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1. VECTORS

A vector is an object with both magnitude and direction (velocity, force, acceleration,
etc). A scalar is an object with just magnitude (temperature, pressure, age, length). A
vector, denoted ¥, has no initial point and it is often best to think of as sitting at the origin.
A vector may be written in component form v = (vq, vs,v3) (in three dimensions) but it is
important to remember that the components are dependent on the coordinate system in use.
The vector as a whole is a real object; the components are a tool. One special vector to keep
in mind is the zero (or null) vector 0 whose components are all zero (in every coordinate
system).

The length, norm, or magnitude of a vector is given by

|01 = \J vt +v3 + 03

Let @ = (a1, as, as) and b = (by, b, bs) be two vectors and ¢ be a scalar.

and sometimes denoted |4].

1) The vector sum, direct sum, or just sum of @ and b is the vector

@+ b= (a4 b1, as + by, as + bs).
2) The scalar multiple of ¢ and @ is the vector

cd = {(cay, cas, cas).
3) The negative of @ is the vector
—d = (-1)d = (—a1, —as, —as).
4) The vector difference or just difference of @ and b is the vector
G—b=a+ (=b) = (a, — by, as — b, a3 — bs).
5) The direct product of @ and b is the vector
aQb= (a1by, asby, agbs).

Some properties to keep in mind about vectors are (given vectors @, l;, and ¢ and scalars
c and d):
+ d (Commutative property)
=da+ (b+ @) (Associative property)



6) (c+ d)d = cd + da (Distributive property)
7) ¢(@+b) = cd@ + db (Distributive property)
8) 1(@) = a (Multiplicative identity property)
9) 0(@) =0

Given a vector ¢ and a scalar ¢,

[let]| = [ef |]4]]-

Given a vector ¢ the unit vector, or normal vector, in the direction of ¥, denoted v is
given by

=

U=

<y

v where t is a scalar with ¢ = 1/||9]].

The vector v is parallel to ¢ meaning that v =

~

There are three standard unit vectors in cartesian coordinates: 2 = (1,0,0),j = (0,1, 0),
and k = (0,0, 1). Thus the vector 4 = (u, ug, us) can be written @ = w17 + us) + usk if its
components are in cartesian coordinates.

Two vectors are equal if and only if (abbreviated iff) they have the same magnitude and
the same direction. That is equivalent to each of their respective components being equal.

Two nonzero vectors u and ¢ are parallel if there exists a scalar ¢ such that @ = cv.

2. THE DoT PrRODUCT

Another operation on vectors is the dot product. Sometimes it is called the inner product
or scalar product (since it produces a scalar). The dot product of 4 = (uy,us,us) and
U = (v, v9,v3) is

U-U= U1V + UV + U3V3.
If there are only two dimensions the third term is not present. It is very important to notice
that the result of the dot product is not a vector.

Some properties of the dot product (given vectors #, v and @ and scalar ¢) are:
= ¢ - @ (Commutative property)

=4 -7+ 4w (Distributive property)
cu-v=1u-cu



Given a triangle with sides of lengths a, b, and ¢ and with angle 6 opposite side ¢

=1

b

the Pythagorean theorem gives

= (asinf)? + (b — acosf)? = a?sin® 0 + a? cos 0 + b* — 2ab cos 0

A =a®+b> — 2abcosh.

Duplicating the diagram with vectors gives

7 ia—b

1@ — 6l1* = [lall* + [[bl|* — 2llal| [|b]] cos &

Using properties of the dot product the left side can be rewritten

@ —bl[> = (@—b)-(@—b)=(G—b)-d—(@—b)-b
—G-a—b-a—a-b+b-b=al>+||*>—2a-b.

