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Abstract

This paper gives optimal algorithms for determining real-
valued univariate unimodal regressions, that is, for determin-
ing the optimal regression which is increasing and then de-
creasing. Such regressions arise in awide variety of applica
tions. They are shape-constrained nonparametric regressions,
closely related to isotonic regression. For unimodal regres-
sion on weighted points our algorithm for the ~ metric
requires only time, while for the  metric it requires
time. For unweighted points our algorithm for the

metric also requiresonly time. Previousalgorithms
wereforthe  metric and required time. All previous
algorithms used multiple calls to isotonic regression, and our
major contribution is to organize these into a pre x isotonic
regression, determining the regression on all initial segments.
The pre x approach reduces the total time required by uti-
lizing the solution for one initial segment to solve the next.

Keywords and phrases. unimodal regression, umbrella or-
dering, isotonic regression, monotonic, median, minimax,
least squares, pre x operation, scan, persistent data structure,
pool adjacent violators (PAV)

1 Introduction

Given univariatereal datavalues with nonnega-
tivereal weights , Where ,and
given ,the  isotonic regression of the dataisthe
set that minimizes
if
(D)

if

subject to the increasing isotonic constraint that

Note that the values are merely required to be nondecreasing,
rather than strictly increasing. The  unimodal regression
of the dataisthe set that minimizes

Equation (1) subject to the unimodal constraint that there is
an such that

i.e., such that is increasing isotonic on and de-
creasing isotonic on . The unimodal constraint isalso
known as umbrella ordering, and isotonic regression is also
known as monotonic regression. Notethat the values of the
areirrelevant, and thuswe simplify notation by taking

By the error of a regression we mean the quantity in Equa-
tion (1). In the algorithms the value called error is actually
the power of this quantity in order to simplify calcula-
tions.

Both isotonic regression and unimodal regression are ex-
amples of nonparametric shape-constrained regression. Our
interest in ef cient unimodal regression was motivated by its
repeated use in dose-response problemswith competing fail-
ure modes [7], but more generally such regressions are of use
in awiderange of applicationswhen thereis prior knowledge
about the shape of aresponse function but no assumption of a
parametric form. See, for example, the referencesin [10, 19].

In Section 2 we examine previouswork on the problem of
determining unimodal regression, all of whichwasfor  re-
gression. The previously published algorithms required time
that ranged from to . In Section 3weintroduce
the notion of pre x isotonic regression, and in Sections 3.1
through 3.3 we develop algorithms for the , , and un-
weighted versions of this problem, taking time ,

, and , respectively. In Section 3.4 we ex-
aminethe dightly different problem of determining the value
at  of theisotonic regression on the rst  values. Sec-
tion 4 contains an immediate corollary of the resultson pre x
isotonic regression, namely that unimodal regression can be
computed in the same time bounds. Section 5 concludeswith
some nal remarks.

Throughout, we assume that the data is given in order of
increasing  values. If the data is not so ordered, then an
initial sorting step, taking time, is needed.



Figurel:  Increasing lsotonic Regression

mode: location of mode of best unimodal t

do
errorl( ) = error_increasing_iso_regres( ... )
errorr( ) = error_decreasing_iso_regres( ... )
enddo
mode= errorl( )+errorr( ):

Figure 2: Best Previous Unimodal Regression Algorithm

2 Previous Work

I sotonic regression does not yield a smooth curve, but rather
acollection of level setswhere the regression is constant. For
example, Figure 1 showsthe  increasing isotonic regres-
sion of a set of data with equal weights, where circles rep-
resent data points and lines represent level sets, witha Iled
circle representing a data point which is also alevel set.

It is well-known that the increasing isotonic regres-
sion can be determined in time. Apparently al pub-
lished algorithms use the “pair adjacent violators’ (PAV) ap-
proach [2]. In this approach, initially each data value is
viewed as a level set. At each step, if there are two adjacent
level sets that are out of order (i.e., the left level set is above
the right one) then the sets are combined and the weighted
mean of the data values becomes the value of the new level
set. It can be shown that no matter what order is used to com-
bine level sets, once there are no level sets out of order the
correct answer has been produced [15]. The PAV approach
also producesthe correct resultsfor ~ and

Apparently all previous work on unimodal regression has
concentratedon  regression, though the basic approach can
be applied to arbitrary metrics. Previous researchers solved
the problem by trying each possible as the location of the
maximum, where the smallest error attained corresponds to
the solution of the problem.

