users. The interference is in general a bivariate function of signals intended for the other users.

’In general this region neither subsumes nor is subsumed by the %M —region.
3For the Gaussian case, there is no rate loss. Thus the encoder can precode all the interference. Indeed, the optimal strategy does not require
any user to decode a part of signal not intended for it. Thus constraining interference patterns is superfluous. This explains why lattices are not

necessary to achieve capacity of Gaussian vector BC.



If the signals of the two users are endowed with a structure that can help compress the range of this bivariate
function when applied to all possible signals, then the receivers can decode a larger part of the interfering signal.
This minimizes the component of the interference precoded, and therefore the rate loss. This is where codebooks
endowed with algebraic structure outperform unstructured independent codebooks. Indeed, linear codes constrain
the interference pattern to an affine subspace if the interference is the sum of user 2 and 3’s signals.

As evidenced by the non-additive example (example 2), linear codes provide gain even when the bivariate
function is not a field addition. Furthermore, we have considered a natural generalization of linear codes to sets
with looser algebraic structure such as groups. Our investigation of group codes to improve achievable rate regions
for information theoretic problems has been pursued in concurrent research threads [27]. Containing the sum of
transmitted codewords using linear codes is just the first step, and we envision an achievable rate region involving
a union over all relevant algebraic objects.

Related Works: The use of structured codes for improving information theoretic rate regions began with the
ingenious technique of Korner and Marton [28], proposed for the source coding problem of reconstructing modulo—2
sum of distributed binary sources. Ahlswede and Han [29, Section VI] proposed a universal coding technique that
brings together coding techniques based on unstructured and structured codes. More recently, there is a wider interest
[30]-[32] in developing coding techniques for particular problem instances that perform better than unstructured
codes. In [33] nested linear codes are employed to communicate over a particular binary doubly dirty multiple
access channel (MAC). The use of structured codes for interference channels (referred to as interference alignment)
toward improved achievable rate region has been addressed in several works [34]-[38].

It was shown in [39], in the setting of distributed source coding that for any non-trivial bivariate function, there
exists at least one source distribution for which linear codes outperform random codes. However, linear codes were
known to be suboptimal for arbitrary point-to-point (PTP) communication [40], and therefore, the basic building
block in the coding scheme for any multi-terminal communication problem could not be filled by linear codes. The
ensemble of nested coset codes was proposed in [41] as the basic building block of algebraic codes for distributed
lossy compression of general sources subject to arbitrary distortion criterion.

This article is organized as follows. We begin with definitions in section II. In section II-D, we present the
U M — achievable region for 3—DBC. Section III contains our first main finding - identification of a vector additive
3—DBC for which the Z M —technique is proved to be strictly sub-optimal. In section IV we present our second
main finding - characterization of #?CC—region for 3—DBC - in three pedagogical steps. In section V, we indicate
how to glue together %M —technique and the technique based on PCC for general 3—DBC. We conclude in section
VI by pointing to fundamental connections between several layers of coding in a three user communication problem

and common information of a triple of random variables.



II. BROADCAST CHANNEL: DEFINITIONS AND MARTON’S RATE REGION
A. Notation

We employ notation that has now been widely accepted in the information theory literature supplemented with
the following. The empty sum has value 0, i.e, Zae 6 = 0. For a set A C R*, cocl (A) denotes closure of
convex hull of A. Throughout this article, log and exp functions are taken with respect to the base 2. Let hy(x) :
= —zxlogyz — (1 — z)logy(1 — x) denote binary entropy function. Let a x b : = a(l — b) + (1 — a)b denote
binary convolution. For K € N, we let [K] : = {1,2---,K}. We let F, denote the finite field of cardinality
q. While + denotes addition in R, we let & denote addition in a finite field. The particular finite field, which
is uniquely determined (up-to an isomorphism) by it’s cardinality, is clear from context. When ambiguous, or to
enhance clarity, we specify addition in F, using ®,. For elements a, b, in a finite field, a © b : = a & (—b), where
(—0) is the additive inverse of b. In this article, we will need to define multiple objects, mostly triples, of the same
type. In order to reduce clutter, we use an underline to denote aggregates of objects of similar type. For example,
(1) if 1, V2, Vs denote (finite) sets, we let ) either denote the Cartesian product }; x Vo x V3 or abbreviate the
collection (Y1, Vo, V3) of sets, the particular reference being clear from context, (i) if yx € Vi : k = 1,2, 3, we let
y € Y abbreviate (y1,y2,y3) € Y (iii) if dy. : Y} — My : k = 1,2,3 denote (decoding) maps, then we let d(y")
denote (d1(y1'), d2(y3), ds(y3))-

B. Definitions: Broadcast channel, code, achievability and capacity

A 3—DBC consists of a finite input alphabet set X and three finite output alphabet sets V1, Vo, V3. The discrete
time channel is (i) time invariant, i.e., the probability mass function (PMF) of Y, = (Y34, Yo, Y3;), the output at
time ¢, conditioned on X4, the input at time ¢, is invariant with ¢, (ii) memoryless, i.e., conditioned on present
input X¢, the present output Y, is independent of past inputs X;,--- , X;_1, past outputs Y ;,Y,,--- Y, ;, and
(iii) used without feedback, i.e., the encoder has no information of the symbols received by the decoder. Let
Wy x (y|z) = Wy, v,vsx (Y1, Y2, y3|z) denote probability of observing y € ) at the respective outputs conditioned
on x € X being input. Input is constrained with respect to a cost function x : X — [0, 00). The cost function is
assumed additive, i.e., cost of transmitting the vector ™ € X" is K" (2™) : = >, k(x;). We refer to this 3—DBC
as (X,), Wy |x, k). In this article, we restrict attention to communicating private messages to the three users. The
focus of this article therefore is the (private message) capacity region of a 3—DBC, and in particular corresponding
achievable rate regions. The following definitions make the relevant notions precise.

Definition 1: A 3—DBC code (n, M, e, d) consist of (i) finite index sets M7, My, M3 of messages, (ii) encoder
map e : M — X", and (iii) three decoder maps dj, : V! = My : k=1,2,3.

Definition 2: The error probability of a 3—DBC code (n, M, e, d) conditioned on message triple (my, ms, ms) €
M is

e dm):=1— > Wyx(y"le(m)).

gn :d(gn ):m



The average error probability of a 3—DBC code (n, M, e, d) is £(e,d) : = (e,d|m). Cost of
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transmitting message m € M per symbol is 7(e|m) : = - &"(e(m)) and average cost of 3—DBC code (n, M, e, d)
isT(e): = m > e Telm).

Definition 3: A rate-cost quadruple (Ry, Re, R3,7) € [0,00)* is achievable if for every 7 > 0, there exists
N(n) € N such that for all n > N (1), there exists a 3—DBC code (n, M™, e d™) such that (i) % >
Ry—m:k=1,23, (i) E(e(”),d(”)) < n, and (iii) average cost 7(e(™) < 7. The capacity region C(Wy|x,k,T)
(C(7) for short) is defined as cl{R € R?®: (R, ) is achievable}.

In some cases, we consider projections of the capacity region. For any 3—DBC, if receivers 2 and 3 can
simultaneously achieve their respective capacities, then C;(7) is defined as the maximum rate achieved by receiver
1. Otherwise C;(7) = 0. The currently known largest achievable rate region, M — region, for 3—DBC is obtained

via message-splitting, superposition and binning of unstructured codes.

C. Marton’s rate region

Marton’s coding for 2—DBC incorporates two fundamental techniques - superposition and precoding - accom-
plished using a two layer coding scheme. First layer, which is public, contains a codebook over WW. Second layer
is private and contains two codebooks one each on V; and V,. Precoding is accomplished by setting aside a bin
of codewords for each private message, thus enabling the encoder to choose a compatible pair of codewords in
the indexed bins. User jth message is split into two parts - public and private. The public parts together index
a codeword in W—codebook and the private part of user jth message index a codeword in V;—codebook. Both
users decode from the public codebook and their respective private codebooks. Definition 4 and theorem 1 provide
a characterization of rate pairs achievable using Marton’s coding technique for 2—DBC. We omit restating the
definitions analogous to definitions 1, 2, 3 for a 2—DBC.

Definition 4: Let Das(Wy|x,k,7) denote the collection of distributions powv,v,xv,v, defined on Q x W x
Vi X Vo x X X Y1 x Vo, where (i) Q, W, V; and Vs are finite sets of cardinality at most |X| 44, |X|+4, |X]+1
and |X'| + 1 respectively, (i) py|xvwo = py|x = Wy x, (iil) E{x(X)} < 7. For pqwvxy € Dy (Wy|x, K, 7T),
let apr(powv xy) denote the set of (Ry, Rs) € R? that satisfy

0< Ry < IWVii YalQ) : k = 1,2,
Ry + Ry <min {I(W;Y1(Q), [(W;Y2|Q)} + I(Vi; Y1|QW) + I(Va; Yo [W, Q) — 1 (Vi; Va| W, Q)

and

OzM(WXD(,H,T) = cocl U Ot]\q(pszxx)
PQWV XY
€Dy (Wy | x,5,T)

Theorem 1: For 2—DBC (X, Y, Wy |x, k), a(Wy|x,k,T) is achievable, i.e., a(Wy|x,x,7) € C(Wy |x, K, T).
Remark 1: The bounds on cardinality of W,V and Vs were derived by Gohari and Anantharam in [21].
We refer the reader to [6] for a proof of achievability. El Gamal and Meulen [16] provide a simplified proof using

the method of second moment.



D. UM—region : Current known largest achievable rate region for 3—DBC

The %M —technique is a 3 layer coding technique. For simplicity, we describe the coding technique without
referring to the time sharing random variable and employ the same in characterizing M —region. User jth message
M; is split into four parts - two semi-private parts, and one, private and public parts each. We let message (i)

M JW € M‘;V of rate K; denote it’s public part (i) M Ye MY M

i M. Ue ./\/lU of rates L;;, K;; respectively, denote

it’s semi-private parts, where (i, j, k) is an appropriate triple in {( ,2,3),(2,3,1),(3,1,2)}, and (iii) M]V € M;/
of rate T} denote it’s private part. The first layer is public with a single codebook (w™(m") : m" € M) of rate
K1+ Ky + K3 over W. MW - = (MY, M}V, MY) indexes a codeword in WW—codebook and each user decodes
from WW—codebook.

Each codeword in W-—codebook is linked to a triple of codebooks - one each on U;; : (i,j) €
{(1,2),(2,3),(3,1)}- in the second layer. The second layer is semi-private. Each of the three semi-private
codebooks is composed of bins, wherein each bin comprises a collection of codewords. For each pair (i,j) €

{(1,2),(2,3),(3,1)} the following hold. M} and M} together index a bin in U;;—codebook. Each bin in

Uij—codebook is of rate Sy;. Let (uf(m",m, mf, s;;) : sij € [exp{nSi;}]) denote the bin corresponding
to semi-private messages m% P = (mg,mg) in the U;;—codebook linked to public message m"W. Users i, j

decode from U;; —codebook and it maybe verified that I/;;—codebook is of rate K;; 4+ L;; + Si;.

Let (i,7) and (j,k) be distinct pairs in {(1,2),(2,3),(3,1)}. Every pair of codewords in U/;;— and
Uj,—codebooks is linked to a codebook on V;. The codebooks over V; : j = 1,2,3 comprise the third layer
which is private. M JV indexes a bin in V;—codebook, each of which is of rate .S;, and thus V;—codebook is of rate
Tj 4 8;. Let (v (m",mf}, sij, mSy, sje,my ,s5) = s; € [exp{nS;}]) denote bin corresponding to private message
mY in the Vj—codebocﬂinked?codeword pair (ufl(m"', m{, sij), ufy (m", mgjk, s;k)). User j decodes from
the private codebook over V;. How does the encoder map messages to a codeword? Let pyyyv x be a distribution
on WxU x YV x X such that E {«(X)} < 7. The encoder looks for (s12, s23, s31, 51, S2, $3) such that the septuple

w (M), uls (MY M5 si5):(6,5)=(1,2),(2,3),(3,1),
o (MW M7 555, M5 850, M) 55):(6,5,k)=(1,2,3),(2,3,1),(3,1,2)

of codewords is jointly typical with respect to pyyy. If such a septuple is found, this is mapped to a codeword
on X" which is input to the channel. If it does not find any such septuple, an error is declared.

Decoder j looks for all quadruples (mw, fnijU, mij, m]V) such that
nisW W ~U w U w U U n
(w (m )’qu(m mz]7slj)7 ]k(m m]kaS]k) (m mz]aslj7 jkasjk?a 7 ) Y )

is jointly typical with respect to pwyvxy : = pwuvxWyx for some (si;, s, s;5), where (i) (4,7,k) is the
appropriate triple in {(1,2,3),(2,3,1),(3,1,2)} and (ii) Y}* is the received vector. If there is a unique such
AW il il )

quadruple, it declares 1 : = (", M, (-

as user jth message. Otherwise, i.e., none or more than one
such quadruple is found, it declares an error.
We incorporate the time sharing random variable, average the error probability over the ensemble of codebooks,

and provide upper bounds on the same using the second moment method [16]. Let (), taking values over



the finite alphabet O, denote the time sharing random variable. Let pg be a PMF on Q and ¢" € Q"
denote a sequence picked according to pg). ¢" is revealed to the encoder and all decoders. The codewords in
W—codebook are identically and independently distributed according to p{,’i/l Q( -|¢™). Conditioned on entire public
codebook (W*(m") = w™(m") : m" € M") and the time sharing sequence ¢", each of the codewords

UL (m"',m, si;) : (mf),si5) € M;;Y x [exp{nS;;}] are independent and identically distributed according to

p’gij |WQ(-|w” (m"), ¢"). Conditioned on a realization of the entire collection of public and semi-private codebooks,

the private codewords (V;*(m",m{, sij,m%y, 55, m),s;) : s; € [exp{nS;}]) are independent and identically
distributed according to

w

n

P v (10" ™ ml, sip) u (m™  mb s, ")

The probability of the error event at the encoder decays exponentially with n if for each triple (i,j,k) €

{(1,2,3),(2,3,1),(3,1,2)}

S; >0 (D

Sij + Sje > I(Usj; Uik W Q) @)

Sij + Sik 4 Ski > 1(Usj; Uji; Uri[WQ)* 3)

Si + Sij + Sji + Ski > I(Usj; Uji; Ups (W Q) + 1(Vi; Ujie|Usj, Ui, WQ) 4

Si + 85+ Sij + Sj + Ski > I(Vi; Ui |Usj, Upi, WQ) + I(Vy; Uri Ui, Ujie, WQ)
+I(Uij; Uji; Ud(WQ) + 1(Vi; ViU, Usj, Ui, WQ) (%)
S1 4 S2+ S5+ S12 + Saz + S31 > I(Vh;Uss|Ur2, Us1, WQ) + 1(Va; Usy |Uia, Uas, WQ) + I(Vh; Va; V3|QWU)
+1(Ur2; Uaz; Us1 [WQ) + I(V3; Ur2|Uas, Us1, WQ). (6)

The probability of decoder error event decays exponentially if for each triple (i, j, k) € {(1,2,3),(2,3,1),(3,1,2)}

I(Vi; Y |QWU;Ug) > Ty + S; (N
I(U;;Vi; Vil QWUygs) + I(Uij; Ui | QW) > Ky + Lij + Si; +T; + S; ®)
Uk Vi; Yi|QWUs) + I(Usj; Upi |QW) > Ky + Ly + Sk + T + S; 9)
I(U;j Ui Vi; Yi|QW) + I(Usj; Ui | QW) > K5 + Lij + Sij + Kii + Ligi + Sk + 15 + S5 (10)

IWU;;Up Vi, Yi|Q) + I(Uij; Uil QW) > K; + K + K, + Kij + Lij + Sij + Kii + Lii + Sk + T + S5
(11)
For each PMF powyy x Wy |x defined on @ x W x U x ¥V x X x Y, let ay (powuvxy) denote the set of
all triples (Ry, R2, R3) € [0,00)* such that (i) there exists non-negative real numbers K;;, L;j, Sij, K;, T}, S; that
satisfies (1)-(11) for each pair (¢,7) € {(1,2),(2,3),(3,1)} and (i) R; = T; + Kj + L;; + K for each triple

“For three random variables, A, B, C, we have I(A; B;C) = I(A; B) + I(AB; C).



Fig. 1. A 3—DBC with octonary input and binary outputs described in example 1.

(1,7,k) € {(1,2,3),(2,3,1),(3,1,2) }. The ZM—region is

ag (Wy|x, K, T) = cocl U ay (powuvxy) |
PQWUV XY
€Dy (Wy | x,k,7)
where D@/(WX‘ x, Kk, T) denote the collection of distributions powyv xy defined on Q@ x W xU x ¥V x X x Y,
where (1) Q7 W7Q,E are finite sets, (ll) pX|XMWQ = pX‘X = WX|X? (lll) E{F&(X)} <T.
Theorem 2: For 3—DBC (X, Y, Wy |x, k), # M—region ag (Wy | x, k, T) is achievable, i.e., az (Wy | x, K, T) C

(C(pr(, R, T).

III. STRICT SUB-OPTIMALITY OF % M —TECHNIQUE

In this section, we present our first main finding - strict sub-optimality of % M —technique. In particular, we
identify a vector additive 3—DBC (example 1) and propose a linear coding technique for the same. In section VII,
we prove strict sub-optimality of %M —technique for this vector additive 3—DBC.

Example 1: Consider the 3—DBC depicted in figure 1. Let the input alphabet X = & x Xy x X3 be a triple
Cartesian product of the binary field X} = X, = A3 = F, and the output alphabets }Vy = Vo = V3 = Fy be
binary fields. If X = X;X2X3 denote the three binary digits input to the channel, then the outputs are ¥} =
X1 D Xo® X3b Ny, Yo = Xo ® Ny and Y3 = X3 & N3, where (i) N1, No, N3 are independent binary random
variables with P(N; = 1) = §; € (0, %) and (ii) (N1, N2, N3) is independent of the input X. The binary digit X is
constrained to an average Hamming weight of 7 € (0, %) In other words, r(x12273) = 1;,,—1) and the average cost
of input is constrained to 7 € (0, %) For the sake of clarity, we provide a formal description of this channel in terms
of section II-B. This 3—DBC maybe referred to as (X, Y, Wy |x, ) where X : = {0,1} x {0,1} x {0,1},) =
Vo = Y5 = {0,1}, Wy x(y1, Y2, ys|z12223) = BSCs, (y1]|v1 & x2 © 23) BSCs, (y2|12) BSCs4 (y3]w3), where
d; € (0, %) 1j=1,2,3, BSC,(1|0) = BSC,(0]1) =1 - BSC,(0[0) =1 — BSC,(1|1) = n for any n € (0, %)
and the cost function k(z12923) = 145, —13.

We begin with some observations for the above channel. Users 2 and 3 see interference free point-to-point (PTP)

links from the input. It is therefore possible to communicate to them simultaneously at their PTP capacities using



any PTP channel codes achieving their respective capacities. For the purpose of this discussion, let us assume
§ : = 09 = 63. This enables us to employ the same capacity achieving code of rate 1 — hy(8) for both users 2 and
3. What about user 1? Three observations are in order. Firstly, if users 2 and 3 are being fed at their respective PTP
capacities, then information can be pumped to user 1 only through the first binary digit, henceforth referred to as
X. In this case, we recognize that the sum of user 2 and 3’s transmissions interferes at receiver 1. Thirdly, the first
binary digit X is costed, and therefore cannot cancel the interference caused by users 2 and 3 at the transmitters.