Comparison with the formula above gives
a-b=|a||b]| cosd

as an alternate form of the dot product. This can also be used to find the angle 6 between

two vectors @ and b.
a-b
||| |[o]]

Two vectors @ and b are orthogonal or perpendicular if a - b=0.
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Let @ and b be two nonzero vectors separated by an angle 6

L" .

b)| cos
[|B]| cosd 0

The vector b can be split into two components: one that is parallel to @ and one that is
orthogonal to it. The component of b parallel to @ is called the projection of b onto a or

the vector component of b along a and is denoted proj; i-b. Notice that
[[projab|| = |[8]| cos §

and the direction is along the unit vector a. That gives
S . @] ||| cos 0\ @ ab
projzb = <|]b|| cosH) a= <||b\| cos@) — — = | 7=
llall ~ ||a]] lall\ [lal[?
Observe also that
ab\.
prot]ab = (ﬁ> a=ta
a-a

where ¢ is a scalar and t = (@ - b)/||@||%. Thus projb is always parallel to a.

ab\
— a
[|al|?

The component of b orthogonal to @ is then just
i (

S
~—
Q>

—

a=(a-

Be aware that there is no standard notation for the orthogonal component of one vector with

respect to another and proj; L5 was used for illustration.

It is Worth noting that the pI"OJeCtIOH of b along a and the perpendicular prOJectlon

decompose b which means that b = pr0Jab + projz b which is trivially true. Also proj; i-b and

projz Lp are orthogonal, shown as follows
= |faw _ (a-b .
proj; b projzb = — a b— — a
_<||a||2> ] <||a||2> |
ClfaeN gl [fae ] (@b,
NG ER A RNGE
- o\ 2 - -
||a][? ||a][? a2 la H4



There are two edge cases of projection:

1) Ifa= b then the component of b along a is a itself. Restated it says that iff @ = b

then
7 a-b . (a a)ﬁ (HJ\P)H .
projz a=\|+ts 5 ]a=a
H al[? [|al[? ||al[?

and similarly projc%g = 0.

2) Ifa- b=0 (they are orthogonal or perpendicular) then the component of b along @ is
0 and projz 1p=a.

Let @ and b be two nonzero vectors separated by an angle m — #. Instead of placing
them tail-to-tail, the head of b is placed at the tail of @ since vectors can be freely translated
throughout space. This makes an apparent separation angle between the two as 6.

b can be broken up into two components. One parallel to @ and one orthogonal. They
trivially add up to make b.

- i-b . i b
bzprOJab+pr0Jab— aﬁ S a+ [b— aﬁ S| a
|la]| ]|

The vector in the same plane as @ and b (any two nonzero vectors form a plane) with

angle 6 with respect to @ (instead of m— ) is called the reflection of b across @, sometimes
denoted ref~b This vector has the same orthogonal component to @ as b does, but that its

parallel component is flipped. That means
. a-b . .
=b—-2|— a=b—2(a-ba.
] <||a||2)

. a-b\. |- (ab
refzb = (1) <||a||2> it lb‘ <||d||2>

Sometimes reflection is used to mean mirroring vector b along d instead of the use above
where it is based off a ray reflecting off a surface. In such a context the ray produced will
be the negative of the one derived above.
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3. Tue Cross ProDuUCT
The cross product between two vectors 4 = (uy, us,u3) and ¥ = (v, vg, v3) is defined as
UX U= <(U2’03 — Ugvg), (U3U1 — ul’Ug), (Uﬂ)g — U2U1)>.

Unlike the dot product the cross product produces a vector and not a scalar. It can be
remembered using a trick with determinants (which will be reviewed later):

ik
U X U= Uy Uy U3 | = (U2U3 — U3U2)i + (U3U1 — ulvg)j -+ (U1U2 — u2U1)§.
V1 Vg Vs

The cross product is not defined in 2D and if one wishes to use it with two 2D vectors,
set them to have a third component equal to zero and proceed. Thus given 4 = (uy, us) and

U= <Ula02>7

UX U= <U1,U2,0> X <1)1,1)2,0> = <0,0,U11)2 — UQ’U1>.

Some properties of the cross product (given vectors , v and & and scalar ¢) are:

1) 4 x U= —(¥ x 4) (Anti-commutative property)

2) U x (U4 W) = (4 x ) + (d x &) (Distributive property)
3) ¢(tu X U) = (ctl) X U =1 x (c¥)

4) 0xT=0

5) UxT=0

6) @ (UVx W)= (uxv) -0

The cross product @ X ¥/ is orthogonal to both « and ¢. That is (¢ x ¥)-d = (@ x v)-7 = 0.
Also, @ x v = 0 iff & = cv for some scalar ¢, meaning that they are parallel.