Testing each new value of involved new calls to proce-
duresto determineisotonic ts. Thefastest and most straight-
forward approach, used in [5, 6, 9, 13, 18] and given in Fig-
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Figure 3: Data Values with Nonunique Mode

ure 2, tsanincreasing curve to the values corresponding to
and a decreasing curve to the values corresponding

to . Since  isotonicregression of  points can be
determined in time, this approach takes time.

A somewhat different approach was used by Pan in [10].
He noted that for any unimodal function, the values on both
sides of the maximum can be rearranged into a single de-
creasing sequence. For example, if and if is
the location of the maximum, then the remaining values
could be in the decreasing order corresponding to one of the
sequences , , ,

. , or . For
each such sequence he determined the isotonic regression,
and the onewith minimal error was the one that corresponded
to the best unimodal t with as maximum. Varying
through all possible locations of the maximum would then
givethe globally best t.

By combining them into asingle order, instead of utilizing
the fact that the best regression on each side is independent
of the other side, the number of isotonic regressions required
by [10] was far greater than those used by others. It can be
shown that exactly isotonic regressions are required in
total, and thus the time of this approach is . Thisis
substantially worse than the approach in Figure 2, and is fea-
sible for only small values of

In general, the mode of the best unimodal t isnot unique.
For example, if the weighted data values are as in Figure 3,
then for any norm, one optimal unimodal t has the leftmost
point as mode and the mean of the other two as a level set,
while another optimal t usesalevel set onthetwo left points
and the rightmost point as mode. All of the previously pub-
lished algorithms, and the ones herein, can locate al of the
modes that correspond to best  ts, and some secondary crite-
ria could be applied to select among them. The algorithmsin
this paper do not apply such criteria, but the modi cationsto
do so are straightforward.

Despite the nonuniqueness of the optimum, it is easy to
show that for any ~ metric with , for any optimum
mode , the value at of its optimum t is the original
datavalue . Itisalso easy to see that the increasing iso-
tonic regression on has value a , asdoes
the decreasing isotonic regression on , and thus the
error of the unimodal regression is the sum of the errors of
these two regressions. Figure 4 shows a unimodal regression
where all of the data points have equal weights.
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Figure 4: A Unimodal Regression

3 Pre xIsotonic Regression

By determining an isotonic regression we mean determining
the error of the regression and the extents and regression val-
uesof thelevel sets. Given real-valued weighted datavalues
with nonnegativereal weights
and givenametric onthereals, letlso denotethe pre x
isotonic regression on . The
pre Xxisotonic regression problemisto determinelso for al

Note that pre x isotonic regression determines exactly
the set of increasing isotonic regression problems examined
by [5, 6, 9, 13, 18]. However, the critical observation is that
determining all of them should be approached as asinglein-
tegrated problem, rather than merely asacollection of callsto
subroutinesto solve each subproblem. Pre x operations, also
called scan operations, are utilized as building blocks for a
variety of ef cient algorithms. In parallel computing, pre x
operations are al'so known as parallel pre x operations since
often all values can be determined concurrently.

The basic pre x isotonic regression algorithm is given in
Figure 5. The outermost loop on  goes through the pointsin
increasing indexing order, adding them to the previous so-
lution. The loop invariant is that at the start of the loop,
Iso  hasbeen determined. In right to left order, it consists
of the level set containing points with indices in the interval
[left , ], with value mean , the level set con-
taining pointswith indicesin theinterval [left left ,
left ], with value mean left , the level
set containing with indices [left left left ,
left left ] with value mean left left

, and so on. Further, the error of this regression is
error

If the value of thenew point, , isgreater than the mean of
the level set containing ,thenlso islso  unionedwith
anew level set consistingonly of  with value . However,
if islessthan or equal to the mean of the level set contain-
ing , then they are out of order and must be merged. This
new merged level set is then compared to the level set to its
left. If they arein order, i.e., if the mean of the left level set
is less than the mean of the right level set, then the process
isdone, whileif their means are out of order they are merged

left( ): left endpoint of level set containing
mean( ): mean value of level set containing
error( ): error of increasing isotonic regression on

mean(0) =
left(0) = 0
error(0) =0
do
initialize level set of
mean( ) =
left() =
while mean() mean(left( )-1) do
merge level set of left( )-1 into level set of
left( ) = left(left( )-1)

endwhile
levelerror = weighted error of mean( ) to
left left
error( ) = levelerror error(left( )-1)
enddo

Figure 5: Pre x Isotonic Regression

and the process of comparing to the left is repeated. Thisis
accomplished in the while-loop. The fact that this merging
process correctly determines Iso follows immediately from
the PAV property mentioned in Section 2.