Since average Hamming weight of X is restricted to 7, X; & Nj is restricted to an average Hamming weight of
7% 01. If the rates of users 2 and 3 are sufficiently small, receiver 1 can attempt to decode codewords transmitted to
users 2 and 3, cancel the interference and decode the desired codeword. This will require 2—2h;(6) < 1—hp(01%7)
or equivalently W < hy(8). What if this were not the case?

In the case w > hy(9), we are left with two choices. The first choice is to enable decoder 1 to decode
as large a part of the interference as possible and precode for the rest of the uncertainty.> The second choice is to
attempt decoding the sum of user 2 and 3’s codewords, instead of the pair. In the sequel, we pursue the second
choice using linear codes. In section VII, we prove %M —technique is forced to take the first choice which results
in it’s sub-optimality.

Since linear codes achieve the capacity of binary symmetric channels, there exists a single linear code, or a
coset thereof, of rate 1 — hy(d) that achieves capacity of both user 2 and 3 channels. Let us employ this linear
code for communicating to users 2 and 3. The code being linear or affine, the collection of sums of all possible
pairs of codewords is restricted to a coset of rate 1 — h;(d). This suggests that decoder 1 decode the sum of
user 2 and 3 codewords. Indeed, if 1 — hyp(d) < 1 — hy(7 * d1), or equivalently 7 % §; < 4§, then user 1 can
first decode the interference, peel it off, and then go on to decode the desired signal. Under this case, a rate
hy(7 % 01) — hp(d1) is achievable for user 1 even while communicating independent information at rate 1 — k()
for both users 2 and 3. We have therefore proposed a coding technique based on linear codes that achieves the rate
triple (hp(7 % 01) — hp(d1), 1 — hp(9), 1 — hp(6)) if 7% 5y < 6 = b2 = 3.

Let us now consider the general case with respect to d3, 3. Without loss of generality we may assume do < J3.
We employ a capacity achieving linear code to communicate to user 2. This code is sub sampled (uniformly and
randomly) to yield a capacity achieving code for user 3. This construction ensures the sum of all pairs of user 2 and
3 codewords to lie within user 2’s linear code, or a coset thereof, of rate 1 — hp(d2). If 1 — hyy(d2) < 1— hp(T%d1),
or equivalently 7 % d; < d2, then decoder 1 can decode the sum of user 2 and 3’s codewords, i.e., the interfering
signal, peel it off and decode the desired message at rate hy(7 * 1) — hyp(d1). The above arguments are summarized
in the following lemma.

Lemma 1: Consider the vector additive 3—DBC in example 1. If 7% ¢; < min {d2,d3}, then (hy(7 * d1) —
hy(61),1 — hp(d2),1 — hp(d3)) € C(7). Moreover Cy(7) = hp(T * d1) — hp(61).

5Since X is costed, precoding results in a rate loss, i.e., in terms of rate achieved, the technique of precoding is in general inferior to the

technique of decoding interference. This motivates a preference for decoding the interference as against to precoding.
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In the above discussion, we have argued (hy,(7*81) — hy(81), 1 — hp(d2),1 —hy(d3)) € C(7) for the vector additive
3—DBC in example 1. It can be easily argued that C;(7) < hy(7#61) — hp(d1), and in conjunction with the former
statement, the proof of lemma 1 is complete.

We now state the conditions under which (hy(7 * 1) — hy(01),1 — hp(d2),1 — hy(d3)) € g (7). In particular,
we show below in Theorem 3 that if 1+ hy(d1 * 7) > hp(d2) + hp(d3), then (hy(7 % d1) — hp(01), 1 — hy(d2),1 —
hy(03)) € aq (7). We therefore conclude that if 7,47, d2, d5 are such that 1 + hy(01 * 7) > hy(d2) + hp(d3) and
min {d2,d3} > 61 * 7, then ZM—technique is strictly suboptimal for the 3—DBC presented in example 1. We
prove the theorem in section VII.

Theorem 3: Consider the 3—DBC in example 1. If 2y (02) +hp(03) < 1+hp(01%7), then (hy(7%01) —hp(01),1—
hy(02), 1 = h(03)) & ca (7).

Corollary 1: Consider the 3—DBC in example 1 with § = 8y = 83. If hy(7 % 8;) < hy(6) < 22L5T) hen
(ho(T % 1) — hp(01),1 — hp(9),1 — hp(9)) & g (7) but (hy(7 * 61) — hp(01),1 — hp(d),1 — hp(6)) € C(7) and
thus a (1) # C(7). In particular, if §; = 0.01 and & € (0.1325,0.21), then a4 (1) # C(3).

IV. ACHIEVABLE RATE REGIONS FOR 3—DBC USING PARTITIONED COSET CODES

In this section we present our second main finding - a new coding technique based on PCC for communicating
over an arbitrary 3—DBC - that enables us to derive &?CC—region, a new achievable rate region for 3—DBC. We
present this in three pedagogical steps. Step I, presented in section IV-A, describes all the new elements of our
framework in a simple setting. In particular, we employ PCC to manage interference seen by one receiver, and
derive a corresponding achievable rate region. For this step, we also provide a complete proof of achievability. Step
II (section I'V-B) builds on step I by incorporating private codebooks. Finally in step III (section IV-C), we employ

PCC to manage interference seen by all receivers, and thereby derive &?CC—region.

A. Step I: Using PCC to manage interference seen by a single receiver

1) Description of the coding technique: The essential aspect of the linear coding strategy proposed for example 1
is that users 2 and 3 employ a code that is closed under addition, the linear code being the simplest such example.
Since linear codes only achieve symmetric capacity, we are forced to bin codewords from a larger linear code
in order to find codewords that are typical with respect to a nonuniform distribution. This is akin to binning for
channels with state information, wherein exp {nI(U;S)} codewords, each picked according to [[}_, pu, are chosen
for each message in order to find a codeword in T5(U|s™) jointly typical with state sequence s.

We now generalize the coding technique proposed for example 1. Consider auxiliary alphabet sets Vi,Us,Us
where Uy = Us = F; be the finite field of cardinality 7 and let py,y,u, xy be a PMF on Vi X Uy x Uz x X' x V.
For j = 2,3, let \; C Z/{;-L be coset of a linear code )\7 C F7 of rate S;logm. The linear codes are contained in
one another, i.e., if §;, < .S5j,, then )\Tl - )\72 Codewords of ); are partitioned independently and uniformly into
exp {nTj} bins. A codebook C; of rate K7 4+ R is built over V. The codewords of C; are independently and

uniformly partitioned into exp {nR;} bins. Messages of users 1,2, 3 at rates Ly, T2 log 7, T3 log  are used to index
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bins in Cy, A2, Az respectively. The encoder looks for a jointly typical triple, with respect to py,y,u,. of codewords
in the indexed triple of bins. Following a second moment method similar to that employed in [42, Appendix A], it

can be proved that the encoder finds at least one jointly typical triple if

Ky >0, (S;—T))logm >logm — H(Uj), (S;—1T;)logm+ Ky >logm—H(U;)+I({U;;V1),:j=2,3(12)

3
> (S; —Tj)logm > 2logm — H(Us) — H(Us) + I(Us; Us) (13)

=2

K1 4+ max{S2,S3}logm > logm — H(Uy @ Us) + I[(V1;Us & Us), max{Ss, Ss}logm > logm — H(Us & U{)4)

3 3
> (S5 —Tj)logm + Ky > 2logm — > H(U;) + I(Us; Us; V1). (15)
j=2 j=2

Having chosen one such jointly typical triple, say V", U3, U7, it generates a vector X" according to

n
Px v, (VI U3, US) = Hle\/lUQUgHVlta Ust, Ust)

t=1

and feeds the same as input on the channel.

Decoders 2 and 3 perform a standard PTP decoding. For example, decoder 2 receives Y5' and looks for all
codewords in Ao that are jointly typical with Y3'. If it finds all such codewords in a unique bin it declares the
corresponding bin index as the decoded message. It can be proved by following the technique similar to [26, Proof
of Theorem 1] that if

Sjlogm < logm — H(U,|Y;) for j = 2,3 (16)

then probability of decoding error at decoders 2 and 3 can be made arbitrarily small for sufficiently large n. Having
received Y7", decoder 1 looks for all codewords vi* € C; for which there exists a codeword u3q; € Ay ® A3 such

that (v}, ubgs, Y1) is jointly typical with respect to py, v,qu,,y,. Here
Ao D As: = {U;@Ug:UfeA?:j:Q,f&}.

If all such codewords in C; belong to a unique bin, the corresponding bin index is declared as the decoded message.

Again following the technique similar to [26, Proof of Theorem 1], it can be proved, that if, for j = 2,3
Ki+Rq <H(Vv1)—H(‘/1‘U2 @ Us, Yl), Ki+Rq —|—Sj10g7r < 10g71' + H(Vl)—H(V1, Us & U3|Y1), (17

then probability of decoding error at decoder 1 falls exponentially with n. In the sequel, we provide a formal proof
of achievability.

2) Proof of achievability:

Definition 5: For a = 2,3, let D{a(WX\ x, K, T) denote the collection of PMF’s pgu,u,v, xy defined on Q x
Uz x Uz x V1 x X' x ), where (i) Uz = U3 = F is the finite field of cardinality 7, V1 is a finite set, (i) py|xv,u =
py|x = Wy|x, and (iil) E {x(X)} < 7 and (iv) H(U,|Y.Q) < H(U2® Us|Q). For pquv, xy € D{a(WX‘X, Ky T),
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let B14(pouv, xy) be defined as the set of triples (R, R2, R3) that satisfy
0< R <IVi;U® U3, Y1|1Q), O0<R; <I(Uj;;Y;]Q):j=2,3,
Ry + Ry <1(Ua;Ya|Q) = I(Ua; VA|Q) + I(V1, Uz @ Us; Y11Q) + 1(V1; Uz & Us|@Q)
Ry + R3 < I(Uz; Y2|Q) + I(Us; Y3|Q) — I(Us2; Us|Q)

Ri+ R; < H(V1,U;|Q) — H(V1, Uz © U|Y1Q) + min{0, H(Uz © Us, Y1|Q) — H(U,|Y;Q)} 1 j = 2,3

3
> Ry < H(Uz, Us, Vi|Q) — H(V1, Uz & Us|Y1Q) — max {H(U2|Y2Q), H(Us|Y3Q) }

k=1

3 3

> Ry < H(Uz, Us, Vi|Q)— HV|QU2®Us, Y1) — Y H(Uk|QY5)
k=1 k=2

3
R+ ZRk < HW|Q) + H(UUsV1|Q)—2H (V1,Us®Us|QY7)
k=1
3
R+ R < H(V1,U|Q) + H(Us, Us|Q) — 2H(U;QY;) — H(Vi, U ® Us| QY1) : j = 2,3
k=1

and

3
Bi(Wy|x,k,7) = cocl | | U Bra(Pouvixy)
a=2

Puvi XYy
GD{G(WXU(,I{,T)

Theorem 4: For a 3-DBC (X,Y, Wy x,k), Bi1(Wy|x,r,7) is achievable, ie., pi(Wyx,k,7) C
C(Wy|x,k,T).

Proof: Given pov,uxy € D{G(WX|X,;$,T), for some a = 2,3, R € fi(poviuxy), > 0, our task is to
identify a 3—DBC code (n, M, e,d) of rate % > R; —7:j=1,2,3, average error probability £(e,d) <7,
and average cost 7(¢) < 7 + 7). Taking a cue from the above coding technique, we begin with an alternate
characterization of 814(pov,uxy) in terms of the parameters of the code.

Definition 6: Consider pov,uxy € ]D){a(WﬂX, #,7) and let 7 : = |Us| = |Us|. For a = 2,3, let f1.(povivxy)
be defined as the set of rate triples R : = (Ry, Ra, R3) € [0,00)3 for which 6L>J08a (R, pov,uxy,9) is non-empty,
where, for any ¢ > 0, Su(R, pov,uxy,d) is defined as the set of vectors (K1, Ry, S2,Ts,S3,T3) € [0,00)% that
satisfy R; = T} logm,

Ky >0, (S;—1Tj)logm >logm — H(U,|Q)+ 9, (18)

3
K1+ (S; —T))logm >logm — H(U;|Q, V1) + 94, > (Si—T;)logm > 2logm — H(U|Q) + 4, (19)
=2

3
K+ > (S —Ti)logm > 2logm — H(U|Q, V1) +6, Sylogm >logm — H(Uz ® Us|Q) + 6, (20)
=2
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(@)
K1+ Salogm > logm — H(Uz2 @ Us|Q, V1) +6, Ky + Ry <I(Vi;Y1,U2 @ Us|Q) — 6, (2D
Ki + Ry + max {S2,Ss}logm < logm + HW1|Q) — H(V1,U2 @ Us|Q, Y1) — ¢
S;logm <logm — H(U,;|Q,Y;) — 6,

for j = 2,3.
Lemma 2: B1a(poviuxy) = Bia(Poviuxy) for every poviuxy € D, (Wy|x,#,7) and a = 2,3.

Proof: The proof follows by substituting R; = Tjlogm for j = 2,3 in the bounds characterizing
So(R, pov,uxy,0) and eliminating K7,S; : j = 2,3 via the technique proposed in [43]. The presence of
strict inequalities in the bounds characterizing S1,(poviuxy) and Sq(R,pov,uxy,d) enables one to prove
6L>JOSG(E, POviUXY,0) is non-empty for every R € S14(poviuxy)- [
For the given rate triple R € (14(pov,uxy ). we have 61 > 0 and (K1, Ry, Sa, 1%, S3,T3) € So(R, poviuxy ;1)
Set 7 : = min {7, d1 }. Consider a codebook C; = (v} (mq,b1) : m1 € My,by € By) built over V; consisting of
| M| bins, each consisting of |B; | codewords. We let My = [lexp {n(Ry — £)}]] and By = [[exp {n(K1 + £)}1].
C; is employed to encode user 1’s message. Codebooks employed to encode user 2 and 3’s messages are partitioned
coset codes which are described in the sequel. Henceforth, we let 7 : = |Us| = |Us3| and therefore F = Uy = Us.
Consider a linear code A C F” with generator matrix g € F5*" and let A C F” denote the coset of A with
respect to shift b € Fr. Clearly, the codewords of A are given by u(a®) : = a®g ® V" : a® € F2. Consider
a partition of A into 7' bins. Each codeword u(a®) is assigned a bin index i(a®) € FL. For every m' € FL,
c(m?) : = {a® :i(a®) = m'} denotes the set of indices whose codewords are assigned to bin m!. The coset code
A with it’s partitions is called a partitioned coset code (PCC) and is referred to as the PCC (n, s,t,g,b",1).
For j = 2,3, user j is provided the PCC (n, s;,1;, 95,0}, i;), where s; = [nS;],t; : = [n(T} — 7). Let

U

’ (a;j )= ajj g; b} denote a generic codeword in \; and cj(m?) t= {ajj tijal’) = mz-j } denote the indices

of codewords in bin corresponding to message m;j . These codes are such that if s;, < s;,, then g;z = [g§1 g;f.z /j1:| .
In other words, the linear code corresponding to the larger coset code contains the linear code corresponding to
the smaller coset code. Without loss of generality, we henceforth assume so < s3 and therefore g} = {g% gg /2}. It
is now appropriate to derive some relationships between the code parameters that would be of use at a later time.

There exists N1(n) € N such that for all n > Ny(n)

nS; —1 < s; <nS; and therefore S; — g— < 5; — + < % <5, (22)
t; 1
n (T'J - 41(;7g7r) < tj =n (TJ - 41(:]g7'r> + 1 and therefore Tj - 4lc?g7r < FJ < Tj - SI(ZIgTr + n’ (23)

R —n<8Mil <R 2and k) + 2 <88l < 1 (24)

We now describe the encoding and decoding rules. A vector ¢ € T,,,(Q) is chosen to be the time-sharing vector,
where 72 will be specified in due course. Without loss of generality, we assume the message sets are M, : = Fy
for j = 2,3 and as stated before M, : = [|exp {n(R1 — 2)}]]. Let (M, M3*, M4*) € M denote the uniformly

distributed triple of message random variables to be communicated to the respective users. The encoder looks for a
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triplet (b1, a3?,a5?) € By x co(M4?) x c3(M2?) such that (v (My,by), ul(ay?), ul(a3?)) € Tap,(Vi, Uz, Us|q™).0
If it finds at least one such triple, one of them is chosen according to a predefined rule. Otherwise, i.e, if it finds
no triple of codewords in the indexed triple of bins that is jointly typical, it chooses a fixed triple of codewords
in C1 X Ag x Az. In either case, let (v} (M, B1),us(A5?), us(A3%)) denote the chosen triple of codewords. In the
former case, the encoder maps the triple to a vector in Ty, (X |v] (M1, B1), uy (A5?), u3(A3%)) and feeds the same
as input on the channel. In the latter case, it picks a fixed vector in X and feeds the same as input on the channel.
In either case, let 2™ (M, M4?, M%*) denote the vector input on the channel.

The operations of decoders 2 and 3 are identical and we describe the same through the generic index j.

tj
J

S5

S A tj
€ M; such that for some a;’ € c¢;(m;), u;(a;

Having received vector Y}", it looks for all messages ) €
Tsn, (Ujlq™, YJ") If it finds exactly one such message, this is declared as the decoded message. Otherwise, an error
is declared. Decoder 1 is provided with the codebook Ao ® A3 : = {uf(a3?) ® uf(a3?) : ajj € Fr1j=23}.
Note that Ao @ A3 = {ug(a3®) : = a3’gs O b @ bY : a3® € F22}. Having received Y7, decoder 1 looks for all
messages 11 € M such that (v} (171, b1), ug(a3®)) € T, (Vi,Us @ Us|q™, Y7") for some (b1, a3?) € By x F23.
If it finds exactly one such m; € My, this is declared as the decoded message. Otherwise, an error is declared.

The above encoding and decoding rules map a triplet C1, A2, A3 of codebooks into a 3—DBC code’. Moreover,
(23) and (24) imply that the rates of the corresponding 3—DBC code satisfy % > R —n, “1% > R;— g for
7 =2,3. Since every triple C1, A2, A3 of codebooks, and a choice for the predefined rules map to a corresponding
3—DBC code, we have characterized an ensemble of 3—DBC codes, one for each n € N. We now induce a
distribution over this ensemble of 3—DBC codes.