Notice that

||’17: X UH = \/(Ugvg — U3U2)2 + (U3U1 - U1U3)2 + (Uﬂ)g — u21}1)2

= /(a3 ) (0 03+ 03) — (o + ugvs + uvs)?

=Vl P41 - ﬁ-ﬁ)Q

= [[al[ |17]] o
|| ||2|| ||2

= [l [|7][v'1 — cos*#

|| o] = [[al] ||v]] sin 6.




Let @ and ¥ be the two sides of a parallelogram.

" 0| sin @

Then the area of the parallelogram is

Area = (base)(height) = ||u]| ||7]| sin® = ||u x v]|.

Let , v, and w be the three sides of a parallelopiped.

Proj.

Then the volume of the parallelopiped is

I

Volume = (Area of base)(height) = ||@x ]| |[proja 7| = |[x | % = |- (@x )|
u v

And note that @-(@x7) = @-(FxF) = 7-(Fx @) = —0-(AxF) = —@-(Txd) = —T-(Fx Q).

Since the volume has an absolute value sign, it does not matter which is which.

Let @ = (uy, ug, us), ¥ = (v1,v9,v3), and W = (wy, wq, ws) then

Uy Uz U

U - (’17 X 'Uj) = | U1 VU Vs

w1 W W3

where that is the determinant (explained later); @ - (¥ x ) is called the triple scalar
product.



4. BASIS

The set of all real numbers is often denoted R. The set of all points in 3D space is written
R3 (the cartesian product R x R x R) and any point in it can be written as (z,y, z) with
x,1y, z € R; however, the components z,y, and z are dependent on the given basis.

Given a vector space V (the definition of which is not important here) a set of vectors
U1, Ua, ..., U, is said to span V iff for all vectors @ € V there exists ¢q,co,...,c, € R such
that @ = 01171 + 02172 + ...+ Cnﬁn.

A basis for a vector space V' is a set of vectors {01, ..., 9,} that span V and are linearly
independent, that is to say that no vector in the set is a linear combination of the others.

A basis is an orthogonal basis iff all basis elements are mutually orthogonal. That is,
given a basis {7, } for V, one has that @ - U; = 0 when ¢ # j. A basis is said to be a normal
basis if each element has unit length (magnitude). A basis is said to be an orthonormal
basis when it is both normal and orthogonal.

Some common orthonormal bases (plural of basis) for R? are:

1) Cartesian Coordinates with basis vectors z, 7, and Z.
2) Cylindrical Coordinates with basis vectors 7 (§ or p), 0, and 2.
7 = cos 0% + sin 0y
Where 6 is the counter-clockwise angle from the x-axis in the XY -plane.
3) Spherical Coordinates with basis 7, é, and ¢.
7 =sinfcosp T +sinfsin gy + cosh 2
6 = cosfcosp T + cosfsinpy —sinf 2
ngS = —singx +cospy
Sometimes 6 and ¢ are reversed so be sure to always check an author’s choice.
An orthogonal basis (each vector is orthogonal to the others) with basis vectors i, j, and
k is said to be right-handed (counter-clockwise) iff

ixj=k

] X k=1

kxi=j
and left-handed (clockwise) iff

IxXi1= k

kxj=i

ix k= 7

OpenGL is right-handed. Direct3D is left-handed.



The vector 7 = o 4 40 +v¢ would be written (a, 3,7) and the vector @ = a@ + B4 + 72
would be written («, 3,7). Thus it is extremely important to know what basis is being used.
Remember that a vector with its magnitude (length) and direction (sense) is the real object
and that the components are just a basis-dependent representation.

Given a basis Uy, 0y, and @3 (in the 3-dimension case) and a vector @ the direction
angles are defined as the angles between the vector and each coordinate axis. They are
usually written «, 3, and v where a =(the angle between « and coordinate axis 7). # and
~ are the angles for the other two coordinate axes. The direction cosines are defined as
the cosines of the direction angles. That is

coso = 1U- 0
cosB=1u- 1y

cosy = U - V3.