After the algorithm in Figure 5 has completed, for any in-
dex ,Iso haserror error anditslevel sets
can be recovered in time from the values stored in left
and mean, where isthe number of level sets. The recovery
proceeds exactly as above, in right-to-left order. Note that
when the point at index isadded, only theleft , mean
and error  entries are updated, with the earlier entries un-
changed since valuesfor other indiceswithin the merged level
set will never be referred to again. The left, mean, and
error arrays form a persistent data structure, allowing one
to rapidly recreate the intermediate regressions.

To apply thealgorithmin Figure 5to aspeci ¢ metric, one
needsto determine how to do the operationsinside the while-
loop, i.e., how to determine the mean and error of the merged
level sets. As will be shown in Sections 3.1, 3.2 and 3.3,
ef ciently implementing these operations depends upon the
metric.

Observation: If the operations of determining the

mean and error in the while-loop can be accom-

plished in time for an increasing function
, then the algorithm requires only

time. Thisis because the total number of iterations

of the while-loop can be at most . This may

not be obvioussince the while-loop may beiterated



sumwy( ): weighted sum of values in 's level set
sumwy?2( ): weighted sum of squares of values in
level set

sumw( ): sum of weights of

S
's level set

to initialize level set of :

sumwy( ) =
sumwy?2( ) =
sumw( ) =

to merge level set of into level set of :
sumwy( ) = sumwy( ) sumwy( )
sumwy?2( ) = sumwy2( ) sumwy2( )
sumw( ) = sumw( ) sumw( )
mean( ) = sumwy/( )/sumw( )

levelerror = sumwy2( ) sumwy( ) /sumw( )

Figure 6: Modi cationsfor  Regression

times for a single value of , and the loop is
encountered times. However, every time the loop
is iterated, two digoint nonempty level sets have
been merged. One can view the data set as initially
being digoint sets, and these can be merged at
most times. All of the other operationswithin
the while-loop take constant time per iteration, and
the operations outside the while-loop take a con-
stant time per iteration of .

Noticethat if one determinesthe mean and error functions
for a level set by just calling a function to compute them,
given al the elements, then it will take timefor a set of
size ,anditiseasy to see that this would require the algo-
rithm to take total time in the worst case. To achieve
better results, one needs to utilize previous calculations for
the level setsto aid in the calculations for the newly merged
sets. Techniquesto do this depend upon the metric.

3.1 Pre x Isotonic Regression

To apply the pre x isotonic regression algorithm to the

metric, one needs procedures for determining the mean and

error of the  level sets. Fortunately, it iswell known that the

algebraic properties of this metric make this a simple task, as

is shown in Figure 6. These operations require only constant

time, and hence by the Observation the algorithm takes only
time.

's level set
's level set

miny( ): minimum value in
maxy( ): maximum value in

to initialize level set of :

miny( ) =
maxy( ) =

to merge level set of into level set of :
miny( ) = min miny( ), miny( )
maxy( ) = max maxy( ), maxy( )
mean( ) = [miny( )+maxy( )]/2

levelerror = (maxy( ) miny( ))/2
error( ) = max error(left( )-1), levelerror

Figure 7: Modi cationsfor Unweighted Regression

3.2 Pre x Isotonic Regression

Ef cient algorithms for weighted isotonic regression
are rather complicated, see [8], so here we only consider
the case where al of the weights are 1. The weighted

case is considered in [17]. The unweighted mean of
vaues is , Where
and isde ned similarly. The error of

using thismean is .

The simplistic nature of the mean and error makesthe
isotonic regression particularly easy. We introduce functions
maxy and miny, as shown in Figure 7, where maxy is
the maximum, and miny  isthe minimum, of the values
in the level set containing . These operations take only con-
stant time, and hence by the Observation the total timeisonly

While the regression determined by Figure 7 is quite natu-
ral, it is not the only optimal regression. For example, if
thedatavaluesare (1, 4, 2, 6), then the algorithm will produce
the tted values (1, 3, 3, 6), with error 1. However, another
solution with the same error is (0, 3, 3, 7), and there are in-

nitely many solutions with optimal error. It is easy to see
that the solution found here has the property that if alevel set

with value is created on indices , then isanop-
timal isotonic regression on the values for those indices.

In some applications one may prefer to specify a criterion
to select among the optimal regressions, though it is usually
dif cult to achieve agiven criterion for all pre x regressions
without substantially moretime and revisionsfrom onepre x
to the next.

3.3 Pre x Isotonic Regression
Weighted regression is more complex than the previous

metrics. Given aweighted set of values, their  meanisthe



weighted median. Weighted medians are not always unique,
so for simplicity we utilize the smallest such value. In an
application one might wish to add secondary criteriato deter-
mine which weighted median to use.

