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Abstract

This paper gives optimal algorithms for determining real-
valued univariateunimodal regressions, that is, for determin-
ing the optimal regression which is increasing and then de-
creasing. Such regressionsarise in a wide variety of applica-
tions. They areshape-constrainednonparametric regressions,
closely related to isotonic regression. For unimodal regres-
sion on � weighted points our algorithm for the

���

metric
requires only ���

��� time, while for the
�
	

metric it requires
���

����
������ time. For unweighted pointsour algorithm for the
���

metric also requiresonly ���

��� time. Previousalgorithms
werefor the

���

metric and required ���

�

�

� time. Al l previous
algorithmsused multiplecalls to isotonic regression, and our
major contribution is to organize these into a pre� x isotonic
regression, determining theregression on all initial segments.
The pre� x approach reduces the total time required by uti-
lizing the solution for one initial segment to solve the next.

Keywords and phrases: unimodal regression, umbrella or-
dering, isotonic regression, monotonic, median, minimax,
least squares, pre� x operation, scan, persistent datastructure,
pool adjacent violators(PAV)

1 Introduction

Given � univariatereal datavalues �����������������

� with nonnega-
tivereal weights �
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isotonic regression of thedata is the
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subject to the increasing isotonic constraint that
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Note that thevaluesaremerely required to benondecreasing,
rather than strictly increasing. The

��:

unimodal regression
of the data is the set <=���

�
�W> �

�

�
?

�� X"��&$%$&$'�

�BA that minimizes

Equation (1) subject to the unimodal constraint that there is
an YZ0[<W"��%$&$&$&�

�BA such that
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JU> �

� *&*&*

J\> ��]_^U> ��]�`

	 *%*&*

^V> � - �

i.e., such that <a> �
�

A is increasing isotonic on "�$%$&$�Y and de-
creasing isotonic on YX$&$&$

� . Theunimodal constraint isalso
known as umbrella ordering, and isotonic regression is also
knownasmonotonicregression. Notethat thevaluesof the �

�

areirrelevant, and thuswesimplify notation by taking �H�! b� .
By theerror of a regression wemean thequantity in Equa-

tion (1). In the algorithms the value called error is actually
the /dcfe power of this quantity in order to simplify calcula-
tions.

Both isotonic regression and unimodal regression are ex-
amples of nonparametric shape-constrained regression. Our
interest in ef� cient unimodal regression was motivated by its
repeated use in dose-responseproblemswith competing fail-
uremodes[7], but moregenerally such regressionsareof use
in awiderangeof applicationswhen thereisprior knowledge
about theshapeof aresponsefunction but no assumption of a
parametric form. See, for example, thereferencesin [10, 19].

In Section 2 weexaminepreviouswork on theproblem of
determining unimodal regression, all of which was for

���

re-
gression. The previously published algorithms required time
that ranged from ���

�

�

� to ���

��g

-

� . In Section3 weintroduce
the notion of pre� x isotonic regression, and in Sections 3.1
through 3.3 we develop algorithms for the

�@�

,
�@	

, and un-
weighted

�
�

versions of this problem, taking time ���

��� ,
���

����
������ , and ���

��� , respectively. In Section 3.4 we ex-
aminetheslightly different problem of determining thevalue
at �

� of the isotonic regression on the � rst Y values. Sec-
tion 4 containsan immediatecorollary of theresultson pre� x
isotonic regression, namely that unimodal regression can be
computed in thesametimebounds. Section 5 concludeswith
some � nal remarks.

Throughout, we assume that the data is given in order of
increasing �.� values. If the data is not so ordered, then an
initial sorting step, taking ���

���R
5����� time, isneeded.