Consider a random triple Ci,A2,As of codebooks, where C; = (V{*(mq,b1) : (m1,b1) € My x B;) and
Aj is the random PCC (n,s;,t;,Gj, B}, I;). Note that the joint distribution of Vi*(mi,b1) : (m1,b1) €
My x By,Go,G3)9, By, BY, I2(a3?) @ a3® € F32,13(a3”) : a3’ € F;° uniquely characterizes the distribution of
Ci, Az, As. We let Vi*(mq,by) : (my,b1) € My x Bi,Ga,Ggo, By, BY, I5(a3?) : a5® € F2,13(a3?) : a3® € F33
be mutually independent. For every (m1,b1) € My x By, vf € Vi, let P(V{*(m1) = v]') = [[}_1 pvi 0 (vielae).
The rest of the random objects Go,G3/2, By, BY, I>(a3’) : ay* € F32,13(a3®) : a3’ € F7* are uniformly
distributed over their respective range spaces. We have therefore specified the distribution of the random triple
Cy, A5, Az of codebooks. For j = 2,3, we let U ]”(ajj) = a;j G; @ B} denote a generic random codeword in the
random codebook A ;. Likewise, we let UZ (a3*) = a3*Gs ® By @ B denote a generic codeword in Ay & As. Let
(Vi(My, By), UR(AS?), U (A5?)) denote the triple of codewords chosen by the encoder and X™ (M, M3?, M2?)
denote the vector input on the channel.

While the above specifies the distribution of the random triple of C1, Ao, A3 of codebooks, the predefined rules that
map it to a 3—DBC code is yet unspecified. In other words, the distribution of (V{*(M1, B1), U3 (A3?), UL (A5?))

Here, the typicality is with respect to PQVIUXY -
"This map also relies on a ‘predefined’ rule to choose among many jointly typical triples within an indexed pair of bins and furthermore, a

rule to decide among many input sequences that is conditionally typical with this chosen triple of codewords.
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and X" (M, Méz , M§3) need to be specified. All the 3—DBC codes that a particular triplet of codebooks Ci, A2, A3

map to, are uniformly distributed. Alternatively, the encoder picks a triple in
{(V* (M, b1), Ua(a3?), Us(a3?)) € Toy, (Vi, Ulg") = (b1, 052, a5%) € By x Co(My?) x C3(M5*)}

uniformly at random and independent of other choices. Denoting this random triple as (V;*(M1y, By), U3 (A3?),
UZ(A35?)), the encoder picks an input sequence in Ty, (X|(V{" (M1, B1), U3 (A5?), U3 (A5?))) uniformly at random
and independent of other choices. We have therefore specified the distribution induced on the corresponding ensemble
of 3—DBC codes. In the sequel, we characterize error events associated with this random 3—DBC code.

It

€@ = N {(Vi(My,b1), Uz(a3?), Us(a5®)) ¢ Ton, (Vi, Uz, Uslq™)}
(b1,a5° a3%)

By x Ca (ML2)x Cs (ML)

€31 = m {(‘/I(Ml’bl)7 Ug(a3®), Y1") & Tsp, (V1, U2 ® U37Y1|q")} ’
(blaags)
€By x Fi3

63]' L= m {(Uj(ajj)vifjn) ¢ T8772 (UJ7}/J|qn)}
)l eCi(M;7)

€41 1= U U {(W(Th1,b1)7U£(a§3)7Y1n) € TSnz(Vle1|qn)} )
(b1,a33) MaF#M,
eB; X.F,f;?’

€15 1= U {(U;(a),Y]") € Ts, (U5, Y5q™) }

EF L ts
a;7€C;(m;’)

Lt £
m; ;é]Wj

then € : =

ice

(€1 Uesj Ueq;) contains the error event. Our next task is to derive an upper bound on P(e).
J

Let

to t3 —
mi, My, M : g 1 . ;
¢(mi, ma’, mz’) { (Vi (ma.b1),U2(a%2),Us (a%3)) €Ty (Vi Un Usla™) I (a*))=m ? 1j=2,3}
(b1,a°2,a%)€
BixF 2 xF;3

a = {¢(My, My Mg*) < L(n)}, where L(n) : = %E{cb(MlaMztz»M?)}-

Clearly P(¢) < P(e;) + P(€f Ne¢), and it therefore suffices to derive upper bounds on each of these terms.

Upper bound on P(e;):- Substituting for £(n), we have

P(e)

IN

E t2 t3
P({'““M“M?Més) {0, bag, My | > BP0 My >}}>

4Var {¢(My, M52, M5*)}
(E {o(My, Miz, Mi)})?

(25)

from the Cheybyshev inequality. In appendix A, we evaluate the variance and expectation of ¢ (M, M;Z , M?fs) and
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derive an upper bound on P(e;). In particular, we prove for n > max{N1(n), N2(n2)},
Pler) < (284 8m)exp {—n (01— £ — 48m) }. (26)

Now consider € N ;. Note that P(e;) = P(¢(My, M, M) = 0), and hence € Ne; = ¢, the empty set, if
L(n) > 1. At the end of appendix A, we prove £(n) > 1 for sufficiently large n. We are left to derive an upper
bound on P(ef N _@1 (€35 U €qj)).

Since L(n) > fel‘ C €, it suffices to derive an upper bound on the terms P(e§ N (e31 U €32 Uesg)), Plef N
(€31 Uega Uess) Neygy) 1 j=1,2,3.

Upper bound on P(e§ N (€31 U €32 U €33)):- Consider P(e§ N ez), where

€2 1= {(Vi(M, B1),U2(A3?), Us(A3*), X") ¢ Tan,(V1,U, X 1q")}
By the encoding rule P(e§ Nez) = 0. Since the encoding rule also ensures € N (e31 U €32 U €33) C €5 N €3, where
€3 1= {(Vln(MhBl)?U;(A;z)? U?:L(A?’)S)’Xn(MhM527M§3)’Zn) ¢ T8772(V17Q7 va)} )

it suffices to derive an upper bound on P((e; U €3)¢ Ne3). This follows from conditional frequency typicality and
Py|xviu@ = Py|x = Wy |x. We conclude the existence of N3(2) such that for all n. > Ny (n2), P((e1Ue2)Ne3) <
n
32

Upper bound on P((e;Uea Uez)®Neqy) @ We refer the reader to appendix B for the derivation of an upper bound
on P((e; UeaUez)®Neq). Therein, we prove existence of Ny(n2) € N such that for all n > max {N1(n), Na(n2)},
we have

P((eUeaUez)®Negr) < 4dexp {—n (51 + g — 567]2)} . (27)

Upper bound on P((e;UeaUe3)®Neyj) @ For j = 2,3, decoder j performs a simple PTP decoding and therefore
the reader might expect the analysis here to be quite standard. The partitioned coset code structure of user j’s
codebook that involves correlated codewords and bins lends some technical complexities. We flesh out the details

in appendix C. In particular, we prove (84) existence of Nj5(n2) € N such that for all n > max{N(n), N5(n2)}
P((61 U €2 U 63)6 n E4j) S 2€Xp {771 (51 — 327]2)} . (28)

Let us now compile the upper bounds derived in (26), (27) and (28). For n > max{N; (1), Na(n2) N3(n2), Na(n2),
Ns(n2)}, we have

PlegUeaUezUeg Uega) < % + (34 + 87) exp {—n (51 - g - 56772)} . (29)
Recall that 7 is chosen to be min {7, 6, }. By choosing 7z = =gL<, we have §; — ¢ — 2 > % and we can drive the

probability of error below 7 by choosing n sufficiently large.
The only element left to argue is the random code satisfies the cost constraint. Since P(e; Ue€s) is lesser than g
for sufficiently large n, the encoder inputs a vector on the channel that is typical with respect px with probability

1- g Since E {x(X)} < 7, a standard argument proves that the expected cost of the input vector can be made
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Fig. 2. The 3—BC described in example 2.

arbitrarily close to 7 by choosing n sufficiently large and 72 sufficiently small. We leave the details to the reader.
|

For example 1, if 7+6; < min {2, d3}, then (hy(7%01)—hp(01),1—hy(d2), 1-hy(d3)) € B1(Wy|x, K, 7). Indeed,
it can be verified that if 7 % 6; < min{ds, d3}, then (hy(7 * d1) — hp(01), 1 — hp(d2), 1 — hp(d3)) € B1(Puvixy)s
where puv, x = Pv, DU PUsy L{x, =va 3 L Xo=Us1 } L{Xs=Us1}» PUs (1) = U, (1) = 5 and py, (1) = 7.

3) Non-additive example: We now present a non-additive example for which we analytically prove strict sub-
optimality of %M —technique.

Example 2: Consider the 3—DBC (X,),Wy x,k) depicted in figure 2, where & : = {0,1} x
{0,1} x {0,1}, 01 = Yo = Y3 = {0,1}, Wy x (41,92, yslz122w3) = BSCs, (yilz1 & (22 V
23))BSCs, (y2|z2) BSCs, (ys|xs), where §; € (0,3) : j = 1,2,3, BSC,(1|0) = BSC,(0|1) = 1 — BSC,(0|0) =
1 — BSC,(1]1) = for any n € (0, 3) and the cost function k& = (k1, k2, k3), Where kj(z13223) = Lz, —13.

We begin by stating the conditions for sub-optimality of %M —technique.

Lemma 3: Consider example 2 with § : = 6, =65 € (0,2) and 7: = 75 = 73 € (0, 3). Let 8 : = §; x (27— 72).
The rate triple (hy(71 % 81) — hp(1), e (7 % 6) — hp(0), ho (T % 8) — hp(8)) ¢ agy (1) if

ho(71 % 81) = By (81) + 20 (% 6) — hu(8)) > hy(r(L = B) + (L = 71)B) = hy(81). (30)

Proof: Please refer to appendix G |

We now derive conditions under which (hy (71 %01) —hy(01), ho(T%0) —hy(6), he (7 %6) —hp(0)) € B1(Wyx, E, T).
Lemma 4: Consider example 2 with § : = d, = d3 € (0,3) and 7: =75 =75 € (0, 3). Let B : = &y * (21 — 72).
The rate triple (hy (71 % 01) — he(61), ho(T % 6) — hy(6), ho(T % §) — hy(6)) € B1(Wy|x, k,T) i.e., achievable using

coset codes, if,
hb(T * 6) — hb(é) S 0, (31)

where 6 = hb(T)—hb((l—T)Q)—(27‘—7’2)]1(,(%)—hb(T1*51)+hb(T1*ﬁ). Moreover Cy () = hy(71%61)—hp(51).

Proof: The proof only involves identifying the appropriate test channel pyy, € Dy(Wy x,k,7). Let Q = ¢
be empty, Uz = Uz = F3. Let px, (1) = 1 — px,(0) = 7. Let py;,x,(0,0) = 1 — py,, x,(1,1) = 1 — 7 and
therefore P(Uj; = 2) = P(X; # U;) = 0 for j = 2,3. It is easily verified that pyv, xy € D1(Wy|x,5,7), i.e, in

particular respects the cost constraints.
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The choice of this test channel, particularly the ternary field, is motivated by H (X2 V X3|Us @3 Us;) = 0.
The decoder 1 can reconstruct the interfering pattern after having decoded the ternary sum of the codewords.

It maybe verified that for this test channel pqu,,vs,xv. B1(PQU. Us xy) is defined as the set of rate triples

(Ry, Ry, R3) € [0,00)3 that satisfy
R; <min{0,0} + hp(my % 01) — hp(d1), R; < hy(T%8) — hy(0) : j =2,3
Ry + R; < hp(11 % 61) — hp(01) + 6, (32)

where 6 is as defined in the statement of the lemma. Clearly, (hy,(71%61)—hp(01), hy (7%8)—hp(5), hp (7%x0)—hp(6)) €
cocl(B1 (puvy xy)) if (31) is satisfied. Using standard information-theoretic arguments, one can easily establish that
C1(1) < hp(m1 % 01) — hp(d1). This completes the proof. [ |

Conditions (30) and (31) are not mutually exclusive. It maybe verified that the choice 7 = 7 = 0.15,

L
61 = 0.01 and § = 0.067 satisfies both conditions. We therefore conclude the existence of non-additive 3—DBC’s
for which PCC yield strictly larger achievable rate regions. We extract the key elements of lemmas 3 and 4 in the
following theorem.

Theorem 5: For a vector 3—DBC studied in example 2 that satisfies (30) and (31), linear coding technique
achieves Cq () = hp(m1 *01) — hy(01), and Z M —technique cannot achieve this performance. In particular, for the
choice 71 = 9—10, 7 =0.15, §1 = 0.01 and § = 0.067, these conditions are satisfied.

B. Step II: Incorporating private codebooks

We revisit the coding technique proposed in section IV-A. Observe that (i) user 1 decodes a sum of the entire
codewords transmitted to users 2 and 3 and (ii) users 2 and 3 decode only their respective codewords. This technique
may be enhanced in the following way. User 1 can decode the sum of one component of user 2 and 3 signals each.
In other words, we may include private codebooks for users 2 and 3.

Specifically, in addition to auxiliary alphabet sets V;,Us, Us introduced in section IV-A, let Vs, V3 denote arbitrary
finite sets and py,u, v, v, v, denote a PMF on Us X Us x Vi X Vo x V3. For j = 2,3, consider a random codebook
C; €V} of rate K; + L; whose codewords are independently chosen according to py, . Codewords of C; are
independently and uniformly partitioned into exp {nL,} bins. The distribution induced on Ci, Aa, A3 is identical
to that in section IV-A. Moreover, the triplet C,Cs, (C1, A2, A3) are mutually independent.® Having specified the
distribution of codewords of C; : j = 2, 3, we have thus specified the distribution of quintuple of random codebooks.
Messages of users’ 2 and 3 are split into two parts each. One part of user 2’s (3’s) message, of rate 15 log 7 (13 log ),
index a bin in Ay (A3), and the other part, of rate Ly (L3), index a bin in Cy (C3). User 1’s message indexes a
bin in C;. The encoder looks for a quintuple of jointly typical codewords with respect to pyv, in the quintuple of

indexed bins. Following a second moment method similar to that employed in appendix A, it can be proved that

8Here (C1, A2, A3) is treated as a single random object.
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the encoder finds at least one jointly typical triple if

(Sa—Ta)logm+ Kp > |Allogym+ > H(V;) — H(Ua,Vp)° (33)
beB

1 K 1 H(V,)— min H 4

max{Ss2, S3}logm + Kp > og7r+l; (Wb) 06%(1&0} (Uy ® 0U3, V) (34)

forall A C {2,3}, B C {1,2,3}, where Sq =} ;4 Sj, Kp =) 1cp Ko, Us = (Uj : j € A) and Vp = (V}, :
b € B).!9 Having chosen one such jointly typical quintuple, say (U, UZ, V™), the encoder generates a vector X"
according to p'y v, v, C[V"*, U3, U3') and inputs the same on the channel.

The operations of decoders 2 and 3 are identical and we describe one of them. Decoder 3 receives Y3* and looks
for all pairs of codewords in the Cartesian product A3 x C3 that are jointly typical with Y3* with respect to py,v,v;.
If all such pairs belong to a unique pair of bins, the corresponding pair of bin indices is declared as the decoded

message of user 3. Else an error is declared. It can be proved that if
Sjlogm < log, m — H(U;|V;,Y5), K; +L; < HV;) — H(V;|Y;,U;) (35)
Sijlogm+ K; +L; < logym+ H(V;)—H(V;,U;|Y;) (36)
for j = 2, 3, then probability of users 2 or 3 decoding into an incorrect message falls exponentially with n.
Operation of decoder 1 is identical to that described in section IV-A. If (17) holds, then probability of error
at decoder 1 falls exponentially with n. Substituting Ry = Ki,Re = Trlogm + Lo, R3 = Tslogm + L3
and eliminating S; log 7, S3logm, K1, Ko, K3 in (17), (33)-(36) yields an achievable rate region. We provide a
mathematical characterization of this achievable rate region.
Definition 7: Let Dg(WH x, K, T) denote the collection of PMFs pou,u, v, vavsxy defined on Q x Us x Us X
V1 x Vo x Vg x X x ), where (i) Uy = Us = F is the finite field of cardinality m, Q, V1, Vs, V5 are finite sets, (ii)

Py|xvuQ = Py|x = Wy x, and (iii) E {x(X)} < 7. For pquv xy € Dg(Wx\X, Kk, T), let B2 (pouv xy ) be defined
as the set of triples (Ry, Ra, R3) € [0, 00)3 for which there exists nonnegative numbers So, Ty, S3, T3, K iy Ljig=
1,2,3 such that Ry = K1, Ry =T logm + Lo, R3 = T3logm + Ls,
(Sa —Ta)logm + Kp > [Allogy ™ + Yy g HVH|Q) — H(Ua, VB[Q), "
maX{Sg, Sg}logﬂ' + Kp > logm + ZbeB H(‘/IJ|Q) — mingej:w\{()} H(U2 @ 0U3, VBIQ)7
Ki+R <I(Vi; U2 © U3, 1|Q), Ki+Ri+S;logm <logm+ H(V1|Q)—H(V1,U2 © Us|Q, Y1) : j = 2,3,
Silogm < logym — H(U;|Q,V;,Y;) 1 j =23, K;+L; < HV}|Q) — H(V;|Q,Y;,U;) : j = 2.3
Sijlogm+ K; + L; <logym+ H(V;|Q) — H(V;,U;|Q,Y;) : j =2,3

for all A C {2,3},B C {1,2,3}, where Sy = EjeASJ" Kp =3 45Ky Ur=(Uj:jcA)and Vg = (V} :

9We remind the reader that the empty sum has value 0, i.e, Za o = 0

10Recall that Frr = Uz = Us.
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be B). Let

B2(Wy|x, k,T) = cocl U B2(pouvxy)
PQUVXY
EDg(Wx‘X,K,T)
Theorem 6: For a 3-DBC (X,Y, Wy x,k), Bo(Wy|x,r,7) is achievable, ie., [a(Wy|x,k,7) C
C(prg, K, T).
The proof is similar to that of theorem 4. The only differences being (i) the encoder looks for a quintuple of

codewords instead of a triple, and (ii) decoders 2 and 3 decode from a pair of codebooks. These can be handled

using the techniques developed in proof of 4. The reader in need of an elaboration is referred to [42, Thm. 5].

C. Step IIl: P2CC—region : Using PCC to manage interference over a 3—DBC

Here we employ PCC to manage interference seen by each receiver. In the sequel, we propose a simple
extension of the technique presented in section IV-B to enable each user decode a bivariate interference component.
Throughout the following discussion 4, j, k denote distinct indices in {1,2,3}. Let U;; = Fr,,U;, = Fr, be
finite fields and V; be an arbitrary finite set. User j splits it’s message M; into three parts (M, M5, M}")
of rates Tj; logm;, T logmy, L; respectively. User j’s message indexes three codebooks - C;, Aj;, Aj; - whose
structure is described in the following. Consider a random codebook C; C V}' of rate K; + L; whose codewords
are independently chosen according to Py, - Codewords of C; are independently and uniformly partitioned into
exp{nL;} bins. Consider random PCC (n,nSji, nT}i, Gji, B};, ;) and (n,nSjk,nTjk,ij,B;Lk,,Ijk) denoted
Aj; and Ajj, respectively. Observe that PCC Aj; and Ay; are built over the same finite field F,. The corresponding

Sji—Ski)Xn

linear codes are nested, i.e., if Sj; < Sy, then G};i = [Gél Gt ] where Gk,;/j,; S .F;L( , and vice versa.

ki/ji
We have thus specified the structure of 9 random codebooks. We now specify the distribution of these random
codebooks.