While it is well-known that one can determine a weighted
median in time linear in the number of values, a naive ap-
proach based on this would only yield an algorithm taking

time. Unfortunately there are no algebraic identities

which easily allow one to reuse calculations when merging

level sets, so a more complicated approach is needed. A

algorithm is presented in [1], but its use of scal-

ing does not seem to trandate into an ef cient algorithm for

the pre x problem. The author presented a pre x algorithm

in [16], but the following is much simpler and can be applied
in more general settings.

For a level set corresponding to (valueweight) pairs

, create a red-black
tree  containing nodes which have as keys the
values, i.e, thetreeis ordered by the values. Red-black trees
are not required, and almost any other balanced tree structure
could be used (AVL, height-balanced, weight-balanced, etc.).
If isanodeof thetree, then represents the value it con-
tains, and the value's associated weight. Each node also
has additional elds:

where the sums are over all nodes in the subtree rooted at
. Given , an easy top-down path traversal using
can determine aweighted median in time linear in the height
of thetreg, i.e., in time. Search trees with additional
elds such as and are sometimes called
augmented trees and are often used for dynamic order statis-
tics such as this.
To determine the error of the regression on alevel set, let
be a weighted median. Let () bethe sum of al
weights corresponding to values less than (greater than)
and ( ) be the sum of all products corre-
sponding to values less than (greater than) . The error of
theregressionis

Once has been determined, another top-down path
traversal involving and can be used to de-
termine , , , and in time linear in the

height of the tree, i.e. in time. Analyzing the time
to do al tree mergersis a bit more delicate. A straightfor-
ward merger of trees of size and , where , repeatedly
inserts the elements of the smaller tree into the larger, tak-
ing time, which would result in worst-
case total time. However, the merge procedure in [3] takes

root( ): root of tree containing all valuesin s level
set

.y: the value stored in node

.w: the weight corresponding to .y

.sumw: sum of weights in 's subtree

.sumwy: sum of in 's subtree

to initialize level set of :
initialize tree( ) to have single node, root
root.y =
root.w =
root.sumw =
root.sumwy =

to merge level set of into level set of :
merge tree( ) and tree(), updating sumw and
sumv
elds while merging
determine mean( ) from tree( )

determine levelerror from tree( ) and mean( )

Figure8: Modi cationsfor  Regression

time, and their results show that all of
the mergers can be done in total time. Standard
extensions to their procedure allows one to maintain all of
the eldsassociated with each node without altering thetime
required, and thusthe total timeis time.

To help understand why timeisrequired, rather
than , hotethat  pre X isotonic regression is as hard

as sorting real values. To see this, let be

any set of real values, and let represent
the same set in decreasing order. Let
and . Then for the weighted data sequence

, the level set value at
for the regression on indices is ,for ,
and thus determining these regressions will yield the values
in sorted order.

3.4 Pointwise Evaluation

There are other reasonable goals for pre x isotonic regres-
sion. For example, one might want to determine 1so for
and arbitrary . One can do thisin
time by creating another persistent structure in the general
pre x algorithm, adding only time to the algorithm.
Notethat if isnot an abscissa of one of the data points then
the value of Iso is the interval [Iso ,1s0 )
if , or if , or



Figure 9: Coverage Tree

if . Thusit suf cesto be able to de-
termine Iso for arbitrary index . Notethat given one
can determine the appropriate in time.

Thefollowing is asketch of the procedure. The data struc-
tureisillustrated in Figure 9, where the leaf nodes correspond
to the indices of the values. Thistree is maintained in addi-
tion to the data structures in Figure 5. Let smallest( ) and
largest( ) denote the indices of the smallest and largest ele-
ments in the subtree with root , and let cover( ) denote the
smallest such that all indices beneath are
containedinthesamelevel setinlso ,i.e, they are contained
inthelevel set containinglso . Notethat all elements of
are contained in the level set containing inlso , for ,
and that for the largest such that
the level set containing was merged with the level set con-
taining . Let denotethisvalue.

Initially all nodes have an empty cover value. Whenever
alevel set with indices in the interval is merged with
level set , , the node corresponding to  has
its cover value set to . Let denote this node and let

If is a subset
of then set , , '
and repeat the process. |If it is not a subset then stop
because no higher node can be newly covered. Note that
could not have been previously covered. The values in the
nodes in Figure 9 are the cover values that would result if
during the pre x construction with 8 data points, the level
setswere: 10 1; 221 2,31 23;41 23 4,
51 2345; 6:1 23456 ; 7:1 23456 7,
8 1 23456 7.8

The total time to compute all cover valuesis , Since
whenever an upward path is being followed it does not use
any edge previoudly used, and there are only edgesin
thetree.