Figure1:
� �

Increasing Isotonic Regression

< mode: location of mode of best unimodal � t A

do hi #"��

�

errorl( � ) = error increasing iso regres( �

	

. . . � � )
errorr( � ) = error decreasing iso regres( �

� . . . �j- )
enddo

mode= Nlk��mMon�p

< errorl( � )+errorr( �jqb" ): "KJr��J

�BA

Figure2: Best PreviousUnimodal Regression Algorithm

2 Previous Work

Isotonic regression does not yield a smooth curve, but rather
acollection of level setswheretheregression isconstant. For
example, Figure 1 shows the

�
�

increasing isotonic regres-
sion of a set of data with equal weights, where circles rep-
resent data points and lines represent level sets, with a � lled
circle representing a datapoint which isalso a level set.

It is well-known that the
�@�

increasing isotonic regres-
sion can be determined in ���

��� time. Apparently all pub-
lished algorithmsuse the “pair adjacent violators” (PAV) ap-
proach [2]. In this approach, initially each data value is
viewed as a level set. At each step, if there are two adjacent
level sets that are out of order (i.e., the left level set is above
theright one) then thesetsarecombinedand theweighted

�
�

mean of the data values becomes the value of the new level
set. It can beshown that no matter what order isused to com-
bine level sets, once there are no level sets out of order the
correct answer has been produced [15]. The PAV approach
also producesthecorrect results for

�
	

and
���

.
Apparently all previous work on unimodal regression has

concentratedon
���

regression, though thebasic approachcan
be applied to arbitrary metrics. Previous researchers solved
the problem by trying each possible � as the location of the
maximum, where the smallest error attained corresponds to
thesolution of the problem.

Testing each new value of � involved new calls to proce-
duresto determineisotonic � ts. Thefastest and most straight-
forward approach, used in [5, 6, 9, 13, 18] and given in Fig-

Figure3: DataValueswith NonuniqueMode

ure 2, � ts an increasing curve to the values corresponding to
�

	

$&$%$��j� and a decreasing curve to the values corresponding
to �.�,$%$&$�� - . Since

���

isotonic regression of Y pointscan be
determined in ���fY

� time, thisapproach takes ���

�

�

� time.
A somewhat different approach was used by Pan in [10].

He noted that for any unimodal function, the values on both
sides of the maximum can be rearranged into a single de-
creasing sequence. For example, if �

 ts and if �Hu is
the location of the maximum, then the remaining values
could be in the decreasing order corresponding to one of the
sequences �f�

�

���

	

���dvW�w�.x

� , �f�

�

�w�jv��w�
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�
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� , or ���
v

�w�
x

�w�

�

���

	

� . For
each such sequence he determined the isotonic regression,
and theonewith minimal error wastheonethat corresponded
to the best unimodal � t with �

u as maximum. Varying �

through all possible locations of the maximum would then
give the globally best � t.

By combining them into asingleorder, instead of utilizing
the fact that the best regression on each side is independent
of the other side, the number of isotonic regressionsrequired
by [10] was far greater than those used by others. It can be
shown that exactly g

-=y

	

isotonic regressions are required in
total, and thus the time of this approach is ���

��g

-

� . This is
substantially worse than the approach in Figure2, and is fea-
sible for only small valuesof � .

In general, themodeof thebest unimodal � t isnot unique.
For example, if the weighted data values are as in Figure 3,
then for any norm, one optimal unimodal � t has the leftmost
point as mode and the mean of the other two as a level set,
whileanother optimal � t usesalevel set on thetwo left points
and the rightmost point as mode. Al l of the previously pub-
lished algorithms, and the ones herein, can locate all of the
modes that correspond to best � ts, and somesecondary crite-
ria could beapplied to select among them. Thealgorithmsin
this paper do not apply such criteria, but the modi� cationsto
do so arestraightforward.

Despite the nonuniqueness of the optimum, it is easy to
show that for any

�;:

metric with /

(

6 , for any optimum
mode �.] , the value at �.] of its optimum � t is the original
data value �5] . It is also easy to see that the increasing iso-
tonic regression on �

	

$&$%$w�.] has value �5] at �j] , as does
the decreasing isotonic regression on �H]z$%$&$��

- , and thus the
error of the unimodal regression is the sum of the errors of
these two regressions. Figure 4 shows a unimodal regression
whereall of thedata pointshaveequal weights.