5. LINES, RAYS, AND PLANES

A line parallel to the vector @ = (uy, uy, u.) and passing through the point (o, yo, 20) is

given by the parametric equations

T = xg+ Uyt

Yy=1% + uyt

2 =2zy+ ut
which is equivalent to

T—To Y —Y _ <~ %0
Uy Uy U,

if uz, u,, and u, are all nonzero.

A ray is simply a vector with a specified initial point. It can also be thought of as a line
with ¢ > 0 (it has one endpoint, a line segment has two).

A plane containing the point (xg, 3o, 29) and having a normal vector (it is orthogonal to
the plane) 77 = (a, b, ¢) is given by
a(x —xo) + b(y — yo) + c(z —20) =0
or by letting d = —(axo + byy + c20),
ar + by +cz+d=0.

The angle 6 between two planes with normal vectors 77y and 775 is given by

g - 1
cosf = M.
[|7o][ []724]|
This is a direct application of the angle between two vectors. The numerator has absolute
value since one of the planes could be “upside-down” and the angle between two planes must

be between 0 and 7/2 inclusively.



The angle between a vector ¥ and a plane with normal 7 is just cos = |0 - 7.

Let 77 be the normal of a plane containing the point P and let () be a point not in the
plane.

i ()

P -
e e
proj; £}
b

The distance d between the point () and the plane is then

|PQ -7
SR 7
d = |[projz PQ|| = A

Let @ be the direction vector of a line containing the point P and let () be a point not
on the line. By similar arguments as above the distance d between the point ) and the line
is

—
|[1PQ x |

d=||PQ|[sinf = 1=
[

—
where 6 is the angle between P(Q) and 4.

6. MATRICES

A matrix, denoted M along with many other notations, is a rectangular array of numbers

for instance
~ 3 -8 16
M = ( 6 1 -9 ) '

This particular matrix is of order 2 x 3, always listing the number of rows first. A matrix
with equal number of rows and columns is called a square matrix.

The transpose of a matrix, denoted M7 is a matrix produced by interchanging the rows
and columns. The transpose of the matrix above is

) 3 6
MT=| -8 1
16 —9

The transpose takes an element at row ¢ and column j, a;;, and moves it row j and column
1, Qjj.
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A vector is simple a matrix with only one column. Vectors are often written as matrices
with one row but this is merely for convenience and is incorrect. Thus a vector 7 = (vy, vg, v3)
is the same as

U1
U= (%)
U3

7. MATRIX MULTIPLICATION

The multiplication of two matrices is analogous to the dot product. Given vectors u =
(u1,us,us) and ¥ = (vq, v, v3) we can think of their dot product as multiplying the transpose
of one by the other. That is

T
Uy U1 U1
U-U= U9 V2 = ( U1 U U3 ) Vo = (U1U1 + UgVy + U3’U3).
us U3 U3

Think of taking the dot product with a row and a column. In the product of matrices fl and
B the element at row ¢ and column j will be the “dot product” of row 7 in matrix A with
column j in matrix B. An example should help to illustrate the point.

1 2 5 6\ (77

31 74 ) \\ 77
The element at row 1 and column 1 of the product will be row 1 in the left matrix dot
column 1 in the right matrix.

(1)) ()

The element at row 1 and column 2 of the product will be row 1 in the left matrix dot
column 2 in the right matrix.

SOICHEERED

The element at row 2 and column 1 of the product will be row 2 in the left matrix dot
column 1 in the right matrix.

<11% ?)(? Z>:<3(5)1+91(7) 1?4>

11
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The element at row 2 and column 2 of the product will be row 2 in the left matrix dot
column 2 in the right matrix.

1 2 5 6\ (19 14
31 74 )  \ 22 3(6)+1(4)
1 2 5 6\ (19 14
31 T4 )  \ 22 22
In general matrix multiplication is not commutative.
5 6 1 2\ (23 16
7 4 3 1) \ 19 18
Matrix multiplication is only possible if the first matrix’s number of columns is equal to
the second matrix’s number of rows.
The identity matrix is the matrix I such that for any square matrix M it follows that

MI =1IM = M. The identity matrix must be the same size as M and has ones on the main
diagonal and zeros elsewhere. For a square matrix of size three one has

15 8 1 1 00 15 8 1
0 3 -9 010 |= 0 3 -9
-7 —4 2 0 0 1 -7 —4 2
and thus for order three
1 00
I=(o010
0 01

The determinant of a square 1 x 1 matrix M, denoted | M| or det(M), is defined as the

value of the matrix’s one element. That is, if M = [a], then |M| = a. The determinant of a
matrix is a scalar.