The random PCCs are independent of C; : j = 1,2,3. Cy,C2,Cs are mutually independent. We now specify the
distribution of the PCCs. The triplet (A12, As2), (A1, As1), (Aes, A13) are mutually independent. All of the bias
vectors are mutually independent and uniformly distributed. The collection of generator matrices is independent of
the collection of bias vectors. We only need to specify the distribution of the generator matrices. The rows of the
larger of the two generator matrices Gj; and Gy, are uniformly and independently distributed. This specifies the

distribution of the 9 random codebooks.

MU

oM ﬁc and M jV index bins in Aj;, A, and C; respectively. The encoder looks for a collection of 9 codewords

from the indexed bins that are jointly typical with respect to a PMF pyy defined on U x V.2 We now state
the bounds that ensure the probability of encoder not finding a jointly typical collection of codewords from the
indexed bins. We introduce some notation to aid reduce clutter. Throughout the following, in every instance ¢, j, k

will denote distinct indices in {1,2,3}. For every A C {12,13,21,23,31,32},B C {1,2,3},C C {1,2,3},

12U abbreviates U12U13U21Ua3U31Uss.
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let Sy = ijeA Sj, Mp : = ZjeB max{S;; + Tij, Skj + Trj}, Ko = Y .cc Ke. For every B C {1,2,3}, let
A(B) = Ujep{ji, jk}. Following a second moment method similar to that employed in appendix A, it can be proved
that the encoder finds at least one jointly typical collection if (37) is satisfied for all A C {12,13,21,23,31,32},B C
{1,2,3},C C {1,2,3}, that satisfy AN A(B) = ¢, where Uy = (Uji : jk € A) and Vo = (V, : ¢ € O).
Having chosen one such jointly typical collection, say (U™, V"), the encoder generates a vector X™ according to
Py ([U", V") and feeds the same as input on the channel.

Decoder j receives Y and looks for all triples (u? v?) of codewords in Aj; X Aj X C; such that there exists

Ujis le J
a g, € (Nij & Ary) such that (ulq ., ujy, ujy, vy, Y)") are jointly typical with respect t0 pu,;auy;,Us:,Ujx,V;,Y; -
If it finds all such triples in a unique triple of bins, the corresponding triple of bin indices is declared as decoded
message of user j. Else an error is declared. The probability of error at decoder 5 can be made arbitrarily small
for sufficiently large block length if (37) holds for every A; C {ji, jk} with distinct indices ¢, 7,k in {1,2,3},
where Su; 0 = > ica, SaTa, 0 = 2aca, TasUa, = (Ua - a € Aj). . Recognize that user j’s rate R; =
T};log m; + T}, log m, + L. We are now equipped to state #?CC—region for a general 3—DBC.

Definition 8: Let Df (WXI x, Kk, T) denote the collection of probability mass functions poyv xy defined on Q x
UXY xX xY, where (i) Q, V1, Vo, V3 are arbitrary finite sets, V : = Vi x Vo x Vs, (il) Us; = Fr, Bforeachl <i,j <
3, and U : = Uiz X Uiz X Ua1 X Uaz x Usy x Usa, (il) V : = (V1, Vo, V3) and U : = (Uia, Uiz, Ua1, Uas, Usi, Usa),
such that (i) py|xvu = py|x = Wyx, (i) E{s(X)} <.

For pyvxy € ]D)f(WX‘X,KJ,T), let B(puvxy) be defined as the set of rate triples (Ry, R2, R3) € [0,00)3 for
which there exists nonnegative numbers S;;,T;; : ij € {12,13,21,23,31,32} ,K,,L; : j € {1,2,3} such that
R =Tiologme + Tislogms + Ly, Ry = Ty logm + Taglogms + Lo, Ry = T51 logm + T30 log e 4+ Lg and

Sa+ Mg+ Ko > 0(A, B,C) where,

O(A,B,C): = o jeglgxn - (> logltha| + > logm; + Y H(Ve|Q) — H(Ua,Uj; ® 0,Uj, < j € B,Ve|Q)}
7 i acA jEB ceC

for all A C {12,13,21,23,31,32},B C {1,2,3},C C {1,2,3}, that satisfy AN A(B) = ¢, where A(B) =
UjeB{ji,jk}, UA = (Ujk ]k S A), VC = (VC ic e C), SA = ijGA Sjk,MB L= ZjeB max{Sij + Z],Skj
Tkj},KC = ZcEC Kc, and

S, +Ta; < ) log|Ua| = H(Una, |Q, Uss, Uiy © Uy, V3, Y5)
acA;

Sa; +Ta; + i+ Ty < Y log [Ua| +logm; — H(Ua,, Uij @ Urs|Q, Uas, V5, Y5)
aGAj

Sa; +Ta; + Skj+ Ty < Y log[Ua| +logm; — H(Ua,, Uiy @ Urs|Q, Uas, V5, Y5)
aE.Aj

Sa; +Ta, + Kj+ Lj < Z log [Ua| + H(V;) = H(Ua,, V5|Q, Uas, Uy & Uy, Y)
aE.Aj

3Recall Fr J is the finite field of cardinality ;.
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Sa;+Ta, +Kj+ L+ Sij+ Ty < Y log |[Us| +logm; + H(V;) — H(Ua,, Vi, Uij @ Uiy @, Uas, V)
acAj

Sa; +Ta; + Kj+ L+ Sk + Ty < Y log [Ua| +log mj + H(V;) — H(Ua,, Vj, Uy @ Uyy|Q, U, Y),
acA;

for every A; C {ji,jk} with distinct indices i,j,k in {1,2,3}, where S4, : = ZaGAj Sa, T,
= Daea; La;Us; = (Ua s a € Aj). Let ZCC—rate region be defined as

B(Wyx, K, T) = cocl U  Bwoeuvxy)
PQUV XY E
]D)f(Wx‘X,K,T)

Theorem 7: For 3—DBC (X,), Wy |x, k), #CC—region B(Wy|x,k,T) is achievable, i.e., B(Wy|x,s,7) C
C(Wy|x,k,T).
All the non-trivial elements of this proof being illustrated in considerable detail in the context of proof of theorem
4, we omit a proof of theorem 7.

Remark 2: The &CC—region is a continuous function of the channel transition probability matrix. Therefore,

gains obtained by the proposed coding technique are robust to small perturbations of 3—DBC.

V. ENLARGING % M —REGION USING PARTITIONED COSET CODES

The natural question that arises is whether ?CC—region 3(Wy|x, k, T) contains ZM—region az (Wy|x, K, T).
The coding techniques based on structured codes do not substitute those based on unstructured codes, but enhance
the latter. Indeed, the technique proposed by Korner and Marton [28], in the context of distributed source coding,
is strictly suboptimal to that studied by Berger and Tung [44] if the function is not sufficiently compressive, i.e.,
entropy of the sum is larger than one half of the joint entropy of the sources.'* The penalty paid in terms of the
binning rate for endowing structure is not sufficiently compensated for by the function. This was recognized by
Ahlswede and Han [29, Section VI] for the problem studied by Korner and Marton.

We follow the approach of Ahlswede and Han [29, Section VI] to build upon %M —region by gluing to it
the coding technique proposed herein. In essence the coding techniques studied in section II-D and IV-C are
glued together.!”> Indeed, a description of the resulting rate region is quite involved and we do not provide it’s
characterization. The resulting coding technique will involve each user split it’s message into six parts - one
public and private part each, two semi-private and bivariate parts each. This can be understood by splitting the
message as proposed in sections II-D and IV-C and identifying the private parts. In essence each user decodes

a univariate component of every other user’s transmission particularly set apart for it, and furthermore decodes a

141f X and Y are the distributed binary sources whose modulo—2 sum is to be reconstructed at the decoder, then Korner and Marton technique
is strictly suboptimal if H(X @ Y) > £E.Y),

5This is akin to the use of superposition and binning in Marton’s coding.
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U12 U13 T12 Tl3 Vl Y1 w T21 T31 U21®U31 U12 U13 T12 T13 Vl
W U21 U23 T21 T23 V2 — X WY1Y2Y3|X Y2 W T12 T32 UlZ@U32 U21 U23 T21 T23 V2

U31 U32 T3l T32 V3 Y3 w Tl3 T23 UlS@U23 USl U32 T31 T32 VS

Fig. 3. Tllustration of coding technique that incorporates unstructured and coset codes.

bivariate component of the other two user’s transmissions.'¢ Please refer to figure 3 for an illustration of the coding

technique. Herein, V' denotes the private part, U, the bivariate part, 7', the semi-private part and W, the public part.

VI. CONCLUDING REMARKS : COMMON PARTS OF RANDOM VARIABLES AND THE NEED FOR STRUCTURE

Let us revisit Marton’s coding technique for 2—BC. Define the pair V; : = (W,V;) : j = 1,2 of random
variables decoded by the two users and let VT =W xV; :j=1,2. Let us stack the collection of compatible
codewords as VT” X 172” The encoder can work with this stack, being oblivious to the distinction between V and
V; : j = 1,2. In other words, it does not recognize that a symbol over V; is indeed a pair of symbols. A few
key observations of this stack of codewords is in order. Recognize that many pairs of compatible codewords agree
in their ‘VYW—coordinate’. In other words, they share the same codeword on the YW—codebook. W is the common
part [45] of the pair (V1,V2). Being a common part, it can be realized through univariate functions. Let us say
W = f1(V1) = fo(Vs). This indicates that W—codebook is built such that, the range of these univariate functions
when applied on the collection of codewords in this stack, is contained.

How did Marton accomplish this containment? Marton proposed building the W —codebook first, followed by
conditional codebooks over V7, V5. Conditional coding with a careful choice of order therefore contained the range
under the action of univariate function. How is all of this related to the need for containing bivariate functions
of a pair of random variables? The fundamental underlying thread is the notion of common part [45]. What
are the common parts of a triple of random variables? Clearly, one can simply extend the notion of common
part defined for a pair of random variables. This yields four common parts - one part that is simultaneously
common to all three random variables and one common part corresponding to each pair in the triple. Indeed, if
Vi = (W,Uy2,Us31, V1), Vo = (W, Ui, Us3, V), V3 = (W, Uss, Usy, V3), then W is the part simultaneously to
common to V;, Vs, V3 and Uij :ij € {12,23,31} are the pairwise common parts. The %M —technique suggests a
way to handle these common parts.

This does not yet answer the need for containment under bivariate function. We recognize a richer notion of

common part for a triple of random variables. Indeed, three nontrivial binary random variables XY, Z =X @Y

16An informed and inquisitive reader may begin to see a relationship emerge between the several layers of coding and common parts of a

collection of random variables. Please refer to section VI for a discussion.
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have no common parts as defined earlier. Yet, the degeneracy in the joint probability matrix hints at a common
part. Indeed, they possess a conferencing common part. For example, the pair (X,Y’), Z have a common part. In
other words, there exists a bivariate function of X,Y and a univariate function of Z that agree with probability
1. Containment of this bivariate function brings in the need for structured codes. Indeed, the resemblance to the
problem studied by Korner and Marton [28] is striking. We therefore believe the need for structured codes for three
(multi) user communication problems is closely linked to the notion of common parts of a triple (collection) of
random variables. Analogous to conditional coding that contained univariate functions, endowing codebooks with

structure is an inherent need to carefully handle additional degrees of freedom prevalent in larger dimensions.

VII. PROOF OF THEOREM 3

In this section, we prove strict sub-optimality of %M —technique for the 3—DBC presented in example 1. In
particular, we prove that if parameters 7,01, d2, d3 are such that 1 + hy(d1 * 7) > hyp(d2) + hp(d3) and (Ry,1 —
hy(92),1 — hy(93)) € ag (1), then Ry < hy(7 % 61) — hp(d1)-

Why is %M —technique suboptimal for the case described above. As mentioned in section III, in this case,
receiver 1 is unable to decode the pair of codewords transmitted to users 2 and 3. Furthermore, based on unstructured
independent coding, it does not attempt to decode a function of transmitted codewords - in this case the modulo—2
sum. This forces decoder 1 to be content by decoding only individual components of user 2 and 3’s transmissions,
leaving residual uncertainty in the interference. The encoder helps out by precoding for this residual uncertainty.
However, as a consequence of the cost constraint on X7y, it is forced to live with a rate loss.

Our proof traces through the above arguments in three stages and is therefore instructive. In the first stage,
we characterize all test channels powyvxy for which (Ry,1 — hy(d2),1 — hy(d3)) € ag (powuvxy). This
stage enables us identify ‘active’ codebooks, their corresponding rates and characterize two upper bounds on R;.
One of these contains the rate loss due to precoding. In the second stage, we therefore characterize the condition
under which there is no rate loss. As expected, it turns out that there is no rate loss only if decoder 1 has decoded
codewords of users 2 and 3. This gets us to the third stage, where we conclude that 14 hy, (81 %7) > hp(d2) + hp(03)
precludes this possibility. The first stage is presented in lemma 5, second stage is stated in lemma 10 and proved
in appendices D and E. Third stage can be found in arguments following lemma 10.

We begin with a characterization of a test channel powyvxy for which (Ri,1 — hy(d2),1 — hy(d3)) €
ay (powuvxy)- Since independent information needs to be communicated to users 2 and 3 at their respective
PTP capacities, it is expected that their codebooks are not precoded for each other’s signal, and moreover none
of users 2 and 3 decode a part of the other users’ signal. The following lemma establishes this. We remind the
reader that X, X, X3 = X denote the three digits at the input, where Y}, the output at receiver j is obtained by
passing X; through a BSC with cross over probability J; for j = 2,3. Y; is obtained by passing X; & Xo ® X3
through a BSC with cross over probability d;. Moreover, the binary symmetric channels (BSCs) are independent.
Input symbol X; is constrained with respect to a Hamming cost function and the constraint on the average cost

per symbol is 7. Formally, k(z1z2x3) = 1{z,=1y is the cost function and the average cost per symbol is not to
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exceed 7.

Lemma 5: 1If there exists a test channel pgwuvxy € De (7) and nonnegative numbers K, Sij, Kij, Lij, Si, T
that satisfy (1)-(11) for each triple (i, 7, k) € {(1,2,3),(2,3,1), (3,1,2)} such that Ry = Ky + Ko + L1s + Ts =
1-— hb((Sz), R3 = K3 + K31 + L23 + T3 =1- hb((sg), then

1) K1 =Ky =Kg= K3 = Loz =Ki3=1L3 =5 =53=0and (U3 V1V3; Yo| QW U23U12V2) = 0,

2) S31 = 1(Usy1; Uas|QW), S12 = I(Ur2; Uz |QW), Sa3 = I(U12; U3 |QWUa3) = 0,

3) I(VaUi2; V3U31|QWUz3) = 0, I(WU23;Y;|Q) = 0 : j = 2,3, I(VaUia; Ya|QWUs3) = 1 — hy(d2) and

I(V3Us1; Y3|QWUsz3) = 1 — hy(03),

4) (V3, X3, V1,Us1) = (QWU3U12V2) — (X2, Y2) and (Va, X, Vi, Ur2) —(QWUa3Us1 V3) — (X3, Y3) are Markov

chains,

5) X2 — QWU12U23U31 — X3 is a Markov chain,

6) Uio — QWUy3U3; — X3 and Usz; — QW Us3U12 — X5 are Markov chains.

Proof: Substituting (i) (2,3, 1) for (7,4, k) in (11), (i) (1,2, 3) for (4,4, k) in (2) and combining the resulting
bounds yields
I(WU2U12V2;Y2|Q) > I(WUU12V2; Y2 |Q) 4+ I(Uso; Uas|W, Q) — S12 — Sa3
> Ry + K3+ K1+ Loz + K12+ 82 > Re = 1 — hy(02), (37)
where the second inequality follows from non-negativity of K3, K1, Las, K12,S2. Moreover,
1—hy(d2) > I(X2;Y2) = I(QWUV X 1Y1X3Y3X5:Ys) > I(WUp3U12V2; Y2|Q) (38)
> Re+K3+Ki+Las+Kia+52 > Ry =1— hy(d2), (39)

where (i) equality in (38) follows from Markov chain QW UV X;Y; X35Y35 — X5 — Y5. Since all the terms involved

are non-negative, equality holds through the above chain of inequalities to yield

S12 + Saz = I(U12; Ups|QW), K1 = K3 = Loz = K12 =52 =1(Q; Y2) =0 (40)
I(Usi Vi X1 Y1 V3 X3Y3X0; Yo | QWU 12Uz V) =0 (41)
and therefore (V1, V3, X3,Us1) — (QWU12Ua3V5) — Y3 is a Markov chain (42)

where the first equality in (40) follows from condition for equality in the first inequality of (37). The above sequence

of steps are repeated by substituting (i) (3,1, 2) for (4, j, k) in (11), (ii) (2, 3, 1) for (i, 4, k) in (2). It can be verified
that

S31+ Sa3 = [(Us1; Uz |QW), K1 = Ko = L31 = K23 =53 =1(Q; Y3) =0, (43)

I(Ur2V1 X1 Y1 Vo Xo Yo X33 V3| QW U23U3, V3) =0 (44)

and therefore (Vy, Vs, Xo,Ura) — (QWUa3U31V3) — Y3 is a Markov chain. (45)
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The second set of equalities in (40), (43) lets us conclude
R1:T1,R2:L12+T2 and R3:K31 +T3 (46)

From I(Ui2; Uas|QW) + I(Us1; Uas|QW) = Sia + Saz + S31 + S23, and (3), we have [(Uiz; Uaz|QW) +
I(Us1; Us|QW) > 1(Uyg;Uas; Us1|QW) + Sos. The non-negativity of So3 implies Ss3 = 0 and
I(Us1; Ur2|QWUs3) = 0. We therefore conclude

Si2 = I(Ui2; Uas|QW), S31 = I(Us1; Uz |QW), Saz = 0, 1(Us1; U12|QWUa3) = 0 (47)

Substituting (40), (43), (47) in (4) for (i,4,k) = (2,3,1) and (7, j, k) = (3,1,2) and (5) for (¢,7,k) = (2,3,1), we

obtain
I(Va; U3t |QWU12U23) = I(V3; Ur2|QWU23U31) = I(Va; V3|QWU12U23U31) = 0. (48)

(48) and last equality in (47) yield
I(VaUi2; V3U31|QWUssz) = 0. 49)

Substituting (46), (47) in (8) with (4, j, k) = (2,3, 1) yields the upper bound Ry < I(U13Va; Ya|QWUss). Since
1 — hp(02) = Ry <I(U12Va; Yo | QW Uss) < T(WU12U23Va; Y2 |Q) < 1 — hy(2),

where the last inequality follows from (38), equality holds in all of the above inequalities to yield
I(WUs3;Y5|Q) = 0 and T(UyaVa; Yo|QWUszs) = 1 — hy(d2). A similar argument proves [(WUss; Y3|Q) = 0
and I(Us1V3; Y3|QWUa3) = 1 — hy(d3).

We have proved the Markov chains in items (1)-(3). In order to prove Markov chains in item 4, we prove the
following lemma.

Lemma 6: If A, B, X,Y are discrete random variables such that (i) X,Y take values in {0,1} with P(Y =
00X =1) =P =1X =0) =n € (0,1), i) A—B-Y and AB — X — Y are Markov chains, then
A — B — XY is also a Markov chain.