2



Figure4: A Unimodal Regression

3 Pre� x Isotonic Regression

By determining an isotonic regression we mean determining
theerror of the regression and theextentsand regression val-
uesof thelevel sets. Given � real-valuedweighteddatavalues

<W�f�
�

�w�
�

�w�
�

�{?

"iJb��J

�BA with nonnegativereal weights �
� ,

and given ametric | on thereals, let Iso] denotethe | pre� x
isotonic regression on <=���

�
���

�
���

�

�}?

"9J~�•J€Y

A . The |

pre� x isotonic regression problemisto determineIso ] for all
"KJzY•J

� .
Note that pre� x isotonic regression determines exactly

the set of increasing isotonic regression problems examined
by [5, 6, 9, 13, 18]. However, the critical observation is that
determining all of them should be approached as a single in-
tegrated problem, rather than merely asacollection of callsto
subroutinesto solveeach subproblem. Pre� x operations, also
called scan operations, are utilized as building blocks for a
variety of ef� cient algorithms. In parallel computing, pre� x
operationsare also known as parallel pre� x operationssince
often all valuescan bedetermined concurrently.

The basic pre� x isotonic regression algorithm is given in
Figure 5. The outermost loop on � goes through the points in
increasing indexing order, adding them to the previous so-
lution. The loop invariant is that at the start of the loop,
Iso�

y

	

has been determined. In right to left order, it consists
of the level set containing points with indices in the interval
[left �f�

G
"

� , �
G

" ], with valuemean ���
G

"

� , the level set con-
taining pointswith indicesin theinterval [left � left ���

G
"

�

G
"

� ,
left �f�

G
"

�

G
" ], with value mean � left ���

G
"

�

G
"

� , the level
set containing with indices [left � left � left ���

G
"

�

G
"

�

G
"

� ,
left � left ���

G
"

�

G
"

�

G
" ] with value mean � left � left ���

G
"

�

G

"

�

G
"

� , and so on. Further, the error of this regression is
error ���

G
"

� .
If thevalueof thenew point, �

� , isgreater than themean of
thelevel set containing �

�
y

	

, then Iso� is Iso�
y

	

unioned with
a new level set consisting only of �

� with value �
� . However,

if �
� is less than or equal to the mean of the level set contain-

ing �
�

y

	

, then they areout of order and must bemerged. This
new merged level set is then compared to the level set to its
left. If they are in order, i.e., if the mean of the left level set
is less than the mean of the right level set, then the process
isdone, while if their meansareout of order they aremerged

< left( � ): left endpoint of level set containing �.�

A

< mean( � ): mean value of level set containing ���

A

< error( � ): error of increasing isotonic regression on
�

	

. . . �j�

A

mean(0) = G 6

left(0) = 0
error(0) = 0
do �B #"��

�

initialize level set of �

mean( � ) = � �

left( � ) = �

while mean( � ) J mean(left( � )-1) do
merge level set of left( � )-1 into level set of �

left( � ) = left(left( � )-1)
endwhile
levelerror = weighted error of mean( � ) to

��� left ‚

��ƒ

�w� left ‚

�Rƒ

�

�a$%$&$%�f�����w�
�

�

error( � ) = levelerror q error(left( � )-1)
enddo

Figure5: Pre� x Isotonic Regression

and the process of comparing to the left is repeated. This is
accomplished in the while-loop. The fact that this merging
process correctly determines Iso� follows immediately from
thePAV property mentioned in Section 2.

Af ter the algorithm in Figure5 hascompleted, for any in-
dex Y , "�JrYZJ

� , Iso] haserror error ��Y

� and its level sets
can be recovered in ���…„

� time from the values stored in left
and mean, where „ is the number of level sets. Therecovery
proceeds exactly as above, in right-to-left order. Note that
when thepoint at index � is added, only the left �f�

� , mean ���

� ,
and error ���

� entries are updated, with the earlier entries un-
changedsincevaluesfor other indiceswithin themerged level
set will never be referred to again. The left, mean, and
error arrays form a persistent data structure, allowing one
to rapidly recreate the intermediateregressions.