The minor (i) of a matrix M, denoted M, , is the determinant of the matrix made
by removing row ¢ and column j from M.

For example: MLQ of ( ) =lc| =¢

The cofactor (i,7) of a matrix M, denoted C’”, is C,J = HJ]W

~ b\ . ~ .
For example: C 5 of ( Ccl d ) is O 9 = (_1)1+2Mi,j =

The determinant of any square matrix is obtained by taking any row (or column) and
summing the product of each element of that row (or column) with its cofactor.

12



a b

The determinant of a square 2 x 2 matrix M = ( e d ) is then by (using the first

row)
8] = a (Cra) +b(Cra) = a(=1) By +b(~1) 2y, = ad — be

It is worth nothing that choosing to use the second row or either of the columns would still
result in ad — be, the difference of the diagonals.

a b c
The determinant of a 3 x 3 matrix M = | d e f | is then (using the first row)
g h 1
a b c
d e f|=a(-1)'" e fl+b(-1)"2|d fl+e(=D)"3d e
g h 1 h 1 g 1 g h
- e f d f d e| . .
=al, —b‘g 7;‘—I—c g h‘—a(ez—hf)—b(dz—gf)+c(dh—ge)
a b ¢
d e f|=aei—ahf—>bdi+bgf+ cdh — cge
g h i

This result would have been obtained using any row or column. A trick to taking deter-
minants is to think of minors instead of cofactors. Work along any row or column summing
the product of each element with its minor and using signs as follows.

+ - +
_l’_

I+ |

+

8. INVERSE OF A MATRIX

If a matrix is not square the notion of an inverse is vacuous. For any square matrix M
there exists an inverse M ' such that MM~ = M~'M = I if and only if |M| # 0 (an
invertible matrix is also called non-singular).

There are two common ways to find the inverse of a matrix. The first is called Cramer’s
rule and the second is Gauss-Jordan elimination.

The cofactor matrix of a matrix M, denoted C;; without substituting numbers in for
¢ and 7, is the matrix where every element a; ; is the cofactor C;; of M.

The adjugate or classical adjoint of a matrix M, denoted Adj(M ) is the transpose of
the cofactor matrix.

13



Cramer’s rule states that given a square matrix M with |M | #0

~ 1 N
M = ——Adj(M).
| M|

a b

As an example take the matrix M = ( c a4l The cofactors are CA’1,1 =d, CA’LQ = —¢,

0271 = —b, and ég,g = a. Thus the cofactor matrix is ( _db —ac ) and the adjugate is merely

Adj(M)z( d _ab).

—C

the transpose of that, hence

Thus Cramer’s rule states that
d b
M—l _ 1 ( d —b ) _ ( ad;bc adgbc )
ad — be —C @ ad—bc  ad—bc

which when either left- or right-multiplied by M does indeed produce ( (1) (1) ) the identity

matrix (of order 2).

9. GAUSS-JORDAN ELIMINATION FOR THE INVERSE OF A MATRIX

There are three elementary row operations that can be performed on a matrix.

1) Row swap. A row within the matrix can be swapped with any other row.

2) Row multiplication. Each element in a row can be multiplied by a non-zero con-
stant.

3) Row addition. A row can be replaced by that row added to any other.

Notice that row ¢ could be multiplied through by a constant k, then row i could be added
to row j and then row i could be multiplied by 1/k. This is often quoted as a single step
(although a composition of others) simply as a constant multiple of any row may be added
to any other.

The inverse of a matrix can be found by cleverly applying these elementary operations
to a matrix M augmented with the identity matrix (that means placing them side-by-side
to make a larger matrix). Remember that a matrix must be square to have an inverse in the
first place so it makes sense to be able to place it along side the identity matrix. This may
sound confusing but an simple example should be illustrious. Given the matrix

- a b
()
Write the matrix augmented with the corresponding identity matrix.

a bl1l 0
c d|0 1

the inverse will be found as follows.