Please refer to appendix F for a proof. Markov chains in (42), (45) in conjunction with lemma 6 establishes Markov
chains in item 4.

(49) and (41) imply I(Us1V3; U12VaY5|QW Uss) = 0. This in conjunction with (44) implies
I(U31V3Y3; U1a Vo Ya|QWUas) = 0 and thus Uz V3Ys — QW Ua3 — U12VaY5 is a Markov chain. (50)

(50) implies that Us, Y3 — QW Usys — Uy2Y5 is a Markov chain, and therefore Y5 — QW U15Us3U31 — Ys is a Markov
chain. Employing lemma 6 twice we observe Y3 X3 — QW U12Us3Us; — XoY5 is a Markov chain and furthermore
X3 — QWU 12Uz3U31 — X is a Markov chain, thus proving item 5.

Finally, we prove Markov chains in item 6. From Markov chain (V3, X3, V1,Us1) — (QWUa3U12V2) — (X2, Ys)
proved in item 4, we have I(Xs;Usi|QWUa3U12V2) = 0. From (49), we have I(Va;Us1|QWU,3U12) = 0.
Summing these two, we have I(X2Va;Us1 |QWU23U12) = 0 and therefore I(Xo; Us1|QWUa3U12) = 0 implying
the Markov chain Xy — QW Uy3U;15 — Us;. Similarly, we get the Markov chain X3 — QW Ua3Us; — Uys. |
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Lemma 5 enables us to simplify the bounds (1)-(11) for the particular test channel under consideration. Substituting
(40)-(48) in (1)-(11) and employing statements of lemma 5, we conclude that if (Ry,1 — hy(d2),1 — hp(d3)) €
ay (powuvxy ), then there exists nonnegative numbers Sy, T4, L12, K31 that satisfy Ry = T1, Ry = Lio + T =
L —hy(02), Rz = K31 + T3 = 1 — hy(d3),
S1 > 1(Vi; UsVaVs3|QWU12U31), 11+ S1 < I(Vi; Y1|QWU12Usy ) (5D
Lig + K31 + T1 + S1 < I(Ui2; U1 [QW) — 1(Uaz; Ur2| QW) + I(ViU12U31; Y1{QW) — I(Uss; Us1|QW )(52)
0 < Ty < I(Vo; Ya|QWU12U3), 1 —hy(d2) = T + L1z = I(U12Va; Yo| QW Uss) (53)
0<T5 <I(V3;Y3|QWUs1Us3), 1—hy(d3) =T5+ Kg1 = I(Us1V3; Y3|QW Uss). (54)
(53), (54) imply
Lia > I(Urz2; Y2|QW Uaz), K31 > I(Us1; Y3|QW Uas), (55)
(51) implies
Ty = Ry < I(Vi; Y1|QWU12U31) — I(Vi; UsVa V3| QW U12U31 ),
< I(Vi; Y1Ue3|QW U 2Uz1) — (Vi UasVaVa|QWU12Uzy ) = I(Vi; Yi|QWU) — 1(Vy; VaVs|QWU), (56)

and (52) in conjunction with (55), and the lower bound on S; in (51) imply
R1< I(Ur2U31Vi; Y1|QW) — I(Vi; UasVa V3| QW U12U31 ) — 1(Usa; Yo| QW Uaz) — I(Usy; Y3|QW Uss)
+1(Ur2; U1 |QW) — 1(Uaz; Ur2| QW) — I(Uzs; Us1|QW)
< I(Ur2Us1 Vi YU |QW) — I(Vi; UgVaVa | QW U12U31) — I(Usa; Ya| QW Uaz) — I(Usy; Y3|QW Uss)
+1(Ui2; U1 |QW) — 1(Uaz; Ur2| QW) — I(Uzs; Us1|QW)
= I(Vi;V1|QWU) —1(Vi; VaVa|QWU) +1(Ur2Usy; Y1|QW Uszs) — I (Usz; Y2| QW Uss)
—1(Us1; Y3|QWUzs), (57
where (57) follows from the last equality in (47). Combining (56) and (57), we have

Ry < IVi YA QWD) — I(Vi: VaVal QWD) 4 mind 007 (V12U IQW ) =1V ValQW ) - o)
—I(Us1; Y3|QWUzs)
We have thus obtained (56) and (57), two upper bounds on R; we were seeking, and this concludes the first
stage of our proof. In the sequel, we prove the minimum of the above upper bounds on R; is strictly lesser than
hy(7 % 01) — hp(d1). Towards, that end, note that upper bound (56) contains the rate loss due to precoding. In the
second stage, we work on (56) and derive conditions under which there is no rate loss.

Markov chains of item (4) in lemma 5 imply Vi — QWUWV3 — Xs and Vi — QWUW,V3X, — X3 are
Markov chains. Therefore, I(V1; Xo|QWUVLV3) = 0 and I(Vy; X3|QWUVLV3X5) = 0. Summing these, we
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have I(V1; XoX3|QWUVLV3) = 0. Employing this in (56), we note
Ry < I(VisYh|QWU) — I(Vi; V2 V3|QWU) = I(Vi; Y1|QWU) — 1(Va; Va Vs Xo X5|QWU) (59)
< I(Via|QWU) — I(Vi; Xo, X3|QWU) < I(Vi; YA|QWU) — I(Vi; Xo @ X3(QWU) (60)

By now, an informed reader must have made the connection to capacity of the PTP channel with non-causal state
[46]. In the sequel, we state the import of this connection.!” This will require us to define a few mathematical
objects that may initially seem unrelated to a reader unaware of findings in [46]. Very soon, we argue the relevance.
An informed reader will find the following development natural.

Let Dr(7,6, €) denote the collection of all probability mass functions pg 5 ¢ defined on V x {0,1} x {0,1} x
{0,1}, where V is an arbitrary finite set such that (i) Py 357 (2 @ 8|z, 5,v) = py x5(z @ s|z,s) =1 — 0, where
5 €(0,3), (i) pg(1) =€ €[0,1], and (iii) pg (1) <7 € (0, 3). For pyggy € Dr(7,0,¢), let

ar(Ppszy) = I(V;Y) — I(V;S) and arp(r,0,€) = sup ar(Pyssy)-
Py sxy €EDT(7,0,€)
For every (q,w,u) € Q x W x U that satisfies powu(q, w,u) > 0, we note py,|x, x,ax,viowu(r1 @
Ty © x3]T1, T2 B T3,0V1,¢,W,U) = Pyi|x,, XooXsQwU(T1 @ T2 © w3|T1, 70 © 23,0, w,u) = 1 — 1. In
other words, conditioned on the event {(Q,W,U) = (¢, w,u)}, Vi — X1, X2 & X3 — Y} is a Markov chain.
We conclude pv, x,ex,x,vijowu (- ¢, w,u) € Dr(Tqwu, 01, €qwu), Where Tgwu = px,jowu(llg, w,u),

€qw,u — pX2®X3|QWQ(1‘q7waﬂ)' Hence
I(‘/lv Yl |(Q7 VI/’ Q) = (qa w?@))il(vla X2 D X3|(Qa WQ) = (Q7 w,g)) S O‘T(Tq,w,ya 617 E(I,U),H)' (61)

We now characterize ar(7,d,€). Verify that ar(7,9,0) = arp(7,0,1) = hp(7 * §) — hp(J). The following lemma
states that ap (7,9, €) is strictly lower for non-trivial values of €. Please refer to appendices D and E for a proof.

Lemma 7: If 7,6 € (0,3) and € € (0,1), then (7,6, €) < hy(7 % 8) — hy(8). Alternatively, if 7,6 € (0, 3) and
€ € [0,1], then either ap(7,d,€) < hp(T % 0) — hy(J) or € € {0,1}.

(60), (61) and lemma 7 in conjunction with Jensen’s inequality enables us to conclude

(@)
Ry < I(VisYi|QWU) — I(Vi; X2 @ X3|QWU) < > powu (g, w, w)ho(Tg,uw,u * 61) — ho(61) (62)
(q,w,u)
(i1)
< hb[51 + (1 - 251) ZPQWQ((L w)@)Tq,w,g] - hb(fsl)
(q,w,u)

(#d)

= hb (51 + (1 - 251)[]}(1(1)) - hb(él) S hb (51 + (1 - 251)7‘) — hb(él) = hb (T * 51) - hb(dl),

where equality holds in (62)(i), (ii) and (iii) only if €; 4 € {0,1} and 74 0w = px,jQwu(llg, w,u) = px, (1) =7
for every (¢, w,u) for which powu (g, w,u) > 0. We conclude that Ry = hy, (7 % d1) — hy(1) only if 740 =T

for every such (¢, w,u), and

IV |QWU) — I(Vi; Xo ® X5|QWU) = hy(7 % 61) — ho(61) and H(Xo ® Xs|QWU) =0.  (63)

17The proof is relegated to appendix D
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This has got us to the third and final stage. Here we argue (63) implies RHS of (57) is strictly smaller than
hy (7% 1) — hy(91). Towards that end, note that Markov chain Xy — QW Uo3U12Us1 — X3 proved in lemma 5, item
5 and (63) imply H(Xo|QWU) = H(X3|QWU) = 0.!® Furthermore, Markov chains U;o — QW Ua3U3; — X3 and
Us1 — QWU33U 2 — X5 proved in lemma 5 item 6 imply

H(X2|QWU23U12) - H(X3|QWU23U31) - 0 (64)
Observe that

hy(T % 01) — hp(01) = I(Vi;h[QWU) — I(Vi; Xo © X3|QWU) = I(Vi; VI|QWU) = I(Vy; Y1|QWU, Xo, X3)  (65)

HY1|QWUX2X3) — HY1|QWUVI X2 X3) < HY|QWUXX3) — HY1|QWUV X1 X2 X3)
= HW|QWU, X3, X3) — hy(01) (66)
where the first two equalities in (65) follows from (63) and the last equality follows from (64). (66) and first equality

in (65) enables us to conclude

H(Y|QWU, Xo, X3) > hy(7 % 61) 67)
We now provide an upper bound on the right hand side of (57). Note that it suffices to prove I(U12Us1; Y1 |QW Uss)—
I(Uy2; Y2|QWUsag) — I(Usy; Y3|QWUss) is negative. Observe that
I(U12U31; Y1|QWU23) — I(Ui2; Y2 |QWUa3) — I(Usi; Y3|QW Uas)
= H(Y1|QWUzs) — HY1|QWU) — H(Y2|QWUss) + H(Y2|QWU23U12) — H(Ys|QWUss) + H(Y3|QW UzsUsy )
= HY1|QWUss) — HY1|QW X2 X3U) — H(Y3) + H(Y2|QWU23U12X2) — H(Ys) + H(Y3|QWUz3Us1 X3) (68)
= H(Y1|QWUzs) — H(Y1|QW X2 X3U) — 2 + hy(62) + ho(J3)
<1-HWMIQWX2X3U) — 2+ hp(02) + hy(d3) < hp(d2) + he(ds) — hp(d1 *x7) — 1 (69)

where (68) follows from (63) and (64), second inequality in (69) follows from (67). If 7,1, 2, I3 are such that
hp(62) + hp(03) < 14 hp(dy * 7), then right hand side of (69) is negative. This concludes the proof.

81ndeed, for any (¢, w,u) € Q x W x U that satisfies P((Q, W,U) = (¢, w,u)) > 0, if P(X; =1|(Q,W,U) = (q,w,u)) =aj : j =
2,3, then 0 = H(X2 ® X3/|(Q, W, U) = (¢, w,u)) = hp(c2 * az) > azhp(1 —a3) + (1 — az)hy(as) = azhp(as) + (1 — az)hy(as) =
hy(az) > 0, where the first inequality follows from concavity of binary entropy function, and similarly, interchanging the roles of asg, a3, we

obtain 0 = H(X2 © X3[(Q,W,U) = (¢, w,u)) > hy(az) > 0.
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APPENDIX A

UPPER BOUND ON P(¢;)
From (25), it suffices to derive upper and lower bounds on Var {¢(M;, M3, M5*)} and E {¢(My, M3?, Ms*)}
respectively. Note that E {¢?(mq1, m&?, m¥*)} = Sy T, where

% = E{¢(M17M§27M§3)}: Z Z P(V1 (mq,b1)= UlvUJ(aJ) u I(‘IJ)_m j:2,3l770)

(bl,agz,a?)e (v1'uy,ug )€
By X F22 x F23 Tany (V1,U2,Uslq")

o Vl"(ml,b1)=v?,U-(asj)—u I(a7) m 7.§=2,3,
LI VI SR DD D (e

(bl’az 70433)6 &Sgefgs (Ul 1ugau3)e ’LL € i i
By xFE2xFes 553;6%3 Tan, (V1,Ulq" )TQUQ(U3|‘1 T U

= Vit (ma,b1)=v7,Uj(a Sj):u” I(a Svj):mt.j;‘: )3,
% - Z Z Z Z P( o U2(“22) uz,I(a )]mtz o 23)

“ s L ~Mn 2
(b1,a52,a32)€ a2 €Fs2 (vius,uz)e Uy €
g n n n
BixF2xF3 a324as? Tany (V1,UIq™) Tany (Uz|q™ 07 suf)

SN D SIS VD SR G i b

(b1,a52,a33)€ (@52,a53)€F2 x Fi3 (v uy,uy)€ (ﬂsvﬂggen
By X F22xF3 5,32;6(12 ,a 53;£as3 Tany (V1,UIq") Tan, (Ulg™,v7")

T = Z Z Z Z P(V1n(m1,b1):v;‘,U( Y= uj,I(a; Y= m;j:j:273,V1"(m17l~71):17f)

(b17a2 7033)6 b1€31 (v7'yuy,ugz )€ DS
Bix P X FSS by by Tony (ViU1a™) Ty (Vala™ ™)

n n Sj n Sj ty :
T = E E E E P (Vl (‘:nz’bl);’;l Zy(gij()fu) I(a 1]():3) A J_2 3,>
1(ma,b1)=07,Ug (a5% ) =ay I (a, _ms
(b17a227a33)€ (b1,a33)€By x Fi3 (v uz,ugz)€ o1, iz €
B ><]-'§2 ><]-' 3 b1¢b1a<3¢a83 T2n2(V17U‘q )T2n2 (V17U3‘q aug)

Ts = Z Z Z Z P (V"<m1,b1>—v?,ur<a5f>—u“ I(a S--”):mﬁj 1§=2,3,
Vi(ma,b1)=07 U (a32)=i3 I (a2 ) =my?
(b1,a52,a33)€ (by,a52)eBy x Fo2 (v ,uf,uf)€ o7, ape L e 2
BIX]_—&Q ><]:é'3 bl;‘ébl&;Q#a;z Tz,]Z(VhU‘q )T2772 (Vl,Uz‘q ,ug)

_ v1”<m17b1>w?,v~<a”>:u“ I(a ‘“--”)f "J’-a:z,z,

(b1,a52,a33)€ (bl,a2 ,a33)EBL X FE2 x Fi3 (viuy,ug)€  (D7,a3,05)€
BIxFR2XF8 §yby ag?#as? a5 #az?  Tona (ViUl") Tony (Vi,Ul0")
We have
7 2
AVar { (M, M2, ML) 2i=0 %) =%
1; ) — 4

- 2

(E{o(My, Mf2, M) })* 7
We take a closer look at Z7. For 0 € F,, let

Do(a3?,a3%) - = {(as?,as®) : a3; — a3 = 6(as; —as;) for 1 <1< s and a3; —as; =0 for so +1 <1 < s3},

52 83 — 52 83 S2 53 — S S 52 53 1

PD(a3?,a3®) : = Ge%-‘ Do(a3?,a3®) and S (a3?,a3®) = F2* x F3 \ ZD(a5?,a3?). The reader may verify that for
~8 S S
(a3*,a3°) € Do(a3’, a3’)
) ) P(V*(my,by) =0, Vi (mq,b1)=07) o~ ~
S sj t 1 ) 10 1] 1 n n __ n n
Vit (ma,b1)=vy Us(a;” )=u] I (a;) )=m :j=2,3,\ _ T3nT2ip T2t if uy © 0uy = uy © Ouy
~ - 85 - LS5 f -
Vi(ma,b1)=07,U] (a;7 )=a7 ,I(a;” )=m;" :j=2,3

0 otherwise

).



31

For (a3?,a5®) € H(a3?,a35®), we claim

P (Vln(ml,bl)—v?7Uj(a;j) u? I(as”)—mt' = 23) _p <V1"(m1,b1‘)—vff,{]j(ajj)—u?) P (vl(ml bl? o ,fU"( )= )

Va(ma by)=0} Up (@) )= 1(a) )=m ) :j=2,3 I(a;’)=m :j=2,3 I(a;)=m/:j=2,3

In order to prove this claim, it suffices to prove

p (VI (mab)=0] Us 05 =uf I(a])—m g=23\ _ PO (mlvbl)_vlavl(mlvbl)_vl)
Vi(my b)=07, Up (@) )=ay 1(a7 )=m :j=2,3 ) rAn+2t2+2t3

which can be verified through a counting process. We therefore have .97 = 7; + J7p, where
_ v (ml,bl) vl Uj(a}’)=u’ Vi(ma,by)=0} UM (a; )—a;
=D I SENED DINNND DIV (il i Sl P G e e Rl

(roffaf)e (raitaie (iuguie (i)
B1><.7:82><]:33 lej(a b3)T2772(V1aU|q )T2772(VlaU|q )

1% b)) = o™, Vi(my, by) =
2D SD S S > S Hmeb) S Ameh) 20

(b1,a52,a3%)€ (b1,a2 ,a33)€ u”€e (7 ug u 699"2)6(“;1 Jig u" SOty )€
BixF32XF33 By x P(al? a53)T2772(U390U2“1 ) Toyy (ViUl™) Tany (V1,Ulq™)

Verify that J7; < 90 . We therefore have

AVar {¢(My, My, M)} _ (Zl 0 >+97D
E{QS(MlvMQtzaM;S)} - ’9.02 .

and it suffices to derive lower bound on 7 and upper bounds on .7 : [ € [6] and Z7p.