To apply thealgorithm in Figure5 to aspeci� c metric, one
needsto determinehow to do theoperationsinsidethewhile-
loop, i.e., how to determinethemean and error of themerged
level sets. As will be shown in Sections 3.1, 3.2 and 3.3,
ef� ciently implementing these operations depends upon the
metric.

Observation: If the operations of determining the
mean and error in the while-loop can be accom-
plished in †o�D‡B�

����� time for an increasing function
‡ , then the algorithm requires only †o�

�

*

‡B�

�����

time. This is because the total number of iterations
of the while-loop can be at most �

G
" . This may

not beobvioussincethewhile-loopmay beiterated

3



< sumwy( � ): weighted sum of values in ��� 's level set A

< sumwy2( � ): weighted sum of squares of values in ��� 's
level set A

< sumw( � ): sum of weights of �.� 's level set A

to initialize level set of � :
sumwy( � ) = � �

*

� �

sumwy2( � ) = � �

*

�

�

�

sumw( � ) = � �

to merge level set of ˆ into level set of � :
sumwy( � ) = sumwy( � ) q sumwy(̂ )
sumwy2( � ) = sumwy2( � ) q sumwy2(̂ )
sumw( � ) = sumw( � ) q sumw(̂ )
mean( � ) = sumwy( � )/sumw( � )

levelerror = sumwy2( � ) G sumwy( � )
�

/sumw( � )

Figure6: Modi� cationsfor
�

�

Regression

���

��� times for a single value of � , and the loop is
encountered � times. However, every timethe loop
is iterated, two disjoint nonempty level sets have
been merged. Onecan view the dataset as initially
being � disjoint sets, and these can be merged at
most �

G
" times. Al l of theother operationswithin

thewhile-loop take constant time per iteration, and
the operations outside the while-loop take a con-
stant timeper iteration of � .

Noticethat if onedeterminesthemean and error functions
for a level set by just calling a function to compute them,
given all theelements, then it will take ���fY

� timefor aset of
size Y , and it is easy to see that this would require the algo-
rithm to take ���

�

�

� total time in the worst case. To achieve
better results, one needs to utilize previous calculations for
the level sets to aid in the calculations for the newly merged
sets. Techniquesto do thisdepend upon themetric.

3.1 ‰‹Š Pre� x Isotonic Regression

To apply the pre� x isotonic regression algorithm to the
���

metric, one needs procedures for determining the mean and
error of the

�
�

level sets. Fortunately, it iswell knownthat the
algebraic propertiesof thismetric makethisa simple task, as
is shown in Figure 6. These operations requireonly constant
time, and hence by the Observation the algorithm takes only

���

��� time.

< miny( � ): minimum value in �.� 's level set A

< maxy( � ): maximum value in �.� 's level set A

to initialize level set of � :
miny( � ) = �5�

maxy( � ) = � �

to merge level set of ˆ into level set of � :
miny( � ) = min < miny( � ), miny(̂ ) A

maxy( � ) = max < maxy( � ), maxy(̂ ) A

mean( � ) = [miny( � )+maxy( � )]/2

levelerror = (maxy( � ) G miny( � ))/2
error( � ) = max < error(left( � )-1), levelerror A

Figure7: Modi� cationsfor Unweighted
� �

Regression

3.2 ‰iŒ Pre� x Isotonic Regression

Ef� cient algorithms for weighted
�

�

isotonic regression
are rather complicated, see [8], so here we only consider
the case where all of the weights are 1. The weighted
case is considered in [17]. The unweighted

�
�

mean of
values <•�

	

�&$&$%$'�w�WŽ

A is �f�l•;• ‘’q€�l•;“w”

��•lg , where �l•;• ‘– 

MonRp

<%�

	