The second loop in Figure 10 shows how this treeis used.
By theend of the rstloop isthelowest nodethat has both

and beneathit. To seethat isbeneath ,if isinthe
right subtree of then the value of when wasreached is

Throughout, wasin 's level setin Iso

R is the minimal index such that Iso =lso
='s node
=cover( )
while largest element under do
is in a subtree to the right of
=parent of
if cover( ) then =max ,cover( )
=right child of
if cover( ) then =max ,cover( )
end while
while notaleaf isin 'ssubtree
=left child of
if cover( ) then =max ,cover( )
=child of containing
end while

Iso ()=Iso ()=mean()

Figure 10: Algorithm to Determinelso (i)

greater than largest( ) and the loop would have continued. If
isintheleft subtreeand isnot beneath thenthelevel set
inlso containing  aso contained all elementsin the
right subtree of sincethey are between and . Hencethat
subtreeis covered, so the loop would have continued because
thevalue of would have been larger than largest( ).

A similar argument can be applied to the second loop,
showing that at al times  will be under . Note that this
doesnot say that  isknown when is encountered, merely
that itisbeneath . Since keepsdecreasing in height, even-
tually it isaleaf node, i.e., the node corresponding to

Implementing this tree is quite straightforward. To store
the cover value of the leaf nodes use the array Icover[1: ]
where Icover  isthe value of the node corresponding to .
For the nonleaf nodes use the array tcover[1: ]. Let be

anindexin andlet bethelargest power of 2 evenly
dividing . Thentcover stores the value of the node over
indices . It is easy to show that thisis a

1-1 correspondence between elements of tcover and nonleaf
nodesin thetree.

3.5 TimeRequired

Combining the algorithms in the previous sections gives the
following:

Theorem 1 Given weighted data
, the pre x isotonic regression problem can be
solved in



timefor the  mdric,

timefor the metric with unweighted date,

timefor the  mdric.

Further, given this solution, for all ,

In constant timeone can determine the error of, and in
timecan determine the level setsof, Iso , where
is the number of level sets.

In timeone can determine |so for arbi-

trary .

Note that one can also use the cover information to deter-
mine |so in time.

4 Unimodal Regression

It is a very simple process to modify the algorithm in Fig-
ure 2 to utilize pre x isotonic regression. The errorl values
are calculated viaastandard pre x increasing isotonic regres-
sion, and the errorr values are calculated viaapre x increas-
ing isotonic regression going through the datain right-to-left
order. Thetime complexity of thisalgorithmis quite straight-
forward, since its total time is dominated by the time to per-
form the isotonic regressions.

Theorem 2 Given weighted data
, their unimadal regression can be determined in

timefor  regression
timefor regression on unweighted data
timefor  regression.

As noted earlier, the optimum mode is not necessarily
unique. The algorithmin Figure 2 merely selects an arbitrary
mode among the optimal ones, but in some applications one
may want to apply secondary criteria to make this selection,
or to list all optimal modes.

5 Final Comments

It has been shown that the problem of determining the uni-
modal regression of a set of data can be optimally solved
by using an approach based on pre x isotonic regression.
This approach is quite similar to that in [5, 6, 9, 13, 18], but

achieves greater ef ciency by organizing the regression cal-
culations into a systematic pre x calculation. Itisaso dra
matically more ef cient than the approach used in [10]. The
pre x approach not only reduces the asymptotic time of uni-
modal regression, it does so in a manner which is noticeable
even for small data sets. Pre X isotonic regression on a set of
values needs only the same amount of time as the fastest pub-
lished algorithm for isotonic regression on the same values.

Apparently all published isotonic and unimodal algo-
rithms are designed and analyzed for the worst case. In some
situations there may be an appropriate model of the distribu-
tion of inputs, in which case there may be algorithms for
and weighted with linear expected time.

One might also consider extending unimodal regression
to index structures other than the linear ordering of the in-
dex set used here. For example, for an arbitrary rooted tree
of nodes, the isotonic regression can be determined in

time [11]. An agorithm for regression on
rooted trees has also been presented, but there was no analy-
sisof itstime complexity [14]. regression on rooted trees
can be determined in time by using the more
general digraph algorithmin [8], or in time using
the algorithm in [17]. If the basic tree structure were known,
but the root unknown, then a unimodal regression would be
needed to locate the best root. In work in preparation it will
be shown that this can be accomplished in time
for al of these metrics.
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