(72)

Just as we split F7, we split 93 as T3 = J31 + J3p. We let the reader fill in the details and confirm the
following bounds. From conditional typicality results, there exists No(n2) € N, such that for all n > Na(ns),
|Bi|me2*s exp {nH (V1,U|Q) — 4nma}

g >
0 = m2nttatts exp {nH(V1|Q) + 4nne}

7 < |By |m%21255 exp {nH (V1,U|Q) + 4nny + nH (Us|Q, V1, Us) + 8nna }
boe ménttat2ls exp {nH (V1]Q) — 4nns}

Ty < |By| w5255 exp {nH (V1,U|Q) + 4nny + nH(Us|Q, Vi, Us) 4 8nny }
> < T e (nH(A1Q) — dnna)
F < |By|m?52 %255 exp {nH (V1,U|Q) + 4nmy + nH(Us, Us|Q, V1) + 8nna }
3= mAnt2t2+2ts oxp {nH(V1|Q) — 4nne}
7 < |By|7252 %55 exp {nH (V1,U|Q,Us © 0U3) + 8nnp + nH (Us © 0U3|Q) + 4nn }
= T3n+26+2ts exp {nH (V4|Q) — dnny — nH(U|Q, Vi, Us © OU,) — 16n1}
7, < |By|>752F93 exp {nH (V1,U|Q) + 4nng + nH (V1|Q, Uz, Us) + 8nny }
1= m2nttatts exp {2nH(V1|Q) — 8nna }

g < |l‘31|2ﬂ-52+253 exp {TLH(V17Q‘Q) +4TLT]2 +nH(V17U3‘Q7U2) +87’l7’]2}
o= mintta 2t exp {2nH (V1]Q) — 8nna }

Ts < B [*7?52 453 exp {nH V1, U|Q) + 4nnz + nH(V1, Us|Q, Us) + 8nipy}
¢ = mnt2tatts exp {2nH (V1|Q) — 8nma }

7 < |By|?m252+58 exp {2nH(V1, U|Q, Uz © 0Us) + 16n1s + nH (Us © 0Us|Q) + 4nns}
7D <

m3nt+2t24+2ts exp {2nH (V1|Q) — 8nnz}
We now employ the bounds on the parameters of the code ((22) - (24)). It maybe verified that, for n >
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:Z::? < e {_n <log7LB1 n (; si - l) logm — [2logm — H(U|Q, V1) + 16772]> } < exp {—n (fllgf’?)(}a
:ZOIQ < exp {—n <10g7L81| + 52 ; L2 logm — [logm — H(Us|Q, V1) + 32772])} < exp {—n (51 + g — 32172)}
5022 < exp {n <log7LB1| L8 ; '3 Jog 7 — logm — H(Us|Q, V1) + 32n2])} < exp {fn (51 + g _ 32,72)}
% < exp {—n (bgT'lBll - 32772)} < exp {—n (51 n g - 32772)}

?Og < Ig%exp{ (loglgl + B logm — [logm — H(Us © 0Us|Q, V1) +48772]>} < mexp{—n (5 — 48n2)}

A

:Z;; < exp{ ((Z — l) logm — [logm — (U|Q)+367’}2])} <exp{—n(d; —36m2)}

Is S2 —
- < —
%2 < exp { n (

t2 logm — [logm — H(U3|Q) + 36772]) } <exp{-—n(d —36m)}

% < exp {—n (83 7_1 s logm — [logm — H(U3|Q) + 36772]) } <exp{—n(d; —36m2)}
0
I
% < rgljgexp {—n (%3 logm — [logm — H(Us © 0U3|Q) —|—487)2]>} < exp {—n (51 — g — 48772)} .

< (28 + SIOgW)eXp{—TL ((51 -4 —487]2)} for n >

Substituting, the above bounds in (72), we conclude P(e;)
max{N1(n), N2(n2)}. In the sequel, we derive a lower bound on £(n) and prove that for large n, £(n) > 1,

thereby establishing €; C ¢;. From the definition of £(n), (70), we have

T |B1 |72 158 Ty,, (V1, Ulq™)|
Lin) = 20 > EAEL 74
() 2 T 2m2nttatts exp {nH (Vi |Q) + 4nma} 7

for sufficiently large n. Moreover, from (73), we note that £(n) > 1 exp {n (61 + £ — 1612) } for n > max{Ny (),

Na(n2)}. By our choice of ), 12, for sufficiently large n, we have L(n) > 1

APPENDIX B

UPPER BOUND ON P((€1 Uea Ue€3) MNeqr)

We begin by introducing some compact notation. We let M* denote the pair (M;z,M?fS) of message random
variables. We let mt denote a generic element (m% ,m3 ) € Fio= = Fl2 x F!3, and similarly a® denote (a5?,a3’) €
Fz = F32 x F52. We abbreviate Ty, (Vi, Us®Us|q"™, y7') as Ts,, (Vi, Blg", y}) and the vector X™( My, My?, M3?®)

input on the channel as X™. Let
Tnz (qn) L= {(v?a@nvxna y{l) € T8?72(V17Q» X, Y1|q ) (vl U ) € T2n2 (Vlv U|q ) (U{ngnvxn) € T4n2 (V17Q7X|qn)} )
Toaaofum) = { (@, 92) 5 (o, 2", 0) € T (™) }
We begin by characterizing the event under question. Denoting €47 = (& U €2 U €3)° M €41, We have
Mi=m1,V{"(m1,B1)=v] Ul (A} )=u]
P(€41) < Z Z Z Z Z Z P Il(Afl):Mfl;1:2,3,Y1":Z{§L,X“:m" N elc (75)

S - N n(~S3\y_~n N (A —an
mi A byes, ag® (o wt ) (07,an)e U (@57) =" V" (i bu) =07
€Ty (¢")  Tony (V1,@Iq"™ u7)
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We consider a generic term in the above sum. Observe that

n n(ASL n
Y =y? Mi=m1, V" (m1,B1)=v{",U" (A" )=u; c) — Y =y v (]VII’Bl)Zvl _. no o N|n ,mn
P (Xn n Iz(A:l)fMZl.l72,3,U®(a3 ) an V1 (mhbl)_’fl? n El P XP—g™ Un(A l)_uzt:l:273 N e(yl , L ‘Ul U X776)
My=my, V" (m1,B1)=v] Mi=m1,V"(m1, bl) vy, U"(alsl) up”
P Uzn(A;lz:“?v]l(A;l):]\f[ltl:l:273 Nej | = E E P ]V[tl_mzlvAl =a; ’Il(all)_mll = 23 Ne |, (17
Ué(@éa)zﬁ",Vf(mhbl):ﬁT’ mfe}‘ (b1,a)€ Bl—bl,U@(AS?’) a™ V" (ml,bl)
Bl Xf*

and the product of left hand sides of (76) and (77) is a generic term in (75). We now consider a generic term on

the right hand side of (77). Note that

P(EN{Bi=b1,A'=a;"} N€f) < P(E)P({Bi=b1,4;'=a)'} |[EN¢€]) <

where F abbreviates the event { My=m1,Vi" (m1,b1)=v], U (a; ) =uy , M,  =m;* I (a]")=m,* 1=2,3,Ug (@53 ) =a" , V{" (v ,b1 ) =0 }.

Substituting the above in (77), we have

My=m1,V{" (m1,B1)=0y 1 ny Sy n t t
P U{L(Afl):uz‘Jz(Afl):Mltl;l:2,3 ) 6? < f § : P (Z\/f(1—lﬂ)11,Vl(lml,bl)—v(l ,(J]l) (a, )_ué ,MZI; ;ml )
2 (a53)=a",V* (1 ,b1) =07 - I (e )=m,':1=2,3,U% (453 )=0",V{" (171,b1 ) =%
Ug(ag®)=a", V" (11,b1) =07 ( )miefﬁ (br.a%) l l olas 1 1
eBy1x2(a®3)
§ : 2 : M1=m17V1"(m1,b1)=U{L7Uz"(af")=u?,M,il=mfl (78)
L(alh)=m!1:1=2,3,U% (a53) ="V} (1m1,b1) =07 |
mtE]-'* (b1,a*
eley(ass)
where 7(a°%) : = {a®: (a520°F) @ a3® = a°}, s4 = s3—sg and F(a%) : = F2> x F23\ 2(a°*). Let us evaluate

a generic term in the right hand side of (78). The collection My, M3?, M5 V' (mq,b1), I(a®?), I3(a®*), (Uy(a]") :
1=2,3,Us(a3)), Vi* (i1, by) are mutually independent, where (U;(af') : | = 2,3, Ug(a5?)) is treated as a single
random object. If (a3?,a3*) € Z2(a®*), then

1 iful Qul =a"
P(Ui(a]") = uj :1=2,3,Ug(a5’) =a") = ™ L

0 otherwise.

Otherwise, i.e., (a3?,a5®) € #(a°), a counting argument similar to that employed in appendix C proves
P(U(aj*) =u}' : 1 =2,3,Uqg(a3’) = 4") = —5. We therefore have
P<M1:m1,V1"(M1,b1):UT'>
t—mt VT (g, by ) =0T . ~ 5o
Mo M=) if (a7, a5°) € 9(a*)

and uj ®uf = 4" (79)

Mi=m1, V" (my,b1)=vy,U" (af )=u;" ,Mtl:m:l .
Il(all) mlll 23U”(dg3) a” V"(ml,bl) =07
P<M1—m1 WV (my by )=v] )

Mt=mt V" (1,b1)=07 . s s ~
ﬂ-SnJ}terfs ! if (a223 033) € J(G’SS)

Substituting (79) in (78) and recognizing that product of right hand sides of (77), (76) is a generic term in the sum

(75), we have

Pls > 2 2.2 2 2 Gt )

(ml,mf)mwévm bieBy az®  (bra®) - (vpu"a"yy) (07 uy Buy)€
€B1x2(a*3)  eT,,(q") Tsny (V1,®19™,97)

P (leml,vl (m17b1) vy
Mt m* V"(ml bl) n
s 1
DD DD DD PR ACHDNDY iz L)
(mi,mt) miFmi by eBy az®  (bra®)  (vfu™a™,uy) (o7,a™)€
€B1x.F(a%3) €Ty, (q"™) Tany (V1,®1q"™,yT)

M1:1’TL1 ,Vln (mhbl):v?
Mt=mt V" (1h1,b1)=0]

T2nttatis £(n)
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The codewords over V" are picked independently and identically with respect to p’&ll Q(.|q”) and hence by

conditional frequency typicality, we have
P (My = my, V' (ma, br) = of', ME = m, Vi (i, br) = 07 ) < exp {—n(2H(VA|Q) — 20m2)} P(M = my, M* = m)

for the pairs (v}, 97) in question. This upper bound being independent of the arguments in the summation,
we only need to compute the number of terms in the summations. For a fixed pair (u},u}), conditional
frequency typicality results guaranty existence of Ny(n2) € N such that for all n > Ny(12), we have
[{o] : (v}, ue B ul) € Toyy (Vi, Uz & Us|q™, y1) } | < exp{n(H(V1|Q,Us & Us, Y1) + 3212)} and |T5,), (V1,Us &
Uslq™, y7)| < exp{n(H(V1,Uss ® Us|Q, Y1) + 32n2)}. Substituting this upper bound, the inner most summation

turns out to be
Ah:ml,VI"(ml,bl):vI”)

Z P(Mﬁzmﬁ,vln(ml,im:@?

m2nttatts < exp {_

n( 2H (V1|Q) 5272 )} P(My =my, Mt =mt) _. 5
—H(V1|Q,U2&Us,Y1) 7r2n+t2+t3£( ) 1
(07 ,uy Dug)E
Tsny (V1,819™,97")
P (Y b=y
Z Mt=m! V" (r1,b1)=07

< _
ranttatts = exp{ n

2H(V1]|Q)—52n2 P(M; =mq, Mt =mt) 3
—H(V1,U20Us|Q,Y1) 7T3n+t2+t3£(n) — P2
(oF,0™)€
Tgny (V1,®]q™,9T")

Substituting 81 and (3, we have

IZONEED SIS SHID DD DI S S el u)y

(m1 mb)FEmL bepy  (bafe  (vput)e o (a"yp)e
a3 eF 3 Bix2(a) Ton, (V1,Ulq™) Ty, (g™ |07 u™)

DD DD DD DS > S b )b

(my,mb) mi7#mi b, eB; a53 (b1,a*)€ (viu™)e ~ (z™,y7 )€
By X I(a°3) Tan, (V1,UIq™) Ty (4™ |07 u™)

XX Y Y Y oaryX XYYy Yy ¥ om

(m1,mt) mizFmi peB;  (b1,.a*)€ (viu™)e (m1,mb) mizmi b eB; a3’ (bl,gi)e (vi,u™)e
a*3eFi3 Bix2(a%) Tan, (V1,Ulq™) B1x.F(a°3) Tan, (V1,Ulq™)

The terms in the first and second summation are identical to 3, and (5 respectively. Multiplying each with the
corresponding number of terms, employing the lower bound for £(n) derived in (74), it maybe verified that

P(én) < 7 + T, where

log |B log | M
7 = 2exp{—n<[I(V1;U2@U3,Y1|Q)_56,72]_ Ogr‘L 1|+ og | 1|}>}

n

log |B 1 1
7 = 2exp{—n([logw+H(V1|Q)—H<V1,U2@U3Q,Yl)—56n2]—[°g7'1 S fac OgWD}

n
From bounds on the parameters of the code ((22) - (24)), it maybe verified that for n > max{N7(n), N;(n2) : j =
2,3,4}, P((eUeaUes)Neqr) < 4dexp {fn (51 +7 - 567}2) }

APPENDIX C

UPPER BOUND ON P((€1 U €z U€3)®Ney;) FOR 3—DBC

We begin by introducing some compact notation similar to that introduced in appendix B. We let A% denote the

pair (MQtQ, M. t‘”’) of message random variables. We let mt denote a generic element (m2 ,m3 ) e FE: = = Fl2x Fls,
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and similarly a® denote (a3?,a3®) € Fr: = Fi2 x Fi5. We let
T ( ):: {(Ulvu z 7y])€T8772(V17UXY|q )( )6T2772(V13U|q ) (U?7gn7‘rn)6T4772(V17Q7X|qn)}7
T (" lo7,u") = {27, 7) + (07, ", 2, ) € Tm(q“)}
We begin by characterizing the event under question. For j = 2,3, denoting €, : = (¢; U €2 U €3)° N €45, We have
M1:m1,Mlzmivln(tthﬂ:U}L
regs ¥ OY Y Y% p(fran S bag) .
e

n_n pna%iy_sn o255yt
(mhmt) Yam ey (07 utat i) X=2mUj (4,7 )=05,1;(a;" )=rm;

€Ty, (a™) Tsny (Ujla™y3)
where X™ abbreviates X™(M;, M%), the random vector input on the channel. We consider a generic term in the

above sum. Observe that

Mi=mq,Mit=m* V" (m1,B1) VI (My,By) =07
Y= ngaS n s t Y”— s =v
P(Xjng {U (A7) =up L (A*)=my 1= 23}06?) ZP(Xw v, U;L?Afz)lul;zz:é,s) =:0(y", 2" v}, u"), (81)
U”(a ])_u A (a ])_m,
]\41:77'741:ML:m£7‘/1n(W7’1)Bl):’uil
P ({ U;«A;z>fu;l,zl<Asz>fm:L:zf-z,s}mslc) = Y op(en{izind) < X pwp ({2} i), @
Up (@, )=a3,1(a;")=m;’ (b1,a%) (b1,2%)
By X F2 EB1 X Fx

where F abbreviates the event {Nll:ml, Mt=mt, V{"(my,bi)=0vy, Ul (a; )=u]", I}(a*t)=m,':1=2,3, U (4}’ )=a], Ij(ajj):m;if }
We now focus on the terms on the right hand side of (82). By the encoding rule, P ({Bi=b1, A* =a*} |[EN¢€}) = ﬁ
We are left to evaluate P(E). The collection My, Mg?, M5 Vi (my,by), I2(a®?), I3(a®?), 1;(a%), (Ui(a]") : | =
2,3,U; (&‘;j)) are mutually independent, where (U;(a;") : | = 2,3,U; (Ag’)) is treated as a single random object.
The following counting argument proves the triplet U;(a;") : | = 2,3,U; (AS]) also to be mutually independent.

Let {j,7} = {2, 3}. For any v}, v} and 4}, let us study
[{(92,93/2,05,b8) - a3 g; &b} = uff, a7 g; ®bF = uf,(a) ©a}l)g; =a) —uj}|.

There exists a ¢ such that a As7 3 # a’ ]t For any choice of rows 1,2,--- ,t—1,t4+1,---,s3 of g3, one can choose the

tth row of g; and b3, such that the above conditions are satisfied. The cardinality of the above set is 7(3— D",

The uniform distribution and mutual independence guarantee P(U;(a;") = v} : 1 =2,3,U; (ASJ ) =a}) = #

We therefore have

M1:m1JMLZmL,VI"(mlAbl):'U?, P(M + t n n
"SI s / =my, M*=m* V]*(my,b1) =v
P Ul"((/l,l):uln,ll(aél):m,;zzl:2,37 = ( ! L = 1 ( L 1) 1 ) (83)
o s T qanttattsti;
Ujt(a;")=aj.1;(a;7 )=,

Substituting (83), (82) and (81) in (80), we have

P(M; = 7M£: 27‘/” 7b — n
Plé) Z Z Z Z Zﬁy 2" ot u )Z W mlw?m+t2+?3+tj2((nn;l 1) vl).

(ma,m) (br,a®) '3 a3 a7 (v w” 2" yj') alte
€Ty, (¢") Tieny (Ujla™v3)

Note that terms in the innermost sum do not depend on the arguments of the sum. We now employ the bounds
on the cardinality of conditional typical sets. There exists N5(72) € N such that for all n > N5(n2), we have
Taon, (Ujlg", y3)| < exp{n(H(U;|Q,Y;) +32n2)} for all (¢",y}') € Tsp, (Q,Y;). For n > max{Ny(n), N5(n2)},
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we therefore have

Vi(ma,b1)=vy,Mi=m
P( ! ]\;tlimtll.l 213 1) exp {n32n2}

64] Z Z Z Z vzu: W3n+t2-0ft3:-tjléxz ’{7nH(Uj |Q, Y])}

Z e(yn7xn|,u?7gn)
L
(m1,mt) (b1, as) J;ém j d]" ( (TL)

(z"y7)e
€T2n2(V17U|<1") 0

o (¢" |07 u™)
Vi(mq,b1)=v],M1=m
P( 1 Ml‘llzm”l-lzzls 1) exp{n32n2} 1

SIS Z T oxp (—nH (0,10, Y)] L(n)

(m smt) (br,a2) 5t 0t g% (o] ,u™
1 1 N J;é n;/ a; €T2n2%V1 U|q”)
<2exp{sjlogm —n(logm — H(U;|Q,Y;) — 32n2)} < 2exp {—n(d1 — 32n2)}, (84)

where (84) follows from definition of £(n), (70) and the bounds on the parameters of the code derived in (22) -
(24).

APPENDIX D

CHARACTERIZATION FOR NO RATE LOSS IN POINT-TO-POINT CHANNELS WITH CHANNEL STATE INFORMATION

We now develop the connection between upper bound (56) and the capacity of a PTP channel with non-causal
state [46]. We only describe the relevant additive channel herein and refer the interested reader to either to [46]
or [47, Chapter 7] for a detailed study. The notation employed in this section and appendix E are specific to these
sections.

Consider the discrete memoryless PTP channel with binary input and output alphabets X = ) = {0, 1}. The
channel transition probabilities depend on a random parameter, called state that takes values in the binary alphabet
S = {0,1}. The channel is additive, i.e., if S, X and Y denote channel state, input and output respectively, then
P(Y = 2®s|X = 2,5 = s) = 1 — 4, where & denotes addition in binary field and § € (0,1). The state is
independent and identically distributed across time with P(S = 1) = € € (0,1).!” The input is constrained by
an additive Hamming cost, i.e., the cost of transmitting 2™ € X" is >, 1{z,=1} and average cost of input per
symbol is constrained to be 7 € (0, 3).