�&$&$%$'�w�WŽ

A and ��•;“w” is de� ned similarly. The error of
using thismean is ���

•;“�”

G
�

•;• ‘

��•�g .
Thesimplistic natureof the

���

mean and error makesthe
isotonic regression particularly easy. We introduce functions
maxy and miny, as shown in Figure 7, where maxy ���

� is
the maximum, and miny ���

� is the minimum, of the � values
in the level set containing � . These operations take only con-
stant time, and henceby theObservation thetotal timeisonly

���

��� .
While theregression determined by Figure7 isquitenatu-

ral, it is not the only optimal
�

�

regression. For example, if
thedatavaluesare(1, 4, 2, 6), then thealgorithmwill produce
the � tted values (1, 3, 3, 6), with error 1. However, another
solution with the same error is (0, 3, 3, 7), and there are in-
� nitely many solutions with optimal error. It is easy to see
that thesolution found herehastheproperty that if a level set

�

with value � is created on indices �j$%$&$—ˆ , then
�

is an op-
timal

�@�

isotonic regression on the values for those indices.
In some applications one may prefer to specify a criterion
to select among the optimal regressions, though it is usually
dif� cult to achieve a given criterion for all pre� x regressions
without substantially moretimeand revisionsfrom onepre� x
to the next.

3.3 ‰o˜ Pre� x Isotonic Regression

Weighted
�

	

regression is more complex than the previous
metrics. Given a weighted set of values, their

�
	

mean is the

4



weighted median. Weighted medians are not always unique,
so for simplicity we utilize the smallest such value. In an
application onemight wish to add secondary criteriato deter-
minewhich weighted median to use.

While it is well-known that onecan determinea weighted
median in time linear in the number of values, a naive ap-
proach based on this would only yield an algorithm taking

���

�

�

� time. Unfortunately there are no algebraic identities
which easily allow one to reuse calculations when merging
level sets, so a more complicated approach is needed. A

���

����
������ algorithm is presented in [1], but its use of scal-
ing does not seem to translate into an ef� cient algorithm for
the pre� x problem. The author presented a pre� x algorithm
in [16], but the following ismuch simpler and can beapplied
in moregeneral settings.

For a level set corresponding to (value,weight) pairs
<W�f�š™l�w��™

�

�%���Q™�`

	

����™�`

	

�

�&$%$&$&�•�������w�
�

�7A , create a red-black
tree › containing �

G
ˆœq•" nodes which have as keys the

values, i.e., the tree is ordered by the values. Red-black trees
arenot required, and almost any other balanced treestructure
could beused (AVL, height-balanced, weight-balanced, etc.).
If / is a nodeof the tree, then /�$ ž represents thevalue it con-
tains, and /Ÿ$   the value's associated weight. Each node also
hasadditional � elds:

/�$ ¡�¢

M

   £ ¤=$  

/Ÿ$ ¡�¢

M

 
ž  
£

¤=$  

*

¤=$ ž

where the sums are over all nodes ¤ in the subtree rooted at
/ . Given › , an easy top-down path traversal using /Ÿ$ ¡�¢

M

 

can determinea weighted median in time linear in the height
of the tree, i.e., in ���f�

G
ˆ

� time. Search treeswith additional
� elds such as /Ÿ$ ¡�¢

M

  and /Ÿ$ ¡�¢

M

 
ž are sometimes called
augmented trees and are often used for dynamic order statis-
ticssuch as this.