14



Now elementary row operations must be performed in order to make the matrix on the “left”
look like the identity matrix. Thus where the a is should be a 1. So the first row is multiplied
by 1/a.

1/a 0]
0 1

{(1: b{ia

Now where the c is should be a 0, so add —c times the first row to the second row.

1 b/a 1/a 0
c+(—¢c) d+(=c)b/a |0+ (=c)l/a 1
1 b/a 1/a 0]
[ 0 d—bc/a|—c/a 1 |

Now the entry “d — be/a” should be a 1 so we multiply the second row by 1/(d — be/a).
1 b/a| 1/a 0
0 1 |

d—bc/a  d—bc/a
1 b/a| 1/a 0
0 1

——¢c_ _a
ad—bc  ad—bc

Now all that remains is to change the “b/a” to 0. So add the second row times (—b/a) to
the first.

[ 1 0]1/a+(=b/a)-75 0+ (=b/a)—+ ]
0 1 ad_—cbc ad(ibc J
b/a b ]
|: 10 1/& —tcacd—bc ada—bc
0 1 ad—bc ad—bc
ad—bc cb —b 7
|: 10 a(ad—bc) + a(ad—bc)  ad—be
0 1 ad—bc ad—bc
d —b ]
|: 10 ad_—cbc ada—bc
01 ad—bc  ad—bc |

After using elementary row operations on the augmented matrix, the left side (which
was M) is now the identity matrix and the right side (which was the identity matrix) is now
M~ This matrix is exactly the inverse of M found using Cramer’s rule.

Gauss-Jordan Elimination is done (to the augmented matrix of M and the identity ma-
trix) as

1) Use row swaps to make the first row have a nonzero leading coefficient.

2) Divide the first row by its leading coefficient to make the leading coefficient 1 or swap
in a row that already has it.

3) Add multiples of the first row to all other rows to make each row have a zero in the
first column.

4) Repeat the process with the second row and so forth.
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Here is a simple example to show it once more. Here the inverse of

2 31
1 0 2
4 1 2
will be found.

The determinant is 15 (which is not zero) so the matrix has an inverse and so one proceeds
as follows.

e
_ O W
N DN =
SO =
O = O
_ o O

Swap the first and second rows to put a 1 in place (this is easier than doing division to get
it).

10 2/010
23 1{1 00
4 1 2]0 01
Add (-2) times the first row to the second.
10 210 1 0
03 =3|1 -2 0

4

—
[\
(@]
o
—

Add (-4) times the first row to the third.

10 210 1 0
03 -3|1 -2 0
01 -6|{0 —4 1

Swap the second and third rows (or do a division if preferred) to put a 1 as the leading
coefficient in the second row.

10 20 1 O
01 -6/]0 —4 1
03 -3|1 =20

Add (-3) times the second row to the third.

10 20 1 O
01 —6(0 —4 1
00 151 10 -3

16



Divide the third row by 15.

10 2] 0 1 0
01 -6/ 0 —4 1
00 1|1/15 2/3 —1/5 |

Add (-2) times the third row to the first.

10 0|-2/15 —1/3 2/5

01 -6 0 —4 1

00 1/]1/15 2/3 —1/5 |
Add (6) times the third row to the second.

—2/15 —1/3 2/5
2/5 0 —1/5
/15 2/3 —1/5 |

Thus the matrix on the right is the inverse of the matrix above.

OO =
O = O
_ o O

10. WRAP-UP

So how much should you take away from all of this? You should be able to take the dot
product, cross product, or direct product of vectors; you should be able to find the distance
between points and lines or points and planes; you should be able to find the reflection of one
vector off another; you should be able to multiply any two matrices, find the determinant
of one, or the inverse; and if asked you should be able to prove any of the simple identities
such as @ - (U x @) = (4 x V) - 0.

It may be in your favor to practice some of the above skills. The mental overhead of
computer graphics can be greatly lowered if working with vectors and matrices is second
nature!

Also, one may notice that general rotations of vectors has not been covered in these brief
notes. Transformations are a topic that will be covered later in the class.

The vector part of these notes was written using as a guide:
Calculus Early Transcendental Functions 3¢ Ed. by Larson, Hostetler, and Edwards (©)2003.
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