The quantities of interest - left and right hand sides of (62)(i) - are related to two scenarios with regard to
knowledge of state for the above channel. In the first scenario we assume the state sequence is available to the
encoder non-causally and the decoder has no knowledge of the same. In the second scenario, we assume knowledge
of state is available to both the encoder and decoder non-causally. Let Cr (7,9, €),Crr(T, d, €) denote the capacity
of the channel in the first and second scenarios respectively. It turns out, the left hand side of (62)(i) is upper
bounded by C(7,d, €) and the right hand side of (62)(i) is Crr(T,d, €). A necessary condition for (62)(i) to hold, is
therefore Cr (7,9, €) = Crr(T,0,€). For the PTP channel with non-causal state, this equality is popularly referred

to as no rate loss. We therefore seek the condition for no rate loss.

Through appendices D,E we prove if 6, 7 € (0, ) and € € (0, 1), then avp (7,7, €) < hy(7%n) — hp(n). This implies statement of lemma
10.
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The objective of this section and appendix E is to study the condition under which Cr(7,d,¢) = Crgr(T,0d,€).
In this section, we characterize each of these quantities, in the standard information theoretic way, in terms of a
maximization of an objective function over a particular collection of probability mass functions.

We begin with a characterization of Cr(7, 9, €) and Crr(7,J,€).

Definition 9: Let Dr (7,0, €) denote the set of all probability mass functions pysxy defined on U x S x X' x Y
that satisfy (i) ps(1) = e, (i) py|xsvu(z @ s|lz,s,u) = py|xs(z @ s|lz,s) = 1 -0, (iii)) P(X = 1) < 7. For
pusxy € Dp(T,0,¢€), let ar(pusxy) = 1(U;Y)—I(U;S) and ap(r,0,€) = sup ar(pusxy)-

Theorem 8: Cr(T,0,€) = ar(T,0,€) Py Eornos
This is a well known result in information theory and we refer the reader to [46] or [47, Section 7.6, Theorem 7.3]
for a proof.

Definition 10: Let Dpg (7,0, €) denote the set of all probability mass functions pgxy defined on & x X x Y
that satisfy (i) ps(1) = e, (i) py|xs(z @ s|z,s) = 1 -4, (iii) P(X = 1) < 7. For psxy € Drr(7,0,¢), let
arr(psxy) = I(X;Y|[S) and argr(r,d,¢) = sup arr(Psxy)-

Theorem 9: Crg(7,0,€) = arr(T,0,€) P e
This can be argued using Shannon’s characterization of PTP channel capacity [48] and we refer the reader to [47,
Section 7.4.1] for a proof.

Remark 3: From the definition of Cr(7,d,€) and Crg(7,0,€), it is obvious that Cr(7,6,€) < Crgr(T,d,€), we
provide an alternative argument based on theorems 8, 9. For any pysxy € Dr(7,d,¢), it is easy to verify the
corresponding marginal psxy € Drgr(7,d,€) and moreover ar(pusxy) = I(U;Y) — I(U;S) < I(U;YS) —
I(U;S) = I(U:Y|S) = H(Y|S)— H(Y|US) < H(Y|S)— HY|[USX) ¥ H(Y|S)~ H(Y|SX) = I(X;Y]S) =
arr(psxy) < Crgr(T,d,€), where (a) follows from Markov chain U — (S, X) — Y ((ii) of definition 9). Since this
this true for every pysxy € Dr(7,9,¢€), we have Cr(7,d,¢) < Crgr(T,J,€).

We provide an alternate characterization for Crr(7, 9, €).

Lemma 8: For pysxy € Dr(r,d,¢), let Brripuvsxy) = I(U;Y]S) and PBrgr(r,d,6) =

sup Brr(pusxy). Then Brr(7,6,€) = arr(r,d,€) = Crr(T,d;€).
pusxy €D (7,6,€)

Proof: We first prove Srgr(7,d,¢) < argr(r,d,¢). Note that for any pysxy € Dr(r,d,¢€), the corre-
sponding marginal psxy € Drgr(7,d,€). Moreover, frr(pusxy) = I(U;Y|S) = HY|S) — HY|US) <
H(Y|S) — HY|[USX) ¥ H(Y|S) — HY|SX) = I(X;Y|S) = arr(psxy), where (a) follows from
Markov chain U — (S, X) — Y ((ii) of definition 9). Therefore, Srr(7,0,€¢) < arr(T,d,€). Conversely, given
psxy € Drgr(t,d,€), define U = {0,1} and a probability mass function qysxy defined on U x S x X x Y as
qusxy (u,8,2,y) = psxy (s, 2,Y)1{y—z}. Clearly ¢gsxy = psxy and hence (i) and (iii) of definition 9 are satisfied.
Note that qusx(z,5,2) = psx(s,z), and hence gy |xsu(ylz,s,2) = py|xs(ylz,s) = Wy|xs(y|z,s). Hence
qusxy € Drr(7,0,¢). It is easy to verify Srr(qusxy) = arr(psxy) and therefore Srr(7,0,€) > argr(r,d,€).

|

We now derive a characterization of the condition under which Crg(7,d,€) = Cr(r,9,€). Towards that end, we

first prove uniqueness of the PMF that achieves Crg(7, 0, €).
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Lemma 9: Suppose psxvy,qsxy € Drr(7,0d,¢) are such that arr(psxy) = arr(qgsxy) = Crr(7,d,¢€), then
Psxy = Gsxy- Moreover, if argr(psxy) = Crr(7,d,€), then psx = pspx, i.e., S and X are independent.
Proof: Clearly, if gsxy € Drr(7, 9, €) satisfies gsx = qsqx with ¢x (1) = 7, then arg(gsxy) = hp(T7*d) —
hy(8) and since Cr g (T, d,€) < hy(7%8)—hy(5),2° we have Crr(T, 6, €) = hy(T%5)—hy(8). Let psxy € Drr(7,6,¢€)
be another PMF for which argr(psxy) = ho(T * §) — hp(d). Let xo : = px|s(1]0) and x1 : = pxs(1]1).
arr(psxy) =I1(X;Y|S)=H(Y|S) - H(Y|X,S) = H(X &S ® N|S) — hy(§). We focus on the first term

HX®S®N|S)=(1-eH(X®0BN|S=0)+cH(X®1BN|S=1)
= (1 —¢e)hp(xo(l —6) + (1 —x0)d) + ehp(x1(1 = 6) + (1 — x1)6)
< (1= €)xo(l —0) + (1 —€)(1 — x0)d + exa1(1 — 0) +€(1 — x1)9) (85)
= Tu(px(1)(1=0) + (1 = px(1))8) = hs(0 + px (1)(1 = 20)) < hy(6 + 7(1 = 20)) = hy(7 % 6)  (86)

where (85) follows from concavity of binary entropy function /() and inequality in (86) follows from & € (0, 1 ).
We therefore have argr(psxy) = hy(7 % 8) — hy(9) if and only if equality holds in (85), (86). hy(+) being strictly
concave, equality holds in (85) if and only if € € {0,1} or xo = x1. The range of e precludes the former and
therefore xo = x1. This proves psx = pspx and px(1) = 7. Given pgxy € Drg(7,0d,€), these constrains
completely determine psxy and we have psxy = q¢sxvy. ]
Following is the main result of this section.

Lemma 10: Crg(7,0,€) = Cr(7,9,€) if and only if there exists a PMF pysxy € Dr(7,d,€) such that

1) the corresponding marginal achieves Crr(T,d,¢€), i.e., arr(psxy) = Crr(7,0,€),

2) S —Y — U is a Markov chain.

3) X —(U,S)—Y is a Markov chain.

Proof: We first prove the reverse implication, i.e., the if statement. Note that Crr(7,0,€¢) = arr(psxy) =

I(X;Y]S) = H(Y|S) — H(Y|XS) ¥ H(Y|S) - HY|xsU) ¥ H(Y|S) - HY|US) = I[(U;Y]S) =

I(U;YS) - I(U;S) © I(U;Y) - 1(U;S) < Cr(t,6,¢€), where (a) follows from (ii) of definition 9, (b) follows
from hypothesis 3) and (c) follows from hypothesis 2). We therefore have Crr (7, d,€) < Cr(7,d,€), and the reverse
inequality follows from remark 3.

Conversely, let pysxy € Dr(7,4d,€) achieve Cr(T,0d,¢€), ie., ar(pusxy) = Cr(7,d,€). We have Cr(T,0,€) =
ar(pusxy) = IUY) — I(U8) © I(U:YS) — I(U; ) = I(U;YS) = H(Y|S) — HY|[US) < H(Y|S) -
H(Y|USX) @ HY[S)-H(Y[SX) = I(X;Y|S) = arr(psxy) < Crr(T,9,€), where (a) follows from Markov
chain U — (S, X)) — Y ((ii) of definition 9). Equality of Crg(,d,€),Cr(,d, €) implies equality in (b), (c) and thus
I(U;S|Y)=0and HY|US) = HY|USX) and moreover arr(psxy) = Crr(T,J,¢). |

For the particular binary additive PTP channel with state, we strengthen the condition for no rate loss in the

following lemma.

20This can be easily verified using standard information theoretic arguments.
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Lemma 11: If pysxy € Dr(7,d,€) satisfies (i) S —Y — U is a Markov chain, and (ii)) X — (U,S) — Y is
a Markov chain, then H(X|U,S) = 0, or in other words, there exists a function f : & x S — X such that
P(X = f(U,S)) =1.

Proof: We prove this by contradiction. In particular, we prove H(X|U,S) > 0 violates Markov chain X —
(U,S)-Y.If HX|U,S) > 0, then H(X & S|U,S) > 0. Indeed, 0 < H(X|U,S) < H(X,S|U,S) = HX ®
S,S|U,S) = H(S|U,S) + HX & S|U,S) = HX & S|U, S). Since (U, S, X) is independent of X & S @ Y
and in particular, (U, S, S & X) is independent of X & S @Y, we have H(X ® S)®d (X @ S Y)|U,S) >
HXaeSaeY|U,S) =h(0) = H(Y|U, S, X), where the first inequality follows from concavity of binary entropy
function. But (X ®S)® (X ®S@Y) =Y and we have therefore proved H(Y|U, S) > H(Y|U, S, X) contradicting
Markov chain X — (U,S) - Y. [ |
We summarize the conditions for no rate loss below.

Theorem 10: Crgr(T,d,€) = Cr(T,0,€) if and only if there exists a PMF pysxy € Dr (7,6, €) such that

1) the corresponding marginal achieves Crgr(7,J,¢€), i.e., arr(psxy) = Crr(7,d,¢), and in particular S and
X are independent,

2) S —Y — U is a Markov chain.

3) X —(U,S)—Y is a Markov chain,

4) H(X|U,S) =0, or in other words, there exists a function f : Y x S — X such that P(X = f(U, S)) = 1.

APPENDIX E

THE BINARY ADDITIVE DIRTY POINT-TO-POINT CHANNEL SUFFERS A RATE LOSS

This section is dedicated to proving proposition 1. We begin with an upper bound on cardinality of auxiliary set
involved in characterization of Cr (7, d, €).

Lemma 12: Consider a PTP channel with state information available at transmitter. Let S, X and )’ denote
state, input and output alphabets respectively. Let Wg, Wy x s denote PMF of state, channel transition probabilities
respectively. The input is constrained with respect to a cost function k : X x § — [0,00). Let Dy (7) denote the
collection of all probability mass functions pyx gy defined on U x X x § x ), where U/ is an arbitrary set, such

that (i) ps = Wi, (ii) py|xsu = py|xs = Wy|x s and (iii) E {x(X,S)} < 7. Moreover, let

. 18,
Dr(r) = {puxsy € Dr(r) : ] < min {, F1T5, .}
For pyxsy € Dr(7), let a(puxsy) = 1(U;Y) — I(U;S). Let

ar(r) = sup  alpuxsy), ar(r)=  sup  a(puxsy)
puxsy €Dr(r) puxsy €Dr(r)
Then ar (1) = ar(7).
Proof: The proof is based on Fenchel-Eggelston-Carathéodory [49], [47, Appendix C] theorem which is stated
here for ease of reference.

Lemma 13: let A be a finite set and Q be an arbitrary set. Let P be a connected compact subset of PMF’s on

A and pyo(lg) € P for each ¢ € Q. For j = 1,2,--- ,d let g; : P — R be continuous functions. Then for
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every () ~ Fg defined on Q, there exist a random variable Q w1th |Q| < d and a collection of PMF’s

pA@(-@ € P, one for each § € Q, such that

/ 9;(Paia(al)dFo(q) = 9;(p.a5(ald)rg(@)-

geQ

The proof involves identifying g; : 7 = 1,2--- ,d such that rate achievable and cost expended are preserved. We
first prove the bound |U| < |X| - [S].

Set @ =U and A = X x S and P denote the connected compact subset of PMF’s on X' x S. Without loss
of generality, let X = {1,2,---,|X|} and S = {1,2,---,|S|}. For i = 1,2,--- | |X]| and k = 1,2,--- ,|S| — 1,
let g;1(7x,5) = mx,s(i,k) and g;)s/(7x,5) = 7x,5(1,[S]) for I = 1,2,--- ,[X] — 1. Let gjx|s/(7x,5) =
H(S)— H(Y). It can be verified that

gix)s)(mx,s) = Z Z’ITXS (z,5)) logy( ZTFXS (z,s) +Z9 )log,(6(y)), where

sES TeX reX yey
0y)= > 7xs@s)Wyxsylr,s) (87)
(z,8)€XXS

where, is continuous. An application of lemma 13 using the above set of functions, the upper bound |X| - |S| on
|| can be verified.

We now outline proof of upper bound |X| + [S| 4+ |V| — 2 on |U|. Without loss of generality, we assume
X={1,---,|X|}, S={1,--,[S|}and Y = {1,--- ,|V|}. As earlier, set Q =U and A =X x S and P denote
the connected compact subset of PMF’s on X x S. For j =1,---,[S| — 1, let g;(7x,5) = >, cx Tx,5(7, j). For
J=18) IS+ V] =2, let g (Tx,5) = 34 exxs Tx.8(@, 8)Wy|x 5(j — [S| + 1]z, 5). For j =[S + V| -

ST+ VI +[X] =3, let g5 (mx,5) = D ges Tx.5(F = |S] = [V +2,5). Let gi(mx,5) = H(S) — H(Y), ie.,

g(mx,s) = ZZTFXSxS log,( Zﬂ'xsxs —|—Z ) log, (0(y)),

SES zeEX zeX yey
where ¢ = |S| 4+ | Y| + |X| — 2, and 6(y) as is in (87). The rest of the proof follows by simple verification. [ |
Proposition 1: There exists no probability mass function pyxgy defined on U x § x X x )Y where U =
{0,1,2,3},X =S8 =Y ={0,1}, such that
1) X and S are independent with P(S =1) =¢, P(X =1) =7, where e € (0,1), 7 € (0, 3),
2) pyix,s.u(xz®s|r,s,u) = py|x,s(r@s|r,s) = 16 for every (u,z,s,y) € U xS x X x ), where ¢ € (0, ),
3) U-Y — S and X — (U,S) —Y are Markov chains, and
4) pxjus(zlu,s) € {0,1} for each (u,s,z) €U x S x X.

Proof: The proof is by contradiction. If there exists such a PMF pygxy then conditions 1) and 2) completely
specify it’s marginal on § X X x ) and it maybe verified that pgy (0,0) = (1 — €)(1 — 0),psy(0,1) = (1 —
€)0,psy(1,0) = €6, psy(1,1) = €(1 —6), where 6 : = §(1 —7) + (1 — &) 7 takes a value in (0, 1). Since € € (0, 1),
psy (s,y) € (0,1) for each (s,y) € S x V. If we let 3; : = py|y(i0) : 4 = 0,1,2,3 and v; : = py;y (j[1) : j =
0,1,2,3, then Markov chain U — Y — S implies pysy is as in table 1. Since X is a function of (U, S)?!, there
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USYy PUSY USY PUSY
000 | (1—e)(1—0)Bo | 200 | (1—€)(1—6)B2
001 (1 —€)bvo 201 (1 —€)bvy2
010 €fBo 210 €0B2
011 e(1—0)v 211 e(1 —0)v2
100 | (1—€)(1—6)81 | 300 | (1—e)(1—6)Bs
101 (1—e)0m 301 (1— €073
110 €051 310 €683
111 e(l1—0)m 311 e(1 —0)v3
TABLE 1
PUSY
pusx(0,0,0) = pus(0,0)z0 | prsx(0,1,0) = pys(0,1)z4
pusx(1,0,0) = pys(1,0)21 | pusx(1,1,0) = pus(l,1)zs
pusx(2,0,0) = pys(2,0)22 | pusx(2,1,0) = pus(2,1)z6
pusx(3,0,0) = pys(3,0)z3 | pusx(3,1,0) = pus(3,1)27
TABLE II
bPUusx
exist z; € {0,1}:¢=0,1,---,7 such that entries of table II hold true. Moreover, condition 4) and Markov chain
X — (U,S) — Y implies pysxy is completely determined in terms of entries of table I and z; : ¢ = 0,1,--- ,7.

For example pysxy(3,0,1,1) = pysy(3,0,1)(1 — 2z3). This enables us to compute the marginal psxy in terms
of entries of table I and z; : ¢ = 0,1, --- , 7. This marginal must satisfy conditions 1) and 2) which implies that the

last two columns of table III are equal.

psyx(0,0,0) = (1—€)(1—0)[Bozo+ Prz1 + Bazz + P3zs] = (1 —7)(1 —€)(1 —9) (88)
psyx(0,0,1) = (1—¢€)(1—0)[1— Bozo — 121 — Baza — Pz3) = 7(1 —€)d

psyx(0,1,0) = (1—¢€)0[y020+7121 + Y222 +7v323) = (1 —7)(1 — €)d (89)
psyx(0,1,1) = (1—€)f[l -2 — 7121 — 7222 — y323] = 7(1 — €)(1 = 9)

psyx(1,0,0) = €0[Boza + Bizs + Baze + Pszr] = (1 — 7)ed (90)
psyx(1,0,1) = €b[l— Bozs — P25 — Bazg — Pyzr] = Te(1 = 6)

psyx(1,1,0) = €(1—=10)[y0za + 7125 + V226 + V327] = (1 — 7)e(1 = 6) on
psyx(L,1,1) = €1 =0)[1 =102 — 7125 — 2% — Y327] = T€d

2lWith probability 1
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SYX PSY X
000 (1 —¢€)(1 —0)[Bozo + Brz1 + B2z + B3z3] 1-7)(1-e(1-9)
001 | (1—¢)(1—0)[1~— Bozo— Piz1 — Paza — B3zs] (1 —€)s
010 (1 —€)f[v020 + 7121 + Y222 + V323] 1=7)1—¢€)
011 (1 —¢€)0[1 —v20 — 121 — Y222 — V323] T(1—€)(1—9)
100 €0 [Boza + B125 + B2z6 + B327] (1—7)eb
101 €6 [1 — Bozs — P125 — Paze — B327] Te(1—6)
110 €(1 — 0) [yoza + 7125 + 226 + V327] (1—7)e(1 —6)
111 €(1 —0)[1 —~yoza —v125 — V226 — ¥327] T€ed

TABLE IIT

ENFORCING CONDITIONS 1) AND 2) FOR psxy

Since € ¢ {0,1}, (88),(91) imply

Bozo + Brz1 + Paza + B3zz = Yoza + 1125 + 226 + Y327 =1 Y1
Similarly (89),(90) imply

Yozo + Y121 + Y222 + Y323 = Poza + Si2zs + Baze + Pazr =1 2

We now argue there exists no choice of values for z; : ¢ = 0,1---,7. Towards that end, we make a couple of
observations. Firstly, we argue v # 1)9. Since € # 1 and 6 € (0, 1), we have ¢ = % and 1y = %
from (88) and (89) respectively. Equating 1 and 15, we obtain either 7 = 1 or 7 = 0 or § = % Since none
of the conditions hold, we conclude ¥, # 1. Secondly, one can verify that ¥; + ¥y — 1 = %. Since
§€(0,4),0 €(0,1) and 7 € (0,3), ¥1 + 12 > 1. We now eliminate the possible choices for z; : i = 0,1---,7
through the following cases. let m : = |{i € {0,1,2,3}:2; =1} and l: = |{i € {4,5,6,7} : z; = 1}|.