To determine the error of the regression on a level set, let
Y be a weighted median. Let ¥z¦ ( ¥¨§ ) be the sum of all
weights corresponding to values less than (greater than) Y ,
and ¥ª©�¦ ( ¥ª©�§ ) be the sum of all �

*

� products corre-
sponding to values less than (greater than) Y . The error of
the regression is

¥ª©a§
G

Y

*

¥¨§«q¨Y

*

¥9¦
G

¥ª©a¦

Once Y has been determined, another top-down path
traversal involving /Ÿ$ ¡�¢

M

  and /�$ ¡w¢

M

 
ž can be used to de-
termine ¥¨¦ , ¥9§ , ¥ª©�¦ , and ¥ª©�§ in time linear in the
height of the tree, i.e. in ���

��
��m��� time. Analyzing the time
to do all tree mergers is a bit more delicate. A straightfor-
ward merger of trees of size ¬ and ­ , where ¬®^r­ , repeatedly
inserts the elements of the smaller tree into the larger, tak-
ing ����­

�R
5�

¬

� time, which would result in ���

���R
5�

�

��� worst-
case total time. However, the merge procedure in [3] takes

< root( � ): root of tree containing all � values in ��� 's level
set A

<�/ .y: the � value stored in node /

A

<�/ .w: the weight corresponding to / .y A

<�/ .sumw: sum of weights in / 's subtree A

<�/ .sumwy: sum of �

*

� in / 's subtree A

to initialize level set of � :
initialize tree( � ) to have single node, root
root.y = � �

root.w = � �

root.sumw = � �

root.sumwy = � �

*

� �

to merge level set of ˆ into level set of � :
merge tree(̂ ) and tree( � ), updating sumw and

sumv
� elds while merging

determine mean( � ) from tree( � )

determine levelerror from tree( � ) and mean( � )

Figure8: Modi� cationsfor
��	

Regression

����"Kq+­

*

�R
5�

�—¬

•

­

�w� time, and their results show that all of
the mergers can be done in ���

���R
5����� total time. Standard
extensions to their procedure allows one to maintain all of
the � eldsassociated with each nodewithout altering the time
required, and thus the total time is ���

����
������ time.
To helpunderstandwhy ���

����
��;��� timeisrequired, rather
than ���

��� , note that
�

	

pre� x isotonic regression is as hard
as sorting real values. To see this, let <%�

�

?

"1JX�iJ

�BA be
any set of real values, and let <%�j¯

�

?

"LJV�OJ

�BA represent
the same set in decreasing order. Let °V 

G
"iq

M�n�p

�
�

�

and ±1 ~"{q

MONQP

�l��� . Then for the weighted data sequence
�fhd�w±.�

�

q²"

� , �w"����

	

�%"

� , �

g

���

�

�%"

� , . . . �

�

���
-

�%"

� , �

�

q³"��w°!�

g5� ,
�

�

q

g

��°Ÿ�

g�� , . . . , �

gl�

qT"���°Ÿ�

g�� , the level set value at �

q²�

for the regression on indices h
$&$%$

�

q9� is �j¯

�

, for "iJ³��J

� ,
and thus determining these regressions will yield the values
in sorted order.

3.4 PointwiseEvaluation

There are other reasonable goals for pre� x isotonic regres-
sion. For example, one might want to determine Iso]

���

� for
"9J´YµJ

� and arbitrary � . One can do this in ���

�R
5�����

time by creating another persistent structure in the general
pre� x algorithm, adding only ���

��� time to the algorithm.
Note that if � isnot an abscissa of oneof thedatapoints then
the value of Iso]����

� is the interval [Iso]i���.�

� , Iso]®���.¶%`

	

)]
if �j�

(

�

(

�.�R`

	

, or �
G

6b��·�¡




]®�f�

	

�

8 if �

(

�

	

, or

5



1 2 43 5 6 7 8
3 5 5
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Figure9: CoverageTree
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� if �³¹#� - . Thus it suf� ces to be able to de-
termine Iso]

���
�

� for arbitrary index � . Note that given � one
can determinetheappropriate � in ���

�R
5����� time.
Thefollowing isasketch of theprocedure. Thedatastruc-

tureis illustrated in Figure9, wheretheleaf nodescorrespond
to the indices of the values. This tree is maintained in addi-
tion to the data structures in Figure 5. Let smallest(/ ) and
largest(/ ) denote the indices of the smallest and largest ele-
ments in the subtree with root / , and let cover(/ ) denote the
smallest ºz¹

��N�k��5»

¡w¼&�½/

� such that all indices beneath / are
contained in thesamelevel set in Iso¾ , i.e., they arecontained
in the level set containing Iso¾l�fº

� . Note that all elementsof /

are contained in the level set containing º in Iso ¿ , for ¬o^+º ,
and that ·�¡




]����

�

 V·�¡




¿š�D¬

� for the largest ¬ÀJÁY such that
the level set containing � was merged with the level set con-
taining ¬ . Let Â denote thisvalue.

Initially all nodes have an empty cover value. Whenever
a level set with indices in the interval 2 Ã.��Ä�8 is merged with
level set 2 ÅQ��Æl8 , Ä

(

Å , the node corresponding to Ä has
its cover value set to Æ . Let / denote this node and let

¤Ç ÉÈ

Nlk�»&p

¼%�4/

� . If 2 ¡

MONl���R»

¡�¼š�f¤

�

�

�ÊNlk���»

¡w¼%�—¤

�

8 is a subset
of 2 Ã.��Æ

� then set Ë


QÌ�»&k

�f¤

�

 ÍÆ , /V Í¤ , ¤T ÎÈ

Nlk�»&p

¼•�—¤

� ,
and repeat the process. If it is not a subset then stop
because no higher node can be newly covered. Note that ¤

could not have been previously covered. The values in the
nodes in Figure 9 are the cover values that would result if
during the pre� x construction with 8 data points, the level
sets were: 1: < 1 A ; 2: < 1 A

< 2 A ; 3: < 1 A

< 2,3 A ; 4: < 1 A

< 2,3 A

< 4 A ;
5: < 1 A

< 2,3,4,5 A ; 6: < 1 A

< 2,3,4,5,6 A ; 7: < 1 A

< 2,3,4,5,6 A

< 7 A ;
8: < 1 A

< 2,3,4,5,6 A

< 7,8 A

The total time to compute all cover values is ���

��� , since
whenever an upward path is being followed it does not use
any edge previously used, and there are only �

G
" edges in

the tree.
Thesecond loop in Figure10 showshow this tree is used.

By the end of the � rst loop / is the lowest node that hasboth
� and Â beneath it. To see that Â is beneath / , if � is in the
right subtree of / then the value of º when / was reached is

< Throughout, � was in º 's level set in Iso ¾

A

< R is the minimal index such that Iso ]����

� =Iso Ï
�fÂ

�¸A

/ = � 's node
º =cover( � )
while º�¹ largest element under / do

<•Â is in a subtree to the right of /

A

/ =parent of /

if cover(/ ) JrY then º =max <%º ,cover(/ ) A

¤ =right child of /

if cover( ¤ ) J²Y then º =max <•º ,cover( ¤ ) A

end while

while / not a leaf <•Â is in / 's subtree A

¤ =left child of /

if cover( ¤ ) J²Y then º =max <•º ,cover( ¤ ) A

/ =child of / containing º

end while

Iso ] ( � ) = Iso ¾ ( º ) = mean( º )

Figure10: Algorithm to DetermineIso] (i)

greater than largest(/ ) and the loop would havecontinued. If
� is in theleft subtreeand Â isnot beneath / then the level set
in IsoÏ��fÂ

� containing Â also contained all elements in the
right subtreeof / since they arebetween � and Â . Hence that
subtreeiscovered, so the loop would havecontinued because
thevalueof º would havebeen larger than largest(/ ).

A similar argument can be applied to the second loop,
showing that at all times Â will be under / . Note that this
does not say that Â is known when / is encountered, merely
that it is beneath / . Since / keepsdecreasing in height, even-
tually it isa leaf node, i.e., thenodecorresponding to Â .