Case 1: All of zg, 21, 22, z3 or all of z4, z5, 26, 27 are equal to 0, i.e., m = 0 or [ = 0. This implies ; = ¥ =0
contradicting 91 # .

Case 2: All of zg, 21, 22,23 or all of z4, 25, 26, 27 are equal to 1, i.e., m = 4 or | = 4. This implies ¥; = 13 =1
contradicting 1, # .

Cases 1 and 2 imply m,! € {1,2,3}.

Case 3: m = [ = 3. If i1, i9, i3 are distinct indices in {0, 1,2, 3} such that z;, = z;, = z;, = 1, then one among
iy +4, Zig+4; Zig+a has to be 0. Else 1 = B;, + 85, +Bi; and ¥o = Bi, 25, ya+Biy 2ig+a+Bis Zigva = Biy +Bi, +Bis =
11 contradicting 17 # 5. Let us consider the case zg = 21 = 23 = 1, 23 = 24 = 0 and z5 = 26 = 27 = 1. Table
IV tabulates pysxy for this case. We have ¢; = By + 1+ 82 = 71 +72 + 3 or equivalently ¢; = 1—f3 =1—g
and ¥2 = v0 + 71 + 72 = B1 + B2 + B3 or equivalently ¢ =1 — 3 = 1 — So. These imply 73 = Bo, 70 = B3
which further imply 1 +v2 = 81 + f2 (since 1 = vy +v1 + 72 + 73 = Bo + B1 + B2+ 03). From table IV, one can



UXSY PUXSY UXSY PUXSY
0000 | (1—€)(1—6)Bo | 2000 | (1—e€)(1—6)B2
0001 (1— €685 2001 (1 - €)8v2
0110 €050 2010 €055
0111 e(1—0)Bs 2011 e(1—0)y2
1000 | (1—e€)(1—6)31 | 3100 | (1—e)(1—0)Bs
1001 (1—€)oy 3101 (1—€)0Bo
1010 e 3010 683
1011 e(1—0)m 3011 e(1—0)8o

TABLE IV
PUXSY

UXSY PUXSY UXSY PUXSY
0000 | (1—e€)(1—0)Bo | 2000 | (1—e)(1—6)p2
0001 (1= €)8v0 2001 (1— )02
0110 080 2010 082
0111 e(1—0)v 2011 e(1 —0)v2
1000 | (L—e)(1—0)81 | 3100 | (1—e)(1—6)8s
1001 (1— )b 3101 (1—€)bys
1110 e 3010 053
1111 e(1—0)m 3011 e(1—0)ys

TABLE V
PUXSY
verify
pU‘XSY(()'O’ 0,1) = (1*65893((;3_+jf+72) = 51+gg+53’

puxs(0]0,0) =

contradicting 1, + 12 > 1.

Case 4: m = 3,1 = 2. Let us assume zp = 21 = 29 = 2z = 27 =

From table V, one can verify

(1—6)Bo +0Ps

(1—=0)(Bo+ B1+ B2) +0(Bs + 71 +72)
The Markov chain U — (X, S) —Y implies py|x sy (0[0,0,1) = pyxs(0]0,0). Equating the right hand sides of the
above equations, we obtain (1 —80)(8y — 83)(B81 + B2) = 0. Since 6 # 0, 51 + B2 = 0 or By = B3. If Sy = B3, then
1— B3 =11 =y = 1 — By thus contradicting 1 # ¥s. If 51 + f2 = 0, then By + 53

1 implying ¥ + 2 =1

z5 = 0. We then have
1 = Bo+B1+B2 = y2+73 and ¢2 = Yo+ +72 = B2+ B3. Since fo+ 1+ P2 = 1—F3 and Yo +71+72 = 1—13,
we have 75 +v3 =1 — 83 and B3 + B3 = 1 — ~3 and therefore v = (5. Table V tabulates pysxy for this case.

1,23 = 24
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UXSY PUXSY UXSY PUXSY
0000 | (1—€e)(1—6)8o | 2100 | (1 —¢€)(1—06)B2
0001 (1 - €)bvo 2101 (1 - €)8v2
0110 €050 2010 €055
0111 e(1—0)v 2011 e(1 —0)v2
1000 | (1—e€)(1—6)31 | 3100 | (1—e)(1—0)Bs
1001 (1—€)oy 3101 (1—€)0v3
1010 e 3110 683
1011 e(l1—0)m 3111 e(1—0)v3
TABLE VI
PUXSY
— B2(1—€)6 — B2
pUlXSY(2|O’ 0, 1) T (1-€)0(B2t+v0+71) T B2+yoti?
B2
pU|XS(2|070) =

(1=0)(Bo+ B1) +0(v0 + 1) + B2

The Markov chain U — (X, S) — Y implies py|x sy (2[0,0,1) = py|xs(2[0,0). Equating the RHS of the above
equations, we obtain By + 81 = 7o +y1. This implies 32 + 53 = 2 +v3. However ¢9 = B2 + 3 and ¥1 = 2 + 73,
this contradicting ¥ # 1s.

Let us assume zg = 21 = 29 = 25 = 26 = 1 and 23 = z4 = z7 = 0. It can be verified that ¢ = 8o + 51 + B2 =
Y1 + 2 and ¥ = 9 + 71 + v2 = B1 + Po. This implies ¥ — 1y = By = —. Since Py and -y are non-negative,
Bo = o = 0 implying 11 — 1o = 0, contradicting 11 # 5.

Case 5: m = 3,1 = 1. Assume zg = z1 = 20 = 24 = 1, 23 = z5 = 2z = z7 = 0. It can be verified that
1 = Po+ B1+ P2 = 0 and ¥2 = v + 71 + 2 = So. Therefore ¥y — o = 1 + P2 and P2 — 1 = 11 + 2.
Since f3;,7; : ¢ € {0,1,2,3} are non-negative, 1)1 — 1o > 0 and 5 — ¢y > 0 contradicting v # .

Assume 29 = 21 = 73 = 27 = 1 and 23 = 24 = 2z5 = 25 = 0. In this case, 1 = By + B1 + B2 = 73,
P2 =7 + 71 + 772 =1 — 3. We have 11 + 1o = 1 contradicting ¥1 + ¥y > 1.

Case 6: m = 2,1 = 2. Assume zg = 21 = z4 = 25 = 1, 29 = 23 = 2¢ = 27 = 0. Note that 11 = By + 1 = Y0+ 71>
1o = 70 +y1 = Bo + B1 contradicting ¥ # 3.

Assume zg =21 =2 =27 =1, 20 =23 =24 = 25 = 0. Note that 1 = 8o+ B1 =2+ 73, Yo =Y +71 =
B2 + B3 contradicting 1, + 19 > 1.

Assume 29 = 21 = 25 =26 = 1, 20 = 23 = 24 = 27 = 0. Note that ¢, = Bg + 51 =71 + 72, Y2 = Y9 + 71 =
51 + B2 and therefore 8o + B3 = v + 73 and By + B3 = ¥2 + 7v3. We observe

1 — 2 = Bo — B2 =72 — Yo- (92)

PMF pyx sy is tabulated in VI for this case. Table VI enables us to compute conditional PMF py;| x sy which

is tabulated in table VII. Markov chain U — (X, S) — Y implies columns 2 and 4 of table VII are identical. This
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UXSY | pyixsy | UXSY | pyjxsy
0000 Eﬁ’ﬁl 0001 —I
0110 ﬂofiioﬁs 0111 2
1000 | 2 1001 T
1010 zsfﬁ,ez 1011 T
2100 Effﬁa 2101 T
20]0 ﬂl%ﬁ? 201 1 71?72
3100 | 5P 3101 =
3110 ﬁff,eg 3111 T

TABLE VII
PU|XSY

implies

Bo @ Po+ B )P P2 Pat Pz @) P

, , and — = = —, (93)
Yo Yo + M1 Y172 Y2+ 3 Y3 Yo Yo + 3 3

where (a),(b),(c),(d) in (93) is obtained by equating rows 1, 3, 5, 7 of columns 2 and 4 respectively and (e) and (f)

in (93) are obtained by equating rows 2 and 8 of columns 2 and 4 respectively. (93), enables us to conclude

bo_Bi_Be_fs
Yo M 72 73
Since By + B1+ B2+ B3 =y +71 + 72+ 73 = 1, we have §; = ~; for each i € {0,1,2,3} which yields 11 = 1o

in (92) contradicting 11 # 2.

Case 7: m = 2,1 = 1. Assume 20 = 21 = 24 = 1,20 = 23 = 25 = 26 = 27 = 0. Note that 1 = o + 1 =
Y0, %2 = Yo + v1 = Bo and hence ¢ — o = B1 and 3 — ;1 = ~;. Since y; and 5 are non-negative, we have
b1 = 1y contradicting ¥ # s.

Assume zg = 21 = 27 = 1,20 = 23 = 24 = 25 = 26 = 0. Note that 11 = By + 1 = v3,%2 =0 + 71 = B3 and
hence 1 + 12 = B + B1 + B3 < 1 contradicting 11 + ¢ > 1.
Case 6: m = 1,1 = 1. Assume zg = 24 = 1,21 = 20 = 23 = 25 = 26 = 27 = 0. Note that ¢y = By = v0,%2 =
~o = Bo, thus contradicting 11 # 2.

Assume 29 = 25 = 1,21 = 29 = 23 = 24 = 26 = 27 = 0. Note that Y = 8y = 71,%2 = vy = (1, and hence

1 + o = By + B1 < 1, thus contradicting ¥ + 1o > 1. |

APPENDIX F

PROOF OF LEMMA 6

Since A—B—Y and AB— X —Y are Markov chains, to prove A— B— XY is a Markov chain, it suffices to prove

A — B — X is a Markov chain. We therefore need to prove px 4| g(Tx, ailb;) = px|5(2r|bj)pajB(a:|b;) for every
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AXY | paxy|B(51b5) | AXY | paxy B(so-lb;) | AXY | paxy|B(,-1b5) | AXY | paxy (- -|b5)
a;00 xi(1—n) a;01 Xi7 a;10 (e = xi)n a1l | (a; —x:)(1—mn)

TABLE VIII

paxy|B(s s [b5)

(zk, ai,b;5) € {0,1} x A x B such that pp(b;) > 0. It suffices to prove px 45(0, a;|b;) = px|5(0/b;)pa p(ailb;)
for every (a;,b;) € A x B such that pg(b;) > 0.2

Fix a b; for which pp(b;) > 0. Let pajp(ailb;) = a; for each i € N and px4|5(0,a;/b;) = x; for each
(i,7) € N x N. It can be verified pxy 45(:,,-|b;) is as in table VIIL. From table VIII, we infer p4y|5(ai0[b;) =
Xi(L —n) + (@ — xi)n = ain + xi(1 — 2n). From the Markov chain A — B — Y, we have pay|p(a;0|b;) =
paB(ailb;)py p(0]b;) = aipy|p(0]b;). Therefore, a;py|p(0b;) = a;n + xi(1 — 2n). Since 1 — 2n # 0, we

substitute for y; and «; in terms of their definitions to conclude

leB(O|bj) - pY\B(O\bj)—W
px (0, ailbj) = xi = ;i - W :pA\B(a“bi)W'
Since Py O0b;)—n is independent of 7 and b; was an arbitrary element in B that satisfies p(b;) > 0, we have

1-2n
established Markov chain A — B — X.

APPENDIX G

UPPER BOUND ON MARTON’S CODING TECHNIQUE FOR EXAMPLE 2

We begin with a characterization of a test channel powyy xy for which (R1, hy(72 % d2) — hy(82), he (73 % d3) —
hy(83)) € aw (powuyxy). Since independent information needs to be communicated to users 2 and 3 at their
respective PTP capacities, it is expected that their codebooks are not precoded for each other’s signal, and moreover
none of users 2 and 3 decode a part of the other users’ signal. The following lemma establishes this. We remind
the reader that X; X9 X3 = X denote the three binary digits at the input.

Lemma 14: 1If there exists a test channel powyvxy € D4 (7) and nonnegative numbers K;, S;;, Kij, Lij, Si, T;
that satisfy (1)-(11) for each triple (4,7, k) € {(1,2,3),(2,3,1),(3,1,2)} such that Ry = Ko+ Koz + L1a+ T2 =
hy (T2 % 62) — hy(62), R = K3 + K31 + Los + T35 = hy(73 * 03) — hy(03), then

1) K1 =Ky =Ks= K3 = Loy =Kig=1L3 =5 =53=0and I(U31 V1 V3; Y| QW U23U12V>2) = 0,

2) Sz1 = 1(Us1; Us|QW), S12 = I(Ur2; U23|QW), Sa3 = I(Ur2; Us1|QW Uaz) = 0,

3) I(VaUi2; VaUs31|QWUss) = 0, I(WU,s; Y;|Q) = 0: j = 2,3, 1(VaU2; Y2|QWUaz) = hy(72 * d2) — hp(d2)

and I(V3Us1;Y3|QWUas) = hp(73 * d3) — hp(d3), pXj|QWU23(1\q,w,u23) =7, for j =2,3.

4) (V3,X3,V1,Us1) — (QWU3U12V2) — (X, Y2), (Va2, Xo, Vi, Ur2) — (QWU23Us1V3) — (X3,Y3) and Vi —

QWUV,V3 — X5 X5 are Markov chains,

Indeed, px a|p (1, ailb;) = pa|p(ailb;) — px ajp(0,ailb;) = pajp(ailbj)(1 — px|p(0b;)) = pa s (ailbj)px 5 (1]b;).



47

5) Xo — QWU2Us3U31 — X3 is a Markov chain,

6) U12 — QWU23U31 — X3 and U31 — QWU23U12 — X2 are Markov chains.
The proof of this lemma is similar to that of lemma 5 and is therefore omitted. Lemma 14 enables us to simplify
the bounds (1)-(11) for the particular test channel under consideration. The following bounds may be verified.
If (Rq,hy(72 * 02) — hy(d2), ho(T3 * d3) — hp(03)) € aa (powuvxy), then there exists nonnegative numbers
Sl7T17 L12, K31 that satisfy R1 = T1, R2 = L12+T2 = hb(TQ*éQ) —hb((52)7 Rg = K31 +T3 = hb(’]’g*(sg) —hb(53),
S1 > I(Vi; UssVaVs|QWU192Usy ),  Th+ 51 < I(V1; Y1|QWU12Us:) 94)
Lip + K31 +T1 + S1 < I(Ui2; U1 | QW) — I(Uaz; Ur2|QW) + I(ViU12U31; Y11QW) — 1(Uzs; Us1 QW )(95)
0 < Ty < I(Vo; Yo |QWU12Us3),  hy(02 % T2) — hp(d2) = To + Lio = I(U12Va; Y| QW Uss) (96)
0 < T3 < I(V3;Y3|QWU31Us3), (93 % 73) — h(63) = T3 + K31 = I(U31V3; Y3|QW Uss). o7

Following arguments similar to section VII, we obtain

Ry < I(V1;Y1Uas|QWU12Us1) — I(Vh; UasVaVa| QW U12Us1 ) = I(Vi; Y| QWU) — I(Ve; VoV |QWTU), (98)
Ry <I(Vi; YA |QWU)—I(Vi; VaVa|QWU)+1(U12Usy; Y1|QW Uag) — I (Uia; Yo| QW Ua3) — I (Usy; Y3| QW Uas), (99)
R+ Ry + Ry < I(Va; Y2 |QWU12Uss) + I(V3; Y| QW Us1Us3) + 1(Ur2; Us1 [QW) — I(Uas; Ur2| QW)
+I(ViU12Us1; Y1|QW) — I(Uasz; Us1 [QWX100)
The bound (100) is obtained by (i) adding bounds (95) and the bounds on 75 and 735 present in (96) and (97)

respectively, and (ii) identifying T + L12 = Ro,T5 + K31 = R3,7T1 = R; and (iii) employing the lower bound on
S1 found in (94). Combining (98) and (99), we have

0, I(U12U31; Y1|QWUa3) — I(Uia; Yo | QWU
Ry < 1(Vi ValQWD) — I(Vis VoV QW) amin {01120 QW) = T2l QW) L
—1(Us1; Y3|QWUaz)

From (98) and the Markov chain V; — QWUV,V3 — X5 X3 proved in lemma 14, it can be verified that

Ry < I(VisYh|QWU) — I(Vi; V2V3|QWU) = I(Vi; YA|QWU) — I(Vi; VaVa Xo X5 |QWU) - (102)
< I(Vina|QWU) — I(Vi; Xo, X3|QWU) < I(Vi; YA|QWU) — I(Vi; Xo v X5|QWU)  (103)
< IV Y1, Xo V XG[QWU) — I(Vi; Xo V X5|QWU) = I(Vi; V1|QWU, X V X3)
< H(X1®M|QW,U, XV X3) — hy(d1) < hp(71 % 1) — hp(01) (104)

with equality above if and only if px,|Qw.u,x,vx,(1l¢, w,u,z) = 7 and px,vx,Qwu(zlg,w,uw) € {0,1}
for all (g, w,u,x) with positive probability. Note that this follows from lemma 7. Using (100), we now show that
H(V2|QWUy3U12) > 0 or H(V3|QWUs3Us1) > 0. We prove this by contradiction. Suppose H (Va|QW Ua3Us2) =
H(V3|QWUs3Us1) = 0, then one can substitute this in the right hand side of (100) to obtain the same to be
hy(m1 % B) — hp(61). The left hand side of (100) being Ry + R2 + Rs, this condition violates the hypothesis (30)
if Rj = hy(6; % 7;) — hy(6;). We therefore have H(Va2|QW Uz3U12) > 0 or H(V3|QWUa3Usy) > 0.
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Using the Markov chains U31 - QWU23U12 - ‘/2, U12 - QWUQgUgl - Vg, QWU23 - Ulg‘/g - }/2, QWU23 -
Us1Vs — Y3, QWUVe — X5 —Ys and QWUV3 — X3 — Y3 proved in lemma 14 and standard information theoretic

arguments®, it can be verified that H (X, V X3|Q, W, U) > 0. Referring back to the condition for equality in the
inequalities (103) -(104), we conclude Ry < hy(11 * d1) — hy(1).

We now appeal to the bound (103) containing the rate loss. Clearly lemma 7 proves that the above condition

implies Ry < hy(7 % 01) — hp(d1). This concludes the proof.
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