Implementing this tree is quite straightforward. To store
the cover value of the leaf nodes use the array lcover[1: � ]
where lcover ���

� is the value of the node corresponding to � .
For the nonleaf nodes use the array tcover[1: �

G
" ]. Let � be

an index in 2R"��

�

G
"'8 and let Ð bethelargest power of 2 evenly

dividing � . Then tcover �f�

� stores the value of the node over
indices 2 �

G

g

Ž

qª"5�w�Ÿq

g

Ž

8 . It is easy to show that this is a
1–1 correspondencebetween elementsof tcover and nonleaf
nodes in the tree.

3.5 Time Required

Combining the algorithms in the previous sections gives the
following:

Theorem 1 Given weighted data <W�f�
�

���
�

���
�

�Ñ?

�Ò 

"��%$&$%$'�

�BA , the pre� x isotonic regression problem can be
solved in

6



Ó

���

��� timefor the
� �

metric,

Ó

���

��� timefor the
� �

metric with unweighted date,

Ó

���

�)��
��m��� timefor the
� 	

metric.

Further, given thissolution, for all "KJzYZJ

� ,

Ó In constant timeone can determine the error of, and in
����„

� timecan determine the level sets of, Iso] , where „

is thenumber of level sets.

Ó In ���

�R
5�

Y

� timeone can determine Iso]®�f�

� for arbi-
trary � .

Ô

Note that onecan also use the cover information to deter-
mine Iso y

	

]

�f�

� in ���

�R
5�

Y

� time.

4 Unimodal Regression

It is a very simple process to modify the algorithm in Fig-
ure 2 to utilize pre� x isotonic regression. The errorl values
arecalculated viaastandard pre� x increasing isotonic regres-
sion, and theerrorr valuesarecalculated viaapre� x increas-
ing isotonic regression going through the data in right-to-left
order. Thetimecomplexity of thisalgorithm isquitestraight-
forward, since its total time is dominated by the time to per-
form the isotonic regressions.

Theorem 2 Given weighted data <W�f�
�

���
�

���
�

�Ñ?

�Ò 

"��%$&$%$'�

�BA , their unimodal regression can bedetermined in

Ó

���

��� timefor
�

�

regression

Ó

���

��� timefor
�@�

regression on unweighted data

Ó

���

�)��
��m��� timefor
��	

regression.
Ô

As noted earlier, the optimum mode is not necessarily
unique. Thealgorithm in Figure2 merely selectsan arbitrary
mode among the optimal ones, but in some applications one
may want to apply secondary criteria to make this selection,
or to list all optimal modes.

5 Final Comments

It has been shown that the problem of determining the uni-
modal regression of a set of data can be optimally solved
by using an approach based on pre� x isotonic regression.
This approach is quite similar to that in [5, 6, 9, 13, 18], but

achieves greater ef� ciency by organizing the regression cal-
culations into a systematic pre� x calculation. It is also dra-
matically more ef� cient than the approach used in [10]. The
pre� x approach not only reduces the asymptotic time of uni-
modal regression, it does so in a manner which is noticeable
even for small datasets. Pre� x isotonic regression on aset of
valuesneedsonly thesameamount of timeasthefastest pub-
lished algorithm for isotonic regression on the samevalues.

Apparently all published isotonic and unimodal algo-
rithmsaredesigned and analyzed for theworst case. In some
situations there may be an appropriatemodel of the distribu-
tion of inputs, in which case there may be algorithms for

� 	

and weighted
� �

with linear expected time.
One might also consider extending unimodal regression

to index structures other than the linear ordering of the in-
dex set used here. For example, for an arbitrary rooted tree
of � nodes, the

���

isotonic regression can be determined in
���

����
������ time [11]. An algorithm for
�
	

regression on
rooted trees has also been presented, but there was no analy-
sisof its timecomplexity [14].

���

regression on rooted trees
can be determined in ���

����
��

�

��� time by using the more
general digraph algorithm in [8], or in ���

�)��
��m��� time using
the algorithm in [17]. If the basic tree structure were known,
but the root unknown, then a unimodal regression would be
needed to locate the best root. In work in preparation it will
be shown that this can be accomplished in ���

����
��;��� time
for all of these metrics